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EDITORIAL 


The 1952 Volumes of the Proceedings of the Physical Society were about 
7% smaller in size than those of 1951, although the number of papers published 
increased by some 5%. In the Editorial of January 1952 the need for greater 
conciseness was stressed, and this, together with the patience and vigilance of 
referees, may account for the reduction in the average length of papers. 

The Papers Committee considered during the year an analysis of the papers 
published in 1950 and 1951. It was reported that the average time required 
to publish papers in 1950 was 6$ months. ‘This had decreased to 54 months 
in 1951, and it is pleasing to record that a preliminary analysis for 1952 shows 
a further decrease to 5 months. Nevertheless the Committee feels that this 
is too long—even for the average—-and steps are in hand which, it is hoped, 
will reduce this period. Authors can help greatly in this matter by paying 
attention to the preparation of manuscripts, and by submitting duplicate copies 
of the text together with three copies of the abstract and rough copies of diagrams. 

A small sub-committee considered, and reported on, the quality of Letters 
to the Editor. ‘The position was considered to be reasonably satisfactory and 
no action called for. 

Beginning in January 1953, it is proposed to accept Research Notes for 
publication. ‘These should be shorter in form than a Paper, and are intended 
for the communication of results where the work reported does not need a full 
paper. 

During the latter part of the year Dr. E. P. George has resumed his work for 
the Society in assisting me in the consideration of papers submitted for 
publication in the Proceedings. Professor S. Devons continued to act as Chairman 
of the Papers Committee. 


H. H. HOopkKIns, 
Honorary Papers Secretary. 
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Determination of the Surface Energy of a Metal by Molecular 
Orbitals 


By G. R. BALDOCK 
University of Liverpool 


Communicated by C. A. Coulson; MS. received 7th April 1952, and in final form 
5th September 1952 


ABSTRACT. The electronic binding energy of a monovalent metal is calculated by means 
of the molecular approximation for the simple cubic lattice in one, two and three dimensions, 
and for the body-centred cubic lattice, in terms of the resonance integral 6. The corre- 
sponding surface energy is deduced in each case. The effects of various improvements in the 
approximation are estimated, namely the inclusion of the overlap integral, the inclusion of 
next-nearest-neighbour interaction, and the modification of the coulomb terms of surface 
atoms due to their special environment. The bond orders in the neighbourhood of the surface 
are determined and the relation between them and the binding energy is discussed. 
Numerical values of the surface tensions of the alkali metals are calculated and compared 
with previous results. It is found that the theory underestimates the surface tension by 
a factor of about 2, and it is concluded that the coulomb term modification is the most 
important of the corrections studied. 


Si) IND RODUCA TON 

RAGER and Schuchowitzsky (1946) calculated the surface energy of a 

metal by assuming that the metal could be represented as an assembly 

of free non-interacting electrons in a potential well of infinite depth, 
obtaining results two to three times the experimental value for monovalent 
metals. This error factor was reduced to about 1-5 by Huang and Wyllie (1949) 
who included a term due to the fact that the potential barrier at the surface of 
the metal is finite. The height of this barrier was derived from the experimental 
cohesive energy. ‘They also calculated the small correction due to the electric 
double layer. Huntington (1951) has obtained surface energies about one half 
of the experimental values by assuming a strictly square-cut barrier, and has 
shown that even lower results may be derived by considering a barrier potential 
whose form depends on the wave vector. 

These results are independent of the crystal structure, since the free-electron 
model used takes no account of the positions of the various nuclei. In this respect 
the tight-binding (molecular-orbital) approximation has an advantage. It is the 
purpose of this paper to investigate what contribution this approach can make 
to the problem. As we shall be using the theory in its simplest form (neglecting 
the electronic interactions except in averaged form) we cannot calculate the 
energy directly, but only in terms of the resonance integral 8. 'The numerical 
results will be obtained by estimating f from the experimental cohesive energy. 
Until recently theoretical estimates of 6 have been most unsatisfactory, and 
values calculated on purely theoretical grounds have differed widely from those 
necessary to give agreement with experiment. But in the last few years, thanks 
to the work of Mulliken (1949), Griffing (1947), van Dranen (1951), van Dranen 
and Ketelaar (1949, 1950) and Altmann (1952), improved calculations have been 
made which agree closely with the values required both for the cohesive energy 
and the electronic excitation of small molecules. It ts true that this encouraging 
situation does not yet apply to crystals. But very recently Lowdin (1951) has 
used the refined form of the method, in which the electron correlations are more 
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properly included, to calculate the cohesive energy of sodium, obtaining a 
figure very close to the experimental value. In the light of these successes the 
tight-binding approximation, despite its well-known deficiencies, deserves further 
study. 
We assume that the motion of each conduction electron is described by a 
single-electron wave function of the form 
N 


b= Lod, 
1 


r= 
where ¢, is the wave function of a conduction electron moving in the field of 
ion r only, and N is the total number of atoms in the crystal. Let 


a= Jo,"H$,d7, 8B ,s=Jb,*Hb,dr, — S,5= Jb *h5 dr, 
where H is the one-electron Hamiltonian corresponding to the periodic potential. 
By minimizing the energy E of the orbital % with respect to the coefficients 
c, the following set of secular equations is obtained: 


rea eS (he RS. 0, re 1, ee a) 


where the summation extends over all sr. 

When the problem is formulated in this way the actual potential in which the 
electrons move is left unspecified, so that we shall not obtain results which 
correspond to the separate terms in the surface energy in the treatment of Huang 
and Wyllie. But surface peculiarities in the potential may be represented 
approximately by modifications of the appropriate «,, and we shall consider this 
effect in § 2. 

From the secular equations we obtain N values of FE, and N corresponding 
orbitals, each of which can accommodate two electrons. Fora monovalent metal 
there is one conduction electron per atom, so the energy of the ground state will 
be twice the sum of the lowest 4N values of EF. 

If all the atoms are equivalent and the atomic orbitals ¢, are effectively of the 
s-type (that is, not specifically directed towards any neighbouring atom), then 
we may put «,=« for ally and B,,=f, S,,=S for all nearest neighbours. 

In general we neglect 8,, and S,, for all except nearest neighbours, but we 
consider next-nearest-neighbour interaction in § 3(11). 

It is convenient to define the following quantities: a@=distance between 
nearest neighbours; y=f—aS, e=E-—a, x=e/(y—Se); &=twice the sum of 
the lowest $.N values of «; N,;=number of atoms in the face f of the crystal. 

When JN is large we shall find that & may be expressed in the form 
&/y=h,.N—X,h,(f)N,; where the summation extends over all the crystal faces. 
and the constants h, and h, have the following interpretations: —yh,=binding 
energy per electron, —yh,(f)=surface energy per surface atom in the face f. 
We also define p=average bond order, p,(f)=average bond order of bonds in 
the face f, p,(f) =average bond order of bonds connecting atoms in the face f to 
atoms in the interior. These bond orders are not directly connected with the 
surface energy, but they furnish a measure of the lattice distortions to be expected 
near the surface; these would have a local effect on integrals like S and f. 

The quantities h,, h,, p, ps Pp are calculated (neglecting overlap) for the 
following models: (i) the one-dimensional linear chain, (ii) the two-dimensional 

-square lattice, (iii) the simple cubic lattice, (1v) the body-centred cubic lattice. 
The effect on fA, and h, of the inclusion of the overlap integral is calculated for 


i=2 
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models (i) and (ii). In model (i) we also correct for the coulomb term modification 
at the ends of the chain, and in model (ii) we consider interactions between 
-second-nearest neighbours. 


§2. LINEAR CHAIN 
(i) Overlap 


The energy & for a linear chain of m atoms was calculated by Brager and 
Schuchowitzsky (1946). Hoffmann and Kénya (1948) calculated the effect of 
including the overlap integral S. It is easy to show that, for S<3, 


he = {m7 —2(1 — 482)? cos42S}/nS; hy =(1+2S)1—4h,. 


“These functions of S are illustrated in fig. 1. (The faces in this model are the two 
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ends of the chain, each containing just one atom.) When S=0, 
ho Alen and «hol — Zi a cee (1) 
Also the order of the bond between the 7th and the (7 + 1)th atoms from one end 
iS Dy p44 =2{1 —(—1)"/(2r+1)}/ (Coulson 1939). In particular p~=2/z and 
Pn =8/37. 
(ii) End Corrections 

We suppose that the coulomb term for the end atoms of the chain is «—Ap. 
We expect A to be positive since the absence of a neighbour on one side of the 
end atom effectively decreases its electron affinity, but our calculations would be 
unaffected if it turned out that A were negative. ‘To simplify the calculations 
we take S=0. 

Let the number of atoms in the chain be 2m+1, numbered from —m to +m. 
The secular equations are 


XC p= Cy_y + Cpa, TaQ) ei PZ o.. +(m—1). 
(Ack )G p22 Cnens (A +) Cg = Cn) 

‘The wave functions must be either symmetrical or antisymmetrical about the 
centre of the chain. For the symmetrical solutions we substitute +» =2cos60, 
¢,=cosré, giving 

cos(m+1)0+Acosm0=0. =. naan (2) 
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Similarly for the antisymmetrical solutions we put c,=sin70, which gives 


sin(m-FljO+AsinmesQ, 8 = ee, (3) 
When A=0, the solutions of these equations are 0=¢=jm/2(m+1), 
j=1,2,.... (2m+1). Odd values of j give solutions of (2) and even values give: 


solutions of (3). 

When A> —1, the effect of A is to alter each root of (2) and (3) by a small 
quantity, except the roots corresponding to 7 =2m and j=2m+1, which become 
imaginary if A>i (Goodwin 1939). ‘Since we are only interested in the lowest 
m+ 1 values of @ we can assume 6=¢ +6, where 4 is small. Equations (2) and (3) 
both give by Pe] | Asing 

OS Ee 
m 1+Acos¢ 
Hence 6/6 =42+cos?=4X* cos d—(4/m)x+ sind tan! {Asin d/(1+Acos ¢4)}, 


where &* denotes summation over the occupied orbitals. The first term is. 
given by the expressions (1). Since the values of ¢ in the second summation 
occur at intervals of 7/2(m+ 1) in the range 0 to 7/2, we can convert the sum into. 
an integral. ‘Thus 


+ O(m~). 


4 oN won, Ly Asine = 
6/6 == 2m+1)-2(1-2)~= | sin ¢ tan Tekcosd ae . 
so that h,=4/m7 and 
. ‘aed Wate _, Asing Z Z 1 es 
b= eee sin ¢ tan Toheeg ATH 2 (045) tan r. 


This formula is true for all A greater than — 1, and the same result is obtained. 
for an even number of atoms in the chain. If A<—1 an extra term arises from. 
the roots of (2) and (3) corresponding to j = 1 andj =2, which become imaginary. 
The dependence of A, on A in the range —1<A<2 is illustrated in fig. 2. 


Se yCGOINIRS. My SECT8 
(1) Overlap 
The secular equations for a rectangular array of m xn atoms may be written 


fethe torm #c,,—C, 47, s41 7-147 Cp41,4, together with the boundary 
conditions C9 =Cos;=Cm41,s=r,n41=9. The solutions are x=2cos@+2cos¢, 


where 

6 =jr/(m+ 1) Cp eee It) 
and fb =kn/(n+1) (em 2y ae 1), 
and the corresponding normalized coefficients are 


Cog 2i(m + (elie sin7O Sin spre eases (4) 


Hence «=2y(cos6+cos ¢)/(1+2Scos6+2Scos¢). ‘The denominator of this. 
expression is always positive, since the matrix of the overlap integral must be 
positive definite, which implies than S<yz. Larger values of S are permissible 
only if non-nearest-neighbour interaction is included. 

In the ground state the occupied orbitals are those for which cos @+cos¢ 20, 
so that we have to sum « over all values of @ and ¢ lying inside the triangle whose: 


vertices are (0,0), (7,0) and (0, 7). 
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Let [J+ represent integration over this area. By suitably subdividing the area 
into small rectangles and considering the values of « at the boundary we can 
show that, to the first order of small quantities, 

EK a eee (; ) y 1+cos@ 


+ te 7 
i ie Weel ee NERDY eT es , Pees (lasesag) 


6 Am+1)n+1) Am+n)(*__1+cos? ap 
Hence ae Red: Rear i 7,, 1 db — = Weer i 
Per 5 
so that sf 1+2,S(cos 6 + cos 4) PePrsnngee inna eh S aestieay ©) 
Fre, Weeds? 1) eet ae 
and tease, dO 3h. = 2S es 


The expression (5) can be reduced to the following form, which involves a 
single integration of an elliptic integral : 


=f 7/2 
h ae Ee ete ee F(4S, «) sina da, 
SI 7 0 


« ds 
‘where F(k,«) = |, leery 


functions of S in fig. 3. When S=0, we have 


and K(k) =F(k,47); h, and h, are shown as 


h, = 16/7? and bol Sires ip eae (6) 
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From (4) it may be deduced that for large m and 7 the bond order 


+ 
Prs: r4t,s=87 “ff sinr@ sin (r+ 1) sin? sd dé dd 
= 4-241 — (Qn + 1) + (45% — 1) 4 [(2r + 1)2— 452], 
Hence p=4/r?, p,= 16/377, p, =32/97°. 


(11) Next-Nearest-Neighbour Interaction 
The next-nearest-neighbour distance is \/2a, and we should therefore not 
expect the corresponding resonance integral to be negligible in comparison 
with 8. We denote it by wB. ‘Then the secular equations (neglecting overlap) 
are 
KE ng = Cp, ga Fly ora t Cpr, ot Cpa, or OlCnea, ett Oral saa FO ee Cr41; 541) 
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together with the boundary conditions ¢,) =¢o, = Cr, ntt = m+, = 0. ‘The solutions 
are x=2(cos@+cos¢+2wcos@cos¢) and c,,<sin7r0sinsé, where 


0 =j7/(m+1) (Ee Ryne) 
and b=kr/(n+1) (R= 1, 2) eR): 
The derivation of expressions for h, and h, is tedious and we shall not 


reproduce it. The method is similar to that used in §4, and the results are as 
follows: 


ul 
h,=4n-*(1 +2e)'? | (1 + Qeopi)-H2(1 + pp + 2eoue) K(R) du, 
Mo 


h,=1+(1+2w){(1 —«9/77) cos %p +71 sin %} — 4A,. 
Here k?=(1 —p)(3 —2w++2eap)/4(1+2wp), %=cos py and py is defined so 
that (es (1 + 2a) ?.K(R) du = }n?(1+2w)'*, h, and h, are shown as functions 
of w in ‘fig. 4. 
S45 SIMPLE CUBIC LAT TICE 
The secular equations for a cubical block of mxnxp atoms are 


MC gt = Cpa st + Cp41, st + &r, 10+ &r, s4t,6 + Cree-1 + €rs,e41 together with the boundary 
CoNAItIONS C54 = Cm41, si = Cr0t = “r, n-t1,t = Crs0 = rs, p41 =9- The solutions are 


w= 2. COS 0 4-2. COSO7- 2 COS ee 6 oe enue. (7) 

where 6 =j77/(m+1) Gales.) 

b=kr/(n+1) (Rate Seen) 

Ys =lr/(p +1) (lee 2, ep) 

and the normalized coefficients are 
Crap = 2°7{(m + 1)(n+1)(p+1)}* sin7Osinsdsiniv. ....-. (8) 
Neglecting overlap, we have from (7) 

&/4B =X+ (cos? +cosd+cos%), 

Let I= fff (cos@+cos¢+cos +) dé dd dis, where V is the volume within the 
cube 0 <@ _ 0<¢<z, 0<¢<z, in which cos#+cos¢+cosy>0. Then, to 
the first order of small quantities, 

T=73{(m+1)(n+1)(p + 1)}-1 &* (cos 6 + cos $ + cos #) 
+ Jolt +n + pY{fJ*(1 + cos 6 + cosip) do dip + f[+(cos$ + cos —1) de ab}, 
where it represents integration over the area within the square 0<$<z7, 0<<z, 


in which the integrand is positive. 
Let J =|tf(cosf6+cosp—1)ddbdp. ‘Then 


‘li eerie +08 6+ con) df ol 


-{fa +cos $+ cosy) db dp=7? +J, 


Hence &/46 = Bae T a Ne +pm+mn), so that h,=4I/n> and 
h,=1+2J/n?—+th 

There are preachy 3mnp bonds, so that according to the formula of 
Coulson and Longuet-Higgins (1947) the average bond order p = &/6mnpB =h,/6. 
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From (8) it follows that the contribution to the bond order py,;- 1, 543,, from the - 
orbital for which « =28 (cos @+ cos ¢+cosy#) 1s 

16{(m+ 1)(n+1)(p + 1)} "1 sin? @ sin s¢ sin (s + 1) sin? tp. | 
For large m, n, p the average of this quantity over all the values of s and ¢ is 
4sin?6cos¢/mnp. Adding the terms for the bonds parallel to the ¢ direction, we find 
that the average partial bond order in the surface 7 = 1 is 2 sin? 6 (cos ¢ + cos ¢)/mnp. 
Hence p,=2L/7*, where L = fffysin?@(cos¢ + cos x) dé dd dip. 

Similarly ~,=8M/7°, where M=Jff,sin?@cos@d0d¢ds. We now have to 
evaluate the integrals J, J, L and M. 

Let the section of V by the plane parallel to @=0 which passes through the 
point (7—8@, 0, 0) have an area Ay. Then the area of the section by a parallel plane 
through the point (0, 0, 0) is 7?— Ay. ._We now define the function A(v) as the 
area in the (¢, #5)-plane cut off between the axes and the curve cos¢+cos=1—v, 
If v=—cosa, this curve meets the axes at the points («, 0) and (0, «). Hence 


A(v)= {3 cos 1(1+cos«—cos ¢) d¢. 


1 
Then dA/dv = {(1 —x?)(v+x)(2—v—x)}-? dx, where x =cos¢. This integral 
can be simplified by means of the substitution 


w= (2—(2—v)(1 + v)p*}/{2—(1 + o)p%} 
and we obtain dA/dv=K’'(k), where R=4(1—v). Hence 


/ A(v) = ia K(k) dv= 2 K'(k) dk, 
(1—»)/2 
that is, eV ascaso y= 2f Kd ore (9) 
$ cos 0 
In particular A Aye c K'(k) dk =72/2. 
0 


Now by symmetry we have 
Peal|| cos 0 dB dd dip =3[™ (x? Ay) cos dd—3[" Aycosé dd 
- 
=3] (at —2A,) 00s 6 a0. 
Substituting for Ay from ”) we obtain 


cos—1 2k 
aes cost K'() dhedd = 12] ” K( of cos 6 d0 dk 


= ie: K'(k)(1 —42)42 dh. 
i 
Alternatively we ne write 1=3 [Jy (cosd + cos) dd dd dys, from which it is 
easily shown that [= af" JJ (cos d + cos) db dys dO. Now 
bee a ip ab i. (iv) d4= =| "K'(B\1 2) do 


=4E"(3 cos 0) — cos? 0K'(4 cos 8), 
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Eience J = 12{~ (E'(k) — k?K’'(k)} d0, where k now means }cos@. This reduces to 
I =24|" (E’ —k?K’)(1 —4k?)-1? dk. Similarly we obtain 
£=16 ine (E’—R?K')(1—4k?)42dk and M=§ “f K’(Rk)(1 — 4h?)8? dk. 
To evaluate J we note that the area of integration is 4). Hence 
raf" ~v)dA= = K(k) de, where k=1(1 2). 


1/2 
This simplifies to J =4E’(4) — K’(4) — 402+ 2{ K’(k) dk. 
0 


Numerical values of J, J, L and M can now be found by using the series 
expansions of K’ and £” and integrating term by term. The resulting series 
converge rapidly. The calculated energies and bond orders are given in table 1. 


555) BODY-CENLRE DECU BIC LAI CE 


By suitably numbering the atoms we can calculate the surface energies 
associated with the (100) and (110) type faces. Let the face r=1 be (100) and the 
. faces s=1 andt=1 be of the (110) type. Then the secular equations take the form 


XC rst = Cy—-1, 8,t—1 cs Cr4, 8,¢-+-1 aT Cy_4, s—l,t aa Crt, s+1,t 
+ Cpa stat pga, st41 1 Orgs, s—1,¢ + Or44, sti, t 


together with the boundary conditions 


Cost — Cm-+1, st = C04 = Cy. n+1,t — Cr 39 = Crs, pet = 0. 
The solutions are aA COs'O(COS@ + Cosy) ) “Ee Aa (LO) 
and Crgp=4{(m + 1)(n+1)(p+1)}-* sin 76 sinsd sinty,  ...... (11) 
where 6 =jz/(m+1), 6=ka/(n+1), $=lr/(p +1) GV, R, / integers). 
Now if the point (1, 1, 1) represents an atom, the lattice points occupied by 
atoms are those for which r+s+t¢ is odd, so that for even m, n, p there are }mnp 


atoms altogether. By inspection of equations (10) and (11) we see that a 
complete set of independent solutions is given by 
Sd ee eas Le rape, at: AYA ares 

Then the occupied orbitals are those for which cos ¢ + cos ¥ >0 and 0 <6 <7, 
so that the binding energy is obtained by a summation of x over values of 0, 6 and 
% lying within a triangular prism. We obtain &/86 = X*cos@(cos¢ + cos¢). 
This summation is performed with the help of the expressions (1) and (6), and the 
result is 

&/B =320 3mnp — 40-11 — 82-*)m(n + p) — 160-21 — 27! )np. 

Hence h, =647-%, h,(100) =167-2(1 — 27), h,(110) =4-1(1 — 87r-*). 

As in the case of the square lattice, the general expression for the order of 
the bond between any two neighbours is easily deduced : 


Prst; r+1, s+1,¢ = 83/1 — ( ae 1)"(2r a Wiens, 
x {1 —(2s-+1)-2 + (442 1)-2 4 [(28 + 1)? — 4227-4}. 


Hence p=8/n*, p,(100) =32/373, p,(110)=64/9n?, p,(110) =32/37%. 
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The effect of the overlap integral on h, and A, in the linear and square lattice 
models is shown in figs. 1 and 3 respectively. In both cases h, and h, decrease 
as S increases. But y, which depends on S, cannot be computed directly on the 
basis of the present approximation, so that it has to be estimated from the 
experimental binding energy. Hence h,/h, becomes the relevant measure of 
the surface energy. The diagrams show that this quantity decreases by about 
40°% as S increases from zero to its maximum value. For the three-dimensional 
models h, and h, can be expressed as power series in S (Hoffmann 1950), but the 
series converge slowly and the calculation of sufficient terms would be tedious. 

The effect of next-nearest-neighbour interaction in the square lattice (fig. 4) 
is to increase h, and h,, but it is evidently less important than the overlap integral. 
It is unlikely that w exceeds 4, so that the alteration of h,/h, will be less than about 
10%. This interaction would have more effect in the body-centred cubic lattice, 
where each atom has six next-nearest neighbours at a distance 2a/1/3, so that we 
might expect w to be as much as 3. However, the smallness of the effect in the 
case of the square lattice suggests that the neglect of w in the three-dimensional 
calculations should not produce large errors. 

As far as the surface energy is concerned, the effects we have just discussed 
are probably outweighed by the surface corrections, some idea of which is given 
in fig. 2, for the linear model. If, as Goodwin (1939) supposed, we should take 
A greater than unity, then our estimate of the surface energy may be in error 
by a factor of 3. Although it is unlikely that A is so large, it is certainly not 
negligible, and we must conclude that little significance can be attached to any 
calculation of surface energy which does not take into account the particular 
environment of the surface atoms. ‘This conclusion applies also in the case 
of the free-electron model, as has been shown by Huntington (1951), who found 
that the surface energy depended critically on the shape as well as the height of the 
surface potential barrier. 

From what we know of the effects of S, w and A we can reasonably assume 
that they are much the same for the different models, so that the comparative 
results given in table 1 have some significance. ‘The table shows that the binding 


Table 1. Energies (4) and Bond Orders (p) for Various Metal Lattices 


: < Simple Body-centred cubic 
Cnn panei eahic (100) (110) 
is 1293 1-621 2-005 2-064 
ke 0363 0-189 0-173 0589 0-241 
5 0-637 0-405 0-334 0-258 
ny a 0-540 0-367 ae 0-344 
ro 0-849 0-360 0359 0-344 0-229 
en 2 0-424 0-180 0-179 0-688 0-229 


energy per atom in the body-centred lattice is almost equal to the same quantity 
for the simple cubic. ‘The surface energy is much larger, however, and there is 
a marked difference between its values for the (100) and (110) type faces. As we 
should expect, the (110) face has the lower surface energy, being the face of highest 
reticular density. 

The deviations of p, and p, from p show that the nearest-neighbour distance 
at the surface will be different from its average value. This produces a change 
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in 8 in the neighbourhood of the surface, so that the secular equations ought to 
be modified accordingly. ‘The resulting adjustment of the energy levels would 
give rise to a contribution to the surface energy. This contribution can be 
estimated, but it is unprofitable to include it until we can choose numerical 
values of S and \ with some confidence for any specific crystal. 

The quantity P, in the lowest row of table 1 is the sum of the average bond 
order of all the bonds joining a surface atom to its neighbours. For an interior 
atom the corresponding quantity is equal to h,. Ifthe surface energy is supposed 
to be the excess of the binding energy of an interior atom over the binding energy 
of a surface atom then we should expect ,=h,—P,;. Table 1 shows that this is 
approximately the case, and we infer that results based on the above relation 
are valid. Such an assumption has been made by Harkins (1942) in calculating 
the surface energy of diamond. 

The integral 8 can be roughly estimated from the heat of sublimation and the 
lattice constant. Using the values of these quantities given by Seitz (1940), 
together with the entropy terms F, calculated by Huang and Wyllie (1949), 
the surface tensions o of the (100) and (110) surfaces of crystals of the alkali 
metals at their melting points can be obtained. Values of 8 and o are given in 
table 2. 

For the hydrogen molecule the quantity analogous to —f is about 4ev 
(Mulliken 1949), and for z-electrons in conjugated hydrocarbons it is about 1 ev. 
‘Table 2 shows that somewhat lower values are appropriate to the alkali metals. 


Table 2. Surface Energy for Alkali Metals 


Li Na Kk Rb Cs 
—B (ev) 0-82 0-54 0-42 0-40 0:39 
— Fg (erg cm~?) 66 34 25 21 18 
a (100) (erg cm~*) 579 252 118 98 84 
a (110) (erg cm~?) 307 132 58 48 41 
o (experimental) _ 290 300* — — 
* (+ 100) 


Like the results of Huntington’s ‘square-cut barrier’ calculations, our surface 
tensions o (110) are about one third of the values obtained by Huang and Wyllie. 
Thus our model agrees with Huntington’s in producing results well below the 
measured surface tensions. ‘The theoretical values are increased if we admit 
that the surface contains a proportion of (100) faces and faces of higher energy, 
but this correction would by no means close the gap. Evidently the neglected 
parameters S and w, and particularly A, should be included. Finally it must be 
emphasized that the method, in common with previous treatments, ignores the 
electronic interactions, except in so far as they are averaged in setting-up the 
one-electron Hamiltonian. It is quite likely that their inclusion would produce 
more satisfactory results, although at present the experimental material on alkali 
metals is insufficient to provide a thorough comparison. 

Table 3 shows how the bond orders vary near the corner of the two-dimensional 
lattice. ‘he quantity tabulated is p,,. ,,,,, and its variation gives a rough measure 
of the effective thickness of the surface. ‘This table suggests that all atoms below 
the fourth layer from the surface may be regarded as interior atoms, but that 
above this layer we should expect appreciable distortions due to the varying 
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strengths of the bonds. ‘This conclusion may reasonably be extended to three 
dimensions, but it seems that the actual manner of variation of bond order with 
position is different for the different models. For example, table 1 shows that 
~a>p for the linear chain and the simple cubic, and body-centred cubic (100) 
faces, but p,<p for the square lattice and the body-centred (110) face. This 
result does not have an obvious physical explanation. 


Table 3. Bond Orders near a Corner of a Square Lattice 
The table shows P,,- 41,5 


s 1 2 3 4 00 
a 


1 | 0:577 0-329 0397, 0359 0-360 
2 0:543 0-461 0-364 0°385 0-389 
3 0:541 0-436 0-440 0:375 02397 
4 0-541 0-434 0-421 0-431 0-383 
oe) 0-540 0-432 0-417 0-412 0-405 
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ABSTRACT. An account is given of the experimental determination of the range-energy 
relations for protons and alpha-particles in diluted Ilford G5 emulsions. The results are 
compared with those calculated by a method described by Webb. ‘The range-energy 
relations for protons in the energy range from 2-5 Mev to 9 Mev can be represented by the 
empirical formulae E=0-227R°8?, H=0-221R°5, E=0-220R°' 583 for Ilford G5, G5 x2 
and G5 x4 emulsions respectively, where £ is in Mev and R in microns. 


§1. THE RANGE-ENERGY RELATIONS FOR PROTONS 
(i) Method 


LFORD G5 x2 and G5 x4 (Dodd and Waller 1951) plates were exposed 
] under vacuum conditions to protons produced by the bombardment of 
Li and B by 550 kev deuterons. The plates were kept zm vacuo for one hour 
before the exposure. ‘The energies of the proton groups entering the diluted 
emulsions were determined by exposing Ilford G5 emulsions under identical 
conditions. The measured ranges of the protons in the G5 plates could then be 
related to their kinetic energies by use of experimental curves of Rotblat (1950, 
1951) for this emulsion. The method used for track measurement was that of 
Lattes, Fowler and Cuer (1947). 


(ii) Results 


The experimental results are given in tables 1 and 2, the quoted range in 
all cases being the arithmetic mean. ‘The calculated values of the range were 
also obtained, using a method described by Webb (1948). The atomic 
constitutions used in this calculation are given in table 3; they correspond 
closely to vacuum conditions for the emulsions. 


Table 1. Ranges of Protons in Ilford G5 Emulsions 


Reaction Exptl. range (2) Energy (Mey) Calc. range (1) 
Mi) qin STi : i : 
C+ IH + 18C 41 \ 67:6+0°2 2:84 67°5 
(ii) §Li+?H > jLi*+1H 130:9+0:°3 4:27 129-0 
Gi) $§Li+3?H — jLi +jH 15205023 4-68 150°5 
(iv) 18B+2H — 1Bt+i1H 283:0+0°9 6°81 284 
(vy) #°B+2H > 43B -+-iH 444-0+0°8 8:90 446 


* excited state of 440 kev 
+ excited state of 2:14 Mev 


The agreement between the calculated and experimental values in 
tables 1 and 2 is always within 2%; this is satisfactory considering the 
approximations made in the calculations. The calculated ranges, however, 
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are about 2% shorter than the experimental ones for all values in the G5 x4 
emulsion. This appears to be a systematic difference and may be because the 
figures given in table 3 do not correspond to the actual constitution of the 
G5 x4 emulsion under our experimental conditions. 


Table 2. Ranges of Protons in Ilford G5 x2 and G5 x4 Emulsions 


Energy (Mev) 2°84 4-27 4-68 6°81 8-90 
Experimental range 

in G5 X2 (uw) 7533-¢ 0:25 1442622 0°S =F 169-0FR03 3164+ 1-4 498+0-9 
Calculated range in 

G5 x2 (pn) 75-0 145 169 319 506 
Experimental range 

in G5 x4 (pu) 829-502 161+0-4 188+ 0:3 3614+ 1-0 565+0°8 
Calculated range in 

G5 x4 (ph) 81 158 185 354 562 


Table 3. Constitutions of Emulsions used in Calculating Range—Energy 
Relations 


Amount (g/cm?) 


Element G5 (ES «2 G5 x4 
Silver 1-85 IPSSHil 0-82 
Bromine 1:36 0:96 0-60 
Iodine 0-024 0-026 0-016 
Carbon 0:27 0:36 0-46 
Oxygen O27, 0-31 0-37 
Nitrogen 0-067 0-106 0-145 
Sulphur 0-010 0-008 0-005 
Hydrogen 0-056 0-062 0-072 
Total 3-91 3-14 2-49 


The experimental results for protons shown in tables 1 and 2 can be 
represented by the following empirical formulae with errors of less than 1%: 


H=(-227. Re for: GSvemulsionsie i Ge Wiese ae (1) 
E=0-221 R55 for G5 x2 emulsions ~~ — 2 2 2 (2) 
E=0-220 R583 for G5 x4emulsions ...... (3) 


where FE is in Mev and R in microns. For energies below 2-5 Mev the empirical 
formulae deviate from the calculated range-energy curves by as much as 10%. 
The empirical formulae, therefore, cannot be used in this energy range. In the 
figure the range—energy relations calculated by the method described by Webb 
are shown. ‘The calculated values for G5 x4 emulsions are renormalized to 
allow for the systematic difference between experimental and calculated values 
discussed previously. ‘hese curves should be used for energies below 2:5 Mev. 
In §2 results for thorium C’ and polonium «-particles are presented. These 
show that the range-energy relations in the figure are satisfactory for protons of 
energies as low as 1:4 Mey. 

The results presented above are valid for plates exposed under vacuurn 
conditions. If exposed under normal atmospheric conditions the ranges are 
longer due to the water absorbed by the gelatine of the emulsion. The increase 
in range at a relative humidity at 60%, has been calculated for proton energies 


Range—Energy Relations in Diluted Ilford G5 Emulsions 15 


of 2 and 10Mey. For G5 emulsion the amount of water absorbed per cm? at 
various relative humidities is known (Wilkins 1951). If it is assumed that the 
amount of water absorbed by an emulsion is proportional to the amount of 
gelatine in that emulsion, and that the volume of the emulsion increases by the 
amount of water absorbed, then the atomic constitutions can be recalculated. 
The increases in range were then derived using Webb’s method. The results 
are shown in table 4. 


= 


i) 


Energy (Mev) 


5 leo Ee es ls if posi 


0 25 $0 75 i00 
Range (microns) 


Calculated range—energy curves for protons in G5, G5 x2, G5 x4 emulsions 
reading from left to right respectively. 


Table 4. Calculated Increase in Range at 60°/ Relative Humidity 


Emulsion G5 GomeeZ G5 x4 
Proton energy (Mev) 2D 1G DAKO 2 AKO) 
°%% increase in range at 60° relative humidity 3:3. 4-0 3:6 4:5 aA SA 


§2. THE RANGE-ENERGY RELATIONS FOR ALPHA-PARTICLES 
The residual ranges of protons and alpha-particles are connected by the 
following expression (Wilkins 1951): 

Dade 0009 Tk 1329 13) = Ce eae ae (4) 
where c is a constant which we have taken to be 1-5 for the G5 emulsion, 
1-65, for the G5 x2 emulsion and 1-84 for G5 x4 emulsion. With this 
formula the energy of an «-particle can be determined from its range using 
either the empirical formulae given by eqns. (1), (2) and (3) for «-particle energies 
greater than 10 Mev or the curves presented in the figure for «-particle energies 
less than 10 Mev. In order to check the procedure below 10 Mev measurements 


Table 5. Ranges of «-particles in Ilford G5, G5 x2 and G5 x 4 Emulsions 


Calculated 


Vacuum 
Experimental condns. 60% R.H. 

G5 Polonium 22-88 + 0-04 21°85 22-84 

Thorium C’ 47-87+0-08 46:5 47-7 
G5 <2 Polonium 24:86 + 0-06 236 24:7 

Thorium C’ Stes se (Mews Se 52:6 
G5 x4 Polonium 26:63 + 0-06 PS 26"5 

Thorium C’ 58:29+0:15 56:0 poe 
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were made on the ranges of polonium and thorium C’ «-particles of energies 
5-3 and 8-78 Mev respectively, using Ilford G5, G5 x2 and G5 x4 emulsions. 
The results are shown in table 5. The calculated results were obtained from the _ 
figure using eqn. (4) for «-particles with energies of 5-3 and 8-78 Mev. 

In the present experiment the «-particle tracks were obtained by dipping 
the plates in radioactive solution and drying quickly to normal atmospheric 
conditions, the plates being kept under the same conditions until developed. 
The experimental ranges are, as a result, longer than those calculated for vacuum 
conditions due to the absorption of water vapour. ‘The values calculated, 
assuming a relative humidity of 60%, are also shown in table 5, and give good 
agreement with those obtained experimentally. This justifies the use of the 


calculated range energy relations presented in the figure for proton energies 
below 2-5 Mev. 
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ABSTRACT. The binding energy of the “He nucleus is calculated by the variation 
method, assuming charge-independent neutral two-body forces, using Yukawa wells, not 
necessarily of the same range, for the central and tensor parts of the interaction. 'The 
wave function chosen represents a mixture of the principal 'S) and the principal *D, states, 
the radial wave functions being of a simple exponential type. With the nuclear parameters 
adjusted to fit the deuteron energy and quadrupole moment, and other low-energy data, 
it is found that the introduction of the tensor force greatly reduces the large value of the 
4He energy, obtained in the purely central force case. Whereas equal ranges yield a very 
small binding, the unequal ranges, which according to Pease and Feshbach fit the triton, 
give reasonable values for *He. Thus it seems possible that a phenomenological two-body 
interaction of the above type may give consistent results in the two-, three-, and four-body 
problems. 

For the triton the same type of wave function gives rather poor results, compared 
with another exponential function, used previously. 


Si SINLTRODUGLION 
T is well known that a purely central two-body interaction, containing a set 
of parameters compatible with the energies of the ground and virtual states 
of the deuteron, the low-energy scattering data, and the binding energy of 
the triton, yields too large a binding energy for the alpha-particle. Since the 
existence of the quadrupole moment of the deuteron necessitates the introduction 
of some type of non-central force in the two-body interaction, it is of importance 
to determine the effect of such a force on the binding energies of the three- and 
four-particle nuclei. Several calculations with an interaction consisting of a 
mixture of central and tensor forces have already been made for the triton 
(Gerjuoy and Schwinger 1942, Feshbach and Rarita 1949, Clapp 1949, Hu and 
Hsu 1951, Pease and Feshbach 1951) with varying degrees of success. Only 
one previous calculation has so far been made on the *He nucleus with non-central 
forces (Gerjuoy and Schwinger 1942), a square-well potential being used for 
the central and tensor forces. The calculations yielded roughly half the required 
energy. As scattering data at higher energies indicates some preference for the 
long-tailed potential, it is of interest to investigate the binding energy of the 
alpha-particle for such a case. However, for this type of well the gaussian type 
wave functions used by Gerjuoy and Schwinger generally give poor results, so 
that it is necessary to use a wave function which has a more accurate asymptotic 
behaviour. Such a wave function is used in this calculation. 
A phenomenological nuclear interaction potential consisting of central and 
tensor forces of the form 


—1|T¢ exp (—7/7;) 
V(r)=-Ve E - jg+1g(o,-0,)) Pe + 7S PL OD) ee (1) 


* A brief summary of the results of the calculations discussed in this paper has already been 
published (Irving 1952). 
PROC. PHYS. SOC. LXVI, I——A 2 
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has been found to be satisfactory for a description of low-energy scattering 
processes and, in accounting for the properties of the deuteron (Feshbach and 
Schwinger 1951), for certain values of the central and tensor force range — 
parameters 7, and 7, respectively. Furthermore, such an interaction also yields | 
a reasonable value for the binding energy of the triton for an appropriate choice 
of these ranges (Hu and Hsu 1951, Pease and Feshbach 1951). In this paper 
the binding energy of the helium nucleus is calculated for an interaction of the 
type given in eqn. (1). The neutral interaction is used in preference to the 
charged or symmetric type, since, in a nucleus no heavier than the alpha-particle, 
the difference between forces of different exchange character is likely to be very 
slight; the neutral potential is also easier to handle.t The results of a similar 
calculation for the triton are also mentioned. 

The standard variation method is employed with a ground state wave function 
representing a mixture of the principal 1S) and the principal *D, state. All the 
six D-states, which appear in first approximation will make some contribution 
to the energy; since, however, the symmetry properties indicate that one of 
these states is more important than the others, it alone is considered in detail 
in this paper. ‘The radial wave functions are of an exponential type (cf. eqn. (7)); 
these yield 2 large excess binding energy in the purely central force case (Irving 
1951), suggesting that they may be a good approximation to the correct wave 
functions, because they have the correct asymptotic behaviour.* It is shown 
in this paper that the selected wave functions give rise to an exceedingly simple 
mathematical analysis, no approximations being necessary in the evaluation of 
the integrals involved, even in the tensor force case. It may be remarked that 
wave functions of the same type may be extended to apply to nuclei of more than 
four particles. The general method of calculation can in fact be used for such 
nuclei. 

It is found that the introduction of the tensor force is very effective in 
reducing the binding energy of the alpha-particle as compared with the purely 
central force case. Indeed, if equal ranges are assumed for the central and tensor 
forces, very little binding energy is obtained. It is, of course, to be expected that 
contributions from other states—in particular, some of the D-states referred to— 
will increase the value of the binding energy, but it is hardly conceivable that 
anything like the experimental value will be obtained for the equal range case. 
This is in contrast with Hu and Hsu’s result for the triton, namely that the triton 
energy may be obtained for equal central and tensor force ranges. ‘They use a 
ground-state wave function with many parameters, representing a mixture of 
many States. 

On the other hand, Pease and Feshbach obtain reasonable values for the 
triton binding energy, using unequal central and tensor force ranges, though 
their wave function, which is of the same radial form as that of Hu and Hsu, 
does not contain quite so many variation parameters. With these ranges and 


| 


* Recently, Morpurgo (1952) has found in an elegant way the best wave functions, which are 
functions of the sum of the squares of the interparticle distances, for the triton and the alpha- 
particle for purely central forces of the gaussian type. He finds that this type of wave function 
is as good as a gaussian wave function with a large number of variation parameters. 

+ Note added in proof. Recent calculations carried out at Southampton have verified that the 
Pease—Feshbach interaction, converted to a symmetric interaction with the same ranges, differs 
little in effect, in the case of the alpha-particle, from the neutral interaction. However, a calcula- 
tion carried out for a heavier nucleus (®Be) using the neutral Pease-~Feshbach interaction yielded 
large il binding energy (unpublished work of E. H. Kronheimer using single particle wave 
unctions). 
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the corresponding values of the nuclear parameters, the binding energies obtained 
for the alpha-particle in this paper are smaller than the experimental value, but, 
allowing for the contributions from additional states, they suggest the possibility 
of fitting the energies of the three- and four-particle nuclei with the same two-body 
interaction, which also accounts for the deuteron properties. 

The value of the kinetic, potential and coulomb energies are given explicitly 
and it is found that the kinetic energy has a much more reasonable value than in 
the case where central forces alone are used. 

A calculation of the binding energy of the triton with the same type of wave 
function as that used for the alpha-particle has also been made, assuming a 
mixture of the principal ?S,). and the principal 4D). states for the ground state 
wave function. This is not discussed in detail as the method of calculation is. 
exactly the same as for the case of *He. 

A second calculation of the binding energy of the triton has been carried out 
with the same type of wave function used by other authors (Pease and Feshbach 
1951, Hu and Hsu 1951) for the same mixture of states, since the value of the 
energy for this case is not given by these authors. It is found that the latter 
wave function yields much better results. This is discussed in § 4. 


2) CONSTRUCTION OF THE GROUND STATE WAVE FUNCTION 


Since the assumed interaction (1) is neutral, there is no advantage in 
introducing the isotopic spin formalism. ‘The wave function representing the 
4He system has to be constructed so that it is anti-symmetrical for interchange 
of the two neutrons and the two protons respectively. Now the ground state 
of *He is of even parity and has a total angular momentum J =0, so that the 
classification of possible states can be made using the rules for compounding 
angular momenta, subject to the limitation that the maximum total spin is S=2. 
Gerjuoy and Schwinger (1942) have listed the possible states in operator form. 
A mixture of the states 1S), ?Py and *Dy is possible. In the absence of the 
spin-orbit coupling due to the tensor force, the ground state of *He is 'S). The 
introducticn of a tensor interaction gives a term of the form 

4 


LS (T)S55 
ii 
where -/J(r,;) defines the shape of the well and 
Sig =3( 0+ Mig )(Oy > Wig)/[Ty?— Fp. F; tn ee (2) 


in the Hamiltonian, and the application of this to a 1S) wave function produces 
only ®*D, wave functions, so that the *P) wave functions will appear only as a 
second approximation. Of the six independent °Dy states appearing in first 
approximation, the state with maximum symmetry in the tensor operators has 
no radial nodes and may be taken to be the principal *D, state. Its angular and 
spin part has the form A 
1D = EN) Say) ke ee (3) 
i>) 

where D(7;;)=7;;2Sj3 and x =3(x1 x2 — x1 X2*)(Xs'Xa — Xs Xa‘) is the spin wave 
function; 1, 2 denote the neutron and 3, 4 the proton coordinates; S,,; is the 
operator given by eqn. (2). 
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Since the tensor operator vanishes when it acts on a singlet spin state, the 
expression for ®Dy‘) becomes, from eqn. (3), 
D143) + D(r44)+ D723) + Deg), nee (4) 


Introducing the coordinate system 


Piso ieee Pom Tae ks, es ete oe cee Pa oh lls. eA (5) 
(4) assumes the more compact form 
3(6,- 01)(o3 + Pg) + 3(G,- P2)(G3- 01) —2(P1+ P2)(O1-3). «+... (6) 


It might be mentioned that the remaining five D states appearing in first 
approximation are obtained by writing down all the expressions of the form (6) 
from the vectors @,, e, and r, including the cases where two identical vectors 
are chosen. The complete D-state wave functions are then formed by multiplying 
the angular spin part with a spatial radial function with the appropriate symmetry. 
For the radial wave functions in the spatially symmetric case we adopt the form 


$=N¥exp -#/ i Ee (7) 


wy) 

N1? being a normalization factor, and A the number of nucleons. 

This type has proved very satisfactory in the central force case (Irving 1951). 
Similarly, the principal *D, state will be assumed to have a radial part of the form 
given in eqn. (7). ° 

Though the contributions from other D-states are not calculated in this 
paper, it may be of interest to mention how the formalism is extended for this 
case. For any such D-state, the correct symmetry properties are obtained by 
multiplying ¢ of eqn. (7) by a factor such as e,. Fr, P2- F OF P,-s. The complete 
D-state wave functions obtained in this way are independent, but are not mutually 
orthogonal. As it is difficult to construct a mutually orthogonal set of D-state 
wave functions, it is more convenient to build up the complete wave function 
for the system out of a linear combination of the D-states, and to take account 
of their lack of orthogonality in the evaluation of the energy matrix elements. 

The principal *D,‘ term will make the most important contribution to the 
energy and its calculation is treated in detail here. The complete wave function, 
representing a mixture of the 1S, and °D,” states, where 1S)=y, may then be 
written in the form 


B= We Cibo (lt CE ee (8) 


where: C® determines the amount of D-state in the mixture, assuming jg and 
bp to be normalized to unity, so that y is then normalized to unity. The radial 
parts of #g and pw are of the form given in eqn. (7), with A =4, but are assigned 
different variation parameters, « and f respectively. 

The integrals appearing in the calculation are most simply evaluated in the 
coordinate system 


P=V2V, pQ=V2w, r=u, R=H(rj+rotrythy). ...... (9) 


In this system the radial wave function 4 of eqn. (7), with 4 =4, assumes the 
simple form 
NV exp { =2o(e 4-24 ae) ee ne eee (7’) 
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§3. METHOD OF CALCULATION 


The energy W of the four-particle system, apart from the coulomb energy 
which is treated as a perturbation, is given by 


ald <tr a Ami ace eth (10) 
where the Hamiltonian is given by 
4 4 
Baa V2M EAs Vitale Benne (11) 
i=1 1 
i>j 


A, is the Laplace operator acting on the coordinates of the particle whose position. 
vector is r;; V(v,;) is of the form given in eqn. (1) and represents the interaction 
between the particles 7 and j. 

When W is minimized with respect to the variation parameters, the variation. 
principle yields the result that W>E the experimental energy provided the 
interaction is correct. 

From eqns. (8) and (10), and the orthogonality of the S- and D-states it. 
follows that 


(1+C)W= [ost {= sap EA bsdr+C fw | - me. Ast ow dr 


+2. al [ust Verbs dr + C2 [byw Velrgibom dr 


+2C | POV (od CO | slag Ose ar | nie (12) 


where V(7,;) and V;(7,;) are the central and tensor parts of the two-particle 
interaction of the form given in eqn. (1). 

The first two terms on the right-hand side of (12) represent the kinetic energy 
of the system, the others the potential energy. 

The coulomb energy of the alpha-particle is 


Bou =@? { [s*(U roads d+ C2 [yoo *(1 roa) a / (1 AGP getara a (13) 


The third and fourth terms of eqn. (12) are of the same type, and their values. 
together with those of the first terms of eqns. (12) and (13) may be obtained 
from a previous paper (Irving 1951). The second kinetic energy integral of 
eqn. (12) is simply transformed to 

(2/2M)C* | bya 


i= 


4 

B (Vebpw)PDi* |SDo) dr. ss (14) 
In the coordinate system of eqn. (9) 

4 
a Wp) =(Vudpw)? + (Vybpw)? + (Vwbpo)? + HVadpe)?. 


pw the radial part of the D-state wave function is of the form given in eqn. (7’), 
and <®Do*|®D,) denotes the matrix element obtained by summation over 
the spins of the four particles. ‘This spin matrix element also appears in the 
second term of the coulomb energy in eqn. (13). ‘The remaining potential energy 
integrals in eqn. (12) involve the spin matrix elements <1S)*|S,;|°Do) and 
Do0* |.S,;|>Do?). The method of evaluation of spin matrix elements is. 
described in the Appendix and their respective values are given. 
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The evaluation of the energy integrals is most simply accomplished in the 
coordinate system given in eqn. (9). The method of evaluation is now illustrated 
for a typical case, namely the energy matrix element 


4 
2C¥ [s*VryWowdr anaes (15) 
ii 
where Vi(7,;)= —yVoS,; {exp (— 7/71) }/(%y/74). The expression (15) may be 


written as 


— 8yCVo [ 4s*bpel {exp (~1i3/7)}/(1s/7e) 11 S0* |Sis[? Do) dr «++ (16) 
in the notation used above. Now, from eqn. (4) of the Appendix, 
{1So* | Sig [Do = (18( ri - @1)(P13 > @2)/71s— 6(P1+P2)}- see (17) 


Since, also, the value of the expression (16) is unaltered by interchanging r, 
and r,, the integral becomes 


— 8yCV [¢s*bpo [exp (—15q/7')/(%s4/7e) 18 ( ras + a2)( Pas « ¥31)/ Fas” — O( Was « Pox) } ar 
That is, 
— 8yCV Ng? Npw!? 

MS {lexp { —8(u2 + v2 + w?)'2 — «,'w}/(y/w) | f(u, v, w)dudvdw....... (18) 
where 6 =2(a +8), «, =+/2/r, and Ng”, Npw!? are the normalization coefficients 


for the %g and pw states respectively in the u, v, w coordinate system; 
J(u, v, w) is the expression 


[13{ = mer bs ju} —6(u'— (+ w)} | eens hs (19) 


The expression (18) can then be evaluated, after integration over the angles, 
using the transformation u=Rsin@cos¢, v=Rsindsin¢d, w=Rcos@. For 
example, consider the term 18(w. u)?/w? in expression (19). The corresponding 
integral in expression (18) then becomes 


p72 me 2 foe) 
G4 2en | cost ¢ sin? dp | sin? 6 cos 8 d8 | R®°e-"* dR 
e 0 0 


where 1=5+K, cos@. This reduces to 
— 2)3 
0 (ute) 
where e=d/K,) and w=cos#. ‘The other terms in /(u, v, w), (eqn. (9)), are 
evaluated in a similar way. Hence the expression (18) reduces to the form 
+ {3.299 !)ar4 ice’ ey CV Ng? N pw? F(e) where F(e) denotes the integral 
rl w(1 —u2)? 
The other energy matrix elements may be reduced in a similar way to single 
integrals. ‘These single integrals are of an elementary type and are listed in § B 
of the Appendix. W is then given by the formula 


(1+ C2)W = {h2/(4Mr,2)}{c,2 + Ce,2} — (315/32) Vo(1 —g)e° A(cy) 
+ CyV(63-v/6/8)(r4)r¢)!4c,9cy}9 F(e) 
~ C2V,(231/256)cy!3{20B(cy) + (25/4)C(cy) +4D(co)} 
+ C%yV,(231/256)d,18(28 BG) 8G.) 9 9 4a) ie eee (20) 


a)! - 


{12(9 1) | 


du. 
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where ,, 7, represent the central and tensor force ranges respectively, c, =2/2ar,, 
€g=2/2Br,, dy=(1r/17e)e2, €=(T4/7e(C4+C2)/2, C is a parameter measuring the 
amount of D-state; A, B, C, D, F are the integrals listed in § B of the Appendix. 

It is thus evident that the analysis yields a relatively simple form for the 
energy W. Minimization is carried out numerically with respect to the three 
parameters c,, cy and C. Since C appears only quadratically, C can be eliminated 
and the secular equation obtained. However, the energy of the system is not 
very sensitive to the D-state parameter, it is more convenient to estimate C and 
carry out the minimization with respect to c, and cy by an iteration method. 
When c, and c, have been determined in this way, the minimization with respect 
to C can then be carried out, and the process repeated. ‘The minimum can be 
ascertained very quickly in this way. The coulomb energy, which has the form 


Vip eeler 20e) Hl 1 Cees (CL Cer re (21) 
is then added as a perturbation. 


§4. RESULTS AND CONCLUSIONS 

The binding energy of the alpha-particle was calculated from eqns. (20) 
and (21) for various central and tensor force ranges, with corresponding values 
of the nuclear parameters. The results are given in tables 1, 2, 3 and 4, the value 
of the triton binding energy as calculated by Pease and Feshbach, and Hu and Hsu 
being quoted for the appropriate ranges. The set of nuclear parameters given 
in tables 1 and 2 is consistent with the sets determined by Feshbach and Schwinger 
(1951) to give a reasonable fit to the deuteron data. From table 1 it is seen that 
the binding energy of 24-2 Mev for the alpha-particle corresponds to a binding 
energy of 8-5 Mev for the triton. The former value is obtained from a ground 
state wave function representing a mixture of only two states, namely, the 
principal S- and D-states respectively. ‘The latter value arises from a ground 
state wave function representing a mixture of one S-state and three D-states. 
The inclusion of additional D-states in the wave function for the alpha-particle 
will undoubtedly increase the binding energy value, so that a value nearer the 
experimental value of 28-2Mev may be obtained. © This is at present being 
investigated. 

In the case of the triton, the author has calculated the binding energy for the 
set of parameters of table 1, using a wave function consisting of the principal 
S- and the principal D-state. ‘I'wo forms for the radial wave functions were 
chosen, namely that given by eqn. (7), with A =3, and the form 

P=exp{—A(My2t%egtTs)fo tees (22) 
which has been used by previous authors (Hu and Hsu 1951, Pease and Feshbach 
1951), but the energy corresponding to the two-state mixture has not been quoted 
by them for the ranges in question. The calculation yields 6-5 Mev of binding 
energy for the wave function (22), but only 3-0 Mev for the wave function (7). 
From Pease and Feshbach’s results it is thus evident that the additional D-states 
in the triton wave function contribute about 2 Mev to the binding energy. ‘The 
wave function (7) yields rather poor results. ‘This is, in fact, evident from the 
central part of the interaction alone, as the better wave function (22) gives 
approximately an additional 2 Mev binding energy for this case. 

This conclusion does not necessarily invalidate the calculations on the 
_ photoelectric disintegration of the triton, where the wave function (7) has been 
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used, because of its greater simplicity (Gunn and Irving 1951), since such 
calculations are sensitive to the asymptotic form and the functions (7) and (22) 
are very similar in that respect. 


Table 1. 4He Energy for one set of Pease-Feshbach Nuclear Parameters 


Nuclear parameters ‘ MT ee 
ahd: SEL eneiiy, He energy terms otslgar 
or *He 
7o= 1-184 x 10- cm S—S Ke.= 115-3 Mev 
7,= 1-67 x 10-* cm D—D K£.= 6:8 Mev (ig, il) 
V)>=46:1 Mev S—S p.z.=—134-1 Mev Cp OLU) 
y=—0°54 S—D pz.= —12-0 Mev C==—0-162 
g=—0-004 D—Dpe.s.= —1:5 Mev 
E (coulomb) = 1-3 Mev 
E(?H)=-—8°5 mev* E (*He)= —24:2 Mev 


Table 2. *He Energy for second set of Pease-Feshbach Nuclear Parameters 


Nuclear parameters " Nariaaae 
Ane ti cnéiey He energy terms ee 
r= 1-184 x 10-8 cm S—S x£.= 104-0 Mev 
7,= 1:58 x 10-8 cm D—D k.£.= 6-5 Mev C—OeS 
V)=42-7 Mev S—S p.E.=—118-:2 Mev ah 
y=0-69 S—D p.£.= —12-1 Mev C=—0-167 
g=—0:-044 D—Dre.s.= —1-0 Mev 
E (coulomb) = 1:3 Mev 
E ?@H)=—7°5 mev* E (*He)= —19-5 Mev 


* Calculated by Pease and Feshbach. 


In the case of the alpha-particle, it is not possible to make a similar comparison 
of wave functions. Calculations with a wave function of type (22) for the 4He 
nucleus can only be carried out numerically and are extremely tedious, as the 
central force calculations indicate (Frohlich, Huang and Sneddon 1947). 
However, even if a better wave function than that given by eqn. (7) can be 
constructed and consequently yields a larger binding energy, this may be offset, 
if need be, by a reduction of the tensor range—a conclusion which follows from 
the results given in tables 1, 2, 3 and 4. 


Table 3. 4He Energy for Hu and Hsu’s Nuclear Parameters 


r=1=1:36x10-% cm, y=1-80, Wp=25-56mev, g=—0-191 
E(?H)=—6:7 mevt, E(@H)=—7-0 mev 


+ Calculated by Hu and Hsu. 
From table 2, it is seen that the binding energy of 19-5 Mev for the alpha- 


particle corresponds to a triton energy of 7-5mey. In this case, it appears 
improbable that the effect of additional D-states will be great enough to give 
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an excess binding energy for the alpha-particle, which is the difficulty that arises 
when purely central forces are used. Table 3 gives the very low binding energy 
of 7-0mev for the alpha-particle, corresponding to an energy of 6-7 Mev for 
the triton, for equal tensor and central force ranges. Lastly, table 4 gives the 
large value of 36-1 Mev for the alpha-particle energy, corresponding to a rather 
long tensor force range. It is obvious from Pease and Feshbach’s calculations 
that this set of nuclear parameters would also yield an excess energy for the 
triton. It is evident, of course, that increasing the tensor force range relative to 
that of the central force is equivalent to reducing the strength of the tensor forces. 

From the above calculations, it seems reasonable to conclude that the binding 
energies of both the triton and alpha-particle may be fitted, using a two-body 
interaction which accounts for the low energy and deuteron data, provided 
unequal central and tensor force ranges are chosen, the magnitudes of the ranges 
being of the order of those given in tables 1 and 2. 


Table 4+. 4*He Energy for one set of Feshbach and Schwinger’s Nuclear Parameters 


Variation 
Nuclear parameters ‘He energy terms parameters 
for *He 
r,=1-:184 x 10-* cm S—S K£E.= 146-9 Mev 
7,= 2-121 x 10-8 cm D—-Dxe.= 6-0mev BES 
Vo=54-59 Mev S—S p.£E.=—179-2 mev —Oe5 
y=0-2305 S—D pz.= —9-1 Mev = —() 140 
g=+0-074 : D—Dp.s.= —2:2 Mev 
E (coulomb) = 1:5 Mev 


E (*He)= —36-1 Mev 


In principle the same method with similar wave functions can be employed 
to calculate the ground state and some excited state energy levels of other light 
nuclei, such as ®Li, 7Li, etc. 
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§A. SPIN MATRIX ELEMENTS 
Since the alpha-particle D-states are constructed in an operator form involving 
the spin-vectors it is convenient to have a systematic method of evaluating the 
more complicated spin matrix elements. ‘hese operators act on the singlet spin 
state y, so that a projection operator of the form S=(1—o,.6,)(1—6,.6,)/16 
must be introduced to reduce the spin summations to the trace of an operator. 
Consider any two states, represented by Py and Oy, P and Q being operators 
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involving the spin vectors. The spin matrix element ((Px)*|O|Q x) where O is | 
the operator for the interaction, is then given by 


taco ay OOS ke an aNeuieE (1) 


the trace being taken in the spin-space of the particles 1, 2, 3, 4. 
As an illustration of the method, the spin matrix element 


Sot | SialPDoe wey Thea Ie eats (2) 
is evaluated. From expression (1), eqn. (2) becomes 
tracey 93,4 {3(61+ Fis)(63- Fis)/713' — (G1 + Bs)} 
x {3(6, « @1)(G3 + 2) + 3( 01+ P2)(G3 + P1) — 2(1 + P2)(G1 + Fs) } 
x {1 —o,.0,—63.6,+(6,.6,)(G3.6,)}/16. tae (3) 


In the evaluation of expression (3) and the similar expressions arising from the 

other spin matrix elements, use is made of the following elementary results: 
(co. A)(o. B)=A. B+ic. AaB 

‘Trace A)=0 


(o. A) 
Trace (o. A)(o. B) =2(A. B) 
(o. A) 


Trace (o. A)(o. B)(o. C) =27(/AnB).C 

Trace (o. A)(o. B)(o. C)(o. D) =2[(A. B)(C. D)— (A. C)(B. D) + (A. D)(B. C)} 
where o is the usual spin vector with eigenvalues +1 and A, B, C, D are vectors 
which commute with o. 

From the form of expression (3), it is evident that only the first term in the 
third bracket gives a non-zero contribution. ‘The other matrix elements have 
similar simple features and the evaluation is straightforward. Multiplying out 
the first two brackets of the expression (3), keeping the terms in their correct 
order, the traces of the separate terms are then evaluated. The matrix element 
(2) has the value 

1S 0* | Sys [PDo® > = (18( 11s - @1)( Tis + 2)/713° — (1+ P2)}- see (4) 
The matrix elements <1S9* | S,4, S93, S24 |°Do) are easily deduced from eqn. (4). 
The follcwing matrix elements are used in the text: 
50" 750) = 1, CD | Do) = 18p17p2? + 6( 01 - Pz)? 
CD oP* | Sy2 [PD = CP Do | Ssa|>Do) = — (18 p12? + 30( 9; - @5)?}: 
Do | Sq3 | Do) = {42( 01 - G2)? — 189179? — 72( 1,5. O1)( Fis + P2)(@1+ P2)/713" 
+5411, Mis, P2)"/713"} 
with similar expressions for the matrix elements (>Do%* | S)4, S23, Seq |®Do™). 


§ B. ELEMENTARY INTEGRALS OCCURRING IN THE 
ENERGY MATRIX ELEMENTS 


The normalization integrals for #g and pw are easily evaluated in u, v, w 
space and yield 
Noll? = c,9?/{ 4/3. 215/427 92}, Noywl!® = cq13!2/{5 , 32, 225/472y 1912) 


€,=2/2ar,; Cy=2/2Br,, « and B being the S- and D-state radial wave function 
parameters respectively. 
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The following integrals appear in the calculation: 


— (tu(i —w?)? 354° + 4742+ 25a+5 
A(a)= | (uta ““~ — 210a%(a+ 1) 
— ftw(1—w)8 | 231a*4+312a3 + 18602 +56a+7 
Bla) = J fase ia 9240a%(a +1) 
Fp ey Pe pea aa 
~ Jy (utaye oe 2310a(a+ 1)? 
pia) = [MA xw Pp, _ 23a? + 15908 + 45045 
~ Jo (uta? “~~ 13860a%a + 1)° 
ee iat): etl 19a se Jaa | 
ee eel o aus04a%a41)e- 7 
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Some Features of the Deuteron Stripping Process* 
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ABSTRACT. The stripping model of Butler is presented in a simpler, more intuitive 
form which is used to show that the outgoing nucleons are unpolarized, and to calculate the 
statistical matrix of the final nucleus, from which the angular distribution of later radiation 
may be calculated by the method of Spiers. 


T is now well known that the stripping mechanism (Serber 1947) is sufficient 

to explain the outstanding features of the angular distributions found in 

(d, p) and (d, n) reactions, when deuterons of moderate energy are incident 
on light and medium weight nuclei, provided that due consideration is given 
to the requirements of conservation of angular momentum and of parity in the 
process (Butler 1951, Bhatia, Huang, Huby and Newns 1952). According to: 
this mechanism, only one nucleon of the incident deuteron joins with the 
target nucleus to form a compound state, a consequent feature of great practical 
importance being that it is possible in this way to form compound states from 
which the re-emission of the absorbed nucleon is not energetically possible. 
The purpose of the present note is to discuss several further features of the 
stripping process, presenting a more intuitive picture of this process, which 
depends on the same physical assumptions as were made by Butler and from 
which his final result may be simply derived. For definiteness we will refer 
always to (d, p) reactions, it being understood that the same conclusions apply 
also to (d, n) reactions. 

Apart from the neglect of coulomb interactions and of compound state 
formation in which the whole deuteron is absorbed, Butler’s main assumption 
is that, for a neutron distance 7,,>79 (79 is an essentially arbitrary radius, most 
suitably chosen equal to the Gamow nuclear radius) the neutron and proton 
interact only between themselves, forming a free deuteron plane wavef, whilst, 
for 7,<79, the neutron interacts with the nucleons of the initial nucleus, the 
proton being free from all interactions. Thus for 7, >7) the wave function of 


the system is : 
exp {1K .(r,,+6,)/236(Pn— Wp )x"SPjmr ene (1) 


where K is the momentum of the deuteron, ys its spin wave function, ¢ its 
space wave function (which is a spin operator when the D-state of the deuteron 


* Since the completion of this work, the author has learnt of unpublished papers by R. Huby, 
by F. Friedman and W. 'Tobocman, and by L. C. Biedenharn, K. Boyer and R. A. Charpie, each 
of whom have independently arrived at this simple viewpoint, which is, however, developed by 
each in a different manner and for differing purposes. 

+ Note that the interaction between the proton and the tail of the wave function representing 
the neutron during its interaction with the initial nucleus is neglected in Butler’s treatment. This 
neglect is probably responsible for the singular behaviour of Butler’s angular distribution (Bhatia 
et al. 1952) in cases when the binding energy of the neutron in the final nucleus is small, when 
this neutron tail is appreciable. Similarly, for e< 0, when neutrons are re-emitted, the interaction 
between outgoing neutron and proton needs consideration, as has been found the case in the 
m-meson production process p-+-p—>a+-+-p-++n (Foldy and Marshak 1949). The extreme case 
where outgoing neutron and proton are bound together, i.e. (d, d’) scattering, has been considered 
in Born approximation by Huby and Newns (1951). 
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is included) and %,,, represents the initial nucleus. For7,,<ry the wave function 
consists of the sum of products of a proton plane wave and the wave function 
of the corresponding compound state formed by absorption of the neutron, the 
latter being found by joining smoothly the wave functions in the regions 7, = 79 
at the boundary r,=7). Consider now, for a final proton momentum k, the 
Fourier component k of these wave functions, taken with respect to the proton 
coordinate only. This component of the incident wave is exp (7q. r,,)fp(Q)x"" sym, 
where q=K—k, @=(K—2k)/2, and fp(@) is the Fourier transform of ¢. 
Clearly the problem is solved when the amplitude is known for the formation 
of a compound state ‘’,,;,, by absorption of a plane neutron wave of momentum q 
by a nucleus (jm), energy —« = K?/2M,—k?/2M,,—A being associated with this 
neutron wave (A being the binding energy of the deuteron, Mj, M,, the reduced 
masses of deuteron and outgoing proton): denote this amplitude by 
<nJ M/U(q)/jm, $m,,), U(q) being the operator transforming initial spin states 
to the final spin states. The method of calculating this amplitude is 
well known (Kapur and Peierls 1938) and its explicit form will be briefiy 
obtained in the Appendix. ‘To use this, it is now convenient to make use 
of the triplet state projection operator and to represent the incident wave by 
exp(7q .r,,)fp(Q)i(3 +6, - 6,)xsy;,, so that all later summations may proceed 
over all four spin states of the neutron—proton system. Hence the basic spin 
states may be chosen to be products of neutron and proton spin states, and the 
incident wave is then taken to be 


exp(?q £ r,,) p( Q)i(3 a o,, ° Sy )Um,,Umy Bim: aca Nani (2) 


For the final system of compound state and proton (momentum k) the state 
formed is 
DLP garded MU (af QDEB +6, +6) |jm, $m, Ppp eevee (3) 


‘The characteristics of the decay of ‘’,,;;, are known, so that the later course of 
the reaction can at once be deduced. 

In most cases at present of physical interest, interference between compound 
states does not occur, and generally only one compound state is of interest. 
This compound state, formed by absorption of the neutron beam q, will not be 
isotropic in general, but will be aligned along the direction q. Its statistical 
matrix * will be diagonal when q is chosen as axis of quantization and its form is 
specified by P(M), the relative probability of formation of the substate of 
angular momentum component M along q. Clearly 


1», Trace [(nJ M|Ufp}(3-+6,.6,)|m, dm, 


P(M) = eI)" 


(im, 4m, [13+ 0, +,)fyU" |nJ M)I, 


* The statistical matrix U has the general form : 
U=(1+J, Ped J; May +d, J; Jy P gig”) + .. .)/(27-+1), 


where P;", Ea, Pj; .. . are the 2J totally symmetric irreducible tensors which characterize 
the polarization properties of the system (Dalitz 1952). In the present situation, q is the only 


vector available, so that P;; kim «++is proportional to 


1 i 
(45.45 46% 4m - yaad ae tan + Qna1) n=) 2 is Oe hvene See 


For odd 7, ta is then zero, since all | SAY He must remain unchanged on reflection 


of the axes. Hence U is an even polynomial in J.q and is diagonal when q is the axis of 
«quantization. 
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where the operation ‘'‘l'race’ carries out the summations of initial and final 
proton spin states. ‘l’his becomes 


P(M)= WG Trace [(nJ M|Ufp}(3 +6, -6,)fpUt|nIM)] ....-- (4) 
3 2 
= 341)? <nJ M|UU't|nJ M), a RE teey a chats (5) 


when the D-state of the deuteron is neglected. 
The effect of the D-state of the deuteron may be included by using the 
operator form for dp (Rarita and Schwinger 1941): 


Bar(r)= {o(e) +t (S32-T ow, .«,) xm 


so that fp is then 
36, -Qo,.Q 


{0)+9(Q) (*~SFe-S —c, .,)}. 


Use of this expression modifies (5) only by replacing fp? by f(2)?+6g(2)?. 
It is clear therefore that in the stripping model the D-state of the deuteron can 
play no essential role. 

According to eqn. (A2), the explicit form of <nJ M|U(q) |jm, 4m,,) is 


(Oe 4 Gintem, SMO M8 )y tn le (6) 


1/2 6 
where, from eqn. (A2), «%/ is given by Pee oar Aw. Hence, 
nd pp RS — 


3 
P = : 2 eS cou cS M cl clM gtd, * nd 
( ) 8(2 i+ it D “1, 4S, 8’ Ammy, “jmsm, “jmkm, “SMl0 “S’'uvo Ss % st 


> Alig & 5 
ez 8(2j + 1)" p” Uhh (Zyy CSat0 CSir0 USP HST)» ee eee (7) 
The angular distribution of any consequent radiation in coincidence with 
protons k may now be written down at once, using the results of Spiers (1949) for 
the angular distribution of the decay products of a state JM. This distribution 
will have q as an axis of rotational symmetry and will be unchanged on reflection 
in a plane perpendicular to q. Its complexity will be limited not only by the 
values of J and of /, the highest orbital angular momentum of the outgoing 
radiation, but also by the allowed / for the absorbed neutron, which the 
requirements of angular momentum and parity conservation severely limit. 
Interference between terms of different /, where several are allowed, may be 
expected to be of greater importance in the angular distribution of later radiation 
than has been found the case in the study of the proton angular distributions. 
The differential cross section for the (d, p) reaction with emission of a 
proton k is then 
do(k) Mary UyP(M)|kM,dE, dQ, 
_ AMM, fo? oy 
z are 


using (7). After integration over the resonance E,, = &,+ E,—E,,,—A, assuming 


=1—$ z 


(%5"4,2)* + (444, 1)°) dE, dQ, 


j-4,l 
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this to be of negligible width, this becomes 


k 
do= KP Q) = 697(Q) (LN; (a — f,J,)*) dQ, 


in agreement with the result of Butler. 

It has recently been proposed (Holt 1952) that observation of the 
polarization of the outgoing protons might also lead to useful information on 
the nuclear states involved. However, the stripping model predicts this 
polarization to be zero, for, since the proton spin is coupled only to the neutron 
spin, there could be a preferred spin direction for the outgoing protons only if 
there is a preferred spin direction for the absorption of a neutron, which is 
well known not to be the case. More formally, the polarization p is given by 
(Dalitz 1952) 


p(Trace Ly <(nJ M|Ufpi(3 +6, . 6y)fpU' |nJ M)) 
= Trace Ly, (nJ M |o, Ufpi(3 +6, - 6,)fpUT |nJM) 


=1Sa(nI MU {o,(f—4g)? + = 6g(f—e)} Utes at), 


of which the right-hand side is a homogeneous linear function of 

Ly (nJ M|Uo,,Ut |nJ M). 
This quantity is a psSeudovector and depends only on q: however, it is not 
possible to construct a pseudovector from q, so that p=0. 

It must be emphasized that these conclusions will need modification owing 
to defects in the treatment of deuteron waves of low angular momentum J, in 
the stripping model and to the related neglect of compound nucleus formation 
involving the whole deuteron. ‘This will be particularly the case when the 
outgoing protons have a direction for which the stripping model predicts zero 
intensity. 


APP EN Dix 


In this section we will briefly outline the derivation of the amplitude 
{nJM|U(q)|jm,4m,,), following the method of Kapur and Peierls (1938). 
The wave function representing the compound system with angular momentum 
J, M may be expanded in terms of the various conceivable modes of disintegration, 
e.g. for the emission of a neutron of energy p?/2M,, = —e: 

Vy = Los Stayt fmt Y pa P I Mipadingmy Ua) iT oe 
For sufficiently large 7,, D=¢yapjntmpn,(%n)¥im/tn  Satishes the equation 
(V2+p?)®=0. For given / it is convenient to define two radial solutions of this 
equation, ¢,+=(47pr)'"?A,(pr), d, =(47pr)?H, (pr), which represent an 
outgoing and an ingoing neutron wave respectively, each normalized to unit 
amplitude at large distances. If «>0, so that neutron emission is not 
energetically possible, p is to be replaced by 7p’ in these expressions (where 
«=(p’)?/2M), so that ¢,+ shows an exponential decay, 4, an exponential rise, 
for large r,. Denote f,=[(d/dr)(log 4,*)],,,-1,5 and following Kapur and 
Peierls, define the compound eigenstates JM by imposing the condition 


being also imposed on all other channels of disintegration, to ensure that the 


oy R. H. Dalitz 


compound state contains only outgoing waves. By these conditions the set of 
states V’,,7,, is defined, with complex eigenvalues W,,;=E 3-307 nJ- : 

A neutron wave exp (iq - Fy)um, = D208 (2L+ 1)? F,(Grn) Yiolm,/7n 18 incident 
on a nucleus pj». [J,(qr) =(7r/2q)"7J,44(r)]. The compound state formed — 
with angular momentum JM will have wave function &,a@,;yV,ju+Asm 
where X,,, vanishes on all boundaries except that of the ingoing channel 
T,=%- In this neighbourhood X yy =Lpnymmy'himMmny Y tmX TMiningntnitn Bae 
XJMimimymy, 18 Tequired to satisfy the condition 


[x' saint, =SiXrutjmitnggng lt gro sy a(2b+ Bia Somldv =i pee EAN MCS? (A 1) 
which reduces to eqn. (78) of Kapur and Peierls in the case p =q. 

The function y is necessary since all wave functions in the internal region 
contain only outgoing waves whilst the wave function in the external region 
contains both ingoing and outgoing waves. It is possible later to take each 
function Yjujmimyn, to be everywhere as small as we like, provided only that 
condition (A1) is satisfied. Then, following Kapur and Peierls, the required 


amplitude is 
: : h? bruimomATo(d —Sidvr,=n 
M don Ves Syl Ha Se n n="0 
(nJ |U(q) |jm3m,,) QnjmM 2 (27+ 1) IM NET Wz ine —E;,) > 


ie Seles (A 2) 
: ; y JM SM nJ nd 5 
where dyujmiom,(%o) taust have the form Uscgyo Cimim, Asr> the Ay being 


constants characteristic of the state V’,, yy. 
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ABSTRACT. The integral absorption curve of cosmic rays has been examined at sea level 
up to a thickness of 365 cm of lead. In the first place, the absorption curve was examined in 
sections using a control telescope method to reduce the effects of atmospheric variation. 
It was found, to an accuracy of within about 1%, that there was no deviation from a mono- 
tonically decreasing curve. By a second method two regions of the curve, namely 0-30 cm 
and 71-193 cm, were examined in greater detail. Five Geiger-Miller counter telescopes 
were employed so that five consecutive points on the absorption curve were determined 
simultaneously. No irregularities in the absorption curves for these two regions were found, 
and it was also shown for the 0-30 cm region that this was true whether the absorber was 
wholly above or wholly within the telescope. The fact that no irregularities were found in 
the 71-193 cm region (corresponding to a momentum range of about 1-3 kmev/c for 
y-mesons) indicates that the irregularities in the meson momentum spectrum suggested 
by Blackett, and by Glaser, Hamermesh and Safonov are probably due to poor statistics. 


§1. INTRODUCTION 


EVERAL reports have been published of irregularities in the absorption 
curve of cosmic rays in lead at sea level. Blackett (1937) and Glaser, 
Hamermesh and Safonov (1950) have suggested the possibility of an 

anomaly in the momentum distribution for mesons in the region between 2 and 
4kmev/c (corresponding to a range in lead between 125cm and 250cm), but 
apparently more definite irregularities have been found in the absorption curve 
between 0 and 30cm of lead. 

Clay, Venema and Jonker (1940), using ionization chambers, obtained three 
maxima at 1-5, 17 and 25cm respectively. ‘These maxima disappeared when a 
Geiger—Miiller counter telescope was employed and the absorber placed within 
the telescope. With the absorber above the telescope two rather extended 
maxima appeared at about 15 and 30cm. Clay associates these with maxima 
observed in the absorption curve for showers. Chandrashekhar Aiya (1944) 
determined the absorption curve for the hard component only, and found an 
abrupt drop in the intensity between 21 and 24cm. Apart from this dis- 
continuity, the curve was of constant slope over the range 5—30.cm of lead. 
‘The absorber was all placed above the counter telescope. George and Appapillai 
(1945) have used a counter telescope with the absorber placed within it, and find 
at most, a plateau region at about 10-17cm. Swann and Morris (1947) find the 
slope of the absorption curve is greater at latitude 7° S than at 51° N, but find no 
evidence for plateaux or maxima. More recently Fenyves and Haiman (1950) 
have obtained pronounced maxima in the absorption curve at 17 and 25cm. 
They used counter telescopes and determined two consecutive points simul- 
taneously. (The position of the absorber is not mentioned.) George, Janossy 
and McCaig (1942) report that the second maximum in the shower curve is 
instrumental and not real, unless it be very small. 
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Kellermann and Westerman (1949) have examined the integral and the 
differential absorption curves in the region 0-30cm of lead. ‘heir integral 
absorption curve, corrected for atmospheric pressure changes (cf. Duperier 
1944), exhibits several changes of slope, with a short plateau region at about 
10cm of lead. The differential absorption curve obtained by these authors, 
using the anti-coincidence method, does not corroborate their irregular integral 
absorption curve. ‘Their statement that the anti-coincidence method gives 
‘more definite information’ is certainly correct, but we cannot agree that this 
is due to the ‘influence of scattering being greatly diminished’. We are of the 
opinion that the usual corrections applied to the integral absorption curve to 
account for variations in the composition, intensity and energy spectrum of the 
cosmic-ray beam are first-order corrections only, and that the remaining 
irregularities in the absorption curve, which are often outside the statistical 
fluctuations, are mainly due to incomplete correction for atmospheric variations. 
In some experiments the irregularities in the integral absorption curve may have 
been inadvertently introduced by bad placing of the absorbers. Unless correc- 
tions are applied for scattering it is advisable to build up the absorber progressively, 
from a fixed level, when the corrections for scattering, though not necessarily 
known, will increase regularly. ‘The importance of this procedure is discussed 
in the following paper (Heyland and Duncanson 1953). 

It is doubtful whether any significance can be attached to small variations 
which appear in the absorption curve, when determined by the simple telescope 
method. ‘To illustrate this point we quote the following example. With 10cm 
of lead absorber, we recorded counting rates of 530-1+4-4 per hour and 
505:5 + 4-6 per hour (24-hour runs) on two different days, i.e. a difference of more 
than five times the standard error, and a change in intensity equivalent to an 
extra absorber of 5cm of lead. If one of these rates were the average rate, it 
would take a run of about a month on this point to ‘iron out’ the effect of the other. 

The experiments now to be described consist of a search for irregularities 
in the absorption curve for cosmic rays in lead, up to a thickness of 365cm 
(corresponding to a meson momentum of 6kMev/c). The two methods used 
were both designed to eliminate the effect of atmospheric changes. 


§2. FIRST METHOD 


The first method involved the use of a control telescope whose readings were 
taken simultaneously with those of the main telescope. Its use can be illustrated 
with reference to fig. 1 (inset). ‘The counter trays 1, 2, 3 constituted the control 
telescope and, for a given experiment, the amount of absorber within this telescope 
was kept constant and in a fixed position. The coincidences N43, Ny24 and Nyoa5 
were recorded simultaneously, varying the thickness of absorber only in the region 
below tray 3. ‘The counting rate N,.3 was a measure of the cosmic-ray intensity 
capable of penetrating absorber I. The absorption curve was obtained by plotting 
the ratio Nyo4/Nyo3 (or Nyo4s/Ny3) against the absorber thickness; this should 
then be independent of atmospheric changes as long as the total thickness of lead 
in the main telescope is not too much greater than that in the control telescope.* 
‘To avoid having too great a difference between these two thicknesses the absorption 
curve was examined in sections ; the thickness of absorber I in the control 


*We are of the opinion that the usual method of correcting the cosmic-ray intensity for 
atmospheric fluctuations is inadequate. 


Irregularities in the Absorption of Cosmic Rays in Lead a5 


telescope was kept constant for any one section. Attention could be transferred 
to another section of the curve by altering the thickness of absorber 1. The counter 
tray 5 was included to enable two sections of the curve to be examined simul- 
taneously, thus saving time and also providing a check. 

‘This type of experiment was carried out with three different counter telescopes 
capable of containing 150cm, 225cm, and 365cm of lead respectively.* The 
absorption curve between 18 cm and 365 cm of lead was obtained in six overlapping 
sections A-F, shown in fig.1. For the larger thicknesses of absorber, i.e. sections 
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Fig. 1. Absorption curve in six sections A—F, covering the range 17-365 cm of lead. 
Inset. Arrangement of counter trays 1, 2, 3, 4, 5 and absorbers I, II, III. 


E and F, the telescope 124 was used as the control telescope, and the absorber III 
only was varied. ‘The ratio Nj.;/Nj., was then used as ordinate. The standard 
deviation for each point was about 1%, and it is seen that each section consists of a 
smoothly falling curve. It will be noticed that the slope of the curve for the same 
absorber thickness on successive sections does not always correspond. ‘This 
discrepancy is due to the fact that no corrections have been made for accidentals, 
showers and scattering, or for the changes in angular aperture of the telescopes. 
The 50°% change of slope which occurs at 100cm of absorber is mainly due to 
scattering, the position of the variable absorber II in this region being such as to 
cause large scattering effects. 


§3. SECOND METHOD 


In the second method a telescope of square cross section was used, with counter 
trays and absorbers so arranged that five neighbouring points on the absorption 
curve were determined simultaneously with approximately the same accuracy. 

* Absorber thicknesses are quoted in centimetres though, in fact, the absorber dimensions 
correspond to inch units. 
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The apparatus is shown in fig. 2 (inset), and consisted of seven Geiger-Miller 
counter trays each having a sensitive area of 30 x 30cm?. The triple coincidences 
123, 124, 125, 126 and 127 were recorded simultaneously; the counting rates 
being denoted by N3, Ny N;, Ng and N; respectively. The main absorber, which 


was included in all five telescopes, was divided into two parts A and B, where 


A+B-=d, to give more effective screening against showers. By inserting equal 
thicknesses of lead in positions C, D, E, and F, five consecutive points on the 
absorption curve could be determined simultaneously. All counts were 
normalized to those of telescope 127 by recording the counting rates with no 
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Fig. 2. Curve A. Absorption curve obtained by fitting together the successive sections of the 
absorption curve, using appropriate multiplying factors. Mean semi-angular aperture 
of telescope=6°3°. 

Curves B and C. Smoothed curves similar to A for mean semi-angular apertures 
of 9-6° and 18:25° respectively. The ordinates for the three curves are normalized at 
zero thickness, and for curve C are displaced downwards, for clarity. 

Inset. Arrangement of counter trays 1, 2, 3, 4, 5, 6, 7 and absorbers A, B, C, D, E, F. 


absorbers in positions C, D, E and F. ‘The normalizing factors were sensibly 
constant for all values of d, except for d=0. (A small correction is needed for 
d=0, and is discussed later). 

T'wo sections of the curve were chosen for more careful examination by this 
method ; firstly, the region between 71 cm and 193 cm of lead, corresponding to a 
momentum range of 1 to 3 kmev/c for -mesons, and secondly, the region between 
0 and 30cm of lead. (These two ranges cover regions where earlier work has 
indicated possible irregularities.) In the first case the distances between the five 
lower trays were sufficient to allow 10-16 cm (4 in.) of lead to be placed in each of 
the positions C, D, E and F. In this manner the five overlapping sections, 
71-111-6 cm, 91-3—-132 cm, 111-6—152-3 cm, 132-172-6 cm and 152-:3-193 cm, were 


examined separately. ‘The results showed that each section was a smooth curve, 
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confirming the fact that there are no anomalies greater than 1 % in the absorption. 
curve in the range 71-193 cm of lead. 

‘To examine the second selected region (0-30 cm of lead) the telescope was closed. 
up so that the mean semi-angular aperture of telescope 123 was 6:3°, with the 
distances between the lower trays just sufficient to accommodate 1-27 cm ($in.). 
of lead in positions C, D, Eand F. Five points were recorded simultaneously in 
each of the sections 0-5 cm, 2:5—7:5cm, 5-10cm....25-30cm. There was no- 
evidence in any of the sections of a deviation from a smoothly falling curve, and. 
when all the sections were fitted together* a continuous smooth curve was obtained. 
as shown in fig. 2 (curve A). For d=0 the normalizing factors are smaller than 
the mean values. ‘This effect is partly due to the larger absorption of the soft rays. 
in the supporting material between trays 3 to 7 (it has been assumed that when 
absorbers C, D, E and F are absent no particles stop between trays 3 to 7), and 
partly due to the ignoring of the scattering corrections. The effect of using the 
mean values of the normalizing factors has been to make the slope of the absorption 
curve between 0—5 cm too large. 

As it has been suggested that the magnitude of the anomalies which some 
observers have found in the absorption curve varies with the aperture of the tele- 
scope, the experiment was repeated with the mean semi-angular aperture of the 
123 telescope increased to 9-6° (curve B), and again to 18-25° (curve C). In each 
case the results were similar. 

A further point to be considered in this low-energy region is that an anomaly 
may exist whose position depends on atmospheric conditions, and that measure-- 
ments over an extended period of time would tend to smooth it out. The experi-- 
ment with the 18-25° telescope helped to resolve this point, since the greatly 
increased counting rates (2000 to 5000 counts per hour) permitted a rapid survey 
of the whole curve. Arun of one hour on each section enabled the whole 
absorption curve from 0-30 cm to be examined in six hours. ‘This experiment was 
repeated several times and, although the statistical fluctuations were somewhat 
larger than in the previous cases, no systematic deviation from the smooth absorp- 
tion curve wasfound. A typical result is shown in fig. 2 (curve C). 

It is desirable to make a few comments on this method for determining the 
position of five points on the absorption curve simultaneously. 

(i) The relative statistical error of neighbouring points is small. For curves A 
and B of fig. 2, at least 50 000 particles were counted by each telescope for each point 
onthe curve. If these were independent observations the standard deviation of a 
point would be about 0:-5°%. However, since at least 80 °% of the particles counted 
by one telescope are also counted by the neighbouring telescope, the relative 
standard deviation for neighbouring points is about 0-2, since the relative error 
is zero for the common particles. ‘The relative standard deviations are too small 
to be indicated on the absorption curve. 

(ii) It will be seen that the slopes of the curves of fig. 2 appear to increase with 
increasing aperture of the telescope. Kellermann and Westerman (1949) point 
out that the slope of the absorption curve in this region, as determined by many 
observers, varies by a factor of about two. Much of this variation may be due to. 
the different geometry of the telescopes employed. Another important factor is. 
scattering. It is shown in the following paper (Heyland and Duncanson 1953) 


* Owing to fluctuations in the cosmic-ray intensity neighbouring sections of the curve did not: 
- necessarily link up and had to be fitted together by appropriate multiplying factors. 
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that the correction for scattering for a triple coincidence telescope is largest when — 
the absorber is in the middle of the telescope. A little consideration will show 


that part of the increase in slope from curve A to curve C of fig. 2is due to neglecting 


the increasing scattering corrections. 

‘(iii) The method is valuable in that it reveals instrumental errors which may 
lead to false irregularities in the absorption curve; for example a change in the 
performance of any particular telescope subsequent to a determination of the 
normalizing factors is readily seen in this type of experiment as the irregularity it 
may produce appears in the corresponding position 1n each set of points. 

This experiment is suitable for examining the absorption curve for irregularities, 
but is not suitable for determining the slope of the curve accurately. 


§4. ABSORBER ABOVE THE TELESCOPE 


As some experimenters have reported anomalies in the absorption curve when 
the absorber is placed above the detecting apparatus a further experiment was 
undertaken to test this point. It is not possible to use the previous method of 
determining several points on the curve simultaneously, but it is possible to make 
simultaneous counts for the same absorber thickness, (a) with the absorber within ~ 
the telescope, and (b) with the absorber above it. Having shown that there are no 
irregularities with the absorber within the telescope, any irregularity in the absorp- 
tion curve with the absorber above the telescope would be indicated by a change in 
the ratio of the counts for (a) and (4) as the thickness of the absorber was changed 
progressively. 

The apparatus consisted of four equally spaced counter trays. For 
convenience, fig. 1 (inset) may be referred to, ignoring tray 3, and regarding the 
apparatus as comprising trays 1, 2, 4 and 5. Each tray has a sensitive area of 
30 x 30cm?. The triple coincidence counting rates for telescopes 124 and 245, 
N, and N, respectively, were recorded simultaneously (i) with the absorber in 
position II, for absorber thicknesses 5, 10 and 20cm respectively, and (ii) with 
the absorber in position I, for thicknesses of absorber from 2:5 to 25 cm in steps 
of 2-5 cm (absorber I was sufficiently wide to ensure that all particles accepted by 
telescope 245 passed through it). 

From (i), the ratio of the counting rates N,/N,=f was determined; / is the 
geometrical factor which enabled the counting rates of the 124 and 245 telescopes 
to be compared for the same absorber thickness when both telescopes contain the 
absorber within them. It was found that f was sensibly independent of the 
absorber thickness, and its value was 0-8714 + 0-001. 

From (i), the quantity {/N,/N, was determined for each absorber thickness. 
Any irregularity in the absorption curve for the 245 telescope which does not 
exist in the curve as determined by the 124 telescope would reveal itself by a change 
in the quantity fN,/N,. It was found that within the accuracy of the experiment— 
within about 0-5 °,—the value of this quantity remained constant at 0-9835 for all 
absorber thicknesses between5and25cm. Thusit is evident that, to this accuracy, 
the absorption curve in this range is independent of whether the absorber is above 
or within the telescope. ‘The fact that /N,/N, is slightly less than unity is due to 
scattering: scattering tends to reduce the value of f when the lead is in position II, 
and when the lead is in position I it tends to reduce the ratio N,/N,. Hence the 


effects of scattering in both parts of the experiment tend to reduce the value of 
FN,/ Nz below unity. 
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The low value of fN,/N, = 0-940 which was obtained for 2:5 cm of absorber is 
partly due to scattering, but mainly due to the effects of non-ionizing radiation in 
the soft component. Non-ionizing rays which produce ionizing secondaries in 
the absorber when in position I will be recorded by the 245 telescope but not by 
the 124telescope. This effect is well known and needs no further discussion. 


§5. CONCLUSION 


It is concluded from these experiments (with the possible exception of the case 
with an absorber of about 2-5 cm of lead above the telescope) that there are no 
significant anomalies in the absorption curve between 0 and 365 cm of lead, as 
determined by Geiger—Miiller counter telescopes. 

Although no corrections have been made for scattering, the conclusions drawn 
from these experiments are not affected. In order to obtain the true absorption 
curve the scattering corrections to be applied to the absorption curve must be 
determined. Experiments to do this are described by Heyland and Duncanson 
(1953) and consideration is also given to the separation of the electronic and 
penetrating components, to enable the momentum spectra of the various 
components to be determined. 
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ABSTRACT. ‘The absorption curve and differential absorption curve have been deter- 
mined for cosmic rays at sea level up to 365 cm (144 in.) of lead. Since similar curves were 
obtained for the differential absorption both by differentiating the absorption curve and by an 
anti-coincidence method, the absorption curve was corrected for accidentals, showers and 
scattering and used for subsequent determinations. The scattering correction is shown to 
be important. After subtraction of the soft component contribution from the absorption 
curve the momentum distribution for z-mesons is determined by making use of the range— 
momentum relation. This curve rises above the Rossi curve for momenta below 0:4 kmev/c 
reaching a rather sharp maximum at about 0:16 kmev/c. It is suggested that there are 
several factors contributing to this difference : (i) the soft component may not have been 
separated out completely and may be making a small contribution to the present curve at 
the low end, (ii) in the present work the proton component has not been separated out and 
will make an effective contribution just in the region of the maximum and (iii) the effect of 
scattering may mean that the Rossi curve is rather low in this region. 


§1. INTRODUCTION 
HE preceding paper (Heyland and Duncanson 1953, to be referred to as I) 
was mainly concerned with establishing the fact that the absorption curve for 
cosmic rays at sea level exhibits no significant irregularities in the range 
0-365cm of lead. However, the experimental methods adopted were not so 
suitable for determining the absolute intensities and the momentum distributions 
of the various ionizing components. ‘The present paper is concerned with these 
two problems, the satisfactory solution of which requires a suitable geometrical 
arrangement, a means of separating the contributions made by the several compo- 
nents (e.g. electrons, mesons and heavier charged particles), and corrections applied 
for scattering and a number of * background’ effects. 

A number of workers (Blackett 1937, Blackett and Brode 1936, Caro, Parry and 
Rathgeber 1950, Glaser, Hamermesh and Safonov 1950, Hall 1944, Hughes 1940, 
Jones 1939, Kiinze 1932, Mylroi and Wilson 1951, Sarabhai 1944, Wilson 1946) 
have made measurements on the momentum spectrum of the hard component 
extending up to about 80kmev/c. ‘There is general agreement that there is an 
excess of positive particles of the order of 20 °% at sea level, and much of the work is 
consistent with the existence of an extended maximum in the momentum spectrum 
in the region between 0-1 and 1 kmev/c as shown by Rossi’s (1948) composite 
curve. Certain criticisms of this portion of the curve can be made, but will be 
postponed to the discussion at the end of the paper. 


§2. EXPERIMENTAL PROCEDURE 
Both anti-coincidence and coincidence methods were used for determining the 
differential absorption curve, and experiments were also performed to correct it 
for scattering and to separate the electronic and penetrating components. 
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‘The anti-coincidence apparatus is shown in fig. 1 (inset). T'rays 1 and 2 each 
had a sensitive area of 50 x 37 cm? and tray 3 of 40 x 30cm?. The anti-coincidence 
tray A had a sensitive area of 50 x 41 cm? and contained a double layer of Geiger— 
Miiller tubes (all connected in parallel) so that any particle traversing the 123 
telescope certainly triggered at least one Geiger—Miiller tube in tray A unless it 
stopped in absorber III. The anti-coincidence circuit was not 100% efficient 
which resulted in a rather high background rate. Absorber III was kept at 
10-16 cm (4 in.) of lead and the main absorber was varied from 0 to 267 cm in steps. 
of 10-16 cm or 20-32 cm, starting at the bottom and building upwards.* 
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Fig. 1. Curve A. Absorption curve uncorrected for scattering. Ordinate Ny 3 is the number 
of counts per hour. 
Curve B. Absorption curve corrected for accidentals, showers and scattering. 
Curve C. Differential curve obtained by differentiating curve B. Ordinate is the 
number of counts per hour per 10-16 cm of lead. 
Inset. Arrangement of counter trays 1, 2, 3, A and absorbers I, II, III. 


The counting rates Nj; and Nj.3, were recorded simultaneously at each step, 
a background count also being recorded at several points with absorber If] removed. 
The difference between the counts Nj3, with and without the absorber III then 
gives the number of particles stopping in this absorber, i.e. in 10-16cm of lead. 
This difference is given in column (4) of the table. Column (1) of the table gives 
the extreme limits of the range of the particles, while column (2 (a)) gives the total 
number of counts per hour (corrected for accidentals and showers) corresponding 
to the absorber thickness in column (1(a)) ; columns (2(6)) and (1(8)) are 
similarly related Column (3) is the difference between (2 (a)) and (2 (d)). 

The absorption curve obtained by plotting Nj,3 against the absorber thickness. 
is shown in fig. | curve A. Differentiating this curve for each 10-16cm of lead 
should give values in agreement with the anti-coincidence counts (corrected for 
background) in column (4) of the table. In fact they were about three counts per 
hour greater than the anti-coincidence counts, cf. columns (3) and (4) of the table. 


* The absorbers used were in 1 inch and 2 inch units, but all thicknesses are given in centimetres. 
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This discrepancy is due to the fact that the anti-coincidence background count has 
been over-estimated. This is mainly due to inefficiency of the anti-coincidence 
tray, caused by the dead time following every counter discharge. This inefficiency 
is increased when absorber III is removed, since the background counting rate of 
the anti-coincidence counters is then increased. 


(1) (2) (3) (4) 
Absorber thickness Nags ANi23 Nys54 
(cm)* (counts/hr) (counts/hr) (counts/hr) 
(a) (0) (a) (b) 
10:2 20°3 506 470 36 30-4 
20:3 30°5 470 438 3 24°8 
30°5 40-6 438 410 28 23-2 
50:8 61-0 386 364 De 20Rt 
Alea 81:3 342 Se) 20 17-0 
Oa eel OAL 6 303 286 07) 14-7 
Wibes 121-9 270 255 15 HN ia22 
142-2 152-4 226 213 13 10-0 
7 2e7 182-9 191 180 il TA 
203-2 213-4 161 153 8 Sey 
23307); 243-8 141 135 6 4-6 
266-7 276°9 126 120 6 4-5 


* Values quoted for absorber thickness are rounded off to the first decimal place but 
the difference between columns (1(b)) and (1(a)) always corresponds to 10:16cm (=4 in.). 


§3. CORRECTION FOR SCATTERING 

We have shown above that the anti-coincidence method gives a smooth 
differential absorption curve in agreement with that obtained from the integral 
absorption curve. As the corrections for accidentals and showers for the integral 
absorption curve vary but slowly with absorber thickness, and are only small 
corrections, and further, since the differential absorption curve as determined by 
the anti-coincidence method is also subject to a correction for inefficiency, it is 
more satisfactory to correct the integral absorption curve for scattering. The 
method adopted for this is given in the Appendix. ‘The integral absorption curve 
corrected for accidentals, showers and scattering is shown in fig. 1 curve B, while 
curve C is the differential absorption curve deduced from curve B. ‘These curves 
extend up to 365 cm of lead; the portion above 267 cm for the integral absorption 
curve was taken from I, fig. 1, and fitted to the corrected curve B at this point. 
This is justified, firstly because the scattering at high energies is small, and secondly 
because in the experiment in question the curve between 267 cm and 365 cm was 
obtained by varying the absorber in the lowest position, where the additional 
scattering is negligible. 


§4. SEPARATION OF THE ELECTRONIC COMPONENT 

The low-energy region of the absorption curve will be a compound of the 
penetrating component and the electronic (soft) component. The complete 
separation of these two components is not easy, and the results now presented are 
intended merely to indicate the trend of the curve for the penetrating particles of 
low energy. More precise experiments are projected. 

The method adopted for separating the two components is that used by Hall 
(1944) modified by the addition of an anti-coincidence tray to permit the measure- 
ment of the differential absorption curve. A diagram of the apparatus is shown 
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in fig. 2 (inset). The object of the 1:27 cm (4 in.) absorber I is to convert to showers 
as high a proportion as possible of the electronic component, and its vertical position 
is adjusted for maximum shower detection by trays 2 + 3 in which alternate counters 
are connected in parallel. 

The coincidence counts, 1,2+3,4; 1,2+3,4, A; and 1, 2, 3,4, A were 
recorded. 1, 2+3, 4 gives the counting rate of all events passing through the 
telescope together with accidentals* and side-showers. 1, 2+3, 4, A gives the 
counting rate of all events passing through the telescope and failing to reach A. 
This will be made up of single particles stopping in absorber III, together with 
showers of particles passing through the telescope, some or all of which stop in III, 
the remainder in any case missing A. 
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Fig. 2. Differential absorption curve for non-electronic component. 
Curve A. Experimentally determined curve. 
Curve B. Differential absorption curve derived from curve A after correction for 
inefficiency of apparatus in separating out the electronic component. Vertical limits are 
standard deviations for many readings on each point, fluctuations being due to atmospheric 


changes. 
Inset. Diagram of apparatus for measuring electronic and non-electronic components. 


This shower group is represented by count 1, 2,3,4, A. ‘The more efficient the 
conversion of electrons to showers and the more efficient the shower detection, the 
more nearly will this count represent the total electronic component and therefore 
the more nearly will the difference between counts 1, 2+3,4, A and 1, 2, 3,4,A 
represent the non-electronic component. We shall denote this difference by N,,. 

This method of separation is not very satisfactory for not only is the efficiency 
of shower production and detection, in general, less than 100° but it decreases 
rapidly with decreasing energy. ‘The first experiment was performed under a 
concrete roof of 12-5 g/cm? (equivalent to about 1 cm of lead) with a mean semi- 
angular aperture of 6°, and the second experiment was performed out of doors (with 
less than 1 g/cm? above the apparatus) with the counter trays of larger area with a 
mean semi-angular aperture of 13-5°._ Although the resolving power of this second 
arrangement is not so great, the results obtained are more reliable because of the 


* These ‘ background ’ events will contribute to all counts and will not be mentioned explicitly 
-each time. Further, all anti-coincidence counts must be corrected for background counts with 


sabsorber III removed as explained earlier. 
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much faster counting rates. The curves given in fig. 2 are for this second experi- 


ment and are in general agreement with those obtained in the first experiment. 


The dotted curve represents N, uncorrected for the shower-detection inefficiency of 


the apparatus. The vertical lines on each point do not denote the statistical fluctu- 
ations which are muchsmaller, but are the standard deviations calculated from many 
readings taken on each point, the fluctuations being due to atmospheric changes—a 
matter which does not lend itself so readily to correction at the low-energy end of 
thespectrum. The fullcurve in fig. 2 is the differential curve for the non-electronic 
component after correction for inefficiency in shower production and detection. 
The correction involves estimating the efficiency of absorber I in converting 
electrons into showers, the efficiency of tray 2+3 in detecting showers which fall 
on it, and the probability that an electron of given energy will be detected as a 
shower producing particle and that the shower will have a range between dcm and 
d+1:27cm of lead. It is unnecessary to give a detailed account of the method of 
correction as it cannot be estimated with great accuracy, but it does verify the 
existence of a maximum in the non-electronic component in the region between 
3-75 cm and 5-0 cm of lead, a maximum of which there is already evidence in the 
uncorrected curve. The curves in fig. 2 have not been corrected for scattering, 
but it is immediately obvious from the arrangement of the apparatus that most of 
the scattering will be due to the 1-27 cm of lead of absorber I. The corrections for 
scattering due to absorber I will require a steadily increasing positive correction to 
the differential absorption curve with decreasing total absorber thickness. This 
correction will not change appreciably either the general shape of the curve or the 
position of the maximum. 


§5. MOMENTUM DISTRIBUTION AND DISCUSSION 
In order to deduce the momentum spectrum from the differential absorption 
curves of figs. 1 and 2, it is necessary to make an assumption about the nature of the 
penetrating particles. The full-line curve of fig. 3 is a plot of the momentum 
distribution deduced from figs. 1 and 2, on the assumption that all the particles 
contributing to these curves are .-mesons. ‘This conversion was made with the range— 


momentum curve given by Halpern and Hall (1948). ‘The above assumption is. 


only correct if the electronic component has been eliminated and if the contri- 
bution from charged particles of mass greater than that of .-mesons is negligible. 
These points will be discussed later. 

The dotted curve of fig. 3 is the composite curve by Rossi (1948), combining all 
results up to 1948 and including the results of Sands (1950). Later work tends to 
be in general agreement with this curve. Above 1 kmev/c, the Rossi curve is based 
on absorption measurements under water and underground, by Ehmert (1937), 
Wilson (1938) and others, and is confirmed by the cloud chamber—magnetic field 
method. ‘lhe present work is substantially in agreement with the Rossi curve in 
this region, and needs no further comment. Below 1 kmev/c, the Rossi curve is 
based on absorption measurements using coincidence, anti-coincidence and 
delayed coincidence methods, and on the cloud chamber—magnetic field method. 

Before comparing the results of the present work with the Rossi curve below 
1 kMev/c, we will consider the experiments on which it is based and also discuss 
subsequent work. 

It has been pointed out in I that the coincidence method is unsuitable for the 


low momentum region, unless a control telescope is employed and corrections are: 
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made for scattering. Most of the early absorption experiments do not fulfil 
these requirements, and the plateaux and irregularities which were found in the 
absorption curve below 30 cm of lead, i.e. suggesting a sudden drop (or a zero) in 
the momentum spectrum around 0-5 kMev/c, are spurious. 

The anti-coincidence method is preferable to the coincidence method, but is 
still subject to a scattering correction. We are of the opinion that Kellermann and 
Westerman (1949) have not made adequate corrections for the scattering of the low 
momentum particles. 

The delayed coincidence method used by Kraushaar (1949) and Sands (1950) 
definitely selects .-mesons, and should give reliable results provided the fraction 
of positive to negative mesons is known as a function of momentum, and the 
correction for scattering is applied. Unlike the coincidence and anti-coincidence 
methods, the delayed coincidence method is only suitable for comparative 
measurements, as the detection efficiency of the delayed coincidence events can only 
be approximately assessed. 
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Fig. 3. Momentum distribution of penetrating component. Full line curve is derived from 
present experimental results assuming all the penetrating particles are «-mesons. Broken 
line curve is that given by Rossi for the meson component. 


The cloud chamber—magnetic field measurements are subject to a cut-off 
correction which increases with decreasing particle momentum, and is generally 
only approximately determined. Further, when control counters are used to 
trigger the apparatus, scattering corrections may be necessary when any absorbers 
are used. 

Using a magnetic spectrograph Caro, Parry and Rathgeber (1950) have 
confirmed the Rossi momentum spectrum. ‘The rather sudden drop below 
0-4 kmev/c may be partly due to scattering, as most of the slow particles are thrown 
to the edge of the telescope. Further, the correction for magnetic cut-off in this 
region must be large. 

Finally, York (1952 a), using a cloud chamber without a magnetic field, but 
with several absorber plates within the chamber, states that his results are not 
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inconsistent with the Rossi curve, but a decrease in the intensity below 0-4 kmev/c 
is not conclusive from his work. On the other hand, it can also be stated that the 
results of a number of the experiments discussed above, are not inconsistent with 
some rise in the curve below 0:4 kmev/c, but not rising to a peak as sharply as 
shown in the present results. 

The only significant divergence between the results of the present work and the 
Rossi curve is the sharp rise from the Rossi curve below 0-4kmev/c, and the 
pronounced maximum at 0-16kmev/c. There are two factors which might 
contribute to this divergence. In the first place, it is possible that the electron 
component has not been completely eliminated. This is possible for the region 
below 7:5 cm of lead (corresponding to about 0-2 kmMev/c for u-mesons) and may 
account to a small extent for the sharp maximum, but we do not believe that this 
contribution can be large. Furthermore, the sudden drop below 4:5 cm of lead 
(approximately 0-16 kmMev/c) may not be as rapid as indicated, as the two lowest 
points are subject to a large error, being obtained as the difference of two large 
quantities. However, a maximum at 45cm (0-16 kmev/c) appears to be quite 
definite, and is apparent even before the correction for inefficiency of detection of 
the soft component is made (see fig. 2). 

The second factor which may contribute to the pronounced peak in our results 
below 0-4 kMev/c is the presence of protons in the penetrating component. If we 
assume, for the sake of discussion, that the whole of the difference between our 
curve and the Rossi curve below 20 cm of lead (i.e. below 0-4 kMev/c for u-mesons) 
is due to protons (which would imply a proton component of at least 6-6°% of the 
total penetrating component), then the momentum distribution curve for these 
protons would fall in the region 0-5—1-2 kmev/c (considering ionization loss only). 
The present results would then agree everywhere with the Rossi curve to within 
PAs Ae 

There is considerable doubt as to the magnitude of the proton component at 
sea level. Germain (1950), using a cloud chamber containing several lead plates 
and controlled by a counter telescope, “‘identified very few protons”’, although 
they would not easily be distinguished from mesons by this method in the region 
examined. Goldwasser and Merkle (1951), using two cloud chambers to measure 
momentum and range respectively, identified 72 protons to 161 -mesons, but in 
this case the lead absorber was placed above the controlling counter telescope and, 
as the authors point out, many of the protons were probably produced by neutrons 
in the lead absorbers. Mylroi and Wilson (1951) using the magnetic spectrograph, 
came to the conclusion that protons with momentum exceeding 1 kMev/c contribute 
about 1% to the penetrating component and, using the value for the proton 
component at about 0-5 kmMev/c as determined by Rochester and Bound (1940), 
assumed that there are very few protons below | kMev/c. This assumption is not 
in agreement with the results of York (1952 a) which do not indicate a rapid decrease 
in intensity for low-energy protons. However, York (1952b) has recently 
indicated that the point obtained by Rossi (1948), based on the data of Rochester 
and Bound (1940), has been placed much too low, partly due to a misprint in Rossi’s 
paper. ‘I'he corrected value is in reasonable agreement with the results of York 
and of other investigators, but the more recent results favour a higher proton flux. 

As a consequence of the above discussion it is not improbable that protons 
with momentum greater than 0:5 kmev/c, should account for at least 2°/ of the 
total penetrating component at sea level. 
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§6. CONCLUSIONS 

It is seen from the preceding work that considerable care must be taken to 
correct for the scattering of mesons by the absorbing material and that this varies 
with the position and shape of the absorber. The result of the present work, 
after this correction is made, is to give a momentum spectrum for mesons differing 
considerably from that given by Rossi in the region below 0-4kmev/c. It is 
suggested that part of this difference is to be expected because the proton component 
is included in the present work and that there may also be a small electron 
component which was not completely eliminated. The remaining difference is 
more probably due to the care taken in the present work to correct for scattering. 
Nevertheless, it is quite definite that the present results indicate that the momentum 
distribution curve in the region below 0-4 kmev/c lies above that given by Rossi, 
but the sharp peak in fig. 3 may quite likely disappear if the proton component were 
subtracted. ; 


APPENDIX 
SCATTERING CORRECTION 

As scattering may have considerable effect on the slope of the absorption 
curve it is important to record in some detail the method adopted for applying 
the scattering correction. 

To enable a correction factor for scattering to be calculated the following 
experiment was made: The counter telescope of fig. 1 was used with the absorber 
III retained at 10 cm of lead; absorber II was kept fixed at 10 cm of lead; absorber 
I was replaced by an absorber S (the scatterer) whose vertical height within the 
telescope could be varied. 
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Fig. 4. Curves showing the plot of number of particles recorded against position of absorber 
; within the telescope. The two upper curves show the variation of the total count for 
scatterers of thickness 10-16 cm and 30:48 cm respectively. The two lower curves show 
the corresponding variation for particles with ranges in lead between 20°32 cm and 30-48 cm 

and between 40-64 cm and 50-8 cm respectively. 


In fig. 4 the counting rates Nj., and Nj.3, are plotted against the height of the 
midpoint of S above the anodes of the counters in tray 3. Curves are given for 
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both S=10cm and S=30cm of lead, Ny.3 being corrected for both accidentals 
and showers and N43, for background, so that the variations in these counts are due 
solely to scattering. ‘The minimum in these scattering curves can be understood 
if it is remembered that scattering out of the telescope will be small when S is 
near tray 3, and scattering into the telescope will be most effective when S is at its 
maximum height, that is, just below tray 1. Thesetwo effects when taken together 
will tend to give a minimum count at some point intermediate between the two 
extreme positions of S. 

To use these results to calculate the scattering correction to be applied to the 
experimental results, the following assumptions were made. : 

Assumption 1. That for a given thickness of S the scattering correction was zero 
at zero height, increased linearly with height up to a height of 183cm, then 
decreased linearly to zero at the maximum height of 335 cm in accordance with 
results in fig. 4, and that this was true for particles of all energies. 

Assumption 2. That the scattering by a thick absorber took place abruptly in 
steps of 10 cm and that all the scattering took place at its horizontal medial plane. 

Assumption 3. That these partial scattering corrections were additive. 

Assumption 4. That the net fraction of mesons scattered out of the telescope 
by a 10cm scatterer, i.e. the excess of those scattered out over those scattered in, 
within an incident momentum interval p to p+ Ap is proportional to Ap/p. 

Assumption 5. That the net number of mesons scattered out of the telescope 
by 10 cm of lead at a height of 183 cm and whose range lies between 40 cm and 
50 cm of lead is 2:80 per hour. 

The justification for these assumptions is fairly obvious; assumption 4 
derives from the theory of multiple scattering and assumption 5 is the experimental 
result. 

The numerical procedure necessary to calculate the correction to be applied 
to the absorption curve is straightforward and will not be reproduced here. 
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Some Aspects of the Altitude Variation of Extensive 
Air Showers. 
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ABSTRACT. jy, the exponent of the density spectrum of extensive air showers, is found 
to increase from 1-445+ 0-014 at sea level to 1:549+0-018 at 26000 ft. The values quoted 
are mean values for the density range 50-500 particles per square metre. ‘The increase is 
considerably less than that predicted by cascade theory on the primary electron hypothesis. 
It is suggested that the discrepancy may be explained by the formation of secondary cascade 
showers in a nucleon cascade process. 

Extensive air showers recorded by a fixed experimental arrangement show a maximum 
frequency at about 26000 ft. (8000 m). At that altitude the shower rate is found to be 
42 times the rate at sea level. The barometer coefficient of extensive air showers at sea level 
is found to be —(9:0+1-1)% per cm Hg. 

Details are given of the quenching and hodoscope circuits used with the counters. 


§1. INTRODUCTION 
OccONI, Loverdo and Tongiorgi (1946a) and others have shown that 
the frequency of extensive air showers incident on a given small area 
with a density greater than A particles per square metre can be expressed 
by a power law: /(A)=BA7~” where B and y are constants to a first order of 
approximation, B~620 m-*h™? and y~1-45 at sea level. This empirical law 
has been widely used to calculate the rate at which extensive air showers discharge 
various arrays of Geiger—Miiller counters. ‘The assumptions usually made to 
facilitate such a calculation are (a) that the extent of the apparatus is sufficiently 
small compared with the average spread of extensive showers for the particle 
density to be regarded as uniform over the apparatus, and (d) that the particles 
are randomly distributed in a horizontal plane. 
The rate at which extensive air showers are recorded by counter trays of 
areas F,, F,,... F,, in n-fold coincidence is then given by 


RP, Fy... F,)=By | {1-exp (— F,A)}..... 1 -exp(- FA) gai 
0 


Such integrals may readily be evaluated by the method of Broadbent and 
Janossy (1948). 

Two of the methods commonly used for the determination of y will now be 
considered. 

Method A. Suppose we have n+1 trays of counters of equal area / and we 
record (n+1)-fold coincidences, M,,,,, and n-fold coincidences, M,. If the 
above assumptions are made the ratio of the two coincidence rates may be 
expressed as a function of y only (Cocconi and Tongiorgi 1949): 

Vr Pa oe CoD EO Caster cially « 
LURES PIE On) EEO 
* Now at the Palmer Physical Laboratory, Princeton University, New Jersey, U.S.A. 
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Method B. Cocconi et al. (1946 a), Daudin (1947) and others have shown 
that the rate of coincidences between counter trays of areas «F,, af, ... «fF, 


is given by RCP, Gls, ©. by) eo RU as Poses Lal 


Thus if the areas of the counter trays are simultaneously varied by a factor « 
the counting rate varies by a factor «”. 

The results of previous investigations at low leaded (Cocconi et al. 1946 a, 
Treat and Greisen 1948, Loverdo and Daudin 1948) show that Method A 
usually gives appreciably higher values of y than Method B (~1-55—-1-65 and 
~1-45, respectively, at sea level). Broadbent et al. (1950) have shown that 
Method A is particularly sensitive to density gradients in the showers and, as a 
result, tends to give too high a value of y. However, on the reasonable assumption 
that all extensive showers at a given altitude possess a similar structure it can be 
shown that Method B is insensitive to density gradients in the showers (Ise and 
Fretter 1949) and yields a reliable value of y. In the present work the main 
emphasis is therefore placed on results obtained by this method. 


§2. THE EXPERIMENTAL ARRANGEMENT 
Three trays of copper-in-glass argon—-ether Geiger—Miller counters were 
arranged as shown in fig. 1. Trays E; and Eq each contain three counters of 
“unit area’ (45 cm x 3 cm, sensitive area ~119 cm?) and one counter of ‘half- 
unit area’ (23-5 cmx3cm, sensitive area~60cm?). Tray Ey, contained 
seven counters of unit area and three of half-unit area. The counter boxes were 
of dural, 0-7 mm thick. 
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Fig. 1. Plan view of trays. 


‘The discharges of each counter were rapidly quenched by 10-usec single-shot 
multivibrators, the effective insensitive time of the counters thereby being 
considerably reduced (see Appendix). Whenever a threefold coincidence 
occurred between trays Ej, E;; and E;; a ‘master pulse’ was applied to a ‘ mixing 
stage’ associated with each counter. Those counters which had been discharged 
were then identified by flashes in a row of neon lamps, the flashes being recorded 
photographically on a continuously moving film. Details of the hodoscope 
circuit are given in the Appendix. 

The apparatus was installed in the rear compartment of an R.A.F. Mosquito 
aircraft under a roof of 0-5 g/cm? of plywood and in a region free. from dense 
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local material. Flights were made at various altitudes between 15000 ft. and 
33500 ft. At sea level the equipment was operated in a laboratory with a 
light roof and the geometrical arrangement of the counter trays was identical 
with that used for the flights. 

In analysing the hodoscope records it is necessary to assume that the 
counters considered in any particular shower are discharged by different 
particles, i.e. that no single shower particle can strike more than one counter. 
If the counters in a tray are sufficiently near together for single inclined shower 
particles to discharge two or more of them with an appreciable frequency, the 
number of high density showers will be over-estimated. The result will be that 
the value of y deduced from the hodoscope records will be too low. 

In an ideal hodoscope arrangement for recording showers the counters in a 
tray are therefore placed sufficiently far apart for the effect of inclined shower 
particles to be negligible. Unfortunately this was not possible in the present 
experimental arrangement owing to lack of space in the aircraft. The same 
hodoscoped counter trays were used for an experiment on extensive penetrating 
showers (Hodson 1952). ‘This necessitated the use of as large counter areas 
as possible, and the available space was therefore fully occupied by counters 
placed close together. However, in the analysis of the hodoscope records for 
extensive air showers only alternate counters were considered together, so that 
the minimum distance between any two counters considered was one counter 
diameter, i.e. 3cm. In order to discharge two counters with this separation a 
particle had to be incident at an angle greater than 63° to the vertical. The 
counters were divided into two groups, group A consisting of counters. 
Nos. 2, 4, 6, 8, 10, 12, 16, 18 and group B consisting of the alternate counters 
Nos. 1, 3,5... 17 (see fig. 1). The two groups were then analysed separately. 
A minimum requirement in the number of counters discharged in either group 
was one counter in each of the trays E;, Eq and Eq,;. Although a high density 
shower could thus be recorded as a shower discharging both group A and 
group B shower sets, this type of event presented a sufficiently small fraction of 
the shower rate of either group (~35°%,) for the two groups to be regarded as. 
independent shower sets. 

It will be shown later that with the counters of a group at least 3 cm apart 
the effect of inclined shower particles is small even at the highest altitudes 
reached in the present experiments. 


§3. THE DETERMINATION OF Y BY THE METHOD OF VARIATION 
OF AREAS 
3.1. Theoretical Discussion of the Method 

We now describe a method of analysis of the hodoscope record which is. 
essentially the method of ‘variation of areas’ (Method B above). ‘The method 
will be described in a general form before being applied to the particular 
experimental arrangement used here. 

Suppose that we have three trays A, B, C containing Ny, Ng, Ne counters, 
respectively, and that the counters are each of unit area. Consider now 
particular sub-groups (each of area ) of counters in the three trays. Suppose 
that the core of an incident air shower containing N particles falls at a distance r, 
from the first sub-group, 7, from the second, and r; from the third. The 
densities at these sub-groups will then be A, = N/(7,), As = Nf(72) and A; = N73), 
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‘where f(r) is the structure function of the shower. ‘The probability that this 
shower will be recorded is 


{1 — exp (—nA,)}{1 — exp (—mA,)}{1 — exp (—As)}. 
The rate of threefold coincidences R(n,n,n) between the three sub-groups x 
is obtained by integrating this expression over a horizontal plane and over all 
showers. Assuming that the (integral) size spectrum of extensive showers follows 
-a power law KN~Yy and that all the showers possess a similar structure, we have 
(cf. Ise and Fretter 1949) 
ro ia Y) 


R(n, n, 2) =2nyyK| | bie —{1—exp(—7A,)}{1—exp(—7A,)} 


6=0 7 AN 
x {1—exp(—%A3)} agi” ar a0 ares (1) 
It can be shown that R(an, an, on) =«"wR(n, n, n). Method B thus yields yy, 
the exponent of the size spectrum of the showers. yy may therefore be 
identified with y, the exponent of the density spectrum, and in future we shall 
not distinguish between the two. 

The principle of the method consists in observing the change in the 
coincidence rate as the area m of the sub-groups is varied. Obviously, one 
method of obtaining R(n,n,”) would be to choose three particular groups of 
counters and scan the hodoscope record, picking out those showers which 
discharged the three groups simultaneously. However, there are many ways of 
choosing such groups out of the three trays. To make the most use of the data 
available on the hodoscope record would necessitate scanning the record for 
each possible combination of sub-groups, a formidable task with a large number 
of hodoscoped counters. Further, the results for different combinations of 
sub-groups would not be strictly independent. 

These difficulties are avoided in the following way. We first relate 
expression (1) to the distribution of neon flashes observed when showers are 
recorded by the three trays A, B and C.* Consider a particular area n of one 
-of the trays. ‘The probability that a shower of density A, at this tray discharges 
this area is P(n)={1—exp(—mA,)}, and this may be expressed as the sum of 
the probability that the area m is discharged, but not the remaining area N—n 
of the tray, and the probability that both the areas m and N—vn are discharged; 
here and in the equations below N is written for N, if tray A is considered, ete. 
We may thus write 


P(n) = {1 —exp(—2A,)}[exp{—(N—2)A,}+1—exp{—(N—n)A}}].. ...... (2) 
We may also write 
1—exp(—A,)="A,"P,-°AL Po. we AP ee ee 


where “P, is the probability that (exactly) s counters out of the area m are 
‘discharged and "A, is the number of ways in which we can select s counters out 
-of the area w. ‘The second bracket in (2) may be expressed in a similar manner. 
We thus have 


Pla) = ("Ay SP; Ag Ba in. eect) 
x lai aml! gh ence Gals ea He ues ae epee keel 
alls Nz WA 4 N—n Pe el 


* We are indebted to Prof. L. Janossy and Mr. D. Broadbent for suggesting this approach 
to the problem. 
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Similarly for the other trays 1—exp(—nA,)=Q(n) and 1—exp(—nA,) = R(n).. 


nz 2 dN 
heat = POOR) erg dr dB... (4) 


foe) 


Then R(n, n,n) =20yK | | 
N=0/ r=0 
For a given experimental arrangement the terms in this integral may readily be- 
expressed in terms of the distribution of neon flashes observed for trays A, B. 
and C. This can be seen by considering the present experimental arrangement. 
Counter Group A. Let us consider counter group A (two counters of unit. 
area in each of the trays E; and E,,, and four counters of unit area in tray Ey;),. 
and let us first evaluate R(1, 1,1). Considering tray E; we have N=2 and 
N—n=1. Then (by definition of "P,) 


P(n) = P(1) =*A,"P, x (7A Py +1AyP,) =1 PAP +1 P,) =? P, +?Ps 


Similarly for tray Ey, Q(1)=?0,+?Q,. For tray Ey, we have N=4 and. 
N—n=3. Therefore R(1)=4R,+34R, + 34R,+4R, and 


ioc} co 7/2, 
ROI, 1)=2myK [ff 2 ep, +P), +40.) 
N=0/r=0/ 6=0 7 
dN 
x (*R, + 34R, + 34R, +4R,) WwrHi rdrdé. 


ioe) (co) 70/2, 
A typical term in R(1,1,1)isthus: (const)yK | I | 2P 20 2R, nar dr de 
N=0/ r=0/ 6=0 NY 


But this is just the number of showers in which a particular set of p counters. 
are discharged in tray Ej, a particular set g in tray Ey, and a particular set 7 in 
tray Ey. Denote this number by (f, g, 7). Then 


Ritad, eel thy pa ely 2) 3(1 153) els 134) 
Moat) 21519220) 3(192, 3) 1h 2) 4) 
se (219 1 rea ( 2d) 3(2 1183 )c8(2,1,4) 
Bo (Ee DN 1S (212293 (20293 (2-284) ele (5) 


Each term (pf, g, 7) may be found in the following way. If the number of ways. 
of choosing the particular sets p, g,7 of counters is W,,, and if F’,,, denotes 
the number of showers in which any / counters in tray Ey, any g in Ey and any 
r in E,,, are discharged we have (p, 9, 7)=Fj¢r/Woer ‘The first step in the- 
analysis of the hodoscope record is thus to classify each shower according to- 
the number of counters discharged in the three trays. Hence F’,,,, is obtained. 
Since W,,,, is a constant which may readily be written down for any given 
experimental arrangement (p, q, r) may be found immediately. 

(For example, the number of ways of choosing one counter in tray Ej, one 
in Ey, and two in E,,; in counter group A is Wy,.=2x2x6=24. Thus if: 
65 showers are observed in which one counter is discharged in Ej, one in Ey; 
and two ity Ell pep = Pye 65 and (p,-9-7) =65/24.) 

Having obtained the terms (f, g, 7), R(1, 1, 1) is easily found from expression (5) 
above. Expressions for R(2, 2,2) and R(1, 1,2) may be deduced in a similar 
way to that used above for R(1, 1, 1). 
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For counter group A the total number of showers recorded is equai to 
R(2, 2, 4). 

Now R22, 2) RS Le 2 a nee (6) 

Similarly 1 OMe Fa BO ORM OW i aie Wee APPR po88 (7) 


Counter Group B. ‘The second group of counters consisted of one counter 
of unit area and one of half unit area in each of the trays Ey and Ey, together with 
three counters of unit area and two of half unit area in tray Eqy. Using the 
' method of analysis described above, expressions for R(4, 3, 4), R(1, 1,1) and 
R(14, 14, 14) may be obtained in terms of the observed neon distribution. ‘Then 


R(1,.1, LRGs Rae eh ae (8) 
Rb EM RGM WD) $39 | 4 t- (9) 
and Rds dey 14) fg eel (105 oo ey eee (10) 


The reason for using different arrangements of counters in groups A and B will 
now be clear; by introducing some counters of half unit area into group B, y is 
determined in a rather different way. ‘his is useful in checking the consistency 
-of the method of analysis. 


3.2. Corrections Applied to the Experimental Data 


Two corrections to the observed neon distribution at high altitudes have to 
be considered. 

Firstly, we must discuss the effect of inefficiency of the counters at the high 
background rates obtaining at high altitudes. As described in the Appendix, 
-each counter in the trays E,, Ej, and Eq, was connected to a quenching unit 
which reduced its insensitive time from its normal value of about 300 usec to 
an effective value of 42+9sec. The inefficiency of a single 45cm x3cm 
counter at 33500 ft. is then only 0:-5°,; without the quenching circuit it would 
be 3:-4%. The importance of using counters of high efficiency in work of this 
nature may be shown by considering the effect of counter inefficiency on the 
observed neon distribution. For example, with the normal insensitive time 24°% 
of the events F4., (two counters discharged in each of the trays E;, Ey, and four 
counters in tray Ey) would be missed (cf. 3:7°% with the quenching units). 
Some of the F,., events missed would appear as spurious Fyy,, Fy 3 events, etc. 
Although the observed neon distribution can in principle be corrected for these 
perturbations, it is very undesirable to have to make such large (and rather 
uncertain) corrections. In order to eliminate any errors due to the small residual 
inefficiency the neon distribution has been carefully corrected at the two highest 
altitudes (33 500 ft. and 30000 ft.). The correction at other altitudes was then 
easily estimated. 

The effect of accidental coincidences on the neon distribution has also been 
studied. ‘lhreefold coincidences of independent particles were found to be of 
less importance than accidental coincidences of a genuine twofold event and a 
single independent particle. Using a short resolving time in the hodoscope 
(1-2 sec) the corrections were sufficiently small to be estimated accurately. 

With these precautions the total corrections due to residual counter 
inefficiency and accidental coincidences then amounted to only —1% in y at 
the highest altitude reached. 
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3.3. The Statistical Error in y 


Due to the limited number of showers recorded, the value of y which is 
obtained from any of the above formulae has a certain statistical error (standard 
deviation), Ay obtained by differentiating the formulae. 


3.4. The Relative Sensitive Areas of the Counters 


In eqns. (8), (9) and (10) it was tacitly assumed that the counters of ‘half 
unit area’ had sensitive areas which were exactly half that of the ‘unit area’ 
counters. Although the dimensions of the counters were nominally chosen so 
that this should be so, the uncertainty in the end corrections made it unlikely 
that this ratio was achieved accurately. We now describe a method of eliminating 
this uncertainty. 

Let the accurate sensitive area of the ‘ half unit area’ counters be a fraction B 
of that of the ‘unit area’ counters. Equations (8), (9) and (10) may then be 
rewritten as follows: 


R11, W/RGE DAME tte (11) 
RUB IBERG aR ey he (12) 
Riles PRO el ee B eee | ee (13) 


We have thus two independent equations which may be solved graphically for 
Band y. At sea level we obtain y=1-45 and B=0-514. The mean solution at 
high altitudes is y=1-:56 and B=0-511. ‘The two values of f are not significantly 
different because of the statistical errors in R($, $, $) etc. 

It is important to know accurately the relative sensitive areas of the counters. 
An error of 1°% in §, i.e. an error of only 2 mm in the effective length of a 20 cm 
counter, gives an error of 0-022 in the value of y derived from eqn. (13). A 
determination of the relative sensitive areas by the usual direct method (Greisen 
and Nereson 1942) to the required accuracy would be very laborious. 


3.5. The Experimental Results 

The values of y determined from eqns. (6), (7), (11), (12) and (13) at each 
altitude are given in table 1. y, and yg represent the best values of y obtained 
with the two counter groups A and B. It is seen that the various methods of 
determining y are consistent, allowing for the statistical errors. However, it 
should be noted that the two methods used to determine y using counter group A 
are somewhat interdependent since the calculation of R(2, 2, 2), R(2, 2, 4), etc., 
partly involves the same data (p,q,7), etc. ‘The same is true of the results 
obtained using counter group B. ‘This fact has been taken into account when 
estimating the errors in yy and yg. ‘The weighted mean of y, and yx 1s given 
at the bottom of table 1 and plotted against atmospheric depth in fig. 2. 
Since the statistical errors at particular altitudes are rather large, more significant 
values are obtained by considering all the high-altitude showers together. ‘The 
results may then be taken to correspond toa mean atmospheric depth of 
366 g/cm? (26000 ft.). A small but definite increase of y with altitude is found; 
the ground-level value is 1-445+0-014 and the value at the mean depth of 
366 g/cm? is 1:549+0-018. These results are based on the analysis of some 
4000 showers observed at high altitudes and over 7000 at ground level. 


56 A. L. Hodson 


3.6. The Average Density of the Showers Recorded 


The average densities of the showers contributing to the rates R(n, n, ) 
are given in table 2. The values of y shown in fig. 2 may be taken as mean values 
for the density range 50-500 particles per square metre. The variation of 
counting area which is possible with the present experimental arrangement is 
too small to give any significant information on the variation of y with density. 


Table 1. y by Method B 
Counter Group A 


y from y from 
Altitude No. of RQ, a 2) R(2, oD 4) 
(ft) showers ae ee cee Ya 
RG, 1,4) R(1, 1, 2) 
33500 220 1550-09 1-574+0-08 1:56+0-07 
30000 668 1:56+0-05 1:54+0-04 1:55+0-04 
27000 335 1:56+0-07 1:55+0-06 1:55+0-05 
25000 195 1:56+0-09 1:52+0-08 1:54+0-07 
23000 495 1:55+0-06 1:51+0-05 1:53+0-04 
22000 150 1:51+0-10 1:56+0-09 1:53+ 0-08 
20000 174 1-69+ 0-10 1-644 0-09 1-664 0-08 
fo A 2293 1-556+0-027 1-537+ 0-024 1-54640-021 
together 
Sea level 4085 1-442 + 0-020 1:446+ 0-018 1-444+ 0-016 
Counter Group B 
y from y from y from 
a | Suidbennegs: ead Dae RO b i) a SEE ag) vs 
R(B, 3, 3) R(B, 3, 3) R11, 1) 
33500 155 1:-43+ 0-27 1:-47+0-16 1-55+0-18 1:-49+ 0-13 
30000 518 TES 550015 1-58+ 0-09 1-64+0-10 1:60+ 0-07 
27000 246 17 Oa OP22 1-65 0-13 1:-47+0-14 1-60+0-10 
25000 150 1:-47+ 0-28 ilesKSse(0)7/ 1-:70+0-18 1-60+0-13 
23000 355 1:61+0-18 1:59+0-11 1:56+0-12 1:58+0-09 
22000 122 1 ei2a2 Orsi 1-30+0-19 1-:59+0-20 lekess ie W)otls 
20000 110 1re}) aes (O)S36: 1-67+0-20 13370721 1258-20-45 
Ali flights ; : 
eSeetliee 1698 1:560+0-083 1:5594+0:050 1:557+0:054 1-558+ 0-038 
Sea level 3092 1:-450+0:060 1:-4504+0-035 1:-448+0:038 1-449+0-028 
Altitude Final value Altitude Final value Altitude Final value 
(ft) of y (ft) of y (ft) of y 
33500 1-55+0-06 25000 1:55+0-06 20000 1-644 0:07 
30000 ilebyS se O40 23000 1:54+0-04 All flights together 1:549+ 0-018 
27000 1-56+0-05 22000 1:50+ 0-07 Sea level 1-445+ 0-014 


3.7. The Effect of Inclined Showers 
The hodoscope records of counters Nos. 1, 4, 5, 8, 9, 12, 15, 18 (counter 
group C) were analysed in a manner exactly similar to that used for counter 
group A. The spacing of adjacent counters in group C is 6 cm instead of the 
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3 cm spacing in group A; otherwise the two groups are similar. A single particle 
can only discharge two counters in group C if it is inclined at more than 73° to. 
the vertical (cf. 63° for group A). The values of y obtained from group C are 
given in table 3. These values show no significant difference from those obtained 


2-0 S ay ——— THEORETICAL CURVE (MILLS) 
S }: EXPERIMENTAL RESULTS (KRAYBILL) 
1-9 »s 
~ }: OUR EXPERIMENTAL RESULTS 
SS 
\ 
he ether 
or SS 
1-7 t 2 Re 
y “ . 
1-6 = o 
1-5 
1-4 
1-3 
O° 200 400 600 800 1000 1200 
ATMOSPHERIC DEPTH (GM/CM°) 
Fig. 2. The altitude variation of y. 
Table 2. Average Shower Densities (particles/m?) 
RZ, 3, 3) R(1, 1,1) R(1d, 14, 14 R(2, 2, 2) 
Sea level 470 240 160 120 
High altitudes (~26000 ft) 380 190 130 100 
: Table 3. y from Counter Group C by Method B 
: , Number y from y from 
HRS of RQ, 2, 2) RQ, 2, 4) Yo 
6 owes RG, 1, 1) RG, 1, 2) 
33500 203 1:-46+0-09 1:-48+ 0-08 1-47+0-07 
30000 WA 1:62+0-05 1:59+0-04 1-60+0-04 
27000 328 1-524 0-07 1:52+ 0-06 1°52 0°05 
25000 202 1:-62+0-09 1:59+0-08 1:61+0-07 
23000 535 1:59+0-06 50220205 1:57+0-04 
22000 161 1:56+0-10 1:56+0-09 1:56+0-08 
20000 189 1:64+0-10 1:62+0-09 1:63+0-08 
eee 2406 1-575 +0-027 1-557+0-024 1-566+0-021 
together 
Sea level 4194 1-462+ 0-020 1:-464+0-018 1-463 + 0-016 


from group A (y, intable 1). The error in yy due to the effect of particles inclined 
between 63° and 73° to the vertical is thus small. We conclude that the final 
values of y given in the last column of table 1 are not seriously in error because 


of inclined showers. 
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$4. THE DETERMINATION OF yY BY METHOD A 
The hodoscope record has also been analysed for y by Method A. ‘The 
counters were considered as four groups: Group I, counters Nos. 1-4; 
Group II, counters Nos. 5-8; Group III, counters Nos. 9-12; Group IV, 
counters Nos. 15-18 (fig. 1). Threefold coincidences (I, II, III) and (J, II, IV, 
and also fourfold coincidences (I, li, III, IV) were picked out. We then have 


average number of threefold coincidences _ 4— 6:2” + 4:3” —4” 
number of fourfold coincidences 3 =—3-2%437% 


This equation is best solved graphically. The values of y thus obtained are 
given in table 4. As expected, the ground level value (1:584+0-015) is 
considerably higher than that obtained by Method B (1-445 + 0-014). Broadbent 
et al. (1950) have ascribed the high values of y which are obtained by Method A 
at sea level to density gradients in the showers. It is interesting to note that the 
present results confirm this interpretation. For at high altitudes (i.e. at lower 
pressures) the average spread of a shower is larger than at sea level. ‘The effective 
separation of the counters in a fixed experimental arrangement thus decreases 
with increasing altitude and the shower density is then more likely to be uniform 
over the extent of the apparatus. At high altitudes the value of y obtained by 
Method A may therefore be expected to approach asymptotically the true value 
obtained by Method B. ‘The mean value of y found by Method A at high 
altitudes (1-559 + 0-020) is, in fact, in excellent agreement with that found by 
Method B (1:549+0-018). Since the value of y obtained by Method A shows 
no increase with altitude, the effect produced by density gradients in showers 
apparently is sufficient to mask the true increase with altitude. 


Table 4. Determination of y by Method A 


Altitude 4-fold coinc. 3-fold coinc. 3-fold coinc. 

(ft) (ESDP LIES LV.) (Qi, Jey ue) GE ABIES y (method A) 
33500 209 312 323 1:41+ 0-07 
30000 650 1055 (ei 1:-61+0-04 
27000 333 SS 527 1:50+ 0-05 
25000 207 321 333 1°52 007, 
23000 500 802 832 1:59+ 0-04 
22000 159 250 245 1:-49+ 0:08 
20000 168 281 286 1:65+ 0:07 

‘Total® 2286 3634 3756 1-559+ 0-020 
Sea level 4010 6522 6537 1:584+ 0-015 


* All high altitude results together (mean altitude 26000 ft.) 


§5. DISCUSSION OF RESULTS AND COMPARISON WITH 
PREVIOUS WORK 


While the present flights were in progress, Kraybill (1949) reported 
measurements of y at altitudes up to 12000 m. The only other investigations 
made at aeroplane altitudes are those of Maze, Fréon and Auger (1948) at 
6700 m. In both these investigations only Method A was used. Maze et al. 
observed a lower value of y at 6700 m than at sea level, while Kraybill found y to 
increase with altitude. ‘The data for sea level and mountain altitudes are 
similarly inconsistent. Using Method A, Auger and Daudin (1945) found y» 
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Fig. 3. The altitude variation of extensive showers. 
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lower at mountain altitudes than at sea level, while with Method B Cocconi, 
Loverdo and Tongiorgi (1944, 1946b) found an increase with altitude. 
Cocconi and Tongiorgi (1949) combined results obtained by Methods A and B 
and found no significant change between 260 m and 3260 m. ‘The reasons for 
these inconsistencies have been discussed by Broadbent et al. (1950). 

The most significant results for comparison with those of the present work 
are the high altitude results of Kraybill (1949). Our results by Method A 
show no significant change with altitude, whereas Kraybill, by the same method, 
obtained an increase. ‘The discrepancy probably arises because the sets respond 
differently to variations in shower density. With the present experimental 
arrangement counter groups III and IV only required uniform density over 30 cm. 
Kraybill required uniform shower density over about 4m. Although we expect 
the values of y by Method A to be everywhere rather higher than those by 
Method B, it is somewhat difficult to understand why Kraybill’s increase in y 
by Method A is higher than the increase found here by Method B, the reverse 
being expected. However, the results may not be incompatible when the 
statistical errors of the two experiments are taken into account. 


Table 5 
Altitude (m) 720 9200 9500 11000-12000 
Theoretical value of y eat! 1594 95 201 


Since we have no reason to suspect the validity of Method B we conclude 
that y shows a small increase with altitude. 

Mills (1948, quoted by Kraybill 1949) has calculated theoretically the value 
of y expected at various altitudes assuming electrons incident at the top of the 
atmosphere with a power law energy spectrum of the form E~** (table 5). (See 
also Wolfenstein (1945), Cocconi (1947) and Cocconi and 'Tongiorgi (1949).) 
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Although Kraybill (1949) observed a smaller increase in y than that predicted 
theoretically on the above hypothesis he did not consider the difference to be 
significant. However, if we also take into account the present data it seems that 
there is a real discrepancy between the theoretical and experimental values of y 
at high altitudes (fig. 3). This discrepancy is not surprising as it is unlikely that 
extensive showers develop as pure electron cascades. If we consider instead the 
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more likely picture of extensive showers originating from neutral mesons emitted 
in successive nuclear interactions we can see qualitatively that a smaller 
variation in y would be expected. Many of the showers recorded are probably 
secondary showers originating a few kilometres above the apparatus. The 
effect of these secondary showers must be to smooth out to some extent the 
variation of y which is predicted on the hypothesis of single cascades starting near 
the top of the atmosphere. 


§6. THE ALTITUDE VARIATION OF EXTENSIVE AIR SHOWERS 
6.1. Experimental Results 


We have described the recording of extensive showers by the following 
arrangements: threefold coincidences (I, Ii, III) and (I, II, IV), (§4); fourfold 
coincidences (I, II, III, IV), ($4); threefold coincidences R(2, 2, 4), (§3.1). 
The counting rates of these arrangements at various altitudes are given in table 6. 
It is seen that the altitude variations of all the counting rates are very similar. 
The rate of fourfold coincidences (I, II, III, IV) is plotted against atmospheric. 
depth in fig. 3. The number of showers recorded passes through a broad 
maximum at about 26000 ft. (8000 m). At the maximum the shower rate is. 
some 42 times the sea-level value. 


Table 6. The Altitude Variation of Extensive Air Showers 
(The ratios of the counting rates at high altitudes to those at sea level are given im 


brackets) 
Z Hourly rate of coincidences 

Altitude ees ee (I, & ae sid eo 3-fold 
(ft) (g/cm?) (hours) (I, II, IV) GG NS UNL TN) R (2, 2, 4) 

adds oe re TOE “Gh oe 

000° |" SG) 2 oa rr 

See a ies 3h) ees naa : 

20000 470 1-02 7 a) “a 3 3 

15000 583 0-68 a) 2 ae Pe 
Sea level 1033 427 7-644 0-11 4-73+0-11 492+ 0-11 


6.2. The Barometer Coefficient of Extensive Air Showers at Sea Level 
A continuous record of the air shower rate Er iu at ground level for the 
five months period April to September 1950 was analysed for changes in the 
barometric pressure. Some 37000 showers were recorded in 3240 hours of 
operation. Hourly readings of the number of showers recorded were classified 
into equal pressure intervals of 0.05in. Hg. The mean shower rate for the 
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mean pressure of each interval is shown graphically in fig. 4. The variation of 
air-shower rate with barometric pressure may be taken as linear over the pressure 
range considered. An analysis of the results by the method of least squares 
gave the barometer coefficient of extensive showers as — (9-0 + 1-1)°% per cm Hg 
at 76cm Hg. ‘There is good agreement between this value and that found by 
Daudin and Daudin (1949) at sea level, — (9-2 + 2)°% per cm Hg. These sea-level 
values are not significantly different from the barometer coefficient found at 
2860 m by Daudin and Daudin (1949), i.e. —(10-2+2)% per cm Hg. 


6.3. Discussion 

Expressing the barometer coefficient — (9-0 + 1-1)% per cm Hg in g/cm? we 
find that the gradient of the curve of shower rate plotted against atmospheric 
depth should be —(0-66+0-08)°% per g/cm? at sea level. Assuming that this 
variation is maintained, the altitude variation of the shower rate at low altitudes 
is of the form exp{—/(151+18)}, where x is the atmospheric depth in g/cm. 
This law is shown in fig. 3 (line BC). It is in good agreement with the shower 
rate observed at 15000 ft and with the results of Hilberry (1941). (Hilberry’s 
data have been normalized to our counting rate at sea level.) Only above 
15000 ft. is there significant deviation from the exponential law. 

At high altitudes the results are in substantial agreement with those of 
Kraybill (1949). At 30000 ft. (9200 m) Kraybill found the rate to be 28 times 
greater than at 750m for showers detected by counters of 2-8 m spread and 
24 times greater with counters of 13 m spread. Extrapolating to sea level, the 
factors of increase are found to be 51 and 43 respectively. Both these factors 
are higher than the increase of approximately 38 times found in the present 
experiment with counters of 2-2 m spread. 


§7. APPENDIX 
7.1. The Quenching and Hodoscope Circuits 

The necessity of using Geiger-Miller counters of very high efficiency in 
trays E,, Ey, and Eq, has been discussed in § 3.2. 

It was found (Hodson, reported by Smith 1948) that if the anode of a counter 
is given a 250v negative pulse of 10jsec duration after each discharge the 
insensitive time of the counter is considerably reduced. ‘This may be explained 
as follows: Each discharge is confined to a short length of the anode wire, leaving 
the rest of the counter free from positive-ion space charge and therefore sensitive 
to further incident ionizing particles. Since only part of the counter remains 
insensitive after each discharge we may define an ‘effective insensitive time’ 7 
such that the overall efficiency of the counter is «=(1+NT)"+, where N is the 
rate of arrival of ionizing particles on the counter (cf. Blackman and Michiels 
1948). 

In the present experiments each counter in trays E;, Ey, and E,,, was therefore 
quenched rapidly by a 10psec single-shot multivibrator, valves V, and V, 
(fig. 5 (a)). Valves V,-V, constitute the mixing and indicating units associated 
with each counter. The mixing circuit has a resolving time of 1-2 psec, 
achieved in the following manner. When valve V, becomes conducting a 
voltage ‘ring’ is produced across coil L,, the voltage of the point A’ (fig. 5) 
swinging in the negative direction during the first half cycle. Coil L, is coupled 
inductively to L, in such a way that, but for the diode V3, a voltage ‘ring’ of the 
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opposite phase would be produced across it (fig. 6, curve (C)). The effect of the 
diode V, is to damp out the oscillation of coil L, after the first positive half cycle 
(fig. 6, curve (D)). The inductances and distributed capacities of L, and L, 
are such that the control grid of valve V, receives a positive pulse of about 1 usec 
duration. If this is coincident with a positive ‘master pulse’ on the suppressor 
grid of V, a negative pulse is obtained from the anode of V,. After being 
lengthened this pulse cuts off valve V;, which flashes a neon lamp for about 


1 
25 second. 


HT, HTp 
250 V. 100 V. 250 V, 100 V. 


G.M. COUNTER ~ 


NEGATIVE 
OPERATING VOLTAGE 
OF COUNTER 


—s GRIO OF “MASTER” 
= COINCIDENCE VALVE PULSE 
Fig. 5. (a) The quenching circuit. (6b) The hodoscope circuit. 
Re 1MQ, 4w R, 68 kQ,1w C; 0-025 pur (Ce Boyne 
R, 56 kQ,4w R, 5:6 kQ,4w C5 il fri Ce 20:5 ae 
R, 4:3 kQO, $w R, 100 kQ, 4w Cy Sue C; 0-005 pF 
R, 68 kQO,4w Ry 100 kQ, 4w C, 10 pur Cs 0-001 pr 
R, 300 kQ, }w Ry 10 MQ, 3w Valves V,, V2, Vy, Ve Mullard EF 50 
Re 100 kQ, $w Rig 68 kQ, 1 w Valves V;, V; Mullard EA 50. 
Neon lamp, Siemens L 9 
La 10 SEC yu 
i PULSE TO ANODE 
(A) 250 V. OF COUNTER 
| 
\ 
! 
(B) WAVEFORM AT PT. A’ 
WAVEFORM AT PT. B 
(C) (VALVES V,,V, REMOVED), 
(p) ov. NORMAL PULSE TO 


“12V. GRID OF VALVE Vy 


Fig. 6. Waveforms of the circuits shown in fig. 5. 


Extensive showers in which at least one counter is discharged in each or 
the trays E,, E,,;, Ey;; are selected by a threefold Rossi coincidence circuit in the 
following manner. Each time one of the counters is discharged a negative pulse 
is obtained from the non-decoupled screen—grid resistance R; of the valve V, 


a a 
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of its quenching unit (see fig. 5(a)). The screen-grid pulses of all the 
counter-units in one tray may be coupled together directly to the grid of one 
coincidence valve. For coincidence purposes counters so coupled are effectively 
in parallel. However, the quenching units still operate independently since 
they are insensitive to negative pulses on the screen of valve V,. ‘Master pulses’ 
(~1 usec long) are produced whenever threefold coincidences are recorded. 


7.2. The Determination of the Effective Insensitive Time of the Counters 


The effective insensitive time of a counter and its associated quenching 
circuit was determined in the following manner. ‘Trays E; and Ej, (for this 
purpose each containing four counters, 45 cm x 3 cm) were turned into a vertical 
plane. Counters in tray Ey; were not operated, but counter No. 1 (tray E;) 
was connected to a quenching unit belonging to tray Ey,;. Threefold master 
pulses were then produced whenever counter No. 1 (see fig. 1), at least one of 
the counters 2, 3, 4, and at least one of the counters 5, 6, 7, 8 were discharged 
simultaneously. 

From the hodoscope record events were picked out in which (a) all eight 
counters in trays E; and E,;; were discharged and (4) seven of these counters were 
discharged, the one not discharged being one of the four inner counters of the 
telescope, Nos. 3, 4, 5 or 6. (Anticoincidences of this type were mainly due to 
inefficiency of one of these counters.) The average inefficiency of counters 3, 4, 
5 and 6 was then 

’ no. of anti-coincidences 


1 “4x (no. of 8-fold coincidences) © 


7’ was determined at various background counting rates of counters 3, 4, 
5 and 6, the counters being stimulated uniformly along their length by radon 
needles contained in a long tube S. ‘The results are given in table 7. 


Table 7 

Mean counting rate No. of 8-fold No. of anti- Observed 
N’ (per sec) coincidences coincidences inefficiency (°%)* 

Wes 1663 41 0:62+0-10 

55 503 24 110s 0-24 

T7. 521 15 72a Ool@ 

109 525 18 0:86 + 0-20 

184 1365 74 Pele SO ONG 

241 486 34 Loar O30) 


* Including geometrical inefficiency. 


If N’ is the average counting rate of one of the counters under test, the 
inefficiency due to the insensitive time 7 is very nearly N’7. If the average 
inefficiency is plotted against N’ we obtain 7 as the slope of the best straight 
line given by the experimental points: T=(42 +9) sec. ‘The inefficiency which 
is found for N’ =0 (~0-6%) is attributed to a slight geometrical inefficiency in 
the telescope. 

The quenching circuit described here thus achieves results similar to the 
circuit of Hodson (1948 a) in which the counter potential was reversed after 
each discharge. One advantage of the present circuit is that it avoids putting the 
high operating voltage of the counter on the anode of the quench valve Vj. 
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Note added in proof. Since this paper was written, Kraybill (1952) has briefly 
reported measurements of y up to 33000 ft. which are in agreement with the 
results given here. Kraybill has also kindly supplied us with more complete 
data on the altitude variation of y, as calculated by Mills, than is reproduced 
in table 5. ‘This shows that the theoretical curve in fig. 2 should be slightly 
concave upwards over the range shown. ‘The linear interpolation shown in 

fig. 2, deduced from the data of table 5, is approximately 0-7 too high at an 
atmospheric depth of 500 gm/cm?. ‘The difference is not sufficiently great to 
affect our conclusions. 
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ABSTRACT. Extensive penetrating showers observed under a transition layer of lead 
10 cm thick are approximately 300 times more frequent at 30 000 ft. than at sea level. 
A tentative analysis of their altitude variation suggests that the mean attenuation length in 
air of the N-component of extensive showers is of the order of 200 g/cm?. It is shown that 
in extensive showers at 30 000 ft. the fraction of particles which are penetrating is of the 
same order as at sea level. 


Sis INTRODUCTION 


T is now recognized that penetrating particles associated with extensive air 

showers are of two types: (i) incident penetrating particles, mainly u-mesons 

(Cocconi et al. 1949), and (ii) highly interacting particles which produce 
groups of penetrating particles in local absorbers (Broadbent and Janossy 1948, 
Ise and Fretter 1949, Brown and McKay 1949). ‘The energetic interacting 
particles responsible for these events are generally referred to as the 
“N-component’ of extensive air showers. 

Some information about the altitude variation of the N-component may be 
derived from the altitude variation of penetrating showers which are associated 
with air showers, data on which are given by Hodson (1952, to be referred to 
as I). ‘The experimental arrangement, consisting essentially of a Janossy-type 
penetrating shower detector operated in coincidence with various unshielded 
counter trays, is described in detail in that paper (§§2 and’3). In this paper an 
attempt is made to analyse the observed altitude variation of extensive 
penetrating showers. Some experimental data on penetrating particles in 
extensive air showers at 30000 ft are also presented. 


§2. THE OBSERVED ALTITUDE VARIATION OF EXTENSIVE 
PENETRATING SHOWERS 


The data on extensive penetrating showers to be considered here are given 
in table 1 of I. 

First we consider a few general arguments for believing that most of the 
observed coincidences represent true extensive penetrating showers. ‘The 
resolving time for coincidences between the penetrating shower set and counters 
in the unshielded trays was 1-2 sec; the accidental coincidence rate was thus 
very small. There remains the possibility that stray particles emitted from 
penetrating showers produced locally in the P-set occasionally discharged the 
unshielded trays. However, the hodoscope record for counters in trays 
E,;, Eq, Ey, shows that on the average several (see table 1), and occasionally all, 
of these counters were discharged simultaneously with the P-set. It is clear 
that very few of the coincidences with the trays E;, Ey; or Eq can be attributed 
to spurious extensive penetrating showers arising in the way suggested above. 


* Now at the Palmer Physical Laboratory, Princeton University, New Jersey, U.S.A. 
PROC. PHYS.,00C. LAVE, L=—A 5 
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Tray Ey, was much nearer to the P-set than trays E,, Ey, Eqy and was thus more 
liable to be discharged by such stray particles. However, the solid angle 
subtended by tray E, at the P-set is quite small and we believe that even in this 
case most of the coincidences were due to true extensive penetrating showers. — 
In support of this we note that the altitude variations of coincidences (P, Eg), 
(P, Eg) and (P, E; ya) are very similar (I, table 1). Although tray Eg, recorded 
coincidences with the P-set more frequently than the more distant trays 
E,, Eq, Eq, we believe that this was most likely due to a decoherence effect and 
to cascade effects in the duralumin bomb case containing tray Eg and the P-set. 


Table 1. Average Number of Counters discharged in the Events (P, ER) 


x=0 x=10 cm of lead 
Average number discharged at high altitudes 5-9+4(1:7)+0°83E, 3:-4+4(1:0)+0-85E, 
(23 showers) (13 showers) 
Average number discharged at sea level 5-9+4(1:9)+0-89E, 4:94 4(1:2)+0-74E, 
(28 showers) (45 showers) 


(n-++-3m- Eg) denotes an extensive penetrating shower in which n counters of ‘ unit area” 
(45 cm x3 cm) and m counters of ‘ half unit area’ are discharged in trays Ej, Eg, Eqy, 
together with at least one counter in tray Ep (n<13; m<5). 


> =l0cmPb 


Coincidence Rate (P,E) (counts/hour) 


0 400 800 1200 0 400 800 1200 
Atmospheric Depth (g/cm?) 
Fig. 1. 


There is a slight indication from the rates of coincidences (P, Ey), (P, ER), 
(P, Ey n,m) and (P, E), (1, table 1), that the extensive penetrating showers 
observed with 2=0 have a maximum frequency at about the altitude 
of the maximum of all extensive showers (Kraybill 1949). The altitude 
variation of coincidences (P, E) is shown in fig. 1. 

Tinlot (1948) observed that up to 4260 m the rate of extensive penetrating 
showers was between 5% and 10° of the rate of local penetrating showers. 
Tinlot and Gregory (1949), using a detector with a definite bias against recording 
dense air showers, found this ratio to be about 1°% at 4260 m. In both these 
investigations very small unshielded trays were used. In a cloud chamber 
experiment at 3027 m Fretter (1949) found almost as many extensive penetrating 
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showers as local showers. ‘The actual ratio is clearly rather dependent on the 
experimental arrangement. However, the altitude variations observed with a 
given arrangement should be of greater significance. Fretter (1949) found that 
the frequency of extensive penetrating showers increases by a factor 7-2 + 2-0: 
between sea level and 3027 m (713 g/cm?). By interpolation from the present 
results with © =10 cm Pb, we deduce a factor 12-7 + 2-0 between these altitudes. 
George and Jason (1950), using a penetrating shower detector similar to that 
used here, but much larger, have found that the coincidence rates (P, E)s_», 
and (P, E)s_jo¢mpp imcrease by factors of 15+2 and 10+2 respectively 
between sea level and the Jungfraujoch (3457 m, 675 g/cm?). ‘The corresponding 
factors deduced from fig. 1 are 24-5+6 and 17+3. At high altitudes no 
previous data on extensive penetrating showers appear to be available. 


§3. ANALYSIS OF THE ALTITUDE VARIATION OF EXTENSIVE 
PENETRATING SHOWERS 

We consider separately the extensive penetrating showers observed with 
x =10 cm of lead and with X=0. 

(i) &2=10cm of lead. It will be shown later that the majority of the 
coincidences (P, E) must be attributed to groups of penetrating particles 
produced locally (in &) by’ the N-component. 

Suppose that at a given atmospheric depth the N-component forms a 
fraction ky of all the particles in extensive showers. ‘Then if the density spectrum 
of extensive showers at that depth is of the form I(>A)=BA~”’, the rate of 
events (P, E)s_i09empp 1S given by 


i dA 
(P, E)s-10mm=BBy | {1 —exp(—hySA)}{1—exp(—EA)} sary «+++ (0) 


where S is the effective area of the P-set, E is the total area of the unshielded trays. 
and f is the probability that the N-particle interacts and discharges the P-set. 
Now the above integral is linear in ky over a range sufficiently wide for us to 
write Bky =kyp, where kyp is to be interpreted as the fraction of shower particles 
which discharge the P-set. ‘Thus 


ine 


; dX 
CE; Dein os ey =By | {i — exp (—RypSA)}{1 exp ( EA)} INsae 2S" (2) 


1) 


In order to eliminate the constant B of the density spectrum we consider the 
ratio of this rate to the rate of fourfold coincidences between unshielded counter 
trays of area F. ‘The rate of fourfold coincidences is 

ca) / 
R(4-fold) = By I, {1 —exp (— FA)}$ 

As will be described elsewhere, fourfold coincidences between trays E,, Ey, and 
two groups of counters in tray Ej;,, (fig. 2) were recorded in the same series of 
flights. Evaluating the integrals by the method of Broadbent and Janossy (1948) 
we have therefore 

(BYE) s2 ion bp 2h) \" | le (knps/£)"—(1 mee 

R(4fold. (=) ee ee ae eae (3) 
where EF =3035 cm?, F=417 cm?, and S=303 cm? (assuming that the effective 
area of the P-set is equal to the area of one of the trays). Experimentally this 
ratio is 0-0105 at sea level and 0-092 at 30000 ft. From experiments to be 
published elsewhere we find y=1-445 at sea level and y=1-559 at 30000 ft. 
Equation (3) then gives kRyp=7-6x10-+ at sea level and kyp=5-0 x 10-3 at 

5-2 
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30000 ft. kyp thus increases by a factor 6:5 between sea level and 30000 ft. 
‘Thus if the soft component of extensive showers increases by a factor » between 
‘these levels, the N-component increases by a factor 6:5”. We now determine 2. 


Qe 216 cm TG 
—— 
37-5 cm 
WV 
| - 
Ey 
Fige=2, 


Consider an experimental arrangement in which fourfold coincidences are 
recorded between counter trays each of area Ap,” square cascade units (measured 
at sea level, pressure Pp), 1.e. of area Apy2X,? square metres. Let the number of 
‘showers at sea level which contain more than N particles and whose cores fall 
within an area of one square cascade unit (measured at sea level) be C)N~” per 
hour. ‘The sea-level coincidence rate is then given by (cf. Ise and Fretter 1949) 


R4-fold)y=2m 00 fff 21 exp {- ec 
r=0/ 0=0 7 
x [1 — exp {— Nfo(7sPo) Apo? }] a rdr d0 
=2myeCobo™| | | =[1—exp {—Nfa(rrba) AD 
0O- 0Lr0 Keo lace on6 7 L JOV IL0 “75 


, aN 
x [1—exp {— Nfp(74Po) A}] rit PEP GO. ne soe, (4) 


where f,(7) is the structure function of the showers at sea level. 
Let the number of showers at altitude x (pressure p) which contain more 
than N particles and whose cores fall within an area of one square cascade unit 


(measured at pressure p) be CN~” per hour. If f(r) is the structure function of 
the showers at altitude x the sp ks rate there is 


ee) io) 71/2, 
R(old)ay=2yC[ [| 11 exp {—Nfirvp) 4p". 


r=0/ 0=07 


x [1 —exp {— Nf(r,p) Ap?}] NM rar do 
-n/2 


= 2iry Cp | Ves Jeol ich [1 —exp {- Nf(ryp)A}] . 


= 


x [1 —exp {— Nf(rap) }}] 


arr Ose: gexavnzen (5) 
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‘The ratio of the two integrals in eqns. (4) and (5) may be expressed in terms of 
% and «, the exponents of the decoherence curves at sea level and at altitude.. 
R(#fold),  yC p’-« 6 
PUTTOG)  vocopo ee re on ee (©) 
(The factor p””/py”” arises because the trays are effectively a factor (p/p))? smaller: 
at altitude than at sea level and the factor p-“/py ™ arises because the trays are 
effectively nearer together.) 

Now suppose that the number of particles in an extensive shower at sea level. 
is (on the average) a fraction 1/n of the number of particles in the shower at 
altitude. ‘The number of showers which contain more than N particles at sea 
level and whose cores fall in an area of one square metre is then equal to the 
number of showers which contain more than nN particles at altitude x and 
whose cores fall in an area of one square metre. Since the size spectra at 30 000 ft. 
and at sea level are very similar (y =1-56 and y) =1-445) we thus write 

Covintas SOLON) aie 
Xo" Xo"(Po/P)”’ 
giving ONE seen (pip) Maes her oh (7) 
) R (Afold)ae yy pm2-% 
From (6) and (7) we have Rtold)a sant ip Eg OL a) Meta aees (8) 

Now «~0-2 and «)~0-1 (cf. Kraybill 1949) and the coincidence rate at 
30000 ft is 38 times that at sea level. , Equation (8) then gives n = 12-4. 

The N-component in these extensive showers therefore increases on the 
average by a factor 6:5 x 12-4=81 between sea level and 30000 ft. Assuming 
that the increase is exponential this corresponds to an apparent attenuation 
length in air Ay of about 170 g/cm?. (We use the term ‘apparent attenuation 
length’ in the sense defined in I, i.e. the attenuation length uncorrected for the- 
effect of inclined primaries.) 

We now show that our assumption that the P-set is mainly discharged by the 
N-component is justified. In order to discharge the P-set a minimum of two 
penetrating particles is required, together with an additional particle on the top 
tray IT. The third particle required at the top tray may be either another’ 
penetrating particle or a cascade particle which emerges below =. An upper 
limit to the rate at which the P-set is discharged by randomly associated .-mesons 
in air showers is obtained by assuming that all the penetrating particles in air 
showers are j:-mesons. Suppose that these form a fraction k, (=0-02) of all 
the shower particles. Now the soft component which penetrates 10 cm of lead 
(X) is a fraction ky=0-03 of the incident shower density (Greisen 1949). The 
total density of particles under 10 cm of lead is thus a fraction k’ =k, +kg=0-05 
of the incident shower density. 

In a shower of density A the probability that »-mesons discharge both groups. 
of counters in the bottom tray B of the P-set is [1—exp {(—RSA)/2}]*. The 
probability that a <-meson or a cascade particle discharges a counter group in the 
top tray is 1—exp {(—k’SA)/3}. An upper limit to the rate of (P, E)s_iocmpp. 
events due to u-mesons is obtained by assuming that the :-mesons which discharge 
tray B also discharge tray M and the other two groups of the top tray T. The: 
upper limit is then given by 


0 dX 
R=By| (1 — exp (—RSA/2)}*{1 — exp (—A’.SA/3)}{1 —exp(—EA)} az. - (9) 


We finally obtain 


where y’ is the mean of y and yp, 
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Evaluating the integral in the usual manner we find that R is equal to 19%, of the 
observed (P, E)s_19 em pp Fate at sea level. The actual rate of (P, E) events due 


to associated p-mesons will be less than R because some of the »-mesons which — 


discharge the tray B will fail to discharge the required groups in trays T and 
M. From a careful consideration of showers in which more than the minimum 
number of particles strike the P-set and of the geometry of the counter trays 
we estimate that not more than 10°% of the observed rate of (P, E)s_jo om pp 
events at sea level can be attributed to incident .-mesons in air showers. At high 
altitudes the fraction must be even smaller. 

(ii) &=0. The altitude variation of coincidences (P, E)s_, is related to that 
of the N-component but in a more complicated way than in the case considered 
above (X=10 cm Pb). With &=0 most of the penetrating showers will be 
produced in the lead between trays T and M. A simple expression for the counting 
rate (cf. eqn. (1)) does not obtain, for in a satisfactory analysis we must note that 
the requirements to be satisfied by the air shower at tray T’ are modified. 
(a) according to whether the penetrating shower is produced by a neutral 
or a charged particle, (b) by the discharge of counters in tray ‘[ by back- 
scattered particles from the penetrating showers, (c) by back-scattered particles 
from cascade showers occurring in the lead below tray I’, and (d) by cascade 
multiplication in local material above the P-set (in particular in the 4-6 cm thick 
dural beam of the bomb case which contained the P-set). (¢) and (d) increase 
the probability of the air shower discharging counters in tray T. 

The complicated nature of factors (b), (c), (d) means that coincidences 
(P, E)s_» are much less amenable to analysis than coincidences (P, E)s_ 49 em pp: 
Our estimate of the altitude variation of the N-component of air showers is 
therefore based only on the analysis of the events (P, E)s_19 em pp: 


§4. PENETRATING PARTICLES IN AIR SHOWERS 


It has been shown by Chaudhuri (1948) and others that when an extensive 
shower strikes an absorber the density of shower particles observed underneath 
the absorber is a fraction k of the incident shower density A where k is independent 


of A to a first approximation. We now describe measurements of & at sea level 
and at 30000 ft. 


(1) The experimental arrangement. In this experiment the counters in the 
bottom tray B of the P-set were connected in parallel. This tray was then 
operated in coincidence with threefold master pulses produced by extensive 
showers discharging trays E;, Ey, Ey. ‘The other counter trays of the P-set 
were not operated. Measurements were made only with X=0: the tray B was 
thus shielded vertically by 22 cm of lead, the shielding being sufficiently complete 
to ensure that, in the main, this tray was not discharged by electrons or 
low-energy photons (Greisen 1949), 


(11) Phe experimental results. One flight was made with the above arrangement. 
The hodoscope record was examined and the following events picked out: 
(a) fourfold coincidences between the unshielded counter groups I, II, III, IV 
(fig. 2), (b) fivefold coincidences between the unshielded counter groups I, I, 
III, IV, and the shielded tray B. The results obtained in this flight and at ground 
level are given in table 2. Let F represent the sensitive area of each of the 
unshielded counter groups I, I], III, IV and S that of the shielded tray B. Using 
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integrals of a type similar to those above, the ratio of fivefold coincidences to 
fourfold coincidences may be expressed as a function of kS/F. Solving the 
function graphically (cf. Cocconi et al. 1949) for the experimental ratios at 
30000 ft. and sea level and taking F=417 cm? and S=303 cm? we find 
k=0-029 + 0-008 at 30000 ft and k=0-0161 + 0-0013 at sea level (for an average 
shower density ~90 particles/m?). The sea-level value is in agreement with 
recent results of Jakeman and Hakeem (private communication) for showers of 
similar mean density (~50 particles/m?). These workers find k=0-019 + 0-001 
under 15 cm of lead (after correcting for the effects of low-energy photons) and 
k=0-016 + 0-003 under 30 cm of lead. 


Table 2 
Altitude Recording time 4-fold coinc. 5-fold coinc. Ratio 
(ft.) (h) (1,11, 111,1V) (1, 11, II, IV, B)  5-fold/4-fold 
30000 1-68 303 17 0: 056+ 0-014 
(Total for flight) (512) (28) (0:055 + 0-010) 
Ground level 1076 5020 191 0-038 + 0-003 


The results of McCusker (1950) and also some unpublished work by Jakeman 
and Hakeem suggest that the N-component constitutes some 20-40 per cent of 
the penetrating particles in extensive showers at sea level. An approximate 
calculation shows that if this is so and if the N-component has an apparent 
attenuation length Ay of the order of 170 g/cm? the expected ratio Rap o99/Rg 
is of the same order as that observed experimentally. If Ay were equal to the 
apparent attenuation length for fast nucieons which are unaccompanied by air 
showers (~116 g/cm?) we should expect the ratio Ryo 999/Rq to be of the order 
of 8 to 16. Such a large ratio is quite outside even the large statistical errors 
of the present experiment. ‘This is further evidence for a high value of Ay. 

Cocconi, Tongiorgi and Greisen (1949) found that k at 3260 m is 0-47 of 
the value obtained at 260 m whereas we find that k at 30000 ft. is about 1-8 times 
the sea-level value. Although the accuracy of our value at 30000 ft. is not very 
good it is sufficient to show that a continued decrease of k with altitude at altitudes 
greater than 3260 m is very unlikely. Rather better statistical evidence on the 
value of k at high altitudes is obtained by taking all the counts observed in the 
flight, i.e. those obtained during the ascent and descent as well as those at 
30.000 ft. (table 2). 

We expect k to decrease slightly with increasing altitude up to about 
15000 ft. and then to increase fairly rapidly. At low altitudes j-mesons 
predominate over the N-component and since they increase with altitude less 
rapidly than the soft component of extensive showers, k at first decreases with 
altitude. However, due to the fairly rapid increase with altitude of the 
N-component this should eventually predominate over the u-meson component 
and k should then increase with altitude. ‘The values of k found by Cocconi et al. 
at 260m and at 3260m and the present value at 30000 ft. are consistent 
with such a picture. 


§5. CONCLUDING REMARKS 
It is realized that the type of analysis used in this paper over-simplifies the 
physical situation in extensive showers. For example, it deals only with average 
ratios of the various components and also neglects the effects of possible 
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differences in the lateral distributions of the N-component, p-mesons and 
electrons. 

The analysis suggests that the altitude variations of extensive penetrating 
showers and of k are consistent with a mean apparent attenuation length of the 
N-component of the order of 170 g/cm?. This value may be compared with the 
apparent attenuation length (~116 g/cm? of air) found for fast nucleons which 
are unaccompanied by air showers. If the N-component consists mainly of 
nucleons as seems likely since a large fraction is neutral radiation (Sitte 1950, 
Greisen et al. 1950), the longer attenuation length may be readily interpreted 
on the basis of very energetic nucleon cascades in air showers. The primary 
particles which produce extensive penetrating showers are of higher average 
energy than those which give rise to local penetrating showers. The attenuation 
of the N-component of air showers is therefore less rapid than that of nucleons 
which are unaccompanied by an appreciable density of soft component. 

After making the appropriate corrections for the effect of inclined primaries 
(cf. I, §3) we find that the mean attenuation length of the N-component of 
extensive air showers is of the order of 200 g/cm?. 
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Spark Counters for Short Time Interval Cosmic Ray 
Measurements 


By. E, ROBINSON? 
The Physical Laboratories, University of Manchester 


Communicated by P. M. S. Blackett; MS. received 27th August 1952 


ABSTRACT. An original design of parallel plate spark counter, developed especially for 
use In cosmic-ray experiments involving the measurement of millimicrosecond time intervals, 
has a stable and trouble-free performance over many months of continuous operation. 
Distinctive features of the construction are the comparatively large sensitive areas and the 
sealed-oft type of assembly in glass. ‘The counter time resolution obtainable under normal 
operating conditions is 5 mysec. By using statistical methods it is possible to resolve time 
intervals down to 1 musec. An illustration of this is afforded by measurements of the mean 
velocity of cosmic-ray particles in the sea-level flux. 


oi SIN TRODUCTLLON 
PLATE spark counter consists essentially of a uniformly narrow, overvolted 
gap, the sensitive volume of which is bounded by two plane or curved 
electrodes. When the gap is suitably adapted so as to break down by the 
formation of a filamentary, streamer-type spark, it will record the passage of an 
ionizing particle with a time resolution of less than 10 Ssec. Experimental tests 
which confirmed the feasibility of high resolution particle detection by this 
means were first carried out by Keuffel (1948a, b) and Madansky and Pidd 
(1948, 1949 a). Since that time counters of this type have been under development 
and construction in these laboratories, and in the past two years they have been 
employed in a number of cosmic-ray experiments to measure millimicrosecond 
time intervals. ‘The designs which have been evolved meet the requirements 
of these experiments, which are for stable, efficient counters of appreciable area 
and good geometry, having a reasonable life and the highest possible resolving 
time. 
§2. DESIGN CONSIDERATIONS 
Though developed independently the present designs bear a structural 
resernblance to those developed by Keuffel (1949). Other known designs have 
geometries which are unsuitable for cosmic ray work, as well as being either too 
restricted in their sensitive area (Madansky and Pidd 1949b, 1950) or difficult 
to produce in quantity (Hudson 1951). ‘The new features embodied in the 
present designs, and which are desirable for cosmic-ray work, are the sealed-off 
type of assembly in glass and the comparatively large 50cm? sensitive areas. 
The latter is a compromise figure. Larger individual areas, though preferable, 
would cause a loss in counter efficiency of more than 2%, due solely to the 
relatively long dead time (% sec) which has to be imposed after each count. 
Again, with larger areas the self-capacity of a counter (30 pr), and hence the 
energy going into each spark, would be increased: this is undesirable in view 
of the difficulty of quenching the heavy ionization. Large sensitive areas have 
been employed by grouping numbers of counters into a tray (K. R. Keep of 
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these laboratories) as is the established practice with Geiger—Miller counters. 

In spark counters the time resolution depends on the gradient of the electric 
field and inversely on the gas pressure. Hence for a given pressure and gap 
(the latter is usually 2mm), the higher the operating potential the better the 
resolution. For this reason absolute alcohol is thought to be preferable to other 
organic quenching vapours of lower vapour pressure, since the latter usually 
cause a greater reduction of the starting potential for spark counting. In the 
present counters the threshold occurs at about 2200v, the normal operating 
point being some 500v higher than this, which point is almost half way up the 
usable portion of the plateau of the counting curve characteristic. 

Experience gained in counter design has shown that electrodes consisting 
of evaporated metal films on glass are unsatisfactory. ‘The reason for this is 
thought to be the destruction of the metal film in the region of the spark crater, 
leaving localized regions of poor conductivity which cannot lose their charge 
quickly enough and which cause spurious counts. Accordingly the counter 
plates are still made from metal sheet, since with the present construction 
technique a satisfactory reliability of counter operation is consistently obtained. 
When used to record the sea-level cosmic-ray flux, periods of continuous 
operation of at least three months are usual before the stability begins to 
deteriorate. Refilling is normally all that is required to extend the counter life. 


$3. CONSTRUCFION 


The counter plates are cut from 4 inch copper sheet to a rectangular shape 
of size 11-5cm by 45cm. The corners are rounded off and the edges smoothed 
to a half-round profile. The plates are eventually held apart by three glass 
distance pieces, two at the blank end of the glass counter container tube and the 
third at the other end near the tungsten—Pyrex seals and the filling stem (fig. 1). 
For this purpose three 3cm legs of 4 inch copper tubing are hard-soldered to 


Filling Tungsten - Pyrex Glass Legs Glass 
Stem Glass Seal and Spacers Envelope 


Hard - Soldered Copper Copper Tungsten 
W-Ni-Cu Joins Tubing Plates Rod 


Fig. 1. Diagram showing parallel plate spark counter construction. 


one side of each plate, so as to jut out at the ends. Lengths of tungsten rod are 
inserted in the copper tubing so that 1 cm protrudes: a hard solder join is then 
made between the two via an intermediate binding of nickel wire. These plate 
units are now given a rough polish on their free surface by means of emery cloth. 
Since the impurities in commercial copper sheet have been found to cause 
spurious counts az+_-inch thick deposit of pure copper is then electroplated on 
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to all surfaces in an acid bath. When dry a final light polish and careful smoothing 
with finest emery cloth ensures that no scratches or points remain. 

The electrodes are taken in pairs and clamped, sandwich fashion, on either 
side of a ground steel flat, which acts as a temporary spacer of the chosen gap 
dimension (2mm). The ends of the glass legs are then melted on to the tungsten 
rods to complete the plate structure and the steel spacer removed. Connecting 
wires of copper joined to tungsten—Pyrex seals are attached to the tungsten 
rods at that end of the counter where there is only one glass spacer. The plate 
assembly can now be slid into a Pyrex tube of 55 mm bore, one end of which has 
previously been closed square and fitted with a central filling and holding stem 
of 10mm bore. The seals are next fused into holes which have been prepared 
on either side of the filling stem. Closure of the blank end of the containing tube 
completes the construction. 

By a chemical cleaning process the copper oxide films formed by the 
glass-blowing operations are removed, liquids being admitted through the filling 
stem. A succession of rinses with filtered, distilled water and methylated spirits 
follow and the interior of the containing tube is then pumped dry. At this stage 
a close inspection of the gap is made to see if any minute dust particles remain on 
the electrode surfaces. Failure to remove these by further rinsing inevitably 
results in a counter which operates with a continuous point discharge. The 
counters are now sealed by the filling stem on to a glass filling system and evacuated 
by a mercury diffusion pump. Although the assembly is designed to withstand 
baking to a temperature of 450° c this practice is unnecessary if the electrodes 
are free from oxide. ‘The gas filling comprises a saturation pressure of dry 
absolute alcohol and 98°, pure argon introduced in that order (see Keuffel 1949, 
who suggests that a film of organic droplets acts as a protective coating). ‘The 
alcohol supply is warmed to about 40° c before being introduced into the counters 
in order that a visible film will condense on the electrode surfaces. Argon is then 
admitted till the total pressure is approximately 60cmHg. ‘The counters are 
finally sealed off the filling system and stored with plates horizontal. 


§4. TIME RESOLUTION 

The subsidiary performance characteristics of parallel plate spark counters 
have been adequately treated in the references already given. ‘The present 
designs, when employed to count the sea-level flux of cosmic-ray particles, show 
no radical departure from these either as regards their efficiency (98%), the 
length and slope of the plateau of the counting curve characteristic (1000 v, 
4°% per 100v), or the minimum dead time (10 msec, electronically imposed) and 
the pulse rise time (~5 x 10~*sec over 500V). Since only the counter time 
resolution is of importance from the point of view of short time interval 
measurements this characteristic alone will be treated fully. 

The time lag associated with each counter pulse is here taken to mean the time 
interval beginning with the passage of an ionizing particle across the gap and 
ending with the rise of the output pulse of voltage to a predetermined level. For 
the purpose of time interval measurements the important parameter which 
requires to be known for each counter is not so much the time lag but the random 
lag variation. It is not easy to ascertain this in an experiment employing only a 
single counter, since the instant of passage of particles through that counter 
must be determined with the aid of a second. At best, therefore, one can only 
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hope to measure the difference in the random lag variation occurring in a pair of 
counters traversed by the same particle. In the present investigations twofold 
coincidences, due to the passage through two counters in succession, of single 
particles in the sea-level cosmic-ray flux, were recorded and the time intervals. 
between the output pulses measured oscillographically. 

The cathode-ray tube employed was of the three stage post-deflection 
accelerator kind (G.E.C. type 1608 BBCA operated at 10kv). It enabled single 
sweep traces of 0-1 microsecond duration over 10cm screen to be easily recorded 
on Ilford 5G91 film using a Wray f/1 lens. Each counter pulse was differentiated 
directly into two transmission lines, one of 2m length and the other of 
approximately 20 m length. One of the short line pulses was used to trigger the 
time base circuit (Prime and Ravenhill 1950) and the second a gating pulse 
circuit on the modulator grid of the cathode-ray tube, which caused a 
momentary increase in the beam current. Thus a coincidence of the two counter 
pulses within 10~’sec resulted in a visible trace. ‘The long lines were used to. 
convey the two display signals to the Y, and Y, deflecting plates respectively, 
their lengths being unequal by an amount which caused the pulses to be positioned. 
conveniently apart on the trace. Both the time base and gating pulse circuits. 
had starting delays of approximately 5 x 10-8 second. 


500 


Frequency 


-80 -60 -40 -20 0 20 40 60. 80 
Time Interval (millimicroseconds) 


Fig. 2, Time-interval histogram for counter resolution. 


Measurements of the pulse separation, and hence of the time interval, were: 
facilitated by registering on the same film as the pulses a standard 50 Mc/s. 
calibration signal. ‘The order of accuracy of any one such time interval. 
measurement was to within 10°!second. In fig. 2 some typical time interval 
data are reproduced in the form of a histogram, the measurements being grouped 
into intervals of 5 x 10-°second. The data is for two counters, with their plates 
horizontal, in coincidence for single cosmic rays and separated vertically by a: 
distance of 6cm. A total of 2000 events was recorded. Both counters were 
operated at 500 v overvoltage. 

‘The important parameter of the histogram is the half-width, in time, of the 
half-maximum point of the distribution: this is taken as the resolving time of a 
counter. Before fixing the half-maximum point it is necessary to correct for a 
small number of spurious contributions to the data due to showers, knock-on 
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‘electron events and in particular associated pairs of penetrating particles 


(Robinson 1953). The latter give rise to relatively long time delays and 
‘consequently give the histograms the appearance of having a much greater spread 
in time interval values than would otherwise be the case. The correction consists 
in drawing a new base line A... . B for the histogram (see fig. 2) in such a position 
that the spurious contributions fall below it. The half-maximum point C....D 
of the distribution lying above this point can now be established: at this point 
an imaginary, smooth distribution curve would have a half-width of 5 mysec, 
and this is taken as the resolving time of a single counter. A gradual reduction 
of this value may be obtained by going to higher overvoltages, as has been shown 
by Keuffel (1949). For cosmic-ray purposes, however, it is undesirable to operate 
counters at these higher overvoltages, since the performance becomes much less 
stable and the useful life considerably shortened. 


§5. APPLICATION TO TIME OF FLIGHT MEASUREMENTS 

Spark counters have been employed in these laboratories recently in a 
number of investigations to ascertain the ‘time structure’ or time coherence of 
cosmic rays. ‘This involves measuring time delays at sea level between certain 
particies in a group, for example the delays of electrons on each other in extensive 
air showers, the delays of the penetrating component in these showers on the 
electrons, and similarly for the so-called ‘associated pairs of particles’ the delay 
of one penetrating particle on another. One further application is described now, 
in detail, since it has a bearing on the limiting value of the time interval resolution 
obtainable with the present counters. 


=100\-75\ 5=50: =25 019) 25. 550" 75 75) = 50h=25 au 0 25 50 75 100 


Time Interval (millimicroseconds) - 
(a) h=6cm N=500 (b) h=42-2cm N=500 


Fig. 3. Time-interval histograms for vertical counter separation h. 


If spark counters under normal operating conditions have a time resolution 
of 5 x 10-® sec, then it should be possible to detect time intervals of the order of 
10-® sec, by means either of a shift in the mean value of a frequency distribution 
or a broadening of a distribution along the time axis, as measured by a significant 
increase in the standard deviation. As an illustration of the former attempts 
have been made to measure the mean sea-level velocity of cosmic rays over a 
vertical distance of 36cm. This was done by taking the difference of the mean 
time delays for a pair of counters traversed by single cosmic-ray particles and 
separated by two successive vertical spacings, namely 6 cm and 42-2cm. If f for 
the cosmic-ray particles were equal to unity then the time shift of the mean value 
would amount to 1-21 x 10-® second. 
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The two histograms compiled from the results are shown in fig. 3 (a) and (6). 
In going from one setting to the other the variance is seen to vary too, the larger 
separation giving a broader distribution. This is due, as previously, to a small 
number of long delays from associated pairs of particles, these being detected in 
greater proportion at the larger vertical separation. ‘The extreme values of these 
distributions are accordingly omitted from the following measurements: only the 
central truncated portions are used, in such a way that the same range of values. 
is covered in each distribution. The mean time interval values of the distributions 
together with the standard error values, are as follows: 


Separation 6 cm 42-2 cm 
Meantimeintervalvalue (+0-42+0-22)x10-%sec (+1-:72 40-24) x 10~° sec 


The time difference, or shift in the mean value, is (1:30 + 0-33) x 10-° second. 
Combining this with the path length of 36-2cm gives a mean velocity value of 
B=0-93+0-25. The important result here is not the actual value of 6 but the 
fact that the standard errors involved in it, and in the time interval, are only 
about one-quarter of the values they qualify. In fact, the ratio: difference of 
means/standard error difference is 6-2, i.e. three times greater than the value 
usually accepted as conferring statistical certainty on a difference value. 

In some previously reported measurements on the time of flight of sea-level 
mesons, Officer (1951) used trays of Geiger counters separated by a distance of 
5-45m. The mean velocity obtained for 288 particles was 8 =0-96+0-25, the 
resolution of the trays of overlapped counters being approximately 7 x 10-* second. 
The standard error in the S-value is almost the same as that obtained from the 
present measurements where the distance used was some fifteen times shorter. 
As a consequence the spark counters have shown themselves to have a time 
resolution which is about fifteen times better than the optimum arrangement of 
Geiger counters, as may also be gauged from the relative figures for the respective 
resolving times. In addition the spark counter measurements confirm the 
feasibility of measuring time intervals of the order of 10-°sec with statistical 
certainty. 
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Short Time Interval Measurements on Pairs of Associated 
Cosmic Ray Particles 


By E. ROBINSON* 


Physical Laboratories, University of Manchester 
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ABSTRACT. ‘'Twofold coincidence rates for associated pairs of cosmic-ray particles have 
been measured at sea level as a function of their (small) horizontal separation. The parallel 
plate spark counters used had a time resolution of 5x 10~® second. Simultaneously with 
the rates, measurements of the time intervals between the arrival of the two particles at a 
given horizontal plane were made, both for counters in air and under 18 cm Pb. 

When allowance is made for the effect of spurious phenomena it is found that the coin- 
cidence rate falls off rapidly with increasing counter separation, that the particles forming the 
pairs are penetrating and that they have a mean delay between them which is significantly 
greater than the resolving time of the counters. 


Si LN LRODUCEION 

HE present results point to the existence of comparatively long time delays. 

between pairs of penetrating particles in the sea-level cosmic-ray flux. 

The nature of these particles, and the significance of their association, is 
not understood at present: for example, it is not known whether the penetrating 
particles being observed occur with multiplicities in excess of two, or whether 
they are connected in any way with normal extensive air showers. For these 
reasons the method of presentation adopted here is phenomenological, possible 
related work and a discussion of the results being deferred till the end. 


§2. EXPERIMENTAL AIMS 

The investigations to be described arose out of some incidental features of 
the results shown in fig. 3 of the previous paper (Robinson 1953, to be referred 
to as I). There it was noted that the distribution of fig. 3(@) appeared to be 
slightly, and symmetrically, broadened along the time axis, as compared with 
the distribution of fig. 3 (6), although little statistical weight could be attached to 
this observation. One explanation of such a broadening effect is that a small 
proportion of the total number of events could be caused by the non-simultaneous 
arrival, in the neighbourhood of the apparatus, of pairs or groups of associated 
particles, i.e. two different particles triggering the two counters, instead of, as 
in the majority of cases, a single particle traversing them in succession. 
Experiments were, therefore, undertaken in order to corroborate the existence 
of such an effect, to measure it in a quantitative manner, and to test the validity 
of various explanations. 

Soe wk Bis) Gil 

By disposing the two parallel plate spark counters close together on the same 
horizontal plane it was possible to reduce the number of coincidence counts due 
to single cosmic-ray particles (travelling almost horizontally) to negligible 
proportions. Because of its flat geometry the sensitive counter area presented to 
such particles was only 3 cm? (i.e. about 6°% of that presented to the vertical 
radiation). Hence it was possible to search for events giving rise to comparatively 
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long time delays and, after taking into account minor corrections due to knock-on 
electrons and showers, to establish the existence of an effect with statistical 
certainty. 
3.1. Associated Pair Rates 
The twofold coincidence rates for two parallel plate spark counters, each of 
50 cm? area, and separated horizontally by distances of 8-8, 15 and 21 cm 
respectively are tabulated in the table. The rate of accidental coincidences was 


Twofold Coincidence Rates (per hour) 


Horizontal separation s 8:8 cm 15 cm 21 cm 2m 
In air 6:-4340-32 3-304 0-07 1710S 0-70 
Under 18 cm Pb S7 sae OAD) 1-434 0-09 0-12+ 0-02 


less than 10-° counts per hour. At each separation the measurements were carried 
out in air (6 ft below a roof of about 100 g cm~? concrete) and under 18 cm Pb 
(the counter plates being 6 cm below the bottom surface of the lead). For the 
measurements in air the rate of triggering of two counters by normal extensive 
air showers is given, the same figure being obtained both by calculation and by 
experiment. For these shower measurements the counters were separated by a 
distance of approximately 2 metres. It is seen that in air the rate of coincidences 
for close separations is more than ten times greater than this value. 


3.2. Time Interval Histograms 

Simultaneously with the rate measurements time interval measurements 
were made for each of the six experimental arrangements and the corresponding 
histograms are shown in fig. 1 (a) to(f). For comparison purposes the histograms 
have been normalized so that the total number of events in each is approximately 
165. The actual number of observations N, and the horizontal separation s 
between the counters, is shown in each case. It is obvious that all these 
distributions due to two particles have a spread which is greater than that 
observed in fig. 3(a) of the previous paper, where the results for vertical 
coincidences due to single particles are given. ‘The long and symmetrical tails 
to each distribution seem, therefore, to represent genuine delays elapsing 
between the arrival of the first and second particle of an associated pair, since 
some of the time intervals are much longer than can be accounted for by the 
resolving times of the counters themselves. 


§4. CONCLUSIONS 

The rate and time interval data shown in the table and fig. 1 respectively 
are diluted by unwanted types of events, principally knock-on electrons and 
showers. Under lead, and to a lesser extent in air, the knock-on electron and 
penetrating shower contributions to the rate will be most effective at the smaller 
separations ; in air there will be an additional spurious contribution from extensive 
air showers. ‘The total frequency of these spurious contributions has been 
estimated, but in no case has it been found to amount to more than 20% of the 
rate, even for the smallest counter separation used. The true rates in air are still 
seen to be significantly greater than the statistical uncertainties, whilst under lead, 
where there can be no contribution from extensive air showers, a very appreciable 
coincidence rate persists. This result in particular is difficult to understand on 
the basis of the present knowledge of cosmic-ray phenomena. 
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From the data of the table, and making allowance for the extensive air shower 
correction, it is evident that the effect of 18 cm Pb is to reduce the rate by a 
factor of only about one half at the two smaller separations, and by a factor of 
about one eighth at the 21 cm separation: this latter figure is statistically uncertain 
and therefore is best disregarded. Assuming that the same type of event is being 
measured under the lead as in air, it is evident that the particles involved must 
be as penetrating as j.-mesons. (At sea level the flux of single »-mesons is reduced 
in intensity by a factor of approximately two thirds by 18cm Pb.) Hence, 
although nothing can be deduced as to their nature, the associated pairs of 
particles which are capable of penetrating 18 cm Pb together may be classed as 
*“penetrating’. In order to justify the assumption that the air and under lead 
measurements refer to the same type of event, it is only necessary to notice the 


Measurements in Air Under 18cm Pb 
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Fig. 1. Time-interval histograms for horizontal counter separation s. 


similarity between the corresponding time interval data and their marked 
difference from the data obtainable from the vertical coincidence measurements. 
The similarity of the decoherence effect in air and under lead adds confirmation 
to this view. 

The time interval data of fig. 1, which is of prime importance in the present 
investigations, is summarized in fig. 2. Here the data of fig. 3 (a) of I for single 
particles are reproduced alongside a composite histogram for pairs of particles, 
compiled from the data of fig. 1 (c), (d), (e) and (f), and normalized to the same 
total number of observations N=500. The data of fig. 1 (a) and (4) are disregarded, 
for this purpose, on account of the relatively high contribution due to knock-on 
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electron events. From fig. 2 below it is apparent that the mean time delay between 
the pairs of particles is of the order of 2-0 x 10-* second. Unless some decay 
process is involved this time interval must represent the mean delay of the second 
particle of an associated pair or group on the first. For the results under lead — 
neither knock-on electron nor local penetrating shower events could give rise to 
the longer time delays recorded, no matter what combination of path difference 
from a common point of origin, or what velocity difference for the two particles, 
is considered. We thus have confirmation of the fact that the rate data are 
attributable not to these spurious agencies but to some other associated particle 
phenomena. 

The ‘decoherence’ effect detectable in the rate data reproduced in the table 
is such that, both in air and under lead, there is a decrease in the rate by a factor 
of approximately 10 as a result of increasing the mean horizontal separation of 
the two counters from 8cm to 21cm. At separations in excess of 25 cm the 
associated pair rate in air falls to a value which is comparable with the extensive 
air shower rate; within these limits the coincidence rate increases rapidly. 
Similar effects have been noticed by other workers employing extensive air shower 
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Fig. 2. ‘Time-interval histograms for single and pairs of particles. 


detecting arrangements, the phenomenon being attributed to the so-called 
“narrow showers’. It is rarely the case, however, that the sensitive areas of the 
counters or counter trays employed are as small as those used in the present 
investigations, with the result that it would be difficult to detect any strong 
decoherence effect with them at separations as small as 10cm. In addition 
the present measurements reveal the persistence of the strong decoherence effect 
under 18 cm Pb, a result which throws considerable doubt as to whether some of 
the ‘narrow shower’ effects in air are in fact due to soft groups of particles at all. 

‘To obtain a true measure of the decoherence the rate data should be further 
corrected to allow for the finite sensitive areas of the counters. The separations 
quoted are only mean values, it being possible for pairs of particles with 
separations differing from the mean by as much as —4-0.cm and +6:0cm to be 
counted. ‘The correction is small, however, and does not greatly affect the actual 
value of the decoherence, which need only be represented by an order of 
magnitude, bearing in mind that this is the effective accuracy of the other principal 
measurements carried out on the penetration and delay properties of the pairs 
of particles. 
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§5. POSSIBLE RELATED WORK 


Similar conclusions to the above may be deduced from incidental evidence 
obtained in a number of other recent cosmic-ray investigations. None of the 
methods is based on time interval measurements, however, and there is one 
further point of difference : the counter arrangements used operate in coincidence 
circuits for which the resolving times are always longer than 10-*second. The 
spark counter data, on the other hand, have been obtained with a coincidence 
resolving time which is always shorter than 10-7 second. 

In his experiments on knock-on electrons Clay (1947) observed twofold 
coincidences due to the production of knock-on electrons by p-mesons in 
absorbers. In addition he obtained a background effect which he attributed to 
pairs of associated penetrating particles. These were detected with rates roughly 
eomparable with those quoted in the table. The decoherence of the effect was, 
however, less marked in his measurements, which were made with Geiger 
counters shielded with up to 10 cm thickness of lead. 

Associated penetrating particles in the cosmic-ray flux underground have 
been studied extensively by Braddick, Nash and Wolfendale (1951) both with 
cloud chambers and Geiger counter arrangements. ‘They have also observed 
similar effects at sea level, but it is not known whether the two types of 
phenomenon are identical. At sea level there is, however, a definite rate of 
parallel, penetrating particles which is well above the spurious rate. 

In several recent investigations on penetrating showers McCusker and his 
co-workers (McCusker, Messel, Millar and Porter, to be published) have observed 
pairs of penetrating particles and have attempted to measure their barometer 
coefficients. Groups of penetrating particles with multiplicities up to at least 
twelve were recorded but the twofold events have a distinctive behaviour in that 
their barometer coefficient showed a change with the amount of water above the 
apparatus. ‘They also exhibit a strong decoherence effect. 

It is thought that further evidence may lie in the recent contributions to the 
knowledge of narrow air showers (Maze et al. 1949, Hamelin 1952, Northrop 
1951, Wei and Montgomery 1950). In these events several penetrating particles 
are thought to co-exist, but here, as elsewhere, it is not always possible to correlate 
these events with ordinary extensive air showers. 


§6. DISCUSSION 


The restricted sensitive areas of the counters employed in the present 
investigations, though not without some advantages from the point of view of 
the decoherence measurements, have precluded the possibility of getting high 
rates for the associated pairs of particles. If much higher rates were obtained 
investigations of the possible association of the phenomena with extensive air 
showers or with a third or even more penetrating particles could be made, and 
also the barometric coefficient obtained. In the absence of any evidence on these 
points it is difficult to formulate an adequate explanation of the facts already 
ascertained, which is consistent with the established views concerning the sea-level 
flux of cosmic-ray particles. The most significant of these facts is the relatively 
long mean delays revealed by the time interval data. 

To explore one possible explanation in detail we can suppose that the delays 
may be attributed either to pairs of particles of very dissimilar energy, and therefore 


of velocity, coming to the apparatus from several metres distance, or to two 
6-2 
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particles of roughly equal velocity which have travelled distances of several 
kilometres together. It seems unlikely that a flux of pairs of particles, occurring 
with rates as high as those quoted in the table, would be composed of particles 
-other than those already known to exist at sea level. Further, in view of their 
penetrating property, it is natural to suppose that they are comprised chiefly of 
_p-mesons. In this event the particle momenta must exceed 350 Mev/c and as 
-a consequence their velocities cannot be dissimilar, as both will arrive at sea level 
‘with velocities in excess of 0-96c. Before reaching sea level the particles will 
have lost energy rapidly as a result of ionization, so that their velocity difference 
above the apparatus would not be greater than about one per cent. From this 
"we may conclude that in order to give rise to delays of the order of magnitude of 
2-0 x 10-8 sec the two particles would have to come from a distance in excess of 
1 km above sea level. 

From this conclusion it would seem, therefore, that we might be dealing with 
‘pairs or small groups of penetrating particles of roughly equal energy coming 
from the upper atmosphere, possibly from that region at the top which is 
responsible for the production of extensive air showers. According to Cocconi 
(1950), see also Clay (1951), there is a qualitative similarity between the hard 
component and the extensive air shower type of event at sea level. Hard showers 
at sea level, which are devoid of any accompanying soft particles, may be caused — 
by primary events occurring at such a height in the atmosphere that the electronic 
component is absorbed by the time sea level is reached. However, to make this 
picture conform to the decoherence effect observed in the present measurements 
would require that the root mean square scattering angle, for particles travelling 
-distances of the order of a kilometre, and also the angular separation of the two 
‘particle trajectories at the point of formation, be less than 10-2 degree. Neither 
-of these conditions can be fulfilled. The r.m.s. scattering angle, under these con- 
‘ditions, would still exceed 1 degree for energies up to approximately 5 kMev; so 
-also would the angular separation of two shower secondaries formed by a primary 
nucleon for which the ratio of its incident energy to the rest energy is less than 50. 

We see, therefore, that apart from non-ionizing path linkages it is improbable 
that a shower of penetrating particles, formed at a height of the order of a kilo- 
metre above sea level, would give rise to a strong decoherence effect. The 
alternative explanation, based on pairs of particles coming to the apparatus from 
several metres distance, has already been discounted, for the case where the 
particles have very different velocities. It is possible, however, that this type of 
event may be connected with some decay process, in which case the necessity 
for a large velocity difference does not arise. 
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ABSTRACT. The nuclear magnetic resonance absorption line due to ?’Al in the metal’ 
exhibits a line width transition centred at 330° c. The connection with diffusion processes: 


is discussed. 


See N ROD UC LON 


UCLEAR magnetic resonance lines in solids commonly have a width of | 
several gauss, due to the local magnetic field at a resonating nucleus. 


produced by its neighbours. It is well known that sufficiently rapid 
motion of the nuclei can reduce the effective value of the local field, so that onset 
of such motion can be observed as a reduction in line width. ‘There may also be 
a marked effect on the spin-—lattice relaxation time. In a metal, where the 
possibility of any rotational motion is excluded, the motion is presumably 
connected with a diffusion process. 
Line width transitions in solid metallic sodium and lithium have been 
reported by Gutowsky (1951), and have been interpreted as due to self-diffusion. 


The self-diffusion coefficient of sodium has also been calculated by Norberg 


and Slichter (1951), from measurements of the related quantity, the spin-spin 


relaxation time. ‘Their result was in satisfactory agreement with results of 


radioactive tracer measurements. Norberg (1952) has deduced a value for the 
diffusion coefficient of hydrogen in palladium, from the temperature variation 
of the proton spin-lattice relaxation time. When the coefficient is written in 


the form D=D,e*“* the constants D, and EF are lower than the averages. 


obtained by other methods. ‘The author suggests that the low values may be due 
to diffusion along internal ‘short-circuit’ paths. 


In the present paper a line width transition in metallic aluminium is reported.. 


If this is interpreted in terms of self-diffusion, values of Dy and E are obtained 
which are lower than the expected values (Nowick 1951). 


§2. EXPERIMENTAL METHOD 

The resonance absorption due to ?’Al was observed at 4 Mc/s in a magnetic 
field of about 3600 gauss, at temperatures between 15° c and 440°c. Resonance 
was detected by means of a radio-frequency bridge. ‘The magnetic field at the 
sample was modulated at 200 c/s with an amplitude small compared with the line 
width. The derivative of the absorption curve was traced by a recording 
milliammeter, connected to the output of a phase-sensitive amplifier. 

The bridge circuit is shown in fig. 1. It is similar to that described by Grivet, 


Soutif and Buyle (1949). It is characterized by low input and output: 
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impedances, a property which makes it relatively insensitive to changes in 
capacity resulting from microphonic shaking of the leads. Best results are obtained — 
if the sample coil L and the condensers C are mounted rigidly, and together, so 
that the high impedance regions are subject to the minimum microphonic 
movement. The condensers were connected to the remainder of the circuit by 
short lengths of coaxial cable. ‘Tuning was accomplished by varying the 
frequency and the resistance R. Standard low-inductance dial resistance boxes 
were found to be sufficiently non-reactive at the frequency used, so that the 
two adjustments were nearly independent. A resistive unbalance was always 
used so that the absorption curve was observed, since this condition led to least 
microphonic noise. The signal was fed to the radio-frequency amplifier through 


-a tuned step-up transformer. 


200 250 300 350 409 
Temperature (°c) 


Fig. 2. 


Resonances were observed at constant frequency, by slow variation of the 


“magnet exciting current. Due to hysteresis effects the rate of change of magnetic 
field with current could not be obtained directly. Instead it was calculated from 


a subsidiary experiment in which the consequent shift in resonant frequency of 
protons was measured. 
The specimen consisted of foil, stated by the makers to be 99-99%, pure, 


-cold rolled to a thickness of about 10, which is comparable with the skin depth 


at 4Mc/s. Layers of foil were separated by mica slips. After annealing at 


‘640° c for an hour, the grain size was of the order of 0-05 mm. 


The specimen with its coil was mounted rigidly inside a brass tube, which 
acted as a radio-frequency shield, and also carried an electric heater. The whole 
assembly fitted between the magnet poles. ‘l'o avoid oxidation of the metal an 
atmosphere of hydrogen was maintained in the furnace. ‘Two copper—constantan 
thermojunctions were embedded in the specimen, one near its centre and one 
near its surface, and connected so as to measure both the temperature and any 
gradient within the specimen. In this way the temperature inhomogeneity was 
found not to exceed 1°c. 


Sai eB AS) Uhl bpd bins: 
The second moment (Van Vleck 1948) of the resonance line, measured at 


room temperature, was 11-2 gauss?. ‘The value calculated for magnetic dipole 
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broadening in the rigid lattice is 7-5 gauss’. ‘There should be no contribution 
due to the nuclear quadrupole moment. This discrepancy has been observed 
by Gutowsky (1951) for a number of metals including aluminium and sodium. 
_ ‘The quantity which was measured as a function of temperature was 
the separation between maxima of the absorption derivative curve. The 
corresponding interval on a frequency scale, dy, will be referred to as the line 
width. Between room temperature and about 200°c the line width was 
constant at 9-8kc/s. Above this temperature the width decreased as shown 
in fig. 2. The points represent the experimental results after a correction has 
been applied for the inhomogeneity of the field of the magnet. For fractional 
widths greater than about 0-5, the main inaccuracy was in estimating the 
positions of the broad flat maxima. For sharper lines the uncertainty arose 
mainly from the manner of allowing for the residual width due to the magnet. 
The amplitude of the signal increased as the width decreased, showing that 
the mechanism responsible for the narrowing affected the majority of the nuclei. 


§4. DISCUSSION 

The decrease in line width provides strong evidence for internal motions. 
Bloembergen, Purcell and Pound (1948) derive a general expression for the 
line width when relative motion of the nuclei, of any sort, takes place, in terms 
of the Fourier components of the local field spectrum. ‘The components are 
effective up to a frequency of the order of the observed width dv. If one assumes 
that the motion is a random one, and is isotropic on the average, the theory gives 
the relation 


(3v)2= = (5y)? tan-! (42730), 


where dv, is the width characteristic of the static lattice. 7 is a correlation time 
which may be regarded as the average time for the interaction between two 
neighbours to change appreciably. 

The full curve in fig. 2 is a theoretical one calculated from the above equation 
Wviths 7 — 10-19 e21000/8? coc, 

It is natural to attempt to interpret this motion as self-diffusion. 7 would 
then be the average time for an atom to make a jump to a neighbouring lattice 
point, assuming diffusion by the vacancy or place-exchange mechanisms. ‘The 
self-diffusion coefficient would be given by D=46?/7 where 6 is the distance 
between nearest lattice sites, 2°8A. The result obtained is 

D=10-3+1 e-(21000+ 2000)/RT cm2/sec. 


It should be emphasized that the errors indicated here are experimental, and 
do not take into account the approximate nature of the theory. 

Unfortunately the self-diffusion coefficient of aluminium has not so far been 
measured. However there are good grounds (see, for instance, Nowick 1951) 
for believing that it will be found to be of the order of D =0-45 e309? cm?/sec. 
The broken line in fig. 2 has been calculated using an activation energy 
33 kcal/mole, with an approximate value for Dy of 10 cm?/sec, chosen to cause 
line narrowing in this temperature range. ‘This curve lies outside the estimated 
experimental error. 

It is known that diffusion by ‘short-circuit’ paths can lead to low values 
of D, and FE. Since the signal observed in this experiment was evidently due 
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to the majority of the nuclei, and dipole-dipole interactions have an effective 
range of only two or three lattice distances, the density of lattice imperfections 
would have to be correspondingly large to produce any effect on the signal. 
Such an effect is thus likely to be a small one. 

The result could be in error if the motion affected dipole-dipole interactions, 
and other unidentified interactions which apparently contribute to the low 
temperature line width, differently. It should be remarked, however, that the 
above treatment has proved satisfactory in the case of sodium (Norberg and 
Slichter 1951), and it is not clear in what significant respects the two cases differ. 

It is concluded that, although the numerical result should be treated with - 
some reserve, the line narrowing must almost certainly be attributed to 
self-diffusion. 
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ABSTRACT. The formulae developed in previous papers by the author are applied to 
body-centred and face-centred cubic lattices, with various ratios of next-nearest to nearest- 
neighbour antiferromagnetic interactions between the spins. Luttinger’s results for the 
ground states of the corresponding Ising models are obtained by a simplification of his 
method. The face-centred cubic lattice with only nearest-neighbour interactions is shown 
not to be antiferromagnetic. In other cases the Curie temperatures are calculated and are 
found to be proportional to S(2S+1), where-S is the spin of the magnetic ion. The 
experimental values of 6/7, can be explained only if superexchange between next-nearest 
neighbours is greater than the nearest-neighbour interaction in compounds like MnO, 
but is negligible, or favours parallel spins, in MnF, and FeF,. 


Si INTRODUCTION 


N previous papers by the author (Ziman 1952a,b—to be referred to as 

I and If) a general treatment of the antiferromagnetic state has been given, 

using the spin wave method. It was shown that the antiparallel ordered 
state is a good approximation to the ground state of the system, and that formulae 
could be obtained for magnetic susceptibility at temperatures below the Curie 
point. ‘his treatment was applied to the case of the simple cubic (S.C.) lattice 
with nearest-neighbour (N.N.) interactions, which, although it does not exist in 
nature, is a useful standard model for a qualitative comparison with experiment 
and with other theories. But the analysis was not restricted to this simple case, 
and is capable of dealing, without modification, with models of much greater 
complexity. 

Real antiferromagnetic substances differ from the standard model in two 
main respects: the lattice structure is usually more complex, and the interactions 
are not always restricted to nearest neighbours. It has been shown by Anderson 
(1950 a, b) that in a large class of antiferromagnetic compounds, having either 
body-centred (B.C.) or face-centred (F.C.) lattices, the next-nearest-neighbour 
(N.N.N.) interaction may be very strong, owing to superexchange. ‘This has 
been confirmed by neutron diffraction experiments (Shull, Strauser and Wollan 
1951). In the present paper the spin wave method has been applied to systems 
of this type and estimates obtained of the Curie temperature. For the sake of 
brevity the notation of the earlier papers, I and IJ, is used without redefinition. 


So ee Be Bod C PARR RTANY: 


To use the spin wave method we must know the ‘basic array’, that is, the 
ordered antiparallel arrangement, of minimum energy, of an array of Ising 
dipoles with the prescribed lattice structure and the given interactions. ‘This 
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problem has been solved, in all the cases we consider here, by Anderson (1950 b) 
and, more rigorously, by Luttinger (1951). But the basic array has usually been 
described in terms of sets of ordered, simple cubic, sublattices, which are 
interleaved to construct the whole complex lattice, whereas we require the 
whole lattice to be generated by integral displacements along the three basic 
vectors, Uj, Us, Us, the ordering being prescribed by the vector w as in I, §2. 

The appropriate vectors u,, uy, u, are easily constructed for the B.C. and 
F.C. cases, and the value of w may be discovered by inspection of the known 
solutions. It is easy, for example, to show that the arrangements found by 
Luttinger and Tisza (1946) for dipole-dipole interactions can all be generated 
using simple values of w, which provides, perhaps, the most compact prescription 
for such arrangements. 

But it is also possible to solve these problems directly, by a generalization 
of the method of Luttinger. For if, instead of using cubic axes, we use the 
basic vectors u,, U,, Us for position vectors, i.e. 


R,=/,u, + fu, + /3us, 


and the reciprocal set v,=(u, x us)/(u,.U, x Us), etc. as basic vectors in the — 
reciprocal space, * =K,V,+:V)+3V3, and carry out the Fourier transformation 
by expanding in the form 


fO=S.C cap Gu) 
=2,C, exp {Uk l; + Koly + Kgls)}, 


the argument used by Luttinger in the S.C. case can be followed through, without 
further modification, in all cases, and w is just that value of x that minimizes the 
energy. 

The results of this investigation may be summarized as in table 1. Here 
y measures the ratio of N.N.N. to N.N. interactions; i, j, k are vectors (not 
necessarily of unit length) along the cubic axes. 


Table 1. Data for Basic Arrays 


Lattice Basic vectors N.N. at origin N.N.N. Ww 
BCE u;=j+k—i (Ciel) ketes Us - 0) ne —7(V,; +V,+V3) 
cubic ete. (1, 0, 0) ete. ae: + 4a7(¥,+V5+V3)* 
Zi ‘eels 3V_ F3¥3)* 
1s. u=jak (1, 0, 0) ete. (1,1, —1) <2 etc. 
cubic etc: (i IO) ete: etc. | a tn ils L-v,) 
J 2 FTV eCtC, 


§3. COMPLEX ARRAYS 


In certain cases (marked *), exp(iw.R,) is not always real. It is then 
necessary to use the formula o,=4(1 +1) exp (cw. R,) + 3(1—7)exp(—iw.R,) for 
the sign of the spin on the /th site. It is quite possible to carry through the 
analysis in these cases by substituting o, for exp (¢w.R,) in I (14) and (15), 
and writing o,,,=0,0,, for I (16). The Fourier transformations can be performed 


without difficulty, but the results are rather more complicated than in the 
simpler case. 


Antiferromagnetism by the Spin Wave Method: III on 


In the absence of a magnetic field it turns out that we obtain almost the 

same formulae as previously, e.g. u,=(A,2— | B,|?)"2, where 

A,=gPH, + =2SJ,,|cos(w.R,)—43{1 +cos(w.R,)}cos(K,-R,)], 

B,= —XSJ,{1—cos(w.R,)}exp(—7K,.R,). 
The energy of the ground state and the correction factor ¢) may be calculated, 
just as in I § 5, IT §§4, 5; but when a magnetic field is Peet the eigenvalues 
#t, are the roots of an equation of the fourth degree in 2, and it is very difficult 
to discuss the susceptibility. Fortunately, the cases considered in this paragraph 
are just those which are believed not to occur naturally, and are therefore not of 
great practical interest. 

One important theoretical point should be mentioned. Li (1951) has shown 
that the F.C. cubic system should not be antiferromagnetic if there are only 
N.N. interactions. ‘This we can verify. Suppose we calculate d as a function 
of temperature, using II (30). Then we must approximate to the sum by means 
of an integral, 1.e. 


$=1—(32S7n3)- mil {oth (4)= ra i} aK,, 


Near K,=0, »,>0, and the hee converges only if {fs 


But for the F.C. lattice, using the above formulae, we have 
p27 =2S |J |[4—2 cos K, —2 cos (K2— K,)—2r{1 — 2 cos(K, + K,—K,)}] 
x [4+ 2= cos K, + 2X cos (K, — Ky) —2r{1 —X cos(K, + K,—K3)}] 


where |J/| is the magnitude of the N.N. interaction and the sums are over 
cyclic permutations of 1, 2, 3. When r=0, w, vanishes along the line K,=0, 
_K,=Kz, and it is easy to show that the integral diverges logarithmically. ‘That 
is to say, ¢ cannot be calculated. But ¢ measures the average value of (1 —7,/2S), 
which must be near unity if the system is in an ordered antiferromagnetic phase. 
Thus this special type of system should not be antiferromagnetic. It will be 
-seen that if r40, i.e. there is any appreciable N.N.N. interaction, «4, vanishes 
only at isolated points and the integral converges. But it should be noted that 
there must be a similar instability at points where the ordering changes from 
one type to the other, that is, when r= 3 in the B.C. case, or 3 in the F.C. case. 


§4. CURIE TEMPERATURE 


Once we have obtained the basic array, the calculations for the remaining 
cases are straightforward (although the numerical integrations are tedious) and 
require no special discussion. The detailed susceptibility curves are so similar 
in shape to those already published (II, fig. 2) that we need not give them in 
- detail. 

In II §7 the question of defining the Curie point is discussed. ‘The suggested 
extrapolation from a high-temperature solution obtained by the Bethe—Weiss 
method is not applicable when there are N.N.N. interactions, and we use the 
-simple condition that the parallel and perpendicular susceptibilities should 
become equal at the Curie temperature. 

In each case, then, we have x,.= x, = Ng?f?S/2V Ao, where 4,=16S|J| for 
BB C.7 4) andeAy 125 |J|(1-+7) for F.C., r>$. 
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| 

The critical temperature depends on the value of S. It turns out, to a_ 
reasonable degree of accuracy, that RT,/S|J| «(2S +1). This is not, apparently, | 
a direct consequence of the equations, in the sense that it is explicitly evident by 
inspection, but comes out of the detailed numerical computation. It is, perhaps, 
not unexpected that the factor should be just the multiplicity of the state, yet no 
algebraic argument for it has been found. 

In fig. 1 the critical temperature is plotted as a function of the ratio 7. 
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A more useful way of expressing these results is to calculate 6/7, where @ is . 
the constant in the Curie-Weiss law y=C/(T'+6), since this can be measured | 
directly. Unfortunately we have no very exact theory from which to obtain @. 
If, however, we use the simplest internal-field theory, it is easy to show that 


k6 
2S|J] 


k 
mia =(S+1)(4+2r) (F.C), 


= 3(S+1)(44+3r) (B.C); 


and using these formulae we obtain fig. 2. Here the curves are not independent 
of S, and 0/7, must be multiplied by 2(S +1)/3(S+4) when S¥}. 

For comparison, in table 2 are quoted experimental data as compiled by ~ 
Anderson (1950 b) and Smart (1952). 


Table 2. Experimental Values of 6/7, 


Compound Lattice 6/T, 
MnF, B.C. tetragonal i'S7 
FeF, * 1:48 
MnO F.C. cubic 5.0 
MnS - ord 
MnSe om ~3 
FeO - 2:9 
NiO re 3-8 


CoO ;. 0-96 


: 
: 
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§5. DISCUSSION 

‘he calculations were made for values of + covering the range of values 
proposed by Anderson to account for the experimental data. It will be seen that 
none of these results can be fitted, by the present theory, between these limits. 
‘The experimental values are all too small, even allowing for the spin factor (whose 
minimum value, when S=5/2, is 7/9). To fit these data we should evidently 
require that the N.N.N. interaction should be negative in the B.C. case, and 
very much larger than the N.N. interaction in the F.C. case. 

The labour of calculating a single point on the curves of fig. 1 is rather heavy, 
but it is easy to extrapolate approximately by simple arguments. ‘Thus we may 
obtain the asymptotic form of the function plotted in fig. 2(6) by remembering 
that for very large r we should have, in effect, four sets of independent S.C. 
sublattices. For these RT,/2S|J|~1-307(S +4), and using the formula for @ it 
is easy to show that as r— oo, 0/T,>2-3, which lies below all the measured values 
for F.C. compounds (except CoO). The curve in fig. 2(6) must then certainly 
pass through these values for some large value of 7, so that the observations can 
be fitted by a structure in which the N.N. interaction is small compared with 
the N.N.N. superexchange. If we take, for example, 0/T,=3 we get r~5:7. 

For the B.C. case, on the other hand, we can see that @ vanishes when r = — 4/3, 
whereas 7, increases slowly as r decreases, and we can extrapolate 0/7, backwards 
nearly linearly to zero; 6/T,=1-5 then corresponds to r~—0-5. 

Although such an interpretation is not impossible, our estimates are not 


‘sufficiently accurate to make precise predictions. ‘The value of 6 comes from 
-a simple approximate theory, which is not reliable anywhere near the critical 


region (where @ is actually measured). It is true that Li (1951) has obtained 
better approximations to @ for the S.C. and B.C. cases without N.N.N. inter- 


-action, but it turns out that these are larger (by factors of 1-13 and 1-19, 


respectively) than the values we have used, and merely worsen the agreement. 
Our estimates for 7, are even more suspect, since they involve a mathematically 
unjustified extrapolation from a low-temperature theory. Referring back to 
fig. 2 of II, if we assume that our theory is accurate at low temperatures we see 
that a better fit with the experimental results would be obtained if our curve did 
not bend upwards so rapidly at higher temperatures, thus increasing the estimated 
value of 7... Again, the definition of 7, is somewhat arbitrary, and if we chose 
to define it as the maximum temperature at which the equation for 4, II (30), has 


.a solution we should again obtain a larger value. 


Nevertheless it does seem reasonable to suppose that the true critical 
temperature does not differ from our estimate by more than a factor of 2. That 
is to say, the curves in fig. 2 are reliable in shape, if not in scale. ‘The value r=0-5 
suggested by Anderson for MnO becomes quite impossible; it must be at least 


0-8, if not larger. For the other F.C. compounds r must be somewhat greater 


still, so that superexchange does indeed play a dominant role in these substances. 
The case of CoO, however, is quite anomalous. Smart (1952) has suggested 
that it might be explained by taking a small ferromagnetic N.N. interaction, 
whilst retaining the large antiferromagnetic N.N.N. coupling, thus reducing 0 
without seriously affecting T,. Indeed, remembering that such a system is 


effectively a set of antiferromagnetic S.C. sublattices whose interaction is small, 


we can set RT,/2S|J|~—1-37(S +4), whilst RO/2S |J |= —(S+1)(4+2r), which 
leads to r~— 3-5, perhaps not so surprising as the value —75 proposed by Smart. 


94 F. M. Ziman 


The question of the fluorides is more complicated, since, in the tetragonal 
lattice, all the N.N.N. sites are not at the same distance from the origin, and we 
should, strictly speaking, introduce another interaction for them, thus adding 
another parameter to the theory. There is no difficulty in doing this, but without 
some independent experimental datum it would be impossible to fix the ratios 
of the N.N.N. interactions uniquely. Some further arbitrary assumption would 
need to be made, and the simplest procedure isto assume that the N.N.N. 
interaction is about the same in every direction, making the system equivalent, 
mathematically, to a B.C. cubic array. In any case these substances are stabtlized 
by the N.N. interaction, and two different N.N.N. interactions are probably 
roughly additive in their effects on 6/T,, so that the assumption of cubic symmetry 
will give an estimate of their arithmetic mean. However, it does seem that the 
N.N.N. interaction is either negligible or negative. ‘The former is perhaps to 
be expected, since the fluorine ions F~ will not part with electrons nearly so 
readily as O?-, and they do not lie on the lines between N.N.N. magnetic ions, 
the conditions which Anderson (1950 a) has shown to be essential for super- 
exchange. 
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ABSTRACT. The experimental arrangement and method of investigation by the photo- 
graphic plate technique of (d, n) reaction at a deuteron bombarding energy of 8 Mev are 
described. The positions are reported of some of the energy levels of the residual nuclei 
WN, “F and “Cl. It has also been possible to determine spins and parities of the corre- 
sponding levels from measurements of the angular distributions of some of the neutron 
groups. A comparison of the mirror nuclei -C¥N, !O""F and 3°S*°Cl is made. 


§1. INTRODUCTION 


EVERAL authors (Roberts and Abelson 1947, Falk, Creutz and Seitz 1949 
and Ammiraju 1949) have measured the angular distributions of the 
neutrons emitted by various thick targets when bombarded by 10 to 

20 Mev deuterons. ‘They reported in all cases a pronounced maximum in the 
forward direction which they were unable to explain on the assumption that the 
reactions were proceeding via a compound nucleus stage (Weisskopf 1937, 
Wolfenstein 1950). Since Serber’s stripping theory (1947) had successfully 
accounted for the narrow cone of neutrons observed in the forward direction 
at about 200 Mev deuteron energy, it appeared likely that stripping might also 
be occurring at these energies. Attempts were made to fit the observed 
distributions with theoretical curves based on the Serber stripping theory. 
In some cases good agreement was obtained but the rate of increase of the 
half-width of the neutron peak with atomic number was definitely not in 
agreement with this theory. More recent thick target neutron angular 
distribution measurements (Hughes 1951, Falk 1951) showed that the maximum 
did not always occur in the forward direction but frequently at some small angle. 
The Serber stripping theory, however, always predicts a maximum in the 
forward direction. 

Recently several authors (Holt and Young 1950, Burrows, Gibson and 
Rotblat 1950, Rotblat 1951 a, b) have investigated the angular distributions of 
the proton groups from various light elements bombarded by 4 to 8 Mev deuterons. 
These measurements were not extended to angles much less than about 20° due 
to the high intensity of the elastically scattered deuterons at small angles. 
However, in all cases there was evidence of a large peak either in the forward 
direction or at some small angle. In an attempt to explain these observations 
Butler (1951) has proposed a stripping theory for relatively low deuteron energies 
(~10mev). The shapes of the angular distribution curves at small angles 
predicted by this theory are very sensitive to the angular momentum transferred 
by the absorbed neutron (or proton) to the initial nucleus. In each of the 
above-mentioned cases good agreement has been obtained with just one of the 
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possible theoretical curves. However, since the most characteristic portions 
of the theoretical curves occur at angles less than 30°, it is important that the 
experimental observations should be extended to the forward direction. As 
previously mentioned it is rather difficult to measure the protons in the forward — 
direction due to the intensity of the elastically scattered deuterons but in the case 
of the neutrons this difficulty is avoided. It was therefore desirable to measure 
the angular distributions of separate neutron groups. 

The use of thin targets to resolve the neutron groups has been mostly 
confined to relatively low deuteron energies. Except in the cases of the 
mono-energetic neutrons from the D+D reaction and the recent investigation 
of the neutrons from oxygen bombarded by 3-1 Mev deuterons (Ajzenberg 1951), 
no angular distributions of separate neutron groups have been reported. We 
employed the 8 Mev deuteron beam of the Liverpool University 37 in. cyclotron 
to investigate the energy spectra and the angular distributions of some neutron 
groups emitted from the bombardment of various light nuclei. In this 
communication the experimental arrangement used for the investigation and 
the results of the measurements of the neutron groups from the reactions 
12C(d, n)N, O(d, n)!’F and 32S(d, n)38Cl are described. Preliminary results 
-of the former two reactions have been published recently (El-Bedewi, Middleton _ 
cand Tai 1951). 

Attempts have been made to fit the observed angular distribution with the 
theoretical curves calculated on the Butler theory and also on a stripping theory 
‘based on the Born approximation (Bhatia, Huang, Huby and Newns 1952). 
‘The latter theory, though differing widely in the theoretical derivation, generally 
‘gives a very similar result to that of the Butler theory. 

Since the shapes of the angular distribution curves are characterized by the 
angular momentum transferred by the absorbed proton, it has been possible to 
make certain predictions concerning the spins and parities of the levels of the 
residual nuclei knowing the spins and parities of the initial nuclei. In this 
investigation the spins of the initial nuclei were all zero and thus the number of 
possible predicted values was reduced. 


§2. APPARATUS 

The principle difficulties encountered in the investigation of (d, n) reactions 
are the low efficiency of neutron detectors in general and the high neutron 
background encountered close to a cyclotron tank. ‘To overcome these 
difficulties it is necessary to increase the neutron yield either by using thicker 
targets or by increasing the intensity of the incident deuteron beam. The 
former method is not very satisfactory since it entails a reduction in the neutron 
energy resolution. ‘The latter method was successfully applied by magnetically 
focusing the deuteron beam emerging from the cyclotron. This also possesses 
the advantage that it permits very effective shielding to be made since the 
position of the focus is usually about 12 to 20 feet from the tank, leaving plenty 
of space in which to build a thick shielding wall. 

In this investigation photographic plates have been used as neutron detectors. 
‘his method possesses the advantage that the neutrons can be detected 
simultaneously at all angles, thus eliminating the errors associated with a 
monitor which must be used in conjunction with a counter system to correlate 
the observations at various angles. It also has the advantage that it is relatively 
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insensitive to y-rays and can therefore be used close to a cyclotron tank without 
taking any special precautions. ‘The neutron energy resolution is at least as 
good as that of any known neutron detector in current use and is limited only 
by the percentage straggling of the recoil protons in the emulsion which is very 
nearly the same as in air at energies greater than about 1 Mev. These advantages 
coupled with the economy made in cyclotron running time and the simplicity 
of the method render it suitable for the investigation of neutron angular 
distributions. _, 

A schematic drawing of the experimental arrangement is shown in fig. 1. 
The focusing magnet was placed about 6 feet from the exit port of the cyclotron 
tank and was designed to produce a focus a further 6 feet away. The horizontal 
divergence of the cyclotron beam was restricted to about 10° by the slits 
S, and S, prior to entering the focusing chamber. A third slit S, positioned 
mid-way between the magnet and focus served to limit the vertical divergence 
of the beam caused by the fringing field of the focusing magnet. Also shown 
in the figure is the location of the neutron screening wall which was built from 
boxes of whale fat. 


Liquid Air Trap 
: and Pumping System 
Focusing Whale Fat 
Magnet Screening 


Scale in Feet 
| ST ee (Re! LE 
OF) aan 2 Soe, aes 


Fig. 1. Diagram of general experimental arrangement. 


A sectional drawing of the target chamber is shown in fig. 2. It consisted 
essentially of 4in. long section of 3 in. diameter brass tube of 4 in. wall 
thickness which bolted on to the extension tube system but was insulated from 
it by a polythene intermediate flange. The targets which were backed by thick 
gold discs were mounted behind an aperture in the end of the chamber. It was 
necessary to cool the targets and this was achieved by allowing water to flow from 
an insulated reservoir through a thin cell behind the target. A gold slit S, 
containing a circular aperture was cut vertically into two segments and mounted 
as indicated in the figure about 2 in. in front of the target. 

Each segment was electrically insulated and connected to a sensitive 
microammeter such that a slight lateral drift of the focus was indicated by a 
current reading in one of the meters. ‘Thus by making small adjustments to the 
focusing magnet current to keep the meter reading at a minimum the focus was 
maintained centrally on the target. 

The relative intensities of exposures were measured by a current integrator 
(Collinge and Tai 1951) connected to the target chamber, A large leakage 
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resistor connected between the chamber and the input of the integrator provided 
a +500 volt bias to suppress secondary electrons. 

Twenty pieces of Ilford C, 400 1 or 600 emulsions of size 2 in. x 2 in. were 
mounted radially about the target with the planes of their emulsions vertical 
and contained in an arc-shaped plateholder. Grooves milled in the top and 
bottom of the plateholder accommodated ‘the plates at angles ranging from 
—5° to +125° with respect to the direction of the incident deuteron beam 


Gold, Defining 


Water Cooling 


Deuteron 
> 
Beam 


Fig. 2. Detail of target assembly and photographic plateholder. 


(fig. 2). Since rapid fluctuations in the neutron angular distributions were 
expected at small angles the plates were spaced at 5° intervals up to angles of 55° 
and the remainder at 10° intervals. ‘The distance of the inner edge of the plate 
from the target varied between 15cm at small angles to 10cm in the backward 
direction. 


§3. PROCEDURE 


(i) Alignment. ‘The alignment of the extension tubes, the target chamber 
and plateholder was carried out step by step, allowing the beam to pass out into 
the air through an aluminium window at the end of each section and observing 
its position on a fluorescent screen. ‘These observations, together with 
geometrical considerations, allowed us to locate the direction of the beam 
within 0-5°, 

(ii) Energy of Deuteron Beam. ‘Vhe energy of the deuteron beam was 
measured at 1 cm intervals across its width of 10cm at a position just before 
entering the focusing chamber. A fast shutter was used to give a photographic 
plate inclined at a small glancing angle a brief exposure. ‘The energy was then 
determined from the measurements of the ranges of the deuteron tracks in the 
emulsion. ‘The extreme variation of the energy across the entire width of 
the beam was observed to be about 0:1 Mev and the mean energy determined to 
be 8:13+0-05mev. ‘This method gives only an instantaneous measure of the 
beam energy and since small fluctuations in the energy are to be expected, this 
value can only be used as approximate. Whenever possible the known Q-value 
of the reaction being investigated was used to calculate the beam energy. 
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(111) Geometry of Focus. The effective size of the focus was determined by 
bombarding a halide target and by directly measuring the extent of the discoloured 
portion. It was found to be 1cm wide and 1:-4cm high. From geometrical 
considerations the horizontal convergence of the beam at the focus was calculated 
to be +1-2° and the vertical divergence +0-3°. 

(iv) Targets. ‘The targets consisted of thin layers (0-5 to 4mg/cm?) of 
various light elements deposited on thick gold backing discs. The oxygen target 
was prepared by smearing a suspension of analytically pure lead dioxide in 
distilled water on to the gold backing. By trial and error two fairly uniform 
targets were prepared and the thickness calculated to correspond to an energy 
loss of 40 and 140 kev respectively for 8 Mev deuterons. The former thin target 
was used to investigate the neutron energy spectrum and the latter to measure 
the angular distributions of the neutrons corresponding to the formation of '7F 
in the ground and first excited states. 

The carbon target was prepared by collecting soot on a gold backing disc 
from the burning of camphor. The thickness of the layer was estimated to 
correspond to an energy loss of 30kev. ‘The sulphur target was prepared in a 
similar manner by subliming the sulphur on to a gold backing. Its thickness 
was estimated to correspond to an energy loss of 100 kev. 

(v) Exposure Technique. Before each exposure, a trial exposure of four 
plates of 100 1 emulsion thickness placed at angles 0°, 30°, 60° and 90° was made. 
From preliminary measurements of the track density in these plates an estimate 
of the required exposure for 400 or 600, emulsions was made. ‘The main 
exposure was then carried out in two parts. All the plates were given about 
one-third to one-half the total exposure and then the plates in the forward 
direction ranging up to and including 35° were removed. A new plate was then 
placed at angle 35° and the additional exposure given to the remaining plates. 
The purpose of this operation was to ensure a convenient track density in the 
plates exposed at all angles. 

(vi) Shrinkage Determination. Four plates from each batch exposed were 
further exposed to a collimated source of ThC’ alpha-particles for the purpose 
of shrinkage calibration. ‘This method of determining the shrinkage factor 
depends upon a comparison of the angles of entry (30° and 45°) of the alpha- ° 
particles with the observed angles of inclination of the tracks after processing. 
The shrinkage factor was determined to be 2:3 40-1. 

(vii) Processing. 'The plates were processed by a temperature development 
method (Dilworth et al. 1948) similar to that developed in the H. H. Wills 
Physics Laboratory (Dainton et al. 1951). The temperature and duration of 
development were adjusted to ensure the minimum number of background 
grains while retaining the clear cut appearance of the beginning of long-range 
tracks. 

(viii) Measurement. All measurements were made with Cooke, ‘Troughton 
and Simms binocular microscopes with x 10 eyepieces and x 45 fluorite objectives. 
Measurements of the recoil protons were confined to a strip of emulsion centred 
about the line joining the centres of the target and plate and were commenced 
8mm from the inner edge of the plate. ‘This strip was usually 5mm wideand 
extended 1 to 3mm along the centre line in a direction away from the target. 
For the angular distribution measurements, tracks were recorded which 
subtended a horizontal angle of less than or equal to 10° with the centre line and 
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had an angle of dip (after shrinkage correction) of less than or equal to 10°. The 
range, horizontal angle and dip were measured and recorded for all recoil proton 
tracks fulfilling the above criterion. The corresponding neutron energy was 


then evaluated from simple geometrical consideration and using the range—-energy 
relation of El-Bedewi (1951). 


§4. INTERPRETATION OF MEASUREMENTS 


Since the n-p scattering differential cross section is known to be very nearly 
isotropic in the centre-of-mass system at neutron energies less than about 10 Mey 
and the condition of acceptance of the recoil tracks is rigidly defined, it is 
apparent that a constant fraction of the total number of recoil protons for small 
neutron energies was recorded. A correction was applied to the number of recoil 
protons at each angle for the variation of the total n—p scattering cross section 
with energy (Adair 1950). The relative intensity of the neutron group at each 
angle was then calculated from (1) the relative number of observed recoil protons 
belonging to the group, (ii) the volume of emulsion scanned, (iii) the distance of 
the emulsion from the target, and (iv) the ratio of exposures for plates exposed 
at angles less than or larger than 35°. 


Since the Q-values of the #C, '®O and **S(d, n) reactions are small it was - 


possible to use 400 emulsions while still keeping the number of escape tracks 
within the acceptance criterion small. For the longest range proton recoil 
groups, the fraction of escape tracks was calculated in a manner similar to that 
used by Richard (1941) to be about 5°%%. Since this correction factor varies little 
over a neutron angle of emission range of 0° to 60° and is in itself small, it has been 
neglected in the present results. 

In the above considerations we have assumed the hydrogen content of the 
emulsions used for one exposure to be the same. ‘This condition is more or less 
realized since the plates used for a particular exposure were all selected from 
one packet and would therefore be subjected to the same humidity conditions. 

No correction has been applied to the results for the attenuation of the 
intensities of the neutron groups in passing through the intermediate materials 
between the target and emulsion. ‘This was considered justifiable since neither 
the distance traversed nor the neutron energy changes appreciably over the 
small angular range measured. 


Sa URES Ui s 

(1) Neutron Background. A ‘blank’ exposure was made, with plates of 
400 emulsion thickness, to the neutrons emitted by a thick gold target (typical 
target backing disc). Figure 3 shows the measured energy spectrum of the 
neutrons from the plate exposed at an angle of emission of 15°. Also shown in 
this figure is the energy spectrum of the neutrons from the bombardment of a 
30 kev thick carbon target at the same angle normalized to the same intensity of 
exposure and volume of emulsion. It is to be noted that in the figure the neutron 
spectrum from gold is magnified ten times with respect to that from the carbon 
target. Comparison of the two spectra shows the contribution from the gold 
backing to be very small, particularly at neutron energies greater than 3 Mey. 

At larger angles of emission, the contribution due to gold may be significant 


since the neutron intensity from light elements usually exhibits a more: 


pronounced forward maximum (Allen et al. 1951): Since the neutron groups 
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whose angular distributions have been investigated possess energies greater 
than 3 Mev, it is clear from fig. 3 that even when taking this fact into consideration 
the background is insignificant at all angles of emission. In the analysis of the 
energy spectra the neutron background at low energies was of the order of the 
statistical uncertainty of the observations and was therefore neglected. 

(ii) Investigation of the Reaction 2C(d, n)#8N. A total of about 4000 tracks 
was measured from plates exposed at different angles ranging from —5° to 55° 
with respect to the direction of the incident deuterons. A representative histogram 
at angle 15° is shown in fig. 3. From an analysis of the histograms the existence 
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Fig. 3. Neutron energy spectrum at angle 15° from the reaction #C(d, n)!N, also showing the 
neutron background. 
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Fig. 4. Angular distributions of the neutron groups corresponding to the ground and excited states 
of #*N at 2:38 and 3-53 Mev. 


of three neutron groups corresponding to the transitions to the ground and two 
excited states of 1®=N at 2:38+0-05 Mev and 3:53+0-05 Mev were established. 
These results are in agreement with those of previous investigators (Grosskreutz 
1949, Van Patter 1949). 

The angular distributions of the neutron groups corresponding to the 
formation of !°N in the ground, first and second excited states were determined 
as described in the preceding section and are shown in fig. 4. ‘The experimental 
errors shown in the figure are the statistical standard devtations. 

(iii) Investigations of the Reaction ‘*O(d,n)!"F. Measurements of the 
complete neutron energy spectra were made at angles of emission of 0°, 30°, 
85° and 125° for the plates exposed to the thin lead dioxide target. ‘Two intense 


102 R. Middleton, F. A. El-Bedewi and C. T. Tat 


neutron groups were observed which were well separated from the remainder 
of the spectrum, corresponding to the ground and an excited state at 
0-53 + 0:06 Mev of 7F. The value for the first excited state is in agreement within 
the experimental error with that reported by Ajzenberg (1951) of 0-536 + 0-010 Mev. 
There was also evidence for the existence of several levels at an excitation energy 
greater than about 3 Mev, but, due to the complexity of the neutron spectrum at 
small neutron energies, it was impossible to locate them accurately. 

Measurements were made of the angular distributions of the two neutron 
groups corresponding to the formation of !7F in the ground and first excited 
states over an angular range of —5° to 55° with respect to the incident deuteron 
beam. Since these two groups were well separated from the remaining groups 
measurements were confined to all tracks of range greater than those corresponding 
to the formation of !’F in its second excited state. From intensity considerations 
it was more convenient to use the plates exposed to the thicker (140 kev) oxygen 
target. In fig. 5 are shown the experimental angular distribution curves, 
together with the theoretical curves which will be discussed in § 6. 
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Fig. 5. Angular distributions of the neutron groups corresponding to the formation of 1’F in the 
ground and first excited states. 


(iv) Investigation of the Reaction *%.S(d, n)*=Ci. ‘The neutron energy spectra 
were measured at angles ranging from —5° to 55° with respect to the incident 
deuteron direction and from an analysis of the histograms energy levels were 
established at 0-76+0-07, 2°84+0:06 and 4:22+0-08mev in the residual 
nucleus Cl. A rather weak neutron group was also observed at certain angles 
of emission which corresponded to an energy level in **Cl at about 1:89 Mev. 
There was also evidence for the existence of several levels of excitation energy 
greater than 4-22 Mev but these were too closely spaced to be resolved by the 
present experimental arrangement. In fig. 6 are shown the experimental 
angular distributions of the four neutron groups corresponding to the formation 
of the residual nucleus *°Cl in the ground and excited states at 0-76, 2:84 and 
4-22 Mev respectively. 


§6. COMPARISON OF THE EXPERIMENTAL AND THEORETICAL 
ANGULAR DISTRIBUTIONS 

Attempts have been made to fit the experimental angular distribution 
curves with those based on the nuclear stripping theories of Butler (1951) and 
Bhatia, Huang, Huby and Newns (1952). The shapes of the angular distribution 
curves predicted by these theories are dependent upon the angular momentum 
transferred by the absorbed proton and also to a lesser extent upon the radius of 
interaction. From an analysis of ten experimental curves Bhatia et al. (1952) 
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report the most satisfactory radius of interaction to be the Gamow radius in the 
case of the Butler theory, whereas a somewhat larger radius is required by the 
Born approximation theory, namely the Gamow radius plus about 2 x 10-8 cm. 
In the present communication we have used the Gamow radius in calculating 
all the Butler curves, but in the case of the Born approximation theory we have 
made slight adjustments to the radius of interaction in order to obtain better 
agreement. 


(i) Angular Distribution of Neutron Groups from ®C(d, n)°N 
In the case of the angular distribution of the neutron group corresponding 
to the transition to the ground state of !¥N the general appearance suggests the 
angular momentum transferred by the absorbed proton /,=2. Agreement 
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Fig. 6. Angular distribution of the neutron groups corresponding to the ground and excited states 
of 38C] at 0:76, 2°84 and 4:22 Mev. 


however could be obtained with either theory only by assuming a radius of 
interaction considerably larger than those indicated above. Some measure 
of agreement was obtained as shown in fig. 4 by assuming /,=1 using the 
Gamow radius and the Gamow radius plus 1-0 x 10-'%cm in the cases of the 
Butler and Born approximation theories respectively. This would then 
determine the ground state of 3N to be a Py). or Pyjp State. Since the ground 
state of the mirror nucleus !°C is known to be a Pj state (Rotblat 1951 a, 
Jenkins 1948) and also the shell model (Mayer 1950) predicts the ground state 
of 3N to be a Py state the assumption of /, = 1 is justified. 
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For the angular distributions corresponding to the first and second excited 
states good agreement was achieved by assuming /,=0 and 2 respectively and 
a radius of interaction of 6:3 x 10-!%cm using the Born approximation theory. 
The Butler theory, however, though giving good agreement with the angular 
distribution corresponding to the second excited state was in serious 
disagreement with that corresponding to the first excited state. As can be seen 
from the figure, the Butler curve corresponding to an angular momentum 
transfer of one unit resembles more closely the experimental angular distribution 
than the one corresponding to /,=0. 

Since the first excited states of both 1N and its mirror nucleus *C have 
been reported to be S4j. states (Jackson and Galonsky 1951, Rotblat 1951 a) 
it is evident for this particular Q-value and deuteron energy that the Butler 
theory is incorrect. 


(ii) Angular Distribution of Neutron Groups from ®O(d, n)\"F 

In fig. 5 are shown the experimental angular distribution curves corresponding 
to the ground and first excited states of !’F, together with the theoretical curves 
calculated using the Butler and Born approximation stripping theories. Good 
agreement was obtained in both cases with either theory by assuming /, =2 and 0 
respectively. These results are consistent with the ground state of !’F being 
a Ds. or a Dg state and the first excited state an Sy state. The same 
conclusions were inferred from the angular distributions of the two neutron 
groups as obtained by Ajzenberg (1951) using 3-1Mev bombarding energy. 
These results are confirmed to some extent by the prediction made by the Mayer 
shell model that the ground state of 1’F is probably a D5). state and also the 
observation that the first excited state of the mirror nucleus 1“O is an Sy) state 


(Burrows, Gibson and Rotblat 1950). 
(iii) Angular Distribution of Neutron Groups from **,S(d, n)Cl 


For the angular distributions corresponding to the ground and first excited 
states of °C] fairly good agreement was obtained with the theoretical curves 
corresponding to 1,=2 and 0 respectively based on both the Butler and Born 
approximation stripping theories. As previously stated, the Gamow radius 
was used in the Butler calculations but the best agreements with the Born 
approximation were obtained when using radii of interaction of 6:5 x 10° cm 
and 7:5 x10°%cm respectively. The assumption that /,=2 in the transition 
to the ground state of *°Cl indicates that it is a D5). or a Dg state. This is 
consistent with the prediction of a Dy). state from the Mayer shell model and also 
the measured spin value of 3/2 for the mirror nucleus **°S (Mack 1950). It may 
also be noted that, from observations of the angular distributions of the protons 
from the reaction *S(d, p)*35, Holt and Marsham (to be published) have 
shown that the ground state of the mirror nucleus *°8 is a D5. or a Dgjp state and 
also the first excited state is an Sj) state. 

In the cases of the remaining angular distributions corresponding to the 
formation of *8Cl in excited states at 2-84 and 4:22 Mev agreement could not be 
achieved by using either of the stripping theories. Both the experimental 
distributions exhibit a fairly sharp minimum in the forward direction which is 
not predicted by either theory assuming /,=1 or 2. As shown in fig. 6 the 
theoretical curves corresponding to /,=1 are in fair agreement with the 
experimental points at angles larger than about 10°, but below this angle the 
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theoretical curves deviate from the experimental points and rise to a maximum. 
A similar discrepancy, but to a lesser extent, also exists in the ground state 
angular distribution of 'C(d,n)!3N_ reaction reported in this present 
communication. ‘This discrepancy may possibly be due to the effect of the 
coulomb field which has been neglected in both theories. This would account 
for the effect being more pronounced for sulphur since it has a larger charge than 
the other elements so far investigated. Also it may be noted that both these 
excited states have high negative Q-values. If it is assumed that one unit of 
angular momentum is transferred in the transition to these two states, then it 
follows that they are both either P,). or Pj. states. But, on account of the poor 
agreement of the theories at small angles, we cannot have much confidence in 
these predictions. 
(iv) Summary 

(1) In several cases, the predicted spins and parities found by the use of 
the Butler or the Born approximation theories agree with those found from 
other sources. 

(2) In one case, *C(d, n)#®N* with a Q-value of —2-62Mev, the Born 
approximation theory gives the known value for the spin correctly, but the 
Butler theory gives an incorrect value. This is possibly associated with the fact 
that the Butler theory has a singular behaviour in the region of negative Os equal 
to the binding energy of the deuteron (2-3Mev). Figure 7 illustrates the 
behaviour of the Butler curves for /,=0 and various Q-values in the case of 


2C(d, n) BN. 
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Fig. 7. The theoretical angular distribution curves calculated from the Butler theory for the 
reaction ##C(d, n)!®N assuming /p=0 and Q-values of —1:80, —2-20, —2-62 and —4-00 mev. 


(3) Several of the curves found experimentally, namely 'C(d, n)¥N 
[O04 Meyer dn) Cl (Ose 2:50 mev) 2a and “| 4S(din)ecir 
(QO = —3-97 Mev), show a minimum in the forward direction where none is 
predicted either by the Butler or the Born approximation theories. ‘There is 
certainly a definite discrepancy, but it would appear that the /, values for the 
reactions can be correctly obtained from the points on the curves at angles 
greater than about 15°. ‘This discrepancy is possibly associated with the 
omission of the coulomb force from either set of calculations, an assumption 
which may be supported by its greater magnitude in the case of sulphur. It 
appears, however, only in cases where /,=1. 

(4) It will be noticed that in several of the cases we have given, the theories 
give a maximum cross section at 0° when /, is not zero. ‘This behaviour is 
associated with high negative Q-values, and makes the interpretation of the 
experimental curves less direct than in the case of positive Q-values. In spite 
of these difficulties, it seems that in general we can use the theories to predict 
spins and parities correctly. 


106 R. Middleton, F. A. El-Bedewi and C. T. Tai 


§7. COMPARISON OF MIRROR NUCLEI 


In fig. 8 is shown a comparison of the energy levels of the mirror nuclei 
13C13N, 17017F and 38S%8Cl. The ground and first excited states of C have 
been reported by Rotblat (1951a) from an investigation of the angular 
distributions of the protons from the reaction ’C(d, p)*C to be Py or Pai 
and S,j. states respectively, which agrees with the results obtained by the 
authors for the mirror nucleus *N. Since the spin of the ground state of ¥C 
is known to have the value } (Jenkins 1948) it follows that it must be a Pj. state. 
The shell model predicts both ground states of #3C and ’N to be Pj. states, and 
therefore it is likely that the ground state of =N is also a Py. state. From an 
analysis of Goldhaber and Williamson’s data for elastic proton scattering from C 
Jackson and Galonsky (1951) have reported the first excited state of *N to be an 
S,). state and the second excited state to be a closely spaced doublet of a P35). state 
at 3-503 Mev and a Dy, state at 3-550mev. In a later communication Rotblat 


(1951 b) reported the existence of two similar levels in the mirror nucleus °C at 
3-683 and 3-884 Mev and from angular distribution measurements concluded the 
former to be a Pyjy or a Psi. state and the latter a Dy. or a Dj, state. 

The positions of the energy levels of !7O have been accurately determined by 
Burrows, Powell and Rotblat (1951) from an investigation of the reactions 
*®O(d, p)7O and F(d, «)!"O, and as shown in the figure exhibit a similarity 
to those of '“F. Also from the angular distribution measurements of the protons 
from the former reaction Burrows, Gibson and Rotblat (1950) report the ground 
and first excited states to be Dy or D5jg and S,). states respectively, and since the 
spin of '7O is known to be 5/2 (Alder and Yu 1951) the ground state must be Dj. 
Again from the similarity between !7O and 1’F and the fact that the shell model 
predicts both ground states to be probably D,), states it is likely that the ground 
state of 7F is also Ds). ‘The positions, spins and parities of the third, fourth and 
fifth excited states of !"F indicated in the figure were determined by Laubenstein » 
and Laubenstein (1951) from an analysis of the yield of elasticaliy scattered 
protons from 160, 
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It is of interest that the first excited states of 33S and 3Cl almost exactly 
coincide and both are probably Sy. states. ‘The energy levels of 33S shown 
in the figure were reported by Davison (1949) and the spins and parities of the 
ground and first excited states were determined by Holt and Marsham (private 
communication) from the measurement of the angular distributions of the 
protons from the **S(d, p)®8S reaction. ‘They obtained angular distributions 
compatible with angular momenta transfers of 2 and 0 respectively in the 
transitions corresponding to the formation of **S in the ground and first excited 
states. Since the spin of *8S is known to be 3/2 (Mack 1950) the ground state 
must be a Ds). state and the first excited state an Sj). state. 
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An Investigation of the Reaction 'N(d, n)*O 
at 8 Mev Deuteron Energy 


By W. H. EVANS, T. S. GREEN anp R. MIDDLETON 


Nuclear Physics Research Laboratory, University of Liverpool 


Communicated by H. W. B. Skinner ; MS. received 21st August 1952 


ABSTRACT. ‘The neutrons emitted from a nitrogen gas target bombarded by 7-7 Mev 
deuterons have been investigated using the photographic plate technique. The existence 
of six excited states of 1}O has been established and certain predictions about the spins and 
parities of these levels have been made by comparing the observed angular distributions of the 
corresponding neutron groups with those based on a nuclear stripping theory. 


§1. INTRODUCTION 

HE energy levels of &O have been investigated above an excitation energy 

| of about 7-5 Mev by Duncan and Perry (1950) using the reaction “N(p, y)°O. 

The lower levels, however, cannot be determined by this method, though 

some measurements have been made in this region using the !4N(d, n)°O reaction 

at low deuteron energies. Stephens, Djanab and Bonner (1937) and more 

recently Hudspeth and Swann (1949) have reported a Q-value for the reaction 

of about 5-1 Mev and also a suspected energy level in 1O at about 4-0 Mev. 

However, Gibson and Livesey (1948), while confirming the Q-value did not 

observe a low energy neutron group corresponding to the 4-0 Mev level. It 

therefore seemed desirable to investigate this reaction further at a larger deuteron 
energy (~ 8 Mey). 

Furthermore, it appeared desirable to investigate the angular distributions 
of some of the neutron groups from this reaction in order to make comparisons 
with the theoretical distributions based on a nuclear stripping theory (Butler 
1951, Bhatia et al. 1952), thus enabling certain predictions to be made concerning 
the spins and parities of the levels of 5O. 


§2. EXPERIMENTAL TECHNIQUE 

The photographic plate technique as described by Middleton, El-Bedewi 
and ‘T'ai (1953, to be referred to as I) was used to measure the energy and the 
angular distributions of the neutron groups. A slight modification of the target 
assembly and method of orientation of the photographic plates as described by 
the above authors was necessary due to the use of a gaseous target. 

A simplified diagram of the gas cell and the arrangement of the plates is shown 
infig. 1. ‘The gas cell consisted of a thin brass cylinder closed at one end and was 
bolted on to the target chamber in place of the solid target (see fig. 2 of 1). A thin 
platinum window of approximately 14 mg/cm? isolated the nitrogen gas from the 
cyclotron vacuum system. It was mounted behind an aperture of diameter 1 cm 
in a thick gold disc and would withstand a maximum pressure difference of 
about 30cmHg. For this particular exposure, analytically pure nitrogen gas 
at a pressure of 22cm Hg was used. ‘The volume of the target was defined by 
the aperture in the gold disc and by the 2-0 cm length of the cell. To minimize 
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the neutron background the brass walls of the cell were lined with gold foil 
sufficiently thick to stop the deuterons. 

The photographic plates were mounted radially about the centre of the window 
of the gas cell with the planes of their emulsions vertical and facing the axis of 
the deuteron beam. With this arrangement, most of the neutrons entered the 
emulsions at a small glancing angle and scattering in the glass backings was 
minimized. 

The mean energy of the incident deuteron beam at the centre of the gas 
cell was determined from the value of 8-13 + 0-05 Mev for the direct beam energy 
determined by Middleton et al. (1953), corrected for the stopping power of the 
platinum window and nitrogen gas (Bethe 1937). This gave a value of 
7-69 + 0-06 Mev. 
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Fig. 1. Gas target assembly and plate-holder. 


As described in I, proton recoils were recorded only when observed to lie 
within the angular acceptance criterion of 10° with respect to the neutron direction 
in the horizontal and vertical planes. For neutrons entering parallel to the plane 
of the emulsion the dip criterion after correction corresponds very nearly to 
8 in 100» measured relative to the horizontal plane. However, for neutrons 
entering at a glancing angle as in this case, the criterion must be changed to 
(8—6) w up and (8 +6) w down, where 6 is calculated from the glancing angle and 
the shrinkage factor, in order to maintain symmetry about the neutron direction. 
Since 5 depends upon the glancing angle of the neutrons, which varies with the 
angle of emission, the dip criterion was slightly different for each plate measured. 


§.3. RESULTS 

The neutron energy spectra have been measured at angles ranging from 0° to 
35° and at intervals of 5°. At each angle about 1000 tracks were recorded in a 
volume of about 2 mm? of emulsion and in fig. 2 is shown a typical histogram at 
angle 15°. Due to the low intensity of the neutron groups corresponding to 
the transitions to the ground, first and second excited states, a considerably larger 
volume of emulsion had to be scanned for these tracks. ‘The histogram shown 
in the figure has not been normalized to the same volume of emulsion or corrected 
for the variation of the n-p cross section with energy. 
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From an analysis of the histograms the existence of seven neutron groups 
was established corresponding to transitions to the ground and excited states of 
150. In the table are listed the Q-values of these groups and also the energies 
of the corresponding levels. ‘he Q-value of the reaction agrees within the 
experimental errors with those reported by Gibson and Livesey (1948), Hudspeth 
and Swann (1949) and Rose, Hudspeth and Heydenburg (1952). There was 
no indication of the 4-0 Mev level reported by Gibson and Livesey, the first 
excited state being observed at 5-29+0-17 Mev. ‘This value is not in very good 


Number of Recoil Protons 


Neutron Energy (Mev) 
Fig. 2. Histogram at 15° for 4N(d, n)!O. 


agreement with that of approximately 4-9 Mev given by Rose ef al., but agrees 
well with the value 5-25 + 0-08 Mev deduced by Johnson, Robinson and Moak 
(1952) from observations of y-rays from the reaction “N(p,y)O. They also 
observe y-rays consistent with levels at 6:21+0-05Mev and 6:85 +0-05 Mev 
which agree well with our observations of levels at 6:19+0:16Mev and 
6:34 + 0-16 Mev. 


Energy level 


Group No. Q-value (Mev) (ev) ly Parity Spin 
No Salem Oslo 0 1 = Sf 2s Sy 2p or aye 
N, —0:14+0-11 HPSS ENG 2 +- Tj2HS/23/2 or Be 
No —1-04+ 0-06 6:19+ 0-16 1 = 5/2, 3/2 or 1/2 
N3 —1:69+ 0-08 6:84+ 0:16 0 + 3/2 or 1/2 
N, — 2-33.42 0-09 748+ 0-16 1 — 3/25 3/2:or 2/2 
N; = 3-2/2 0K09 8:-42+ 0-16 1 — 3/25 of2 OF 1/2 
Ng —3-91+0-07 9-06+ 0:16 1 — 5/2; 3/2 or 1/2 


The angular distributions of these neutron groups have also been measured 
and are shown (fig. 3) plotted in the centre-of-mass system. The unit of intensity 
for the various groups is the same, corrections having been applied for the 
volume of emulsion scanned and the variation of the n—p cross section with 
energy (Adair 1950). 

In each case an attempt has been made to fit the experimental points with 
the theoretical angular distributions calculated from the nuclear stripping 
theories of Butler (1951) and Bhatia, Huang, Huby and Newns (1952). 

For the ground state distribution good agreement was achieved by assuming 
that the angular momentum /, transferred by the absorbed proton was one unit 
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for both theories and by choosing radii of interaction of 4-7 10-!%cm and 
7-0 x 10-cm respectively. These values for the radii are in agreement with 
those suggested by Bhatia et al. (1952) namely the Gamow radius for use with 


the Butler theory and the Gamow radius plus 2 x 10-!%cm for use with their 
own theory. 
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Fig. 3. Angular distributions of the neutron groups from the reaction N(d, n)¥O. 


In this case the Q has a large positive value and as usual for such values the 
agreement is good; for the rest of the states the Q-values are negative and, as 
suggested in I, the theories cannot be applied with the same degree of confidence. 

The angular distribution of the first excited state is unusually flat and, at 
first sight, would not appear to fit into the types of curves given by the theories. 
However, calculation shows that it can be so fitted with J, equal to 2. On the 
other hand the corresponding state of the mirror nucleus !°N has been resolved 


112 W. H. Evans, T. S. Green and R. Middleton 


into a close doublet of 29kev spacing by Malm and Buechner (1950) (fig. 4). 
If a corresponding doublet is assumed to exist in °O then a flat curve could be 
obtained by the superposition of two curves of different /, values. ‘Therefore, 
the fit we obtain for 4,=2 must be considered probably fortuitous. 

For the neutron groups corresponding to transitions to the third, fourth and 
sixth excited states good agreement was obtained between the experimental and 
theoretical angular distributions by assuming /,=0,1 and 1 respectively. 


ISK 


Fig. 4. A comparison of the mirror nuclei *N and *O. 


As Middleton et al. have shown the angular distribution curve for 1,=0 
in the region of Q = — 2-0 Mev given by the Butler theory is very sensitive to the 
exact value of Q and the agreement between the experimental points and the 
Butler curve is possibly not significant. The angular distribution predicted by 
the Born approximation theory in this region of Q-values is not so sensitive to 
the exact value of Q and we feel justified in assigning a value of J,=0 for the 
transition to the third excited state. 

The angular distributions corresponding to transitions to the second and 
fifth excited states, though exhibiting the characteristics to be expected for 1, =1 
in the case of positive Q-values, cannot in fact be fitted to either theory for any 
value of /,. The best fit is for /,=1 but this does not give the observed minimum 
in the forward direction. On the other hand the fourth and sixth excited states 
have been found to agree with the curves for ,=1 without showing any such 
forward minimum. 

Middleton et al. (1953) have reported several cases of angular distributions 
corresponding, above 15°, to the theoretical curve for J, = 1 but with a pronounced 
forward minimum, ‘The levels concerned are formed in the reactions ##C(d, n)##N, 


An Investigation of the Reaction 4N(d, n)°O 113 


Q=—0-24 Mev, *S(d, n)*°Cl, Q = — 2-59 Mev and —3-97mev. They also found 
that the maximum of the curve moved closer to zero the higher the (negative) 
value of Q. On the other hand they did not find any case for /,=1 agreeing 
with theory. 

We therefore have two types of angular distributions both fitting best to the 
case of ,=1. One of these agrees with the theories, but the other does not. 
A study of the possible theoretical curves shows that the distribution with a 
minimum could not be fitted with any superposition of two theoretical curves with 
different values of /, corresponding to a doublet state, so this angular distribution 
appears certainly not to be one predicted by the theories. We also cannot 
definitely state that the observed distributions of the fourth and sixth excited 
states may not be due to the superposition of the type of curve observed in the 
cases of the second and fifth excited states and a curve of some other value of J,,. 
However, this is improbable and it may be that we have to accept two different 
curves, one agreeing with the theories and the other not doing so, for the case of 
J)=1. From a formal point of view, this is not impossible in the case of a nucleus 
such as nitrogen, which has a non-zero total angular momentum. 

In the case of nitrogenj =1 and this vector can add to the /, vector so as to give 
three values, either 1, 2 or 0. The value 1 implies the addition of the vectors 
at an angle whilst in the other cases they are added in parallel directions. On the 
other hand, when the / of the initial nucleus is zero, we have only one case, and it 
is possibly significant that in the work of Middleton et al. who dealt entirely with 
such cases, only one type of curve was found for /,=1. They suggested that 
the disagreement of their type of curve with the theories might be due to the 
neglect of the coulomb interaction, but our present results perhaps indicate a 
more complicated state of affairs. 

In this region of negative Q-values the assignment of a value of J,=1 to an 
angular distribution must be treated with reserve. 


§4. COMPARISON OF THE ENERGY LEVELS OF THE MIRROR NUCLEI 

A comparison of the levels of the mirror nuclei ’O and }°N is shown in fig. 4, 
the most striking feature being the almost equal large separation of the ground 
and first excited states. The positions of the energy levels of '°N in the figure 
are those reported by Malm and Buechner (1950). ‘The spin of the ground 
state of 1°N is that determined by Kriiger (1939) and Wood and Dieke (1940), 
whilst the value of the angular momentum transfer is that observed by Gibson 
~and Thomas in the reaction !4N(d, p)!°N. 

By assuming that the ground state of “N has unit spin and even parity 
(Rotblat 1951, Bromley and Goldman 1952) the spins and parities of the ground 
and excited states of *O were determined from the selection rules (angular 
momentum of final state equal to the vector sum of the angular momentum of 
the initial state, the orbital angular momentum of the absorbed proton and the 
proton spin; parities of the initial and final states the same or different according 
as 1, is even or odd). he values are listed in the table. 

The shell model predicts the ground state of !°O as Py), which is determined 
by a single neutron hole in a complete shell of eight neutrons. For this ground 
state we obtain /,=1, which gives on vector addition the possible nuclear spins 
of 1/2, 3/2 or 5/2 for the *O nucleus. Our result is therefore consistent with 
that given by the shell model. 

PROC. PHYS. SOC. LXVI, I—A : 8 


114 W. H. Evans, T. S. Green and R. Middleton 


There have been no other experimental determinations of the spins and 
parities of the excited states of ®O with which to compare the above values. 
The angular momentum transfer values for the proton groups in the reaction 
14N(d, p)!®N have been determined by Gibson and Thomas (1952). Unfor- 
tunately their observations were not extended much below 20° so that the behaviour 
of the distributions in this region, which critically affects the assignment of values 
of angular momentum transfer, is not known. This seems to us to make their 
predictions of the spins and parities of the levels of *N unreliable, except perhaps 
for the ground state. 
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RESEARCH NOTES 


The Reduction of Distortion in Nuclear-Research Emulsion 


By A. J. HERZ anp M. EDGAR 
Imperial College, London S.W.7 


Commuxzicated by E. P. George; MS. received 30th October 1952 


NE of the most important sources of error in making scattering 

measurements on the tracks of particles in nuclear-research emulsion, 

is emulsion distortion. Much work has, therefore, been done in 
attempts to reduce distortion, and a number of precautions have been suggested 
in particular by Bonetti, Dilworth and Occhialini (1951). These authors, as 
most other workers in the field, used the temperature-cycle method (Dilworth, 
Occhialini and Vermaesen 1950) in which the developer is soaked into the 
emulsion at low temperature (5°c) and the plates are subsequently taken out 
of the solution and warmed to between 20° and 30°c to complete development. 
As the developer does not have access to the emulsion during this so-called 
‘dry’ warm stage, excessive swelling is prevented, and an even distribution of 
developer throughout the emulsion is ensured. However, even after the 


(0) 


(a) Shows how the edges of the emulsion are drawn inwards when a warm stage has been 
used. 


(b) Shows a plate which was developed without a warm stage and the edges are distorted 
only slightly. 


suggested precautions have been applied, an appreciable amount of distortion 
is quite often found, and it is important to make further efforts to prevent it. 
It is the purpose of this note to draw attention to a source of trouble which 
appears to have been overlooked so far, and to describe methods by which the 
resulting distortion may be reduced. 

During experiments on the behaviour of developers when used in the 


temperature-cycle method, it was found that plates which had been processed 
8-2 
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entirely at low temperature (about 5° c) showed much less distortion than those 
which had been given a warm stage. How striking the effect is can be seen 
from the figure which shows photographs of two sample plates, coated with 
1000 w Ilford G5 emulsion. Both samples were cut from the same (larger) 
plate, and they were processed together at approximately 5°c with the 
exception that a dry warm stage (27°c, 30 min) was given to one of them. The 
two samples are quite typical and it is thus certain that, in the temperature-cycle 
method of processing, a considerable part of the distortion found in the finished 
plates is caused by changes occurring during the warm stage. = 

The exact mechanism by which a dry warm stage can cause distortion is 
not known. Clearly, this type of distortion cannot be due to excessive swelling, 
for swelling is not possible during the warm stage when the plate has been 
removed from the solution. The experimental facts which appear relevant at 
the moment. may be summarized in the following way: (i) When the wet 
emulsion is warmed it loses its elasticity, and becomes dough-like and sticky. 
If stresses are present, it appears likely that they are released at this stage. 
(ii) During drying, an emulsion which has undergone a warm stage has a much 
greater tendency to shrink in a direction parallel to the glass base than one 
which has been kept at a low temperature throughout. One is thus led to the 
conclusion that some kind of ‘ annealing’ takes place during a warm stage, 
and that the properties of the emulsion in the final drying process are changed 
as a result. To give a rough picture, one might say that the emulsion, as 
manufactured, tends to shrink and swell mainly in a direction at right angles 
to the glass base. ‘This directional property is removed by annealing, with the 
result that shrinkage parallel to the glass surface occurs during drying. 

A further reduction in distortion is probably obtained by carrying out the 
whole of the processing at low temperature. ‘This considerably reduces the 
swelling during fixing and washing, and the emulsion remains firm and resistant 
to mechanical damage throughout. Changes in temperature which might give 
rise to distortion are also avoided. 

Up to the time of writing, the developers which have been used in our 
experiments on low-temperature development have, unfortunately, not given 
results which are satisfactory in all respects. It is well known that development 
without a warm stage is possible, especially if amidol-bisulphite developers are 
used (Herz 1952). However, in the absence of a warm stage, the ratio between 
the grain density of minimum-ionization tracks and the background density 
has been found to be rather low with the developers tested so far. It is most 
important that this disadvantage should be overcome, and work is in progress 
in an attempt to find more suitable developers. 


REFERENCES 
Bonetti, A., Ditwortn, C. C., and Occutaini, G. P. S., 1951, Bull. Cent. Phys. Nuc. 
Univ. Libre Bruxelles, No. 13b. 
Di_worty, C. C., Occuratini, G. P. S., and Vermagssn, L., 1950, Bull. Cent. Phys. Nuc. 
Univ. Libre Bruxelles, No. 13a. 
Herz, A. J., 1952, ¥. Sci. Instrum., 29, 60. 


Dy 


LETTERS LO. THE EDITOR 


Note on the Fluctuation Problem of Cascades 


In a recent paper (Janossy 1950) a general method for the mathematical treatment of 
cascade showers was given. An erroneous expression occurs in that paper which will 
be corrected here. 

The distribution of particles in a cascade is derived from a generating function 
G(4), E, x, uw), where 5 
G(Bo ic) net), (EC, ence) 

v=0 


and ®,(E, E,x) is the probability that a primary of energy Ey should give rise to a. 
cascade which contains at a depth x exactly v particles with energies exceeding E. The 
diffusion equation for the G can be obtained as follows. Denote by 4(E, x) the probability 
that a primary of energy E should travel a distance x without catastrophic collision. Denote 
further by W(E; E’, E”) dE’ dE” dx the probability that a primary of energy F should 
suffer a collision along dx resulting in loss of energy such that after the collision the primary 
is found in an interval E’, dE’, and the secondary in an interval E”, dE”. 

Apart from catastrophic collisions we admit also the possibility that the particles should 
lose energy more or less continuously (as for example is the case for ionization loss). The 
latter type of loss can be described by dE/dx=—O(E), where O(E)=f=const. is an 
approximation often used. 

The diffusion equation. When a shower containing v (>1) particles with energies. 
greater than E£ arises, then the primary must suffer a first catastrophic collision in some 
interval dé giving rise there to two particles, one with energy E’ and another with energy 
E”; the latter particles can be regarded as primaries of two secondary showers and these 
together must provide the final v particles. We have thus 


“a rH cE 
®,(Ey, E,x)= = { | | $(Ep, £)W[Ey(); E’, E”|®,,(E’, E, x—£) 
1%+%7=v4 04040 
xO, (E, HE, x=€) dE dk” dé, ene ae kn's Loren (1) 


In the above equation F,(€) is the energy to which a primary of energy Ey is reduced along 
a path € by continuous loss alone. 

The above equation is not valid for v<1, since in the latter case we have to add the 
probabilities for processes where no collision occurs at all. In case of no collision, there 
are two possibilities. Firstly, E(x) >E; in this case we are left with one particle with energy 
greater than E at the depth x, namely the primary. Alternatively if E)(~)<F, then the 
primary continuously loses so much energy that no particle with energy greater than EF 
can arrive at the depth x. Including these terms we have to write instead of (1) 


® (Eo, ES x)={A,[E, Eo(x)]+ Ay s[Bo(x), E]}b(Eo, ») 


2 rE cE 
ing x | | | P(E, €) W(E,(€); ie 134 0, (E’, E, x—&) 
wy+w=v/ 040-0 


xD, (E", E, x—£) dE’ dE’ dé, Dee ee ee or et er ete (2) 
1 if vy=0 and 2, >, 
where NE, Le)}= . 
0 otherwise. 


Multiplying (2) by uw? and summing over v from 0 to « we get 


G(Ep, E, x, u)={Ag[E, Eo(x)] + uA, [E,(x), E)}p(Eo, ~) 


% rH, rE 
3 j / b(Eo, €)W[E(€); E’, EGE’, E, x—€, u) 
0-0 40 
SCO OE NOE CIOs a a econ (3) 
The first term on the right-hand side was omitted by mistake in the corresponding formula 
of the original paper (Janossy 1950, eqn. (6), p. 242). 
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That this term is indeed important can be seen by putting x=0 into (3); the second 
vanishes for x=0, but owing to the first term we have, since E,(0)=Ep, ¢(Eo, 0)=1 
1 for B>E, 


EE; x0 sae <0 SS a ee eee 3a 
Pi 2 eee ie 


as it must be. 

In spite of this error no wrong results were derived from the original formula for the 
following reason. Provided O(£)=f=const., we may write E,(x)=E,— fx and in the 
latter case we have 


a E re 
$(Eo, x)= exp 1- a(Ey — Bx) as} with a(£)= | | W(E; E’, E”) dE’ dE’. 
0 0/0 
A simple calculation shows that (3) can be transformed into 


a a io [ee 
( ee “B,) G(Ey, E, x)= | \ W(Ey; E’, E’)G(E’, E, x)G(E’, E, x) dE’ dE’. 
0 0-0 


ox 
2 ek (4) 
The latter equation could also be derived from the imperfect G-equation of the previous 
paper, in which we made use only of the correct equation (4) and not of the incorrect 
equation corresponding to (3). 

The fact that the correct equation (4) could be derived from an imperfect G-equation 
seems surprising at first. However, this is explained easily as follows. Equation (3) 
determines the G-function fully and no initial condition can be added to (3). Because 
of the differentiation with respect to x, eqn. (4) admits solutions which are not solutions 
of (3); the solution of (3) is that solution of (4) which satisfies the initial condition (3 a). 
Now omitting the first term of (3) we still arrive at eqn. (4) from this imperfect equation (3); 
the extra term in (3) affects only the initial condition which has to be imposed on the 
solution of (4) to make it satisfy (3). In the previous paper we introduced with the help of 
physical considerations the correct initial condition for the G and did not notice that the 
correct equation thus obtained did not satisfy the imperfect integro-equation from which 
it was originally derived. 

A more detailed derivation and a considerable generalization of the G-equations will 
be published soon (Janossy 1953). 


Department of Cosmic Rays, L. JANossy. 
Hungarian Academy of Sciences, 
Central Research Institute for Physics, Budapest. 
20th October 1952. 


JAnossy, L., 1950, Proc. Phys. Soc. A, 63, 241; 1953, Acta Phys., Hung., 2, in the press. 


Paramagnetic Resonance in Four Double Nitrate Salts 


Double nitrates of the type 3Mg(NOs3). . 2Bi(NO3)3 . 24H,O form an isomorphous series 
in which either a divalent ion of the 3d transition group or a trivalent ion of the 4f group, or 
both, can be included in place of the magnesium and bismuth respectively. Such para- 
magnetic salts are fairly dilute and of considerable interest for adiabatic demagnetization work 
below 1° and for nuclear alignment. A number of them have therefore been investigated 
by means of paramagnetic resonance at 3 cm wavelength, using about 1°% paramagnetic 
impurity in magnesium bismuth nitrate. This forms trigonal crystals of which the detailed 
structure isnot known. ‘The results given for 90° K are less accurate than those at 20°K where 
proton resonance was used to measure the magnetic field. 

Manganese bismuth nitrate showed two magnetically distinct types of ion in unit cell. 
Since the spectrum of the first type was twice as intense as the spectrum of the second it was 
assumed that there are two ions of type X and one ion of type Y in unit cell. Each spectrum 
had a fine structure of five components each of which was divided into six hyperfine lines. 
The constants in the formulae given by Bleaney and Ingram (1951 a) were evaluated from 
measurements with the magnetic field parallel and perpendicular to the crystal axis. The 
absolute signs of the constants were found from the relative intensities of the lines at 20°xK. 
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Cobalt bismuth nitrate also showed two types of ion in unit cell. Each spectrum of eight 
hyperfine lines was measured with the magnetic field parallel and perpendicular to the 
crystal axis and the constants evaluated using the formulae quoted by Bleaney and Ingram 
(1951b). However, exact numerical calculation of the energy levels was necessary in the 
case of the Y type of ion perpendicular to the axis as perturbation theory is not sufficiently 
accurate. No effect due to B could be detected giving a value of | B| of 1 x 10~-* cm™ or 
less. 
Copper bismuth nitrate shows a radical change in its spectrum between 90°K and 20°K in 
a similar manner to certain other copper salts (Bleaney and Bowers 1952). Measurements 
on the single nearly isotropic spectrum at 90°K were made parallel and perpendicular to the 
axis of the crystal. At 20°K the spectrum was of three ions in unit cell and measurements 
were made parallel and perpendicular to the axis of symmetry of each ion. In the spectrum 
perpendicular to the axis at 20°K the lines corresponding to changes of +2 in the nuclear 
quantum number m were of almost equal intensity to the Am=O lines (Bleaney 1951). An 
electric quadrupole interaction term of magnitude 10 x 10-4 cm! was assumed (Bleaney, 
Bowers and Ingram 1951) in evaluating the constant B from this spectrum, since the lines 
due to the two isotopes 63 and 65 were not resolved. 
Gadolinium magnesium nitrate gave a single spectrum, indicating that there was one type 
of ion in unit cell, with lines of half width 2 gauss, compared with a half width of 5 gauss in 
_ the other three salts. No hyperfine structure could be seen although each of the seven main 
lines was flanked by two unexplained satellites of about one-tenth the intensity. Measure- 

-ments at 90°K and 20°K were fitted with the constants given in the formulae quoted for 
gadolinium ethy! sulphate (Bleaney, Elliott, Scovil and Trenam 1951). The term in A,° 
produces first-order changes in the spectrum varying as cos 6¢ from which the magnitude 
of A,§ can be deduced. (The sign is indeterminate unless the direction ¢=0 is specified.) 
‘The absolute signs of the other constants were found from intensity measurements at 20°K 
using cerium magnesium nitrate as a dilutant, since the spectrum using bismuth magnesium 
nitrate as a dilutant showed strong saturation effects at 20°K. The cerium ions have a very 
short relaxation time, and the magnetic interaction between them and the gadolinium ions 
reduces the relaxation time of the latter. 


Typeoflon Temp. 8 gy a D A B 
Mn2+ X 90°K 1:98 +0-02 2:00 0-02 +10 —64 —88 —90 
20°K 1-998 +0-003 1-996 +0-003 +10 —80 —90 —90 
Mn?+ Y 90°K 1:98 +0-02 2:00 +0-02 SP) —211 —90 —89 
20°K 1-998 +0-003 1-996 +0-003 + 8 —215 —90 —89 
Cpe Xx 20°K 4-108 -+0-003 4-385 +0-003 85 103 
MCoree oY) 20°K 7:29 +0-01 2-338 +0-004 PRS (Sih) 
Cu+ 90°K 2:219+0-003 2:217 +0-003 27 26 
20°K 2:454+0-003 2:096 +0:003 110 17 
Typeoflon Temp. ray gy 3A,° 60A,° 1260A,° 1260A,° 
Gd?+ 90° 1-990 +0-004 1-992 +0-004 +124 +0-9 +0-6 1 
20°K 1-992 +0-003 1-992 -+0-003 +124 +0-9 +0-6 ie 


a, D, A, B, A2°, Ay®, Ag®, and A,§, are all in units of 10-4 cm~*. Where errors are not 
given the number is correct to +1 in the last digit. 

Work is in progress on the copper salt in an endeavour to grow crystals from heavy water 
with narrower lines. The better resolution obtainable should make this salt very suitable 
for measurements on the quadrupole moments of copper. 

The author wishes to record his gratitude to Dr. B. Bleaney for generous help and advice. 


Clarendon Laboratory, R. S. 'TRENAM. 
Oxford. 
10th November 1952. 
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Inelastic Neutron Scattering in Iron 


A method has been developed for the measurement of the excitation function of inelastic 
neutron scattering by studying the gamma radiation from the excited states so formed, 
and preliminary results have been obtained for iron. The neutrons were produced by the 
T(pn)*He reaction in a tritium gas target attached to the Harwell Van de Graaff machine. 
The detector was a naphthalene-anthracene crystal 13 in. in diameter and 1} in. thick, 
used in conjunction with an EMI photomultiplier type VX5045. The iron scatterer was 
an annular ring, 2} in. inside diameter, 44 in. outside diameter and 13 in. thick, closely 
surrounding the crystal. A polythene cone 6 in. long was arranged to shield the crystal 
from neutrons coming direct from the target. 

The spectrum of pulses produced’ in the crystal was recorded on a thirty-channel 
kicksorter. Ata given neutron energy a spectrum was taken first with the iron scatterer in 
position and then with it removed, the neutron flux being monitored by a boron trifluoride 


104 


co 


10° 


aD 


Lb 


nN 


’ Counts per Unit Pulse Height Interval 


Relative 7-Ray Yield per Incident Neutron 


| 10 900 06 08 10 12 
Pulse Height. (volts) Neutron Energy (Mev) 

Fig. 1. Curves A and B: the distribution Fig. 2. The excitation function for the 
of pulses due to the iron and phosphorus y-rays following inelastic neutron 
scatterers respectively for an_ initial scattering in iron. The rectangle 
neutron energy of 1:05 Mev. Curve C: indicates the neutron energy spread, 


the distribution due to  y-radiation 
from **Mn, 


counter. ‘The total counting rate with the iron ring in position was about twice that without 
it. ‘The difference curve obtained by subtracting the two spectra then corresponded to the 
pulses due to various processes occurring in the iron. A typical difference curve is shown in 
fig. 1, curve A, where two groups of pulses may be distinguished. The higher energy group, 
with a knee at 9-5 volts pulse height, is attributed to y-rays following inelastic neutron 
scattering, and the lower energy group, with no very well defined knee, is attributed 
principally to elastically scattered neutrons, on the following evidence. 

A group similar in pulse height distribution to the lower energy group was obtained either 
when a phosphorus or a lead scatterer was substituted for the iron (fig. 1, curve B), or when 
the crystal was exposed to neutrons coming straight from the target; in neither case was the 
higher energy group of pulses observed over the range of neutron energies used. The higher 
energy group could be reproduced by irradiating the crystal with y-rays from ®*Mn, which 
decays by B-emission to several excited states of 56Fe, including the first known excited state 
at 0-83 Mev (Mitchell 1950). The pulse spectrum C, fig. 1, shows the group due to the 
0:83 Mev y-rays together with a higher energy group produced by unresolved 1:81 and 
2-06 Mev y-rays. By comparison of the spectra obtained from °*Mn and from *Be, which 
emits a y-ray of energy 0-478 mev, it was possible to establish that the y-ray energy corre- 
sponding to the high energy group of curve A was within 5°% of that of the low energy 
component from °*Mn. 
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The excitation function of the y-rays following inelastic scattering was obtained from 
the difference curves taken at a number of neutron bombarding energies, the neutrons at 
the scatterer having an energy spread of 70 kev. ‘The relative y-ray intensity at each energy 
was determined by adding together all counts between 7 and 14 volts pulse height, a 
correction being made, where necessary, for a small contribution from the lower energy group. 
The results are given in fig. 2. It will be observed that the threshold for the reaction is 
close to the value of 0-81 Mev expected for the neutron energy spread used. 

An approximate estimate of 0-4 barn for the absolute cross section for inelastic scattering 
at a neutron energy of 1:23 Mev was obtained by calculating the crystal efficiency and 
assuming spherical symmetry of the y-radiation. This value is believed to be correct to a 
factor of two. 

We thank the Director, Atomic Energy Research Establishment, for permission to 
publish this work. 


Atomic Energy Research Establishment, B. Rose. 
Harwell, Didcot, Berks. J. M. FREEMAN. 
28th October 1952. 
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Electron Spin in Semiconductors 


In a recent paper Landsberg (1952) contrasts two techniques for determining electron 
distributions in semiconductors. In one approach, which [ shall call the ‘ thermo- 
dynamic ’, one first obtains a formula for the free energy as a function of possible distributions 
and then minimizes. In the other approach, which [| shall call the ‘ direct’, one writes 
down the equilibrium distribution in terms of the absolute activity (or the Fermi level) 
without any mention of the free energy or entropy. In the simple cases hitherto dealt 
with the two approaches are mathematically equivalent and if used correctly must lead 
to the same results, whereas Landsberg states that the thermodynamic approach “‘ is to 
be preferred ”’. 

Amongst the best known texts on the theory of semiconductors that by Mott and 
Gurney (1948) uses the thermodynamic approach and gives formulae which correctly take 
account of electron spin. Most of the other authoritative texts, such as those by Wilson 
(1936), Fowler (1936), Seitz (1940) and Shockley (1950) use the direct approach. None 
of them examines the effect of electron spin in sufficient detail to avoid all possibility of 
ambiguity. Landsberg implies that the direct approach is unsuitable for taking account 
of electron spin. In fact it can do so more powerfully and more concisely than the thermo- 
dynamic approach. It is the object of the present note to demonstrate this. 

I shall treat a system sufficiently general to include as special cases practically all types 
of semiconductors that have previously been considered. Formulae for the, number 
n, of electrons per unit volume in a nearly empty conduction band and for the number 
my of electrons per unit volume missing from an almost full valence band need not be 
re-derived since they are well known and not controversial. ‘They are 


Ne= 2X(207m-RT/h*)*? exp (—E,/RT), sivemee (LD) 
Mp= 2A-(27m+kT/ h?)3? exp (Ey/RT), aia xl (2) 


where m~ denotes the effective mass of the electron and m* that of a “ hole’; E, denotes 
the energy of the bottom of the conduction band and Ey the energy of the top of the valency 
band. The first factor 2 takes account of electron spin. In both these formulae A is the 
absolute activity (Fowler and Guggenheim 1939) of the electrons and is related to Gibbs’ 
potential y or to the Fermi level Ey by A = exp (u/RT) = exp (Ep/RT). It is fundamental 
that at equilibrium A has the same value in all expressions, whether relating to the conduction 
band or the valency band or electronic states at donor and acceptor sites. ‘The remaining 
task is to express the number of electrons on the various kinds of sites in terms of this 
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same parameter A. The value of A is then always determined by equating the sum of the 
number of electrons in each kind of band or site to the total number of electrons in the 
system. 

The system may contain several kinds of impurity sites, some donors, others acceptors, 
but only one set of sites need be considered explicitly, since the formula obtained will 
apply to any and every set. It is assumed that one of these sets consists of N sites, which 
are independent; that is to say the manner of occupation of each site is independent of 
the manner of occupation of every other site. It is also assumed that at most only the 
following (and in practice not all these) manners of occupation of each site need be 
considered : 


a 1S state of energy Ey containing no electrons (other than inner shell electrons which 
are ignored throughout) ; 

aS, state of energy E, containing one s electron with a positive spin; 

a 2S_ state of energy E, containing one s electron with a negative spin; 

a 1S state of energy FE, containing two s electrons with opposite spins. 


‘The number of sites occupied in these manners will be denoted by 7, 14, n_, m2 respectively. 
In fact n,=n_, but it is preferable initially to preserve the separate symbols. 

Since the four specified manners of occupation are non-degenerate, we are not troubled 
with weighting factors, and according to the most general principles of Fermi—Dirac 
statistics 


Np 1 Ny :N_:N,g=exp (—E,/RT): Aexp(—E,/RT): A exp (—E,/RT): 2? exp (—E,/RT). 
sik dllsbens (3) 


The four expressions on the right are just terms in the grand partition function (Fowler 1938) 
for one of the sites. If there are several kinds of impurity levels, this formula will apply 
to every such set of sites with, of course, the appropriate values of the energies. 

This general treatment includes two specially simple examples which are familiar. 

(i) Donor centres with unpaired s electrons (or acceptor centres for unpaired 
s electrons). 
E, is so great that , is effectively zero, and from (3) we have m/N= {1+ 2A exp (— Eq/RT)}" 
where Eg=E,—E). 
(ii) Acceptor centres for paired s electrons (or donor centres with paired s electrons). 
Ey is so great that mj is effectively zero, and from (3) we have n,/N= {1+2A— exp (£,/RT)}4 
where E,= E,— Ey. 

The technique here described is completely reliable as long as every degenerate state 
is resolved into its non-degenerate component states. This procedure can readily be 
extended to take account of orbital degeneracy of p electrons. 

I am grateful to Dr. A. H. Wilson for drawing my attention to this problem and for 
stimulating correspondence. 


Department of Chemistry, E. A. GUGGENHEIM. 
University of Reading. 
21st October 1952. 
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The Asymptotic Solution of an Equation Occurring in 
Scattering Theory 


The purpose of the present note is to provide a useful generalization of a well known 
theorem in scattering theory. We consider the equation 


Ms = [(V2+2—U(n+K}M(=F(r), va eee (1) 


which differs from a similar equation discussed by Mott and Massey (1949) by the inclusion 
of a term involving the operator K, which is assumed to be Hermitian. The particular 
case which we have in mind is that which arises when exchange distortion is allowed for 
in a scattering problem, see for example, Bransden and Burhop (1950), Erskine and Massey 
(1952), Massey and Mohr (1952), Seaton (1953). K is then a Hermitian integral operator, 
defined by a relation of the form 


Kij(r) = ( Ik CL CO Lie Sek Oe a ete A (2) 


It is assumed that M and F(r) are such that there exists a unique solution ¢& of (1) which 
is bounded at the origin and has asymptotic form 


rT (Csoetir-n Wey wey Soante | & Mawose (3) 


‘The theorem to be proved then states that 


1 
f0,9)=— Pe [FW OR) A aes (4) 
where A(r, @) is that solution of the homogeneous equation 
Me (Ries Tae ee Be oe: (5) 
which is bounded at the origin and has asymptotic form 
IEA 0 )s-exp (¢kr2C08 0) (0 )Ew |p = I (6) 


and where © in (4) is the angle between r and r’. 

In the absence of the operator K, the theorem can be proved by letting r tend to infinity 
in a Green’s function solution of (1), as is done by Mott and Massey (1949); but when an 
integral operator K such as (2) is included, M is no longer a point operator and the usual 
theory of the Green’s function ceases to be applicable. This difficulty can be overcome by 
direct evaluation of the integral in (4). Using (1) we can write 


i F*(r’, O)F(r’) dr’= | [F *(r',0) Mep(r’) — f(r M*F *(r’, O)] dr’, 


since (5) ensures that M*Y*—=0. Using the Hermitian property of K, we find that the only 
terms that do not cancel are those arising from the V? part of M, giving 


Ro or’ 
where the integration is over the surface of a large sphere of radius R with centre at the 
origin. Over this surface we replace y and ¥ by their asymptotic forms (3) and (6), thus 
obtaining an integral of a type which has already been evaluated by Dirac (1947), giving 
the required result: [ F*(r’, O)F(r’) dr’ = —4nf (0, $). 
A one-dimensional form of this theorem states that, if the integro-differential equation 


s qe * 
| FF dr'— | (FV WF) dr’ = lim | Eas =a R? sin 6 d0’ dd’, 
R Y 


2 


2 


eo 
Ly = a3 + k2— ve | y(r)-+ { K(r, r)y(’) dr’ =F(r), 
0 
with K(r, r’)=K(r’, r), has a solution y such that y(0)=0, (7) ~ Be", then 


p=— i ein| u(r’) F(r’) dr’, 
k 0 
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where u(r) is that solution of Lu=0 which satisfies u(0)=0, u(r) ~ sin (kr+7). This car 
be proved by essentially the same method as was used for the three-dimensional case. 
We would like to thank Professor H. S. W. Massey for his interest in this problem. 


Department of Physics, G. A. ERSKINE.. 
University College, London. M. J. SEATON. 
21st November 1952. 
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REVIEWS OF BOOKS 


Cosmology, by H. Bonpi. Pp. ix+179. (Cambridge: University Press, 1952.) 
22s. 6d. 


This book is a remarkable feat of exposition. It is a comprehensive survey of the whole 
of modern cosmology. Its comprehensiveness is achieved within its modest length by 
skilful arrangement of the material and by keeping attention fixed upon general principles 
and upon the underlying coherence of the developments in the subject. The result is an 
extremely readable account for the non-specialist as well as an invaluable summing-up 
for those with some specialist interest in the work. 

It can be said without exaggeration that the book will do much to enhance the scientific 
status of the subject. Strictly speaking, the subject ought not to stand in need of any 
such aid to its enhancement. There is, however, a tendency to regard cosmology as a 
field for somewhat fruitless speculation and controversy in which other scientists find 
difficulty in recognizing the achievement of definite progress. Actually, the situation 
could be matched by that of other important developments at roughly analogous stages in 
the past. One thinks, for instance, of the developments concerning evolution in biology 
and concerning stellar constitution and stellar energy generation in astrophysics. Mr. Bondi 


now presents “‘ cosmology as a branch of physics in its own right’. His book makes its. 
appearance when there is ample ground for the view implied ; the character of his book 
is calculated to win general recognition for this view. W. H. MCCREA. 


Conformal Mapping, by Z. Newari. Pp. viiit+396. 1st edn. (New York : 
McGraw-Hill, 1952.) $7.50. 64s. 


In this book, the third in the International Series in Pure and Applied Mathematics, 
the author aims at bridging the gap between the pure mathematician and the applied 
mathematician, physicist or engineer concerned with conformal mapping. In general, 
however, the treatment is of such a nature that it is likely to appeal mainly to the pure 
mathematician. ‘lhe methods described and the results obtained do, nevertheless, 
provide a most valuable reference for the non-specialist. The first four chapters, which 
constitute nearly half the book, serve as an introduction to those parts of potential theory, 
the Green’s function, boundary value problems and complex variable theory which are 
a necessary preliminary to the study of mapping problems. The treatment is fairly 
rigorous but, although forming an admirable summary for the more advanced student, 
would hardly be suitable for one unfamiliar with these topics. 

The next two chapters deal with the mapping of simply-connected domains, including 
a detailed discussion of the bilinear transformation, Riemann’s mapping theorem, the 
Schwarz—Christoffel transformation, domains bounded by circular arcs and _ nearly 
circular domains, and with the mapping properties of some common special functions. 


The clearness of exposition and the wealth of information contained here leave little to be: 
desired. 
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The last chapter, which contains an up-to-date account of the mapping of multiply- 
connected domains, will be of interest mainly to the specialist in this field. 

Each topic is followed by an appropriate set of exercises, in all nearly 400 problems 
being provided. A. N. GORDON. 


Concepts and Methods of Theoretical Physics, by R..B. Lrnpsay. Pp. x+515. 
(London: Macmillan, 1952.) 52s. 6d. 


This book is an attempt to outline the main features of theoretical physics in its broadest 
sense; it covers the whole field of classical physics and a good deal of quantum theory. 
‘The treatment is elementary, and not free from elementary mistakes. The book has also 
philosophic pretentions, and this is unfortunately its greatest weakness. What should one 
think of a philosophy of science which ignores not only the idea of complementarity, but 
even the correspondence principle, and accordingly describes the fundamental ideas of 
quantum mechanics as ‘ cook-book recipes’ ? 

The plan of the book seems indeed inspired by the philosophical outlook of the past 
rather than the present century. The author takes as his main principle of classification 
the subdivision into particle and field physics; thus he puts together the mechanics of 
fluid and deformable media and the electromagnetic theory, as if the common use of the 
continuum conception in the two cases had more than a formal significance nowadays. 
Another disastrous result of this mistaken dichotomy is that it obviously leaves no natural 
place for quantum theory, which is arbitrarily squeezed into the ‘ particle physics’ 
compartment. In this way the fundamental fact that quantum theory represents the 
dialectical synthesis of the contradictory concepts of particle and field is not only ignored, 
but hopelessly confused. 

From the point of view of typography, the book consists of a photographic reproduction 
of a typescript, executed without regard to even modest aesthetical requirements. ‘The 
text is legible enough, but the formulae are unduly clumsy. ‘This poor production is not 
offset by a low price. L. ROSENFELD. 


Die praktische Behandlung von Integralgleichungen, by H. BUCKNER. Pp. vit+ 127. 
(Berlin : Springer, 1952.) DM. 18.60. 


The practical solution of integral equations forms a relatively new branch of numerical 
mathematics. But the development of numerical methods of solving Fredholm’s integral- 


equation b 
W=FO)+2A | Ks, Ny) at 
or the corresponding homogeneous equation 
rb 
W=A | K(s, Dy at 
a 


has now reached the stage when a connected account of the mathetical theory of these 
methods is desirable. This is the object of the present monograph, the first of a new series 
published by Springer under the title Ergebnisse der angewandten Mathematik. 

The fundamental problem is to determine the eigenvalues, that is the values of the 
constant A for which the homogeneous equation has. solutions other than y=0. An 
excellent account is given of the theory of the various techniques available for their 
approximate numerical determination. Yet the problems to which the methods are applied 
all seem rather trivial. The book, despite its title, is theoretical not practical. ‘his may be 
unavoidable as the subject of integral-equations still awaits its ‘ Piaggio ’. 

The only equations discussed are of the Fredholm type. Of recent years integral 
equation formulations of diffraction problems have become increasingly important. In 
many cases, the equations are not capable of solution in closed form, and recourse must 
be had to some method of numerical solution. Such work is nowhere mentioned although 
the variational techniques of Levine and Schwinger probably form the most important 
advances in the practical applications of integral equations. E. T. COPSON. 
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Ocuvres scientifiques de Fean Perrin. Pp. xii+408. (Paris: Service des 
Publications du Centre National de la Recherche Scientifique; London 
agents, H. K. Lewis, 1950.) In paper cover 33s., bound in cloth 40s. 


It is already a sign of belonging to the older generation of physicists to be able to recall 
the thrill of reading Perrin’s Les Atomes and in finding there sét out visible, almost tangible, 
proof of the real existence of these still rather hypothetical entities. Jean Perrin belonged 
to that small and happy band of adventurers in thought and experiment who built and 
secured the bridge between classical and modern physics. ‘The publication of his scientific 
papers thanks to the initiative of the Centre National de la Recherche Scientifique which 
he helped to found, is a welcome addition to the literature of that heroic episode. It is an 
example that might well be imitated here. 

The book is a slim one for a life’s work, but this is deceptive : Perrin belongs to the 
great tradition of French lucidity and brevity. Seldom has more thought been 
concentrated into a smaller number of words. From the very beginning of his career 
he had the genius of seizing on the essential point and focusing his enquiry on the decisive 
experiment. His greatest discovery, the negative charge of the cathode rays, was the 
result of his very first research at the age of twenty-four, a record only equalled by Pasteur’s 
discovery of molecular asymmetry at the same age, on graduating from the same school, 
the Ecole Normale Supérieure. That was in 1895, the year X—1 of the modern era. 

Immediately x-rays were discovered, Perrin was one of the foremost to study their 
properties, particularly ionization and the photo-electric effect. His doctoral thesis of 
1897 though only thirty pages long, is packed with more new observations and deductions 
than a dozen of the hundred page theses of today. Indeed Perrin had discovered 
independently in those two years, many of the effects which J. J. Thomson and Rutherford 
were establishing at the same time at Cambridge. It was in this work that Perrin 
established that close and friendly relation with his great colleague Langevin, which was 
to last for the rest of their lives and, through him, established contacts with the English 
school of physics. 

This first phase of Perrin’s research, which fits into the main line of electron and . 
nuclear physics, was not to be followed up but before he left it altogether he was to 
enunciate, twelve years before it was to be definitely established by Rutherford, the positive 
nuclear theory of the atom. On 16th February 1901 in a Popular Lecture we find him 
saying “‘ Chaque atome serait constitué, d’une part, par une ou plusieurs masses trés 
fortement chargées d’électricité positive, sorte de soleils positifs dont la charge serait trés 
supérieure a celle d’un corpuscule et, d’autre part, par une multitude de corpuscules, 
sorte de petites planétes négatives. L’ensemble de ces masses gravitant sous l’action des 
forces électriques, et la charge négative totale équivalant exactement a la charge positive 
totale, en sorte que l’atome soit électriquement neutre ” (p. 166). He even calculated the 
time of revolution of such a planetary corpuscle (electron) and found it to be of the order 
of 10~-' sec, of the same order as the periods of the spectral emission. Although the 
quantum theory was absolutely necessary to justify and make fully quantitative the planetary 
hypothesis of atomic structure, Perrin’s inspired guess deserves a place in the history of 
physics. 

In 1898, Perrin became a lecturer at the Sorbonne and his scientific work took a 
different turn. ‘Theoretical considerations on the implication of thermodynamics led him 
in the direction of Physical Chemistry. Influenced by the school of Ostwald he strove 
to remould the exposition of physics in terms of one observable energy. This was the basis 
of his Princtpes (1903), later elaborated in Les Elements de la Physique (1930). He found 
however that the continuum of thermodynamics was difficult to reconcile with 
hypothetical and, still more, with real atoms of absolute and determinable weights. This 
difficulty was to lead him to the study of visible atom models, to the Brownian movement 
and to the field of colloid chemistry. The results are summed up in Les Atomes (1913), 
but the series of papers in which they were first published form the bulk of this volume. 
Reading through them, how many of the phenomena of colloids—the double layer, the 
effects of ions, electro-osmosis—that were afterwards to be of much importance, were 
clearly appreciated and explained by Perrin? 
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Like most of the physicists of his generation, Perrin’s work was interrupted by the first 
world war. When peace returned he had once again changed his field of work to that of 
photochemistry and fluorescence. That this later work does not stand out in the same 
manner as his earlier researches is due to the fact that now, with the emergence of the 
quantum theory, many new and younger workers were in the field, but here again Perrin’s 
intuition led him to foresee the significance of phenomena such as those of activated 
molecules, whose importance was only recognized long afterwards. 

In his last years Perrin turned more and more to the practical task of the administration, 
the teaching and popularization of science in France. Despite inertia and opposition, 
he was largely responsible for the preservation of the spirit and activity of French science, 
whose achievements he displayed so brilliantly in the ‘ Palais de la Découverte’ which will 
remain his monument in showing the beauty as well as the utility of science. 
J. D. BERNAL. 


Mechanical Properties of Metals at Low Temperatures. National Bureau of 
Standards Circular 520. Pp.iv+206. (Washington, D.C.: U.S. Depart- 
ment of Commerce, 1952.) $1.50. 


This book is based on nine lectures read at a Symposium held in May 1951 at the 
National Bureau of Standards in Washington. Although all the papers contain much that 
must be of interest to the metallurgist, they vary somewhat in their usefulness to the 
low temperature physicist; this is partly due to the broad interpretation of the term ‘ low 
temperatures’. For example, one paper is called ‘ Application of metals in aircraft at low 
temperatures’, and another ‘ Brittle fractures in ship plates’. On the whole, however, 
“low temperatures ’ means the temperatures of liquid air and liquid hydrogen and there is 
even a mention of some work done at 1° K. Among the more interesting papers is one 
dealing with the properties of copper and nickel and their alloys and three others on the 
properties of different kinds of steel. 

Considered as a whole, the book is written in metallurgical jargon which sometimes 
makes difficult reading for the physicist and there is an excess of experimental detail in 
many of the papers. However, the discriminating and patient reader will be able to extract 
much useful information. The profusion of different units is irritating, particularly in the 
case of temperatures which are expressed in °F, °c and °K according to the whim of the 
author. Apart from the absence of an index, the book is well produced; it is also lavishly 
illustrated. A. J. CROFT. 


Application de la notion d’échauffement relativ a létude de la convection forcée 
de la chaleur, by Epouarp Rocue. Pp. 11+78. (Paris: Publications 
Scientifiques et Techniques du Ministére de lAir (No. 267), 1952.) 
750 fr. 


Time and Universe for the Scientific Conscience, by MaRTIN JOHNSON. (The Sixth 
Arthur Stanley Eddington Memorial Lecture.) Pp. v+42. (Cambridge: 
University Press, 1952.) 2s. 6d. 


Tables of the Bessel Functions Y,(x), Y,(x), K(x), Ky(x),0<x<1. National 
Bureau of Standards Applied Mathematics Series 25. Pp. ix+60. 
(Washington, D.C.: U.S. Department of Commerce, 1952.) 40 c. 


Contribution a I étude de la sursaturation du fer en hydrogéne cathodique, by 
Jean Durtor. Pp. 58. (Paris: Publications Scientifiques et ‘Techniques 
du Ministére de l’Air, 1952.) 1000 fr. 
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Quantum Electrodynamics with Auxiliary Fields 


By SURAJ N. GUPTA 


Physical Laboratories, University of Manchester 
Communicated by L. Rosenfeld; MS. received 3rd Fuly 1952 


ABSTRACT. A consistent scheme of quantum electrodynamics with auxiliary fields of 
photons and electrons of infinitely large masses is'developed. The auxiliary fields are 
introduced from the very beginning in the Lagrangian density, but it is ensured by means 
of suitable initial conditions that these fields are completely unobservable. For some of the 
auxiliary photon fields the usual sign of the Lagrangian density is reversed, while for some 
of the auxiliary electrons fields the usual statistics of the field is reversed. For such fields it 
is found necessary to use an indefinite metric. 

It is shown that the present treatment provides us with a well-defined procedure for the 
evaluation of divergent integrals in quantum electrodynamcs. As an application, the self- 
energy of the photon is evaluated and shown to vanish for a free photon. 


$1. INTRODUCTION 

EVERAL devices of integration have been proposed in recent years to 
evaluate the divergent integrals in quantum electrodynamics in an 
unambiguous way. One of these devices is the method of auxiliary 
masses or regularization, which has been introduced by Feynman (1949) and by 
Pauli and Villars (1949). ‘The method of auxiliary masses is certainly a very 
useful one, and it is probably the most reliable method of integration which is 
available at present. However, as Pauli and Villars have shown, the regulari- 
zation of divergent integrals has to be carried out according to certain rules, but 
so far no clear justification for these rules has been given. It has also not been 
shown how the auxiliary masses are to be introduced in the basic equations of 

quantum electrodynamics in a consistent way. 

The aim of the present paper is to develop a systematic scheme of quantum 
electrodynamics with auxiliary fields of particles of infinitely large masses. ‘The 
auxiliary fields will be introduced from the very beginning in the Lagrangian 
density, but it will be ensured by means of suitable initial conditions that these 
fields are completely wnobservable. As we shall see, the present treatment will 
provide us with a well-defined procedure for the evaluation of divergent integrals 
in quantum electrodynamics. 

In this paper, as far as possible, we shall follow the notation of Schwinger 
(1948, 1949) and Dyson (1949), and we refer to their papers for the meaning of 
the various symbols to be used here. 


$2. THE PERTURBATION THEORY AND CONSERVATION OF ENERGY 

It is well known that the perturbation theory requires that in any collision 
process the energy in the final state of a system should be equal to the energy in 
the initial state. We shall discuss the meaning of this statement more closely, 
because an essential argument in the present paper is based on it. 

It can be easily seen that for any collision process, in which there are m 
particles in the initial state and m particles in the final state, the contribution of 
the S-matrix reduces to the form 


Sa-|_ dt Fexp {i(E,+F,+...+E,)thexp{—(E,+£,+...+E,,)t}, ....(1) 
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where E,, E,,...,E,, are the eigenvalues of the Hamiltonian of the particles in 
the initial state, E,’, E,’,...,E,' are the eigenvalues of the Hamiltonians of the 
particles in the final state, and the quantity F is independent of t. The above 
equation shows that the contribution of the S-matrix vanishes, unless 
EPR PES Pe eer Ee ee (2) 

or Ey al ctk.\. 14 Yee) econ (3) 
where E£; and E; are the eigenvalues of the Hamiltonian of the system in the initial 
and the final states respectively. Hence, from any initial eigenstate in a collision 
process a system can make transitions only to those final eigenstates, in which the 
eigenvalue of the Hamiltonian of the system remains unchanged. It is important 
to note that (3) involves the eigenvalues of the Hamiltonian and not simply the 
expectation values. 

The result (3) holds even when one is using an indefinite metric, which only 
modifies the relation between the probability of finding the system in the final 
state and the quantity S;;, given by (1). 


§3. THE AUXILIARY PHOTON FIELDS 

Let us assume that the electrons interact not only with the usual photon field 
but also with one or more auxiliary photon fields of very large masses. It will 
be explained in §5 how many of these auxiliary fields are to be used in practice. 
In this section we shall only show how the auxiliary fields can be treated in such a 
way that the auxiliary particles remain completely unobserved. We shall discuss 
below two kinds of auxiliary photon fields, which will be called the normal and 
the abnormal ones. 


(1) Normal Auxiliary Photon Field 
We take the Lagrangian density for the normal auxiliary photon field as 


1 /aA,\2 : 
L=— 34 (S) Heart, Beige (4) 


where «, the rest mass of the auxiliary photons, is a very large constant, which 
ultimately tends to infinity. We then obtain for the field equation and the 
Hamiltonian density in the usual way 


C2) Ae Oye a gs eee (5) 


oa, \ie alle ak ee | 
ie ( +) +34 (Sat). tah. eat: (6) 


We also find the commutation relation 
[A (x), Ae )l=00, Alc eee). nee (7) 


As in the case of the radiation field (Gupta 1950, to be referred to as I), we 
regard A, as a self-adjoint quantity, and expand it as* 


A, (x) = X(2k,)1[a,(k) exp {i(k . x — Rot)} + al(k) exp {—i(k.x—Apt)}] ..... (8) 
k 
with ko = (ts) on Vids OT eed (9) 
where a dagger denotes an adjoint. Substituting the Fourier expansion (8) in 
7), we get 
ae atk) aiiha s\n (10) 


* We are using the expansion (8) for A, for the sake of simplicity. But, in order to establish 
the Lorentz invariance of our treatment we can express A, in terms of four scalar fields, as we 
have done in I. Then we can carry out the Fourier expansions of the scalar fields and follow 
the above treatment with practically no other change. 
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Further, substituting the expansion (8) in (6), using the commutation relation (10), 
and omitting the zero-point energy, we obtain for the Hamiltonian of the auxiliary 
NEE | Hdo=Zhylal(k)ay(k) + af ke)aa(k) + alka he) —alflea(l)}. (11) 
We now have four types of auxiliary photons, which will be referred to as the 
@-, A-, Ag- and ap-auxiliary photons. As explained in I, we treat the ay-auxiliary 
photons by means of an indefinite metric, while we treat the other types of 
auxiliary photons in the ordinary way. ‘Then the operators a,(k), a,(k), a,(k) 
and a)(k) are all absorption operators, while their adjoints are all emission 
operators. Moreover, all the four types of auxiliary photons have positive 
eigenvalues for their Hamiltonians, though the states containing an odd number of 
@-auxiliary photons have a negative normalization. 

The interaction of the auxiliary photons with the electron field can be taken 
into account in the usual way by adding the term A,,/,, to the Lagrangian density (4). 
For practical purposes it is most convenient to use the interaction representation, 
which presents no difficulty in the present case. For, since the use of an indefinite 
metric for the scalar auxiliary photons ensures that all components of A‘*? contain 
the absorption operators, the state of vacuum satisfies the relation 


AGERE: Sa_() gs oem, ae Serene MANS «2 (2) 
where A‘*) denotes the positive frequency part of A,. Using the vacuum 
condition (12) and the commutation relation (7), we easily obtain 

Aa tA Ae) hy 0, NO em ere aie (13) 

(P{A,(x)A,(x')} ro= 20 uv Aplt, Lat) pied) becinoige (14) 
where it is to be noted that the indefinite metric operator y, as defined in I, is 
simply equal to unity for the state of vacuum. It follows from (14) that in any 
‘graph’ the contribution of an internal auxiliary photon line will be given by 
A,({«,k) apart from numerical factors, whereas the corresponding contribution 
for an ordinary internal photon line is known to be D,(k). 

The above treatment involves four types of auxiliary photons of positive 
energy. We now have to ensure that these auxiliary photons always remain 
completely unobserved. For this, we assume that there are no auxiliary photons 
in the initial state, which can be expressed in the interaction representation by 
the initial condition FB) eli vas sent ois mdaliegar tac (15) 


Moreover, since the rest-mass « ultimately tends to infinity, by choosing « to be 
sufficiently large we can always make the energy of an auxiliary photon greater 
than the energy of the given system in the initial state. Hence, on account of 
the condition (3) the auxiliary photons will never appear in any final state of the 
system, though they can of course appear in virtual states. 


(ii) Abnormal Auxiliary Photon Field 


For the abnormal auxiliary photon field we choose the Lagrangian density 


1 { (0A,\2 : 
b= 34 ($2) Heath, eee (16) 


which differs from (4) by anegative sign. We then again obtain the field equation 
(5), but the Hamiltonian density for the abnormal field is 


0A, 1 0A, 2 t pp2 42 
fuss ( es ) é 3{() oe a. Aes: (17) 
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We also find in the usual way the commutation relation 
(Ax), A, (a le 20,, Aka se ee ie (18) 
We can now follow with slight modifications the same treatment as has been 


applied to the normal auxiliary photon field. Thus, using the expansion (8), 
we obtain from (18) and (17) respectively 


ak) QUIK) = Oi a ee ecco ee (13) 
I H dv = ky{ —ai(k)a,(k) — al(k)a.(k) — a}(k)a,(k) + af(k)aj(k)}. 2.2... (20) 


We again have four types of auxiliary photons. But now we have to treat a,-, 
@-, and a,-auxiliary photons by means of an indefinite metric, while we treat the 
q@-auxiliary photons in the ordinary way, so that the operators a,(k), a,(k), 
a,(k) and a)(k) are all absorption operators. Moreover, all the four types of 
auxiliary photons have positive eigenvalues for their Hamiltonians, though some 
of these states have a negative normalization according to the relation 


PS or er ee (21) 


where 1,, My, m3, are the numbers of the a@,-, a- and as-auxiliary photons in the 
State ou. 

The interaction of the abnormal auxiliary photons with the electron field | 
can be taken into account by adding the term A,,j,, to the Lagrangian density (16). 
We can then pass over to the interaction representation in the usual way, and obtain 

CPA (@)A (eo = — 96, Al eae). ee (22) 
Hence, in the present case the contribution of an internal auxiliary photon line 
is minus times the corresponding contribution in the normal case. 

In order to ensure that the abnormal auxiliary photons appear only in virtual 
states, we again impose the initial condition (15). We also note that all the 
abnormal auxiliary photons have positive eigenvalues for their Hamiltonians, and 
« is a large constant tending to infinity. ‘Then, as in the case of the normal 
auxiliary photons, it follows that the abnormal auxiliary photons will never 
appear in any final state of the system due to the condition (3). 


§4. THE AUXILIARY ELECTRON FIELDS 
In addition to the auxiliary photon fields discussed in the last section, we 
now introduce auxiliary electron fields of very large masses, which interact 
with photons in the usual way. For an auxiliary electron field we choose the 
Lagrangian density 


er Oe fa] = 
bee May. - ii) a ee (23) 
with fr uly Me wet ul ae eee (24) 


where the rest mass M is a large constant ultimately tending to infinity, and sf 
is the adjoint of ; according to the definition{ given in I. From (23) we obtain 
the field equations 


ab a . 
Yay, + Ms =0, Be Miss 0,05 un we Saaaene (25) 
and the Hamiltonian density 
1 / ay — dz 1 /oyst 5 Ors 
tah D & yap — yy se] 3 (cu ob x] ie Wal ee (26) 


¢ This definition of the adjoint of should not be confused with the quantity %*y,, which is 
often referred to as the adjoint of yp. 
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In accordance with (25) we carry out the usual expansions 
H(x)== > [a,(P)u,(P) exp {2(P - x — Pot)} + 5)(P)o;(P) exp {—i(P .x— Pot)}] 
p r=1,2 
dM(x)=_Y  Lal(p)uz(p) exp { —i(p.x—pyt)} +b,(P)e7() exp {ilp-x— pot} 
p r=1,2 


with Dee Petes: ©’ en A eS aha (28) 


where an asterisk denotes the Hermitian conjugate, and the spinor amplitudes 
occurring in (27) are normalized to satisfy the relations 


u,(P)us(P) = Ors) v;(P)?.(P) =0,9: Qin crc (29) 
Substituting the expressions (27) in (26), and using (29), we obtain for the 
Hamiltonian of the auxiliary electron field 


| Hdo= XS polal(p)a,(p)—b (PIMP). ees (30) 


We shall now describe two kinds of auxiliary electron fields, which will be 
called the normal and the abnormal ones. ‘The normal auxiliary field will be 
treated according to the Fermi—Dirac statistics in the usual way, while the 
abnormal field will be treated according to the Bose-Einstein statistics. 


(i) Normal Auxiliary Electron Field 


According to the Fermi statistics, the commutation relation for the auxiliary 


2 PSE AMEN ny SRR e rare (31) 
Using (27) and (29), we obtain from (31) 
{4,(P), 4i(P)}=8,5,  {B,(P),BY(P)}=Sy5- wee (32) 
The second relation in (32) enables us to write (30) as 
| Hde=Z2pjlal(p)a,(p)+0%()b,(P), eee (33) 
pr 


where we have omitted the zero-point energy. 

We now treat the auxiliary electrons in the usual way by using a positive 
definite metric, so that we have 

GAP) 1 Daan OP) OCD lague mee) eee (34) 

In this way a,(p) and b,(p) are the absorption operators for the two types of 
auxiliary electrons, a!(p) and b/(p) are the emission operators, and the eigenvalues 
of the Hamiltonian are positive. In fact, the normal auxiliary electron field is 
simply an ordinary Dirac field with a very large rest mass M, which tends to 
infinity. 

The interaction of the auxiliary electron field with the photon field can be 
treated in the usual way by adding the term A,,j,,=7eA,ipy,3/ to the Lagrangian 
density (23). Then, using the interaction representation and the vacuum 


oid Ligh esi ek Oe (35) 
we obtain Cita ( a) pial.) bee ao lM, koe ees Alas (36) 
€(t, t') { P(pa()b p(X") o= — FS x, ap(Mix—x'), eee (37) 


according to which the contribution of an internal auxiliary electron line can be 
obtained from the contribution of an ordinary internal electron line on replacing 
the electron mass m by the auxiliary mass M. 
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As in the last section, we now assume that there are no auxiliary electrons in 
the initial state, which can be expressed by the initial conditions 


Por, =0, TAGs at) | MMII eM pai in sy (38) 


Then, on choosing M to be sufficiently large, it follows from the argument of 
the last section that the auxiliary electrons will never appear in any final state. 


(ii) Abnormal Auxiliary Electron Field 


If we assume that the auxiliary electron field obeys the Bose statistics], the 
commutation relation (31) has to be replaced by 


[b(e) hate) | 2.5 j(M, wot) a gn. toe eee (39) 
which gives on account of (27) and (29) 
[@tp), 2(p)}=o}5°° 1 ES (p),O1( Pyle oygt = eee (40) 
Using the second relation in (40), and omitting the zero-point energy, we can write 
(30) as : . d 
| Hdv==Xpilal(p)a,(p)—Bi(p)(P)- vee (41) 
p? 


Thus, we have two types of auxiliary electrons, which we call the a- and the 
b-electrons. We now use a positive definite metric for the a-electrons, while 
we treat the b-electrons by means of an indefinite metric, so that we have 


al(p)=a,(p),  8i(p)= —B, (Pp). as ae (42) 
In this way, as in the normal case, the eigenvalues of the Hamiltonian are positive, 
a,(p) and 5,(p) are the absorption operators, and aj(p) and 6/(p) are the emission 
operators. 

The interaction of the abnormal auxiliary electron field with the photon field 
can be taken into account by adding the term ze4,,ry,xs to the Lagrangian density. 
Then, passing over to the interaction representation, and using the vacuum 
conditions (35), we obtain from (39) 


{Yala Bol )}0= — SRM, x—2"), ssa (43) 
{ Phb(x), toe(2')} 9 = —4S py ao Moe—x'), ease (44) 
The S-matrix for the interaction of photons and abnormal auxiliary electrons can 
be investigated by following the analysis of Dyson (1949). It is then found that 
the contribution of any graph in the present case differs from the contribution 
of the corresponding graph in the normal case only by a factor (—1)', where / is 
the number of electron loops in the graph. 


Finally, by imposing the initial conditions (38), we can again ensure that the 
abnormal auxiliary electrons will never appear in any final state of the system. 


§5. REGULARIZATION WITH THE AUXILIARY FIELDS 


We shall now consider the effect of introducing an arbitrary number of auxiliary — 
electron and photon fields in quantum electrodynamics assuming that all the 
electron fields can interact with all the photon fields. For this purpose we shall 
follow the Feynman—Dyson treatment, according to which the contribution of 

¢ Such a possibility for an ordinary electron field has recently been investigated and found 


unacceptable by Pauli (1950). However, the difficulty pointed out by him does not arise in the 
present case. For, as we shall see, the auxiliary electrons appear only in virtual states. 
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the S-matrix for any physical process can be represented by means of graphs. 
For future use, we note that the functions D(x), Ap(«, x) and S,(m, x), occurring 
in the last two sections, are given by 


1 


1 
D aS ee tke = 1G oes eg 
R(X) (On ml efk]) (R)= jim ae (On y a dke a er (45) 
1 
Revie. i} = thee ay Gp aera ena ee 
mic, 1) = (Qayi | dk e'**Ax(k, R) inn | db CARO eae UE och net (46) 
ikex tka tky — 
S_(m, x) = (On a | dt e**S.(m, k) = jim aay (ni | mucin a (47) 


Here it proves convenient to introduce an invariant quantity A of the dimensions 
of mass in (45), remembering that in every result of physical interest we must 
ultimately put A=0. Further, in practice we can ignore the infinitesimal 
quantity « in the above integrals, if, following Feynman (1949), we always regard 
the masses A, « and m as having infinitesimal negative imaginary parts. 

Now the effect of the auxiliary photon fields in the S-matrix can be easily 
investigated. In ordinary quantum electrodynamics the contribution of an 
internal photon line is (Dyson 1949) 

DAR eS ee ce wet PP ayo (48) 
apart from some numerical factors. Ina similar way it follows from the treatment 
of § 3 that the effect of introducing the auxiliary photon fields is to replace (48) by 


R{Dy(k)] = Dy(k) + UC Ap(;, f), Abs (49) 


where = denotes summation over all the auxiliary photon fields, and C, is equal 
to +1 or —1 according to whether the field is normal or abnormal. Denoting 
D,(k) by f(A?, k), we can also write (49) as 


Refers) yay SC ee he eae eo (50) 


We next consider the effect of the auxiliary electron fields. Tor this, we first 
observe that in ordinary quantum electrodynamics all the electron lines in a 
graph occur in the form of one or more chains. Each of these chains forms 
either a closed loop or an open chain with its two ends representing two external 
electron lines. Similarly, an auxiliary electron field will give rise to graphs 
involving one or more chains of auxiliary electron lines. But, since the auxiliary 
electrons cannot exist in real states, the auxiliary electron lines can only form 
closed loops. Hence the effect of introducing auxiliary electron fields in quantum 
electrodynamics is to give rise to new graphs, in which one or more loops of 
ordinary electron lines are replaced by similar loops of auxiliary electron lines 
in all possible ways. It follows from the treatment of § 4 that if the contribution 
of any electron loop in ordinary quantum electrodynamics is given by* 


{ iin: pl ae (51) 
the effect of introducing the auxiliary electron fields is to replace g(m?, k) by 
Ri g(m?, k)| = 9(m?, k) + UCie( Mi Fe) ad) pana Secoaee (52) 


where & denotes summation over all the seta electron fields, and C;, is equal 
to +1 or —1 according to whether the auxiliary field is normal or abnormal. 


* In practice it is slightly more convenient to regard the contribution of an electron loop as 
a function of m® rather than of m. 
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So far the number and masses of the auxiliary fields have been kept arbitrary, 
except that all the auxiliary masses ultimately tend to infinity. We now observe 
that our aim in introducing the auxiliary fields is to evaluate the divergent integrals 
in quantum electrodynamics in an unambiguous way. In order to achieve this 
purpose, we shall now describe a general method of choosing the number and 
masses of our auxiliary fields in such a way that all integrals in the resulting theory 
will be convergent over the momentum-energy space. 

Let us first consider any divergent integral in ordinary quantum electro- 
dynamics, which involves D,(k) = f(A?, k) as a factor representing the contribution 
of an internal photon line. Let us denote the first, second and mth derivatives 
of f(A", k) with respect to A? by f’(A, k), f"(A2, Rk) and f((A?, k) respectively. It is 
obvious from (45) that, for large values of k, f’(A?, k) is of lower order than f(A’, k), 
f(A’, Rk) is of still lower order, and so on. Therefore the given integral can be 
made convergent over the momentum-—energy space, if we can replace f(A”, k) by 
some suitable derivative f(A”, k). We now note that 


C4) i E dz, f' (2+ 2k) =fO2,R)—fO2tE, By veseee (53) 


&2 r&2 
ae Ee dz, | dz f"(A® + 21 + 82, k) = f(r", k) — fl? + &, k) — f° + &, k) 
a ey ORE DER I ea eae (54) 
and so on. It follows that by a suitable choice of the number and masses of the 
normal and abnormal auxiliary photon fields, we can express (50) in the form 


2 2 & 
REf02, ky) =(—1)" { de | eee { dz, f(t) + 2)+...+8q)h),  ..-(55) 
0 (0) 0 


where €, which is a large constant of the dimensions of mass, ultimately tends to 
infinity. According to (55), we can always make the given integral convergent 
over the momentum-energy space by a suitable choice of 2. 

Let us now consider the contribution of an electron loop, which gives rise 
to a divergent integral of the form (51). Let us also denote the first derivative 
of g(m”,k) with respect to m? by g’(m?,k), the second derivative by g"(m?, k), and 
so on. Since g(m?,k) is a product of factors of the form S;(m,k), it is obvious 
from (47) that, for large values of k, g’(m?,k) is of lower order than g(m?,k), 
&"(m*,k) of still lower order, and so on. Therefore, as in the case of the auxiliary 
photon fields, we choose the number and masses of the normal and abnormal 
auxiliary electron fields in such a way that (52) can be expressed in the form 


aye 


1"? ”P n 
Rig(n#, BY) =(—1)" | dz, | day... | d2,g(mP+2, 42, +...+2mk)  -.(56) 
0 0 “0 


where 7 ultimately tends to infinity. With a suitable choice of n, (56) will always 
enable us to make the integral 


| Rigebeyige ? ae (57) 


convergent over the momentum-—energy space. 

We have shown that by introducing the auxiliary fields in quantum electro- 
dynamics, the expressions f(A”, k) and g(m?,k) can be replaced by R[f(A2, k)] and 
Rig(m*,k)| according to the relations (55) and (56). This replacement will be 
briefly referred to as regularization. In principle we can choose any value of 
m in (55) or (56) such that the given integral becomes convergent over the 
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momentum—energy space. But, of course, in practice it will be convenient to 
choose 7 as small as possible. In fact, it will always be found sufficient to take 
n=1 in (55) and n=2 in (56). 


§6. THE SELF-ENERGY OF THE PHOTON 


As an application of the present treatment, we consider the well-known 
problem of the self-energy of the photon. The second order contribution of the 
S-matrix to the photon self-energy is 


e foe} cco 
S photon = — le dx | dx' A(x) tr [Sp(x—x')y,Sp(x' —x)y,]A,(x).  ... (58) 
Putting PENRy) A LG Nex igk rte al ae) eet; (59) 
and using (47), we obtain in the momentum-—energy space 

e tky—m_  wuk+q)y—m vl 
Spnoton = 2(2n)4 all: use | dk A,(x) tr een er | A,(q)e" 

mer e ae AoW, LG) ena eian 2 Ae (60) 
ya tr [teky — miyut(R + gy — my ol 

where iG z oe x | ak Pa A ee (61) 


We can easily evaluate the trace in (61), and combine the denominators with 
the help of Feynman’s identity (Feynman 1949) 


1 A du 
Soll paar Bee ahs (62) 
Then we get 
ee TRB uy — 2 Ry + RQBuy — Rudo — RoQu t+ Mon 
FAQ) = ae ae d (4 Qukg Lug? twee hee (63) 


The first derivative of the above expression with respect to m? is still divergent 
over the k-space, but the second derivative is convergent. ‘Therefore, we can 
regularize (63) with the help of (56) taking n=2. ‘Thus 


J winate? | dh I 1 Me 1 a 7 20ae 
wl Q) = (27)4 0 i 0 a1) ee [k2 + 2ukg + ug? + m+ 21+ 2]? 
R849 — 2h, Ry + Rou» — Rud» — Roe NE eM 


ane [k? + 2ukq + ug? +m? + 2,+25]* 


Since the above integral is convergent over the momentum—energy space, we can 
shift the origin of the ae as k,, > k,,— ug, which gives after some simplification 


dete a al dk [au du ” dey le day{F®8,,— 6kgk, +3(1 — 201) 2q8yp-+3(20—1) 
x ae +k,q,)+ bs = 1) q?B yy + 6(— U2) yy + 8,9? +2 +29)} 
Rug? tug net att eel a are (64) 


We can now carry out the integration over the k-space symmetrically with. 
respect to the origin, so that 


[aflk?) dk =0, iB k, fk?) dk = | 1.k2(U2) dh, ets, Foams (65) 
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Further, by contour integration 


dk tn 
eee Hiss das Nye absanelber (66) 
from which we can easily deduce, by differentiating with respect to A, 
| Ls Redk_ _ tn? (67) 
(R24 A)* 6A?’ (RAP At SO ANOMNGINIRE OBE 


Using (65) and (67), we integrate (64) over the k-space, and get 
ee adits « y (u—U?)(Qo uv — Wy) 
Td) = ral du | ds |, az, [ug? — u*q? + m*+ 2,+2,]* 
e 

= GJ aul 02), — gud) — lo (ug — 124? + m? + 2?) 

+ 2 log (ug? — u2q? + m? + 7?) —log(ug?—u?g? +m). a ee (68) 
Since 7 tends to infinity, we can neglect the finite terms compared with 7? 
within the log terms in (68), which gives 


JQ) = al du(u—u)(q?5,»— Ind») {tog 3 = d08 (1 ce eat) | 


He 


ge Baga Poe 119») log 53 


me 
ug? — ung? 
s ae (QO uv — Gu) J. duu — 02) log (1 + eo) ee (as, 


where the first term is logarithmically divergent and the second term is convergent. 

For a free photon the expression (69) vanishes on account of the field equation 
and the supplementary condition. On the other hand, in the case of a virtual 
photon with g?40 eqn. (69) represents the gauge-invariant effect of the so-called 
polarization of vacuum. 

In conclusion, we may add that the treatment of this paper can be easily 
extended to the meson fields. In fact, corresponding to any field we can intro- 
duce an appropriate number of normal and abnormal fields. ‘The normal field 
can be treated in exactly the same way as the ordinary field. On the other hand, 
for the abnormal field we have to reverse either the usual sign of the Lagrangian 
density or the usual statistics of the field according to our requirements. 
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ABSTRACT. The importance of the coulomb forces in mixing states with a different 
isotopic spin 7 is investigated assuming charge independence of the specific nuclear forces. 
It is found that for two and four nucleons outside a closed shell in the state 7=0 this mixing 
is very small (less than 0:25°{%, taking into account interconfigurational mixing). It can 
therefore be concluded that the coulomb forces have very little importance in destroying the 
validity of the isotopic spin selection rules for 8 and y transitions and for collisions, which 
result from the assumption of the charge independence of nuclear forces. 


ol EN ROD WiC aT ON 


HE experimental evidence on the nucleon—nucleon scattering at low 

energies seems to favour the assumption that the nuclear forces are 

charge independent apart from the coulomb repulsion between protons 
(Rosenfeld 1948). This assumption is also in agreement with the ordering of 
levels in neighbouring isobars such as ®He, ®Li, ®Be; 14C, !4N, 140, etc. (see for 
instance Sherr, Meuther and White 1949). In fact, the comparison of the level 
schemes of such nuclei shows that it is possible to establish a correspondence 
between the levels of the nuclei with neutron excess d—2Z= +1, and those 
of the nucleus with 4 —2Z=0. 

On the other hand, in the nuclei with 4 —2Z =O there are levels which have 
no counterpart in the neighbouring isobars. 

Using the concept of isotopic spin T (see for example Rosenfeld 1948, § 10.12) 
we can say that the levels which appear only in the dA—2Z=0 nucleus have 
T =0 (singlet charge states), while the levels extending over the three isobars 
have T=1 (charge triplet) ,with a third component given by 27, =A —22Z. 

As a consequence of the charge independence of nuclear forces there exist 
certain selection rules for electromagnetic and [ transitions. For f transitions 
Wigner (1939) has proved that the selection rule is 


1 ev ete gt il lal aa acre nish (1) 


The same rule holds also for y transitions (Radicati 1952), with the additional 


restriction 
T=(0-—-T;=0 forbidden for electric:dipole. 99. wi. .ts (2) 


However, one knows that the charge independence of nuclear forces is at 
best a good approximation to the actual situation owing to the difference 
between the masses of protons and neutrons, and to the existence of the coulomb 
repulsion between the protons. ‘Therefore the selection rules resulting from 
the charge independence of the specific nuclear forces are expected to be only 
approximate. 


* On leave of absence from the Istituto di Fisica, Politecnico di Torino, Torino, Italy. 
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As for the mass difference it is easy to see that this cannot have any influence 
on the isotopic spin of the nuclear states and therefore on the selection rules. — 
In fact the operator corresponding to the mass difference is 

Hy = 32 A(1 — 74 )my + (1 +73) mg} 
which commutes with T°. 

The situation is more complicated in the case of the coulomb forces. The | 
coulomb energy (H°=42,,(1—7,)(1—73)/r,; does not commute with T* 
(r3= +1 for protons and neutrons respectively; 7,; is the distance between the 
ith and the jth nucleon). This means that each nuclear state is no longer a 
pure J state, but is in general a mixture of states with different T values. 

It is the purpose of this paper to investigate quantitatively the amount of 
mixing between states of a different 7 introduced by the coulomb forces in 
order to get an idea of their influence on the validity of isotopic spin selection rules. 

To be more precise let T be the isotopic spin of a nuclear level which one 
would expect if the specific nuclear forces were strictly charge independent, 
and let ‘Y’(7) be the corresponding wave function. Considering the coulomb 
forces as a first order perturbation, the actual wave function ® can be written 
in the form 
CN epic emeel 

Pate ae 
where H°p7 is the matrix element of the coulomb potential between the states. 
¥Y(T), ¥(T’) with energies Ey, Ey, and the summation is over all states of isotopic 
spin 7’. We will assume the square of the coefficient «p(7”) as a measure of the 
proportion of the state ‘f’(T’) introduced in the state ‘Y’(7T) by the coulomb forces. 
ag( I”) will be calculated under the following assumptions: (i) we will use a shell 
model of the nucleus, (ii) we disregard the influence of the coulomb forces on the 
isotopic spin of the core, that is to say, we disregard the possibility of excitation 
of the core, (iii) we will consider only the case T=0 since this case seems to be 
more suitable for an experimental test of the results (see §4), (iv) only the cases. 
of two and four nucleons outside a closed shell will be considered. 


Wah (Tye aaa 1 (3) 


§2. TWO NUCLEONS OUTSIDE A CLOSED SHELL 

If the two nucleons are both neutrons or both protons, the system can only 
exist in the state 7’= 1 because the third component of T must be + 1 respectively. 
If on the other hand, the two nucleons are different, there is the possibility of 
two states: T=0, or T=1, with 7;=0 in both cases. According to Feenberg 
and Wigner (1937), and Feenberg and Phillips (1937), the ground state of such 
nuclei must have an angular momentum /=1 which is in accord with the 
experimental values for ®Li, 4N, 8F,.... The theory predicts in addition T=0. 
We will consider the admixture of charge triplet states produced by the coulomb 
field of the core. (There is in this case obviously no electrostatic interaction 
between the two particles outside the core.) 

Let {(7'SL, J) be those combinations of one-particle wave functions for the 
two nucleons outside the core which belong to total spin S and total orbital 
angular momentum L. In the case of the (1p)? configuration (Li, !4N) the possible 
wave functions with J =1 are 


¥(010, 1), O12 1), (O0l 1), CTT) eee (4) 
‘These are coupled by non-central forces, and if the ground state has J =1, T=0, 
the wave function is a linear combination of the first three functions (4). 
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Now since L?, S? commute with H°, the electrostatic interaction will have no 
matrix component between states with different L and S. Therefore the coulomb 
forces cannot mix the wave function for 7=1, (111, 1), with any of the wave 
functions corresponding to T=0. A similar result can be shown to hold also 
for the configurations (1d)?, (2s), (1f)?. 

There remains the possibility that the coulomb forces produce a mixing 
between the singlet charge state of the configuration (1p), (1d)?, etc., and a 
charge triplet state belonging to a different configuration. Since the electrostatic 
potential commutes with the parity operator there is interaction only between 
configurations of the same parity such as (1p)?, (1d)?, (2s)?, Ip1f, ip2p, . . 

However, it is easy to see that, for example, the configurations (1p)? and (id)? 
cannot interact through the field of the core because they differ by more than 
an individual set of quantum numbers (Condon and Shortley 1951, § 5°). 

As for the (1p)?—(1pif) interaction, this is also zero, as can be seen from 
formula 6§ 17 of Condon and Shortley (1951). We are left therefore only with the 
possibility of the (1p)?—(1p2p) interaction. The only state in the configuration 
1p2p that can be mixed with the state 4(010, 1), which is expected to constitute 
the major part of the ground state /=1, T=0 (Feenberg and Wigner 1937), 
is a state T=1, S=1, L=0. The detailed calculation of H,.° depends on the 
precise knowledge of the excitation energy for the configuration ip2p and on 
the explicit calculation of the matrix element H,,)°. Using for a crude estimate 
of the excitation energy a square well of infinite depth, one would obtain for 4N 
an energy of about 66 Mev (Bethe and Bacher 1936) which reduces to 
approximately 40 Mev for a finite depth of 18-6 mev (Feenberg and Motz 1938). 
For sake of argument we will use LZ, — £,~40 Mev. Since the matrix element H,9° 
is of the order of 2 Mev, we have therefore o ?(1)—2-5 x 107%. 


§3. FOUR NUCLEONS OUTSIDE A CLOSED SHELL 
(2 NEUTRONS AND 2 PROTONS) 

There are two nuclei of this type, *Be, 2°Ne; and #C, 3°A can be added to 
these as they have four holes in the Ip or 1d shell. The angular momentum of 
such nuclei is J =0 and the isotopic spin predicted is 7 =0, both in ‘ L.S-coupling’ 
(Feenberg and Phillips 1937, Jahn 1950) and in ‘jj-coupling’ (Flowers 1952). 

We consider the Ip shell in detail (*Be, *C) adding only a few remarks for 
the case of the 1d shell. The possible states for the (ip)* configuration are listed 
in the table (Feenberg and Phillips 1937, see also Rosenfeld 1948, p. 207). 
According to the LS-coupling approximation, the ground state is [4]"'S 
(i.e. symmetric in space). Since H® commutes with L? and S?, the only state 
that can be mixed with [4]"'S is the state [22]'S. We first consider the mixing 
caused by the electrostatic interaction between the four nucleons outside the core. 

To evaluate such mixing one must calculate the matrix element 


Hep ep 4000 |e | p4221200 pa eae (5) 
between the two states 4(p4[4]7=0, S=0, L =0) and #(p4[22]) T=2, S=0, L=0) 
(in the following the values of 7, S, L will always be written in this order). 

Using Racah’s (1943) method, the matrix element (5) can be calculated from 
the formula (see Racah 1943, eqn. (33 a) apart from obvious modifications) 


F39°(p*) = 624,75, (p4[4]000(p?(a 71 Sy Ly), P?(%TyS2L)000 > 
x (p?(%y T,S,L,)p?(%2 T,S2L,)}p*[22]200 > 
x Kp Taal) H® | p?7,S,L,). rs (6) 
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The fractional parentage coefficients ¢....{}....) in eqn. (6) between the 
configurations p* and p? are obtained from those calculated by Jahn and 
van Wieringen (1951) with formula (32) of Racah (1943). 

One gets in this way 


10 ; ene% 
Hap") = V2 {p2100| H? |p#100)~ (p#102| H[p2102) = 4" (ty — 5} 
sedi (7) 


where #g and #y are the coulomb energies in the *'S and #!D states for ®Be 
and 14C according as we are interested in *Be or in °C. Using Feenberg and 
Phillips (1937) calculations one gets #y— #p~0-084Mmev. The difference 
HW 3— Hy is the same for *Be and “#C. We therefore obtain from (7) 


A. °(p)=2003 mev) —/ ine? 10 Yeas (8) 


For obtaining «,(2) (i.e. the proportion of admixture of the state 7=2) we 
must know the energy difference E,— E, between the charge quintet and singlet. 
No quintet state is experimentally known in light nuclei, so we will use the 
(lower) energy of the triplet charge state. For "C, £,—E, is of the order of 
15 mev. We obtain in this way from (8) 


g(Z eA eo lO Sek eo eee (9) 
We have not yet taken into account the interaction between the four external 
nucleons and the coulomb field of the core. However, it can easily be shown 


that this interaction cannot cause any mixing between the charge quintet and 
singlet states. In fact, the interaction with the central field is represented by 


the operator 
K*=4(Z —2)eE,(1 —7,)/r, 
where 7, is the distance between the zth nucleon and the core. Now it is well 


known that such a linear function of the vector components has no matrix 
component between states for which AT>1. 


[4] US 11) 1G 
[31] 13p 31p 1 31 33p 33h 
[22] L1G 1p) 15S 51S 15T) 51[-) 3385 337) 
[21 1] 13p 31p 33—Pp 55p 

The letters S, P,..., have the ordinary spectroscopic meaning. The superscripts 


indicate the charge and spin multiplicity; e.g. *D means charge singlet, spin quintet, L—=2. 
The number in brackets denotes the space symmetry of the wave function with respect to the 
permutation group. 


We will now investigate the possibility of mixing between the [4]"S state 
of the configuration (Ip)* and a state with 70 in a different configuration. 
Taking into account only configurations of even parity and disregarding the 
excitation of the core, the lowest excited configuration for C is (1p)® (id)? 
(Feenberg and Motz 1938). In this configuration there are two triplet charge 
states 245, namely, 


#(p%[42]100, d?[2]100; 100), and (p%42]102, d?[2]102; 100) 


which can be mixed with the !'S state of the (1p)§ configuration. The two states 
in (10) arise from coupling the *S or °!D state in the (1p)®° configuration to the 
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81S or *'D state in the (1d)? configuration in such a way as to obtain a *!§ state 

with space symmetry [31]. We disregard other triplet charge states with a 

different symmetry since they will correspond to a greater excitation energy. 
To evaluate the amount of mixing of the states (9) we must calculate 


y)°(p*d?) = (p*[44]000| H° | p*[42]100, d2[2]100; 100) 
+ (p%[44]000| H° | p[42]102, d2[2]102; 100). 


The calculation can be performed using formula (33) of Racah (1943); we 
obtain in this way two-particle matrix elements between the (ip)? and (1d)? 
configurations. The problem is therefore reduced to the evaluation of one G, 
and one G; integral (Condon and Shortley 1951, $88). These were calculated 
using the same radial wave function as Feenberg and Phillips (1937), ie. 
oscillator wave function, and gave the result H,)°(p*d?) ~ 0-1 Mev. In the case 
of Be the result is of the same order of magnitude. 

With £, —E,~15 Mev we obtain therefore 


FPL) 5 SOTO ae or Mtn AN coer) (11) 


Also in this case the coulomb field of the core cannot give rise to any mixing, 
since the configurations (1p)® (1d)? and (ip)® differ by the individual quantum 
numbers of two particles. 

We have therefore proved (eqns. (9) and (11)) that the coulomb interaction 
/ is very inefficient in mixing states with T0 to the state 1S. 

In the case of the d shell, we will point out only that, as for the p shell, the 
only state that can be mixed to the "'S state is a state with T7=2. It can therefore 
be argued that the situation will be similar to the p shell case, although the 
interconfigurational mixing is now probably more important. 


§4. CONCLUSIONS 


In §§2 and 3 we have shown, assuming the validity of the shell model, that if 
the specified nuclear forces are charge independent, the isotopic spin of the 
ground states of the nuclei considered is almost unaffected by the presence of the 
coulomb forces. 

We have considered only the case 7=0 because this seems to present the 
possibility of an experimental test of the main assumption on which the 
calculations rest, namely the charge independence of the specific nuclear forces. 
In fact, since the present calculation indicates that 7=0 is a very good quantum 
number, the selection rule (2) for electric dipole transitions is almost unaffected 
by the coulomb forces. 

Therefore, if some instances are found which violate this rule, one would 
question the assumption of the charge independence of nuclear forces. On the 
other hand, if it were possible to proye that electric dipole radiation is absent 
between states with 7’=0, when it would be allowed by angular momentum 
and parity conditions, the charge independence hypothesis would be somewhat 
strengthened. 

The selection rule (1) for 8 and y transitions does not seem very restrictive 
since no state with 7 =2 is known experimentally. Of course eqn. (1) would 
provide a much more decisive test of the charge independence hypothesis since 
it holds for electromagnetic transitions of any multipolarity. 
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Finally we wish to point out two obvious instances in which the ordinary 
rules of vector addition allow us to determine uniquely the isotopic spin of a 
nuclear state: 

(i) The excited states produced by the collision of an « particle or a deuteron 
have the same T value as the initial nucleus. For instance, the states of energy 
4:47 and 9-7 Mev in !2C which arise from 44N+d must have T=0. 

(ii) Conversely, a state which decays into two fragments, one of which is an 
a-particle or a deuteron, has the same 7 as the other fragment. For example, 
the 16-11 Mev state in *C decays into *Be+z«, and is therefore a singlet charge 
state; in 1B the 8-76 Mev state decays in °Li*+«. If it is possible to prove that 
the excited state in ®Li is the homologue of the ground state of °He (Day and 
Walker 1952), in which case it must have 7 =1, we can conclude that the parent 
sfatein =°B has 7°=1, 
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ABSTRACT. Certain exact solutions of the field equations of general relativity for empty 
space containing an electrostatic field are derived, and a physical interpretation is attempted. 
The canonical cylinder coordinates of Weyl are used, and all the solutions in which the 
electrostatic potential depends on only one of the two variables are obtained. Some of 
these are special cases of a class of solutions previously obtained by Wey] and they are shown 
to correspond either to a uniform electric field or to the field of a line-charge. Two of the 
solutions are not members of Weyl’s class, and in these the electric field has no analogue in 
classical electrostatics and possesses the property of generating an orthogonal gravitational 
field. 


SS iINLRODUCTION 


N the general theory of relativity the feld equations for regions containing 
] electromagnetic fields but no matter are (Eddington 1924, Chap. VI, §77) 


Go OTL ee, ngs ee ER Pee LE (1.1) 

Em ee ee Let ee Ad ee (GA) 
£,, being the metric tensor, G,, the contracted Riemann—Christoffel tensor, and 
F,,, the electromagnetic field tensor. ‘This last tensor satisfies Maxwell’s equations 


if we write SPER hy | ee ee ake (1.3) 
eran lige RU 3.4 (1.4) 


where «, is the four-potential, and 4” is the charge-and-current density which 
may be put equal to zero in a region free of matter. 

Wey] (1917) has found a class of solutions of the above equations corresponding 
to certain axially symmetric electrostatic fields. In such fields the potential has 
only one non-vanishing component «, (denoted hereafter by $7"?¢). Weyl’s 
solution is for the axially symmetric case where there is a functional relation between 


£44 and ¢ of the form OC, eA DGrate ar (1.5) 


where A and B are arbitrary constants. 

Majumdar (1947) and Papapetrou (1947) have considered solutions of eqns. 
(1.1) to (1.4) when no spatial symmetry is assumed, and have given the general 
solution when there is a relationship between g,, and ¢ of the form 


Peo Sta ae eee eS PAA (1.6) 
where C is aconstant. Majumdar has also proved that (1.5) is the only possible 
functional relationship between g,, and ¢, whether or not there is spatial symmetry. 

With the above-mentioned exception, the only exact electrostatic solutions 
reported appear to be special cases of Weyl’s solution. Among the latter are the 
following: the well-known solution for a charged mass-point (see, for example, 
Eddington 1924, §78), the axially symmetric solution of Curzon (1925) for several 
charged mass-points when the relation (1.6) exists between g,, and 4, the case of an 
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electric field of uniform direction studied by McVittie (1929), the solution of — 
Mukherji (1938) for a charged line-mass, and a solution corresponding to a_ 
particular uniform electric field given by Papapetrou (1947). 

In this work we study in some detail certain axially symmetric electroeeam | 
solutions of the field equations for empty space. We use the ‘canonical’ cylinder 
coordinates introduced by Weyl, and give complete sets of solutions in these 
coordinates for two types of field: first, that in which the electric field is parallel to 
the axis of symmetry, called a longitudinal field; and secondly, that in which 
there is no component along this axis, called a radial field. These two types of 
field are the relativistic analogues of the uniform field, and of the field of a line- 
charge, in classical theory. Some of the solutions which we give are special cases 
of Weyl’s form, but two of them are not of this type. 


§2. THE SOLUTIONS 
In canonical coordinates the line element for a field with axial symmetry is 
ds? = — e*(dx,2 + dx.) —e-°x,? dug? +e%dx?, ~~... 1. (2.1) 
where the origin of coordinates 0 is on the axis of symmetry 0x, x2 is a radial 
coordinate, x3 is an angular coordinate and x, is time-like. and p are functions of 
x, and x, only. The equations (1.1) to (1.4), with 3“=0, yield the following 
set which has previously been given by Curzon (1925) : 


Aya + Age + py” + Ag/%_=2E-“(Py7— Go”), «ss see (2.2) 

Ay1 + Age + po” — Ag/22 — 2ps/%_ = — 2e~°(f17— 5"), ss eee (2.3) 
P1P2— Pr/%#_—Ay/%#,=4-*byp,, we eee (2.4) 

Vp = Ze 22( it bs7), ale weer (2.5) 

Vb =Pibit Popo, wns (2.6) 


A sufhx 1 or 2 after an unknown function means partial differentiation with respect 
to x, or X,, and V denotes the Laplacian operator in cylindrical coordinates, i.e. 
us oO” Lie 


Adding (2.2) and (2.3) to twice (2.5), we have 


2M AF es) +p,” ar Po” — 4e° "(7 is $2”), Sec rors (2.73 

where w=A+p. Subtracting (2.3) from (2.2) we obtain 
Pr” — pa + 2p9/%g=4e-°(b127— ho"), aa ae (2.8) 
Further, (2.4) gives Pipes 4) ka= TO O1os- we | eee ee (2.9) 


It is easily verified from (2.8) and (2.9) that, given (2.5) and (2.6) ju; =/449 so that 
the condition for the integrability of eqns. (2.8) and (2.9) is satisfied; further, 
(2.7) is easily shown to be consistent with (2.8) and (2.9) subject only to (2.5) and 
(2.6). Hence A is determined except for an additive constant, and the problem 
reduces to finding solutions of (2.5) and (2.6). 

Weyl’s solution may be written as follows: 


BAL AGS a, re (2.10) 
dh 

| EAGioo ee ee (2.11) 

where ViisOpetin ol) (oH i Baier (2.12) 
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We shall later consider special cases of this, so we give here the integral (2.11). 
‘There are two cases: 


(i) A=}B?, ee a ee dR ens ul bat ay dees (2.13) 
(1) A— 4 B?=D? (where D may be real or imaginary), 6 = —$B+ Dtan Dy. 


errors iticisnal jielas. Oe Vetei a RS brrn ey Ch RS eg (2.14) 
To obtain the solutions corresponding to the longitudinal fields we take 


OaeG (X jana imly Cie eee es: (2.15) 
so that (2.5) and (2.6) reduce to 
€°(Pirt+ Poot pe/Xe)=2b)7, naw eee (2.16) 
Pir PiPy-2 8 ee eases (217) 
From (2.17) we have P2102 Op WX), = ee ee (2.18) 


where u(x.) is a function to be determined. Substituting from (2.18) in (2.16) and 
neglecting the trivial case where ¢ is constant, we find 


z u 
e (os ~ oe + Ugs + 2) a SO) Thay & ieoues (2519) 
From (2.15) we evidently must have either that w is constant or that ¢, is constant. 
In the former case both ¢ and p are functions of «, only and therefore there must be a 
functional relationship between them, which, by Majumdar’s work must be of the 
form (2.10). Hence if w is constant, 6 must be given by (2.13) or (2.14) with 
%=Cx,+E where C, FE are arbitrary constants. Calculating e® from (2.10), 
and e* from (2.8) and (2.9) we find that the solutions in this case are 


dC ee peo aie le el Don 
d= —tB-(Cx,+E)1; 
and e* =K exp {D?Cx,”} cos? {D(Cx, + E)}, 
eee seC CN a om Mea” a apn ieee (2.21) 


¢= —4B+ Dtan{D(Cx,+E)}, 


where K is another arbitrary constant. 
We now revert to the remaining possibility in (2.19), viz. 6 =Cx,+ EF, which 


reduces (2.19) to eY isn ee Ul) = LCS daleAl be>ares (2.22) 
Putting w =2 log x, —u, t =log x., (2.22) becomes 
Pg ew ee ee eae (21233) 


Solving (2.23) and transforming back to the original variables, it is found that the 
only solution which gives a positive value for g4, is 


e7 = Ky MP-22 (1 + 2x, *)?, 
een Uae a Leh k se) wee | ees (2.24) 
6=Cx,+E£, 
where K, k and b are arbitrary constants (k A0). 
(6) Radial fields. 
Taking now ¢ = 4(x2) eqns. (2.5) and (2.6) become 
Col gy tPox st Pais) =2hay  “) ge suse ee (2.25) 
doo t+Go/%2=PoPe- = ww eee (2.26) 
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Equation (2.26) gives p= log dyag + Oley). Ve eh A (22) 
Inserting (2.27) in (2.25) and neglecting the case when ¢ is constant, we find 


Po22 bos" Poe 
eye” (o.+ Se ee + Se) Lh 1 PCLENS a (2.28) 


which requires either that v is constant, or that 
$3= Cx, and Cy = ZO Os tered (2.29) 
where C is an arbitrary constant. 

If v is constant the solutions are special cases of Weyl’s solution in which g4, 
and ¢ are functions of x, only, and they are obtained by substituting ys = C log (x./a) 
in (2.13) and (2.14). They are found to beas follow: 

eb =K{Clog(m/a)}, e? = {Clog (x,/a)}-2, 
$= — 2B — {Clog (x2/a)} 7; 
e* = Kx, 770" cos#{ DC log (xz/a)}, 
ef= D7see ADC log iia aay et eee 231) 
¢= —4B+ Dtan {DC log (x,/a)}, 
where K is an arbitrary constant. 


Continuing with the case where v is not constant, we solve (2.29) and find for 
the complete solution : 


e’ = Kexp {—}h? x,?} cosh? (thx, +k), 
6¢ =4(C 7) "xo" COSN” (ZUXeoe Rh), hy pk We ere (2.32) 
p=4Cx,?+ E, 
where K, h, k and E are arbitrary constants. 
The expressions (2.20), (2.21), (2.24), (2.30), (2.31), (2.32) give all the solutions 
of the field equations for the electrostatic case when the line element assumes the 


form (2.1) and when the potential depends on only one of the canonical cylinder 
coordinates x, or x. Of these, (2.24) and (2.32) are solutions not of Weyl’s type. 


§3. DISCUSSION OF THE SOLUTIONS 


We shall later use Gauss’ theorem on the gravitational flux in its relativistic 
form given by Whittaker (1935). For a line element of the type (2.1) the 
gravitational force measured by an observer at rest (i.e. whose space coordinates 
X41, Xp, Xz are constant) is the three-vector 


Ea or i OL s4 a 
gage Ae a2 3) Sonieere (3.1) 
‘The relativistic form of Gauss’ gravitational theorem states that 
PY sO Nase) Ol X55. 0) O(%1, Xp) 
= 1 2 3 2 3 1 3 TI kt) ae 1/2 ° 
\] ‘8 O(u, v) oa O(u, v) 8 O(u, v) ke yeh 
ae | | sea OUP) (Sg) ae day digs ot Aa (3.2) 


where the integration is taken over any simple closed surface S in the instantaneous 
space of the observer, and where wu and v are any two parameters which specify the 
position of points on S. ‘The right-hand side of (3.2) is proportional to the 
quantity which in relativity plays the part of gravitational mass in classical 
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mechanics, and we shall denote the left-hand side of (3.2) by 47M, and speak of M 
as the gravitational mass. In our case, it includes the contribution which arises 
from the electrostatic field, and we shall try to distinguish this where necessary. 

Gauss’ electrostatic theorem can be adapted in a natural way to electrostatic 
fields in general relativity if the electric flux density across the surface x, = constant 
is taken as — F*"( — g)"? (see Synge 1936). In our case F? is zero and we have 


— F¥(—g)? =47 1 ebm, (ree) F Sele (333) 
If the solution is of Weyl’s type, this becomes $7"? ,x, so that the electric flux 


density is proportional to that of the field represented by the classical potential ¢. 
We may now begin the detailed examination of the solutions given in § 2. 


(a) Longitudinal fields. 

From (3.3) we find that the electric flux density across the surface x, =constant 
is in the solutions of Weyl’s type (2.20) and (2.21) simply 47-1? Cx, and the electric 
flux across an element of this surface is $7? Cx, dx,dx3. We are therefore 
justified in regarding these solutions as corresponding to uniform electric fields. 

Applying to solution (2.21) the transformation 


Dtan {D(Cx,+E)} = Cx,' +0, x5 =x, X3= Xs, X= X,', 
and adjusting the values of certain arbitrary constants, one finds 
as = — exp {C*(1 — 6") x,'*}[X~ dx, (2+ X—1dx,"*| — x, 2X1 dg * +X dy’, | (3.4) 
@= —4B+Cx,' +, 


where X =1 + 2Cbx,' + C?x,', 6 >0, 6?+1, in which the electric potential has the 
classical form for a uniform field. The properties of the solution (3.4) are in 
general what would be expected if the field is considered to arise from point 
infinite charges at infinity as in the case of the classical uniform field, and we confine 
ourselves to a statement of the main results, without detailed proof. 

If the constant Cd in (3.4) is taken to represent mass it is found from (3.1) that 
the gravitational force g! due to the mass is repulsive at x,’ = + 00 and attractive at 
x,’ = — 0 (or vice versa, according to the sign of Cb), so that the solution requires. 
the existence of negative mass, unless b=0. At large x,’ the gravitational force 
due to the charge predominates, corresponding to the fact that in the line element 
for a charged mass-point, viz. 

= 2 
ds? = — (1 ~ a: + 5) pay rr eam (: — oe a 5) Atte 3.5) 
the term ¢?/r? predominates at the origin. ‘The singular region for finite x,’ 
which occurs in (3.4) if 62>1 corresponds to that in (3.5) when m>|e]. 

In (3.4) we may abolish either the mass, by putting b=0 (in which case the 
solution contains no singularity* except at infinity), or the charge, by letting C 
tend to zero and 6 tend to infinity in such a way that Cb remains finite. 
In the latter case the solution represents a uniform gravitational field. 

Turning now to the solution (2.20), we find that if we put K=1 and make the 
transformation Cx,+E=(Cx,'+1)4, x, =%y', -%3=%3', %,=%,', we have (3.4) 
with b2=1. In this form the solution has been given by Papapetrou (1947). It 
has properties similar to those of the solution already discussed. (The corre- 


* Here and in what follows we shall not count as a singularity the zero in gs, which occurs. 
on the rotation axis. 


150 W. B. Bonnor 


sponding case of (3.5) is where m=|e|.) The electric field of uniform direction 
given by McVittie (1929) can be obtained from it by a transformation. 
We shall now consider the very different field represented by the solution (2.24). 


We notice that unless k = 2 there is a singularity along Ox, which, since ¢ and ¢, are | 


finite there, must be attributed to a mass source and not to the presence of electric 
charge. If we put m=}(1—34|]) and choose K appropriately we find 


FA Xg 4m(2m—1) C2q? Xg cr 2 
? - (2) a ars a : 
(3.6) 


Bt Xe 4m Fae Xe Shy 00 ne acl Ma ai 
eta (2) E (2 4mp\a 


where a is arbitrary and m3 because R40. ‘The canonical form of the line 
element for a line-mass of density m per unit length without electrostatic field 1s 
(Levi-Civita 1919) 


4m(2m—1) —4m 4m 
ds? = — (2) (dx,2 + dx,2) — x9? (2) dxg? + (=) dete Gees (3.7) 


a 


m4. From (3.6) it is seen that the line element in the present solution tends to 


(3.7) asx, tends to zero so the solution corresponds to a line-mass along Ox,, of mass _ 


gm per unit length, in a certain electric field. ‘The electric flux across the area 
bounded by the intersection of the surfaces x, =constant, x, =R is found to be 


(Gi ‘qim R2-4m C2 az R 2—!m"]-1 
[2 ee pees eee 
7 ate E (2—4my (=) ] selene GE eeitis:.c (3.8) 


which tends to the finite limit 7"? (2—4m) C1 as R tends to infinity. 
It is clear from (3.8) that the electric field, although of constant direction and 


independent of x,, is certainly not a uniform one in the classical sense. If it is . 


abolished by putting C equal to zero, the line element reduces to that of a line-mass 
(3.7). The solution has the remarkable property that the radial gravitational 
field is modified by the axial electric field, which, however, produces no component 
of gravitational field parallel to itself. Indeed, by a comparison of the form of the 
line element at x,=0 and at x, =o it appears that the gravitational effect of the 
whole electric field is equivalent to that of an additional line-mass along Ox, of 
density 1— 2m per unit length. We may put m=0 in (3.6) and so abolish the line- 
mass ; in this case the line element has no singularities for finite x, yet the gravita- 
tional field at infinity is that of a line-mass along Ox, of unit density. All the 
components of the Riemann—Christoffel tensor for the solution (3.6) tend to 
zero as Xx, tends to infinity so that the space-time tends to flatness. 


(b) Radial fields. 

The electric flux across unit length of the cylinder x, = constant for the solutions 
(2.30) and (2.31), which are of Weyl’s type, is 7"?C so that the electric field may be 
considered to arise from a line-charge along Ox, of density }71/?C per unit length. 

In the case of (2.30) the application of Gauss’ theorem in the form (3.2) 
yields for the mass inside unit length of the cylinder x,=R the expression 
M= — 3|log(R/a)|-* which tends to zero as R tends to zero or infinity. Since, 
however, g;,, 6 and M all become singular when x, =a, the most reasonable pro- 
cedure seems to be to cut off the field at this radius (i.e. to allow x, to range only 
from a to infinity), regarding it as the radius of the line-charge. _ It is then necessary 
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to regard the electrostatic energy of the whole field (per unit length of Ox,) outside 
*, =a as corresponding to infinite gravitational mass but as being counteracted by 
an infinite negative mass inside the singularity x, =a, so that the mass appears to be 
zero at large x2. ‘The singularity at r=0 when m<|e| in (3.5) may be considered 
in a rather similar manner as a source of infinite negative mass (see Papapetrou 
1947). 

If in (2.31) D is taken as real it does not seem possible to derive any solutions of 
physical significance. If D is taken as imaginary the gravitational field at large 
Xy is that of a line-charge of negative mass — 4|CD| per unit length. No solution 
appears to exist for a line-charge with positive mass. 

Considering now the last solution (2.32) we observe that g,, does not contain 
x, so that x, cannot be taken as an angular coordinate. The solution does not 
appear to correspond, strictly speaking, to a radial field, but the g,, and ¢ have 
the same values on every surface x,;=constant, and there is symmetry about the 
surfaces x, =0 and x, = —2k/h. 

The electric field in this solution has its only component in the direction of x, 
and the electric flux across an element of the surface x, = constant is 

$12 f2C—! sech? (thx, + k) dx, dxg. 
Hence the electric field is of uniform direction but the magnitude of the electric 
flux at a point depends on x. 

The gravitational flux across an element of the surface «, = constant is simply 
— dx, dx, which implies a uniform gravitational field in the direction of x, ; but 
there is also a component of the flux in the direction of «,, which is 

— khtanh (thx, +R) x2 dxy dx. 
This flux depends on x, and must arise from the electric field, so that, as in the case 
of the other solution (3.6) which is not of Weyl type, the electric field produces a 
component of gravitational field orthogonal to itself. 

The solution contains two significant arbitrary constants, # and C, and both 
seem to refer to the electric field, rather than to mass sources. ‘The sources of 
both mass and charge appear to be wholly at infinity. 

If in (2.32) we let h and C tend to zero so that A/C remains finite the solution may 
be reduced to ds? = — (dx,? + dx," + dx”) + x3" dx,”, for which all components of the 
Riemann—Christoffel tensor vanish identically, showing that the electric field and 
permanent gravitational fields have been abolished. 


§4. CONCLUSION 

The four solutions (2.20), (2.21), (2.30) and (2.31) are particular cases of Weyl’s 
general class and arise from a classical electrostatic potential % as shown in eqns. 
(2.10) to (2.12). In solutions of this type the electric flux density is proportional 
to that of the classical field arising from % so that the problem of identifying the 
relativistic and the classical electric fields presents no difficulty. ‘Thus (2.20) and 
(2.21) represent the relativistic analogue of the classical uniform electric field, and 
(2.30) and (2.31) are analogous to the classical field of a line-charge. 

When we consider the associated gravitational fields we find that the electric 
field alters the gravitational field of the matter present but only in a direction 
parallel to itself. In the case of the uniform electric field (2.20) and (2.21), the 
gravitational field is not unexpected if the electric field arises from two charged 
mass-points at infinity. Unless both masses are zero one of them is required to be 
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negative. Of the solutions (2.30) and (2.31), the former corresponds to a line- 
charge without mass, and the latter to a line-charge whose mass per unit length 
must, rather surprisingly, be negative, whatever the sign of the charge. 

The most interesting solutions are (2.24) and (2.32) which are not of Weyl’s 
type and which do not correspond to a classical potential. The solution (2.32) is 
not axially symmetrical but its line element can be expressed in the canonical 
form so it has been considered here. The electric fields in these solutions are 
quite different from any classical electrostatic fields, though both are of uniform 
direction. They have the property of producing an orthogonal gravitational field, 
and in the case of (2.24) the field so produced is, at large «,, equivalent to that of an 
additional line-mass along Ox,. 

It therefore appears that whereas the axially symmetric solutions which are of 
Weyl’s general type may be capable of explanation in terms of classical electro- 
statics together with relativity gravitation theory, the solutions which are not of this 
form may be expected to require a quite different mode of interpretation. If 
examples of the latter can be found in which the sources are wholly within a finite 
region, and in which the line element tends to its Galilean form at infinity, further 
light may be thrown on this problem, and it may be possible to predict effects of a 
non-classical nature which can be measured experimentally. 
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ABSTRACT. The statistical aspect of the second law of thermodynamics is illustrated 
by a discussion of two simple models. In both cases the most probable behaviour, and the 
mean life and the average time of recurrence of different states of fluctuation are obtained 
and discussed. 


§1. INTRODUCTION 

T is well known that among the fundamental problems of statistical mechanics. 

two are closely connected. These are the justification of the use of statistical 

methods in describing an actual system and especially the use of ensemble 
theory, on the one hand, and the apparent contradiction between microscopic 
reversibility and macroscopic irreversibility, or the statistical counterpart of the 
second law of thermodynamics, on the other hand. 

It is relatively easy to prove that for practically all systems of physical 
interest it does not make any difference whether one uses as the representative 
ensemble a micro-canonical ensemble, a macro-canonical ensemble, or even a 
grand ensemble (see, for example, Gibbs 1902) and the first problem mentioned 
is thus reduced to a proof that averages taken over a representative micro- 
canonical ensemble are the same as the time averages with which we have to: 
deal in actual circumstances. This proof is usually called the (quasi-) ergodic 
theorem, and as far as classical statistical mechanics is concerned, it was given 
by von Neumann (1932) and Birkhoff (1931). ‘They showed that the time 
average taken over an infinite period is equal to the average taken over the 
representative micro-canonical ensemble, provided the appropriate phase space 
is metrically transitive. As far as we are aware, nobody has ever shown that in 
the case of an actual system this condition is fulfilled, even though Oxtoby and 
Ulam (1941) have proved the existence of metrically transitive manifolds. Even 
if one could prove the metrical transitivity of phase spaces corresponding to 
actual systems there remains the point that one still must prove the identity of 
the long-time averages, calculated by ensemble theory, with the short-time 
averages which are of physical significance (Fowler 1936). 

As regards the second problem, it was originally thought that Boltzmann’s 
H-theorem (1872) had given a proof of the second law of thermodynamics. 
Boltzmann’s function H, which was especially introduced for this purpose, is 
essentially the negative of the entropy in the case of equilibrium and can be 
considered to be a generalization of the thermodynamic entropy in non- 
equilibrium situations. The H-theorem consisted in showing that (a) H is. 
minimum in an equilibrium situation, and (6) H always decreases in the case of 
a non-equilibrium situation. It was only afterwards realized that the H-theorem 
was not the rigorous proof Boltzmann thought it to be, but that one had to use 
the so-called Stosszahlansatz in order to derive it. ‘This meant that one had 
to make certain plausible assumptions regarding the number of collisions per 
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unit time. We do not wish to enter here into a detailed history of the H-theorem, 
and we refer to existing critical discussions (Ehrenfest and Ehrenfest 1911, 
Chandrasekhar 1943, ter Haar 1953). All difficulties seemed finally to disappear 
when the Ehrenfests (1911) pointed out the following facts: (1) instead of 
considering H as a function of a continuous variable one should consider the 
so-called H-curve which one obtains by plotting the values of H at the times 
nAt where At is a time interval small compared with macroscopic, but large 
compared with microscopic time intervals, (ii) the H-theorem is a probability 
statement regarding the H-curve. Its content is as follows: (a) if H’ is a value 
of H much larger than the equilibrium value H,,, the H-curve will practically 
always go downwards from H’, (6) this will be true whether we read the H-curve 
from t= — 00 to t= + © or vice versa, (c) the H-curve is practically always in 
the immediate neighbourhood of H,, and (d) values of H different from H,, will 
be reached over and over again, but the greater the difference between H and H,, 
the longer will be the time interval before recurrence. 

From the considerations of the preceding paragraph it is obvious that 
although the H-curve is essentially symmetrical with respect to a reversal of the 
time direction, it still remains true that H will practically always decrease from 
an appreciably higher value towards H,,. Furthermore, we must bear in mind 
that any actual observations on a system will always take place within finite 
time intervals and we may thus conclude with Smoluchowski (1912, see also 
Chandrasekhar 1943) that a process will appear irreversible, or reversible, if the 
initial state is characterized by an average time of recurrence which is long, or 
short, compared with the periods available for experimental observations. 
This recurrence of an apparent irreversibility has been the subject of many 
detailed discussions in the case of Brownian motion. We may refer the reader 
once more to Chandrasekhar’s review (1943) where one can also find an extensive 
bibliography. It was realized by the Ehrenfests that it would be necessary to 
discuss in detail the fluctuations occurring in a gaseous system in order to justify 
the second law of thermodynamics. With this end in view they gave in their 
paper (1911) a programme for future investigations of the statistical aspect of the 
H-theorem. It is the purpose of the present paper, and of work still in progress, 
to pursue the Ehrenfests’ programme by considering in detail some simplified 
models, since such an investigation has, as far as we know, not yet been made. 

If the extended H-theorem were proved, we should be able not only to derive 
from it the quasi-ergodic theorem, but at the same time see in how far short-time 
averages and long-time averages are equal. On the other hand, once the 
quasi-ergodic theorem is proved, it follows in the same way as in the old ergodic 
theorem that the second law of thermodynamics must hold. In that case, 
however, we should not yet have obtained detailed information regarding 
fluctuations. 

In the present paper we consider two different models. The first model, 
discussed in §2, is the urn model introduced by Ehrenfest and Ehrenfest (1907) 
and Kohlrausch and Schrédinger (1926). ‘The second model, discussed in §3, 
is a simplified version of the wind-wood model of the Ehrenfests (1911). In both 
cases we shall introduce a quantity A which measures the departure from 
equilibrium. We can then calculate (i) the probability w(A) of the occurrence 
of a given value of A, (ii) the probability w(A’, A”) that during a time interval + 
the value of A has changed from A’ to A”, (iti) the average value A,, of A, 
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(iv) the average rate of change of A, (v) the average lifetime 7(A) of a state 
characterized by A, and (vi) the average time of recurrence @(A), that is, the 
average time between two consecutive occurrences of a state characterized by A. 
We shall discuss the results obtained in §§2 and 3 in $4. 


§2; THE URN MODEL 

Let N balls numbered from 1 to N be distributed over two urns A and B. 
For the sake of simplicity, we shall assume N to be even. Let there also be a 
box containing N tickets numbered from 1 to N. At regular intervals, 7 apart, 
a ticket is drawn and the ball whose number is drawn is removed from the urn 
in which it lies into the other urn and stays there until such time as its number 
is drawn again. The ticket is returned to the box and the process is repeated. 
At each draw the probability of drawing any particular number is 1/N. 

Let Ny, and Ny be respectively the number of balls in A and B. If we 
denote by A the difference between the numbers of balls in the two urns, we have 

aN SeIN Son SUN cate pie Re wah. oe (1) 
From symmetry considerations it follows—as we shall verify presently—that 
A=0 is the equilibrium value of A and that thus |A| measures the departure 
from equilibrium. 

The probability w(A) is most easily calculated by remarking that a situation 
with given N, and N, can be imagined to have been obtained by the tossing of 
a coin, heads entailing putting a ball in A and tails putting a ball in B. As there 
are N balls, w(A) is equal to the probability of getting N,(=4$N+4A) heads 
from N throws, or, 


N 
BeOS le ue 2) 
EN a! 
where (5) is the binomial coefficient BA(GEZE) ag eee Oe (3) 
As egn. (2) is the formula for a Bernoulli distribution, we have 

(RIN eA) NOTA = Dine pelt im hari see (4) 

and the dispersion o(A) is given by the equation 
o(A)=[(Awe—A)lev=(A%v=EN2 vee (5) 


When N>1, eqn. (2) can be written to a fair approximation in the following 
gaussian form, 
UA ClgeN ye exp (— AtIZIN ne ns (6) 
If the situation at time ¢ is characterized by A, the situation at t+ 47 is 
characterized by either A—2 or by A+2, and the situation at t+7 by one of 
the three possibilities A—4, A, or A+4. Starting from A at ¢ the probabilities 
p(A, A—2) and p(A, A+2) that respectively A—2 or A+2 are realized at t+ }7 
are easily seen to be given by the equations 
p(A, A—2)=(N+A)/2N, p(A, A+2)=(N—A)/2N._...... (7) 
The transition probabilities w(A, A—4), w(A, A) and w(A, A+4) are given by 
the equations 
w(A, A—4)=p(A, A—2)p(A—2, A—4), 
7 (NaN 9 oy os (ANA 1 (A aN) Onn (8) 
(A, A)=p(A, A+2)p(A+2, A) +p(A, A—2)p(A—2, A), 


156 D. ter Haar and C. D. Green 


and we get, using eqns. (7), 
w(A, A—4)=(N+A)(N+A—2)/4N?, 
w(A, A+4)=(N-—A)(N-—A—2)/4N?2,, Fw ees (9) 
w(A, A) =(N?2+2N—A?)/2N?. 
It is seen immediately that any w(A’, A") for which A’—A” is not equal to 
—4, 0, or +4 vanishes. 
From eqns. (9) we get for the average value A’,, at t+7, if we start at ¢ from A, 
the equation 
A’ ay =(A—4)w(A, A—4)+ Aw(A, A) +(A+4)a(A, A+ 4) =A—4A(N— 1)/N?, 
Sees (10) 
and we get for the average rate of change 
(dA/dt),, =(A' yy =A) r= —4A(N—-1)/7N7,0 we (11) 
We shall leave a discussion of eqns. (4), (5), (9), (10) and (11) to §4. 

We can now easily calculate the average life time T(A) and the average time 
of recurrence @(A) by using the method employed by Chandrasekhar (1943) in 
his discussion of Brownian motion. Let ¢,(k) be the probability that starting 
at ty) from a situation characterized by A, A is realized on R—1 consecutive 
occasions (at tg+7, t9+27, . . . ., t9+(R—1)7) while on the kth occasion 
(at tf) +kr) a value different from A is realized. In terms of w(A, A) we have 
clearly 


Ox(k) =P (Os) lao, Alias 2 i eee (12) 
The mean life 7(A) is defined by the following translucent equation 
T(Q) Sere (Rye ee ee eee (13) 


where the summation is over k from zero to infinity. From eqns. (12) and (13) 
we then have easily 
Ty=7i twa Ay eee (14) 
In the same way it is possible to express @(A) in terms of w(A, A) and w(A). 
We shall not give the detailed derivation of the result, since it is essentially the 
same as the derivation given by Chandrasekhar (1943). The final result is 


@Q(A)=T(A)T =a(A) oe” 98 See eee (15) 
Again, we shall postpone discussion of eqns. (14) and (15) to § 4. 


§3. THE ONE-DIMENSIONAL WIND-WOOD MODEL 

As an extremely simplified model of an actual gas the Ehrenfests (1911) 
introduced a two-dimensional model containing two kinds of molecules. One 
kind was fixed in the plane and scattered the other kind elastically, while 
collisions between molecules of the same kind were supposed not to occur. 
It may be remarked in passing that this model is actually more closely related 
to a metal than to a gas. We hope to discuss it in a subsequent paper, limiting 
ourselves meanwhile to the discussion of an even simpler model consisting of 
the one-dimensional counterpart of the Ehrenfests’ model. 

Consider a line segment of unit length in the x-direction on which N point 
particles are moving. We assume that these particles do not interact with each 
other and they are all moving with the same speed c, part of them in the positive 
and part in the negative x-direction. On the line segment n ‘screens’ are 
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randomly distributed. These screens have fixed positions and they have the 
property that a point particle colliding with a screen has a probability « of being 
reflected back and a probability 1—« of passing through, in both cases without 
change in speed. 

Let f, and f, be the number of particles moving respectively in the positive 
and in the negative x-direction and let the difference between /, and f, be denoted 
by A so that we have 

Seat IN= frie ee ae eee (16) 

The probability w(A) is again a Bernoulli distribution and given by 
eqn. (2) or by eqn. (6), if N>1. Equations (4) and (5) for the average value and 
the dispersion of A also hold again. 

In order to obtain w(A’, A”) we must calculate the rate of change of f, and fy. 
Let x, and x, be respectively the number of particles which during a time 
interval + change their directions from the positive to the negative direction or 
vice versa. If we neglect end effects and the possibility that a particle may 
change its direction more than once during 7, we have clearly 


Of jii—=(4.—w,)/7, “df,fdi=(x,—w,)/7 20 dNfat =2(xy—44)/r 922 (17) 
From these equations it follows that we must first of all obtain the probabilities 
p(x,) and p(x.) for the occurrence of given values of x, and x,. It is essential 
not to put 

Pe oeewhere: oaCT eee ee ites oe (18) 


as we shall discuss presently, but to introduce straight away the appropriate 
Bernoulli distributions, 
ii 


x; 


P(%) =( ) gd -gi ee (19) 
Equation (18) assumes that the number of collisions is always equal to its 
average and this equation would thus correspond to a Stosszahlansatz for our 


model. We shall assume that N>gN>1 and in that case we may approximate 
p(x;) by the gaussian distribution 


P(x) = (2ngf)™” exp [—(%,—gh)*/2ghl vee (20) 
From eqn. (17) we find easily that w(A’, A”) is given by the equation 
BAC ING oe pl 07 DCs ee tate Sek oSiwst ase. (21) 


where the summation extends over all values of x, and where x, 1s related to x, 
by the equation 
Moto aA el hye le tg (22) 
Bearing in mind that A is a discrete variable, we see that once the zw(A’, A”) are 
calculated, 7(A) and ©(A) follow from eqns. (14) and (15). 
From the fact that the p(«,) are normalized it follows that 
PETA MAL) Sal Viens Cire mente! merle roe (23) 
where the summation extends for fixed A’ over all possible values of A”. 
The average value A’,, follows from the equation 


Nees IN DON, AN) 2 Pe Ha )O 5, VN ese iss (24) 
where the summations extend over both x, and A and where x, is given by 
eqn. (22). Using for the p(x,) eqn. (20) and replacing the sums by integrals 
(from — 0 to + ©) we find 
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A At (fe -yoe 2k, balieeaie ats (25) 
and for the average rate of change of A we find, as we might have expected, 
(dA/dt) xy =(A’ay—A)/7 = 2e(fo—fi)/7 = —2gA/r. wee (26) 


Before we discuss the results of the present section we shall derive an 
expression for w(A’, A"). This is done by using eqns. (20) to (22) and replacing 
the sum by an integral (from — oo to + 00). The final result is 


w(A, A’) =(27Ng)-1? exp [ —gA?/2N —2g2(z+A)/N], ...... (27) 
where we have introduced the abbreviation 
gaz (Nes AyAg,”.) 1 oar ery ee Pe oe (28) 
and we have especially for w(A, A) the formula 
aA; A) = (272 N ei exp.( =O AAIZ Ne eee (29) 


§4. DISCUSSION 

In the preceding two sections we have collected all the formulae which we 
need to illustrate the points mentioned in §1. As can be seen on inspection the 
two models which we have discussed are very similar in nature and it is thus 
possible to discuss them simultaneously. In both cases we introduce a quantity A 
to measure the departure from equilibrium and we are thus concerned with 
a A-curve rather than with an H-curve. If we wish to compare our model with 
a real system, we may assume JN to be large compared to 1. In order to fix our 
ideas we shall take N= 10! which is of the order of magnitude of the number of 
gas atoms per unit volume under normal circumstances, and we shall take 
7=1 second. From the results of the preceding sections we reach now the 
following conclusions : 

(ia) From eqns. (9) we see that, if A is positive, the probability w(A, A—4) 
is so much larger than w(A, A) or w(A, A+4) that the average change of A, which 
is given by eqn. (10), is always in the direction of A=0, that is towards 
equilibrium. Moreover, the rate of change of A is greater, the larger the absolute 
magnitude of A (see eqn. (11)). 

(1b) A similar situation arises in the model studied in §3. From eqn. (27) 
we see that w(A, A’) is largest, when z and A have opposite signs. ‘The actual 
maximum of zw(A, A’) occurs for the value of A’ given by eqn. (25). Again we 
see a preference for an approach to equilibrium. From eqn. (26) we see 
furthermore that this approach to equilibrium is the faster, the larger | A]. 

(11) It can easily be verified that the following relation holds 

WA OA, A’ == oA GN). Se | eee (30) 
for both models. ‘This ensures symmetry with respect to past and future. 

(iii) From eqns. (9), (29) and (14) we see that 7(A) is always of the order of 
magnitude of 7 and practically independent of A. 

(iv) It follows from (iii) that the time averages of A and of A? are practically 
the same as A,, and (A?),, and thus given by eqns. (4) and (5). We see thus 
that A is, indeed, practically always in the neighbourhood of A,,. More 
quantitatively, the average departure from equilibrium, which can be measured 
by the quantity | fy —fo|ay/N, is only of the order of N12, 

(v) From (ii) and eqns. (15) and (6) it follows that (A) is essentially equal 
to r/w(A) as could have been expected from elementary considerations. In order 
to verify that the times of recurrence of observable fluctuations are extremely 
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long we can use eqn. (6). If A?=(A®),,, @=10!%sec=300 years. If 
lfi—fo|/N=10-8, a departure from equilibrium by only one-millionth of 
one per cent, O~10? years !! 

(vi) In conclusion, we wish to consider briefly eqn. (26). If we had not 
taken into account the fact that eqns. (18) would only give us the average values 
of the x,, but not necessarily their actual values at any given moment, we should 
have started by writing down eqn. (26) from which a uniform approach to 
equilibrium follows. This would have corresponded to the unrestricted 
H-theorem which was based on the Stosszahlansatz. In the same way eqn. (26) 
can be derived in a straightforward manner by using eqn. (18). We see here 
also why one should carefully distinguish between the Stosszahlansatz and 
the assumption of molecular chaos—as was done by Jeans and the Ehrenfests. 
All our calculations in §3 are based on the assumption of molecular chaos, since 
it is only possible to use for the p(«,) eqn. (19) if the positions of the various point 
particles are unrelated. 

In the future we plan to extend our considerations to more realistic models 
both in the way of more dimensions and by introducing velocity distributions 
instead of a single value of c. 
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East-West Asymmetry of Moderate-Energy Neutrons in the 
Cosmic Radiation 


By J. C. BARTON* 
Birkbeck College, University of London 


Communicated by E. P. George; MS. received 16th September 1952 


ABSTRACT. An anticoincidence counter arrangement showed no significant asymmetry 
in the arrival of moderate-energy neutrons at sea level. It is concluded that these neutrons 
do not maintain the same direction as the primary cosmic-ray particles which give rise to 
them. 


§1. EXPERIMENTAL METHOD AND RESULTS 

XPERIMENTS with an anticoincidence arrangement of counters (Barton 
1951) have shown that the penetrating non-ionizing component of the 
cosmic radiation consists chiefly of neutrons with energies of a few hundred 
million electron volts. ‘The apparatus which was used to determine the zenith 
angular distribution of these particles has since been modified so that their East— 
West asymmetry could be measured. ‘This was done by mounting the counter 
system on a turntable and enlarging the lead screen so that the counter system 
could be rotated inside it, as shown in figs. 1 (a) and (6). The arrangement of the 


Fig. 1. 
(a) Longitudinal section (counter system vertical). (6) Transverse section (counter system at 60°). 


counters was the same as before: a threefold counter telescope BCD, surrounded 
by a close-fitting screen of counters A. The coincidences BCD are caused by the 
flux of charged cosmic ray particles at sea level, filtered by 5cm Pb+5cmC. It 
has been shown previously (Barton 1951) that the anticoincidences BCD—A 
are mostly due to neutrons of moderate energy giving rise to charged secondary 
particles in the absorber ‘b’. During the present experiment the zenith angle of 
the counter system was fixed at 60°. The observations were carried out on the 
roof of the University of London Senate House. 

The following results were obtained with absorber a=5cm Pb, b=5cmC, 


c=(. (In all cases the errors given are the statistical standard deviations, or 
estimates of this quantity.) 


* Now at University College of the West Indies. 
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Telescope pointing E Telescope pointing W 
Rate B+C+D 114-2 + 0-3/hour 115-9 + 0-3/hour 
Rate —A+B+C+D 1:39 + 0-04/hour 1:32 + 0-04/hour 


From these figures we find the asymmetry (Jy—J,)/S([y+Jp) to be 
+1:5+0-4% for the coincidence rate BCD and —5 +4% for the anticoincidence 
rate BCD-A. ‘The former of these values is a measure of the E-W asymmetry 
of the total ionizing radiation under 5cm of lead; it is consistent with the figure 
of +2-2+0-9 found by Johnson (1935) under similar conditions. The 
asymmetry for the anticoincidence events, which are due to moderate-energy 
neutrons is seen to be not significantly different from zero. 


§2. DISCUSSION 


If the neutrons that are detected in this experiment maintained the same 
direction as the primary cosmic ray which produced them, then only primaries 
with energy greater than 13-5 kMev could be responsible for them; for this energy 
is the minimum required for a primary particle arriving from the East at 60°, 
whereas one from the West only requires 1-6 kMev (e.g. Alpher 1950). This would 
mean that the neutrons were produced by latitude insensitive primaries. No 
measurements of the latitude effect of this component have so far been reported 
but we can consider instead the results obtained for the low-energy neutrons that 
are detected by boron counters; according to Tongiorgi (1949) these low-energy 
neutrons are produced locally by nucleons whose energy is comparable with 
that which is necessary for a particle to be detected by the present apparatus. It 
has been found by Adams and Braddick (1951) and Gill and Curtiss (1951) that 
the latitude effect for low-energy neutrons at sea level is much larger than it is 
for the total ionizing radiation. ‘This shows that the neutrons cannot be the 
descendants of latitude insensitive primaries and we conclude that the assumption 
of collimation between the observed neutrons and the cosmic-ray primaries was 
unwarranted. It seems more likely that the neutrons have been ejected at com- 
paratively large angles from nuclear disintegrations which are produced by 
particles arriving from directions near the zenith. ‘This conclusion is consistent 
with the earlier observations of the zenith angular distribution (Barton 1951) 
in which it was shown that the neutrons have a broad distribution in angle at sea 
level. 
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Domains of Reverse Magnetization 


By L. F. BATES anp D, H. MARTIN 
University of Nottingham 


MS. received 18th August 1952 


ABSTRACT. An experimental study by the powder deposit technique has been made of 
interesting domains of reverse magnetization which arise when an initially saturated crystal 
of silicon—iron is demagnetized. Two cases have been studied with the crystal (a) as perfect 
as possible, and (4) with an artificial defect made at one end to provide controlled demagneti- 
zation effects. 'They show that imperfections in the surface are very important in deter- 
mining the observed demagnetization phenomena. ‘The surfaces of the crystal may 
themselves act as imperfections. 


§1. INTRODUCTION 


N this communication we report experiments made on a single crystal of 

3-0% silicon—iron cut so that each surface of the specimen is a true {100} 

plane, with the long axis parallel to a [100] direction along which the magnetic 
field was applied. We desired to know how the domain structure changed as 
the initially saturated crystal was demagnetized, and in particular how the one 
single domain of the saturated state broke down. ‘The latter problem was 
considered theoretically by Brown (1945), who stated that he could find no 
reason why a perfect crystal when once saturated should change its domain 
structure except when an appreciable reverse field was applied to it, the field 
being considerably greater than the coercivity of the material. A similar problem 
in the case of permalloy under stress was tackled by Dijkstra (1950) who 
envisaged the formation of domains of reverse magnetization by the rotation of 
the magnetization vectors in regions of ellipsoidal shape. The application of 
Dikstra’s treatment to the case of silicon—iron gives results similar to those of 
Brown. 

§2. EXPERIMENTAL DETAILS 

The specimen was of rectangular shape, 8mmx2mmx1-5mm. It was 
placed with its long axis between the pole faces of a simple electromagnet and 
it was first saturated by the application of a field of some 200 oersteds. An 
examination by the powder deposit technique (cf. Bates and Neale 1950), 
showed by the absence of powder patterns upon the surface that the crystal 
was a single domain. ‘The applied magnetic field was thereupon slowly reduced 
to zero and then increased again in the reverse sense. ‘The domain structure 
recorded by powder patterns on the surface of the specimen was examined as 
the half-cycle of magnetization was traversed. 


§3, EXPERIMENTAL RESULTS 
(1) The Role of Surface Imperfections 
The first indication of departure from the single domain condition was the 
appearance of closure domains at imperfections in the surface. At first they 
were very small, but they increased in size as the field was reduced until, when 
the effective field acting in the crystal was approximately zero, they were of the 
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size generaily recorded in the literature, as for example, by Bates and Mee (1952). 
They consisted entirely of domains magnetized at 90° to the original direction 
of saturation. Closure domains had formed, in some cases at what appeared to 
be extremely small imperfections, so small that the latter were revealed only 
by the clouds of colloid which always collect at surface imperfections. Further 
growth of closure structures occurred when the effective field was reversed. 
The subsequent changes in domain structure as the cycle was further traversed 
were photographed, and selected pictures are reproduced in fig. 1 (Plate I). 

Figure 1 (a) shows the closure structure at a large imperfection when a small 
reverse field acted. Figure 1(b) shows how the structure increased in size with 
increase in the reverse field. On still further increasing this field a new 
phenomenon, shown clearly in 1 (c), was recorded. It is seen that a breakdown 
of a 90° closure domain has occurred with the formation of a new structure 
running upwards from one side of a closure domain, and it is obvious from the 
nature of the powder deposits that the new structure is magnetized in the 
opposite sense to the initial saturation direction. Incidentally, the new structure 
is found in a region of some slight surface imperfection. A small increase in 
the field brought about considerable growth of the reverse domain, as we shall 
now call this structure, and (d) together with the composite photograph 1 (e) 
show the changes which occurred for an increase in field of only an oersted or so. 
In the upper part of 1(e) other reverse domains are seen, including the base of 
a very large one situated in the upper left-hand corner. 

The sudden break-up of a pattern such as that of fig. 1(6) following upon a 
very small increase in the reverse field and, when the pattern has reformed, the 
appearance of a structure similar to that in i(c) seem to indicate that an 
irreversible process is concerned in the creation of reverse domains. 

On increasing the field from that of fig. i(e), one finds that two or three 
reverse domains fuse and that the one large domain so formed gradually extends. 
along the length of the crystal and pushes its boundaries sideways. The 
remaining domains of reverse magnetization decrease in size and finally disappear 
as the boundaries of the large reverse domain approach them. Eventually the 
whole crystal surface becomes one domain except for a few closure structures. 
which persist at imperfections. Further increases in the field cause the latter 
domains to diminish in size and finally to disappear, when we then have the 
specimen saturated in the reverse direction. 

Experiments were also made upon a specimen in which the demagnetizing 
field was deliberately made non-uniform. ‘This was done by cutting a niche in 
one corner of the crystal as shown in fig. 2. ‘The patterns now obtained were 
more simple, and in our view showed the process of formation rather more 
clearly. The crystal was magnetically saturated as before, and on reducing the 
magnetizing field the first breakdown in the domain structure occurred at the 
imperfections around the cut edge, although the field for the rest of the specimen 
was still of appreciable magnitude. ‘These patterns grew fairly rapidly as the 
half-cycle was further traversed, and they spread well into the rest of the crystal 
surface and were there markedly developed before closure structures around 
‘local’ imperfections in the main surface became of appreciable size. Figure 2 
shows in a diagrammatic way how these large closure structures spread from 
the edge. They contained only domains magnetized at 90° to the direction of 
initial saturation. 
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In fig. 3 (Plate Il) are given a number of photographs which represent these 
phenomena and the subsequent appearance of reverse domains. Starting with 
3 (a), which shows the large closure domains in the main surface, we pass to 3 (5), 
where on the right-hand side the formation of a domain of reversed magnetization 
is noted. This is seen as a trapezium-shaped figure; a small reverse field was 
acting when this picture was obtained. Figure 3(c) shows how the reverse 
domain grew with additional increase in field. 3(d) shows a further breakdown 
of a 90° closure domain on the left-hand side of the picture. 


(a) (e) (f) 
Fig. 2. Illustrating origin of large closure Fig. 5. Suggested mode of. formation of domains 
domains. of reverse magnetization. 


A large-scale breakdown has occurred outside and to the left of photograph 3 (e) 
‘so that the boundary of the resulting large reverse domain is seen in the 
photograph. Finally, 3(f) shows a further increase in the size of this domain, 
and one notes the rather clear-cut 180° boundary running almost from top to 
bottom of the picture. 


(i1) The Role of the End Faces and the Edges of the Crystal 


(a) The end faces. At an early stage in the half-cycle of magnetization 
90° closure domains appear at both ends of the crystal, which thus act asthe 
boundaries of large imperfections. The type of structure as seen on the surface 
under observation is illustrated in fig. 4(a@), and it acts as a source of reverse 
domains in a similar way to the 90° closure structures at imperfections as 
described in §2 (i) above. 

The ‘zigzag’ boundaries which are seen in those parts of the surface near the 
ends of the crystal, particularly when the specimen is magnetically on open 
circuit, 1.e. with gaps between pole faces and specimen, are believed to be 
associated with 90° closure domains which originate as shown in fig. 4(c) within 
the end faces of the crystal. The ‘zigzag’ boundaries photographed in fig. 4() 
ought then to arise from the creation of subsidiary closure domains when the 90° 
closure structures, growing with change of field in the usual way, reach a surface of 
the specimen as depicted in fig. 4(c). It will be seen that the subsidiary closure 
domains are in fact reverse domains, but except when the crystal is on pronounced 
open circuit, i.e. with large gaps between pole faces and specimen, they are too 
few in number to play a major role in the demagnetization process. 

(b) The edges. Some of the 90° closure domains, of the type considered 
in §2(i), which form at imperfections around the lateral edges of the surfaces, 
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strike the edges when they grow with change in field, and presumably form 
subsidiary closure domains like those drawn in fig. 4(d). This would explain 
the occasional appearance of ‘zigzag’ boundaries close to the lateral edges of 
the surface under observation ; and, indeed, the fusing of several large reverse 
domains, as described in §2(i), does in general take place very close to a lateral 
edge, where the reverse domains described in §2(i) occur in the two adjacent 
surfaces as well as the type of reverse domain described in this section. 


(a) 


(a) 


(C) 


Fig. 4. The role of the end faces and edges of a crystal (diagrams not to scale). 


§4. DISCUSSION OF RESULTS 

The question at once arises, do any large reverse domains form within the 
body of the crystal? One can only say that it appears improbable, in the absence 
of any effect on the surface patterns. ‘The next question which arises is, how deep 
are those domains whose patterns are observed in the surface? ‘The closure 
domains which form at imperfections must be surface phenomena, and the 
reverse domains when they first appear are part of these surface structures. 
As these reverse domains increase in length and breadth, however, it is reasonable 
to assume that they also increase considerably in depth, eventually to occupy 
the whole crystal. We intend to repeat these experiments with a crystal of pure 
iron and to attempt to measure changes in magnetization at the same time as we 
observe the changes in domain structure. This will then provide a better 
experimental answer to the questions posed above. 

The mechanism of the formation of closure domains around imperfections 
is perhaps fairly well known, but we must now attempt to explain how reverse 
domains are initially formed. ‘The true method of formation is not sufficiently 
clear from the photographs owing to the difficulty of recording the rapid processes 
which apparently take place when a domain of reverse magnetization is created- 
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A tentative scheme of formation is put forward in fig. 5. Diacram 5 (a) 
represents a closure domain similar to those in fig. 3(a). ‘This closure domain 
expands on increase in the reverse field; its boundary encounters an imperfection 
and is momentarily held up as shown in 5(b). A further increase in field results 
in the situation depicted in (c) with the irreversible creation of a domain of reverse 
magnetization at the imperfection. Under the action of the (reverse) field this 
domain grows rapidly as shown in (d), (e) and (f). Comparison may be made 
with the structures in fig. 3, especially with those near the left-hand edge of 3 (c). 

An alternative method of formation could be that pictured by Dijkstra if 
we suppose that the critical field necessary to initiate the rotation is considerably 
reduced in the neighbourhood of an imperfection. The stray fields in the 
vicinity of a boundary of a closure domain, due to the presence of some free poles 
on these boundaries, may supplement the reverse field to provide the necessary 
critical field. -In fig. 3, photographs (d) and (e) show in the upper right-hand 
corner the formation of a new reverse domain apparently starting from a small 
imperfection close to, but independent of, a large closure domain. 


§5. CONCLUSIONS 


It is therefore seen that surface imperfections play an extremely important 
part in domain formation. We have known for a long time of their importance 
in the formation of purely closure domain structures, but in this communication 
is stressed their importance in the formation of domains of reverse magnetization 
which permit a specimen to be demagnetized by very small fields. In other 
words the difficulties which Brown encountered in trying to expiain how an ideal, 
saturated crystal could eventually become demagnetized do not exist in the case 
of a crystal in which there are surface imperfections. It is interesting, if not 
profitable, to speculate what degree of imperfection is necessary to provide a 
material with minimum hysteresis loss. For the problem considered here is but 
one example of domain processes which cannot be described in terms of simple 
boundary displacement and rotation of domain magnetization vectors alone. 
The creation of new domains, a process which appears to be necessary in each 
of these cases, might well be expected to contribute to hysteresis effects. 
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ABSTRACT. The most probable specific ionization of energetic w-mesons has been 
measured as a function of momentum, using proportional counters filled with a neon- 
methane mixture. The results confirm previous measurements, and are in good agreement 
with the theoretically predicted increase of specific ionization at high momenta. 


§1. INTRODUCTION 

HE experiment described below is a continuation of the work, on the 

ionization of relativistic y-mesons, already reported by Becker et al. 

(1952, to be referred to as I). In that article the problems of using 
proportional counters for such measurements were discussed at some length. 
In particular, the difficulties caused by the existence of fluctuations in the rate 
of ionization (Landau 1944) were considered, and a summary was given of a 
method (Behrens 1951) which had been found useful in the statistical treatment 
of the results. 

The aim of the present experiment (which, like the previous work, was 
performed at the Aiguille du Midi laboratory), was to extend the technique 
of ionization measurement by means of proportional counters to something 
approaching its practical limit. Considerable changes were therefore made 
in details, although the main layout of the earlier experiment was retained. 
The experiment consisted of measuring simultaneously the momenta and 
ionization of cosmic-ray mesons, using a cloud chamber in a magnetic field and 
proportional counters respectively. ‘The rate at which information was collected 
was increased by having four separate counters, each giving an independent 
measurement for every particle. A change was made in the filling of the 
counters, since very large ionization fluctuations had been observed in the 
krypton counters used for the earlier work. ‘There were reasons for expecting 
these fluctuations to be smaller—and the ionization resolution to be corre- 
spondingly better—in counters filled with light gases (1; Rothwell 1951). 
A neon—methane mixture was therefore used in the present experiment and 
was found to give a worth while increase in accuracy. Finally, an anti- 
coincidence array was installed around the proportional counters to minimize 
the effect of side showers. 

The net effect of these modifications was to increase the accuracy of 
measurement by a factor of about 2:5. 
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§2, EXPERIMENTAL ARRANGEMENT 


The apparatus used is sketched in fig. 1. A lead filter, to cut out the soft 
component, was placed above the apparatus, and the beam of cosmic-ray particles 
was defined by counter trays A, Band C. Between A and B the four rectangular 
proportional counters were mounted in a vertical stack in such a way that the 
beam passed through all of them. The effect of the accidental passage through 
the counters of any unwanted particles which happened to be coincident with 
an (A+B-+C) event was minimized by two rows of guard counters G. Events 
of the type (A+ B+C+G) were rejected. 

The cloud chamber, situated between trays B and 
C, was in the field (3000 gauss) of a large electromagnet, 
the curved coilformers of which are shown. ‘This 
assembly enabled momenta of up to 5 x 10° ev/c to be 
measured. Both the operation of the cloud chamber 
and the recording of the counter pulses were controlled 
by triple coincidences of the telescope. 

The dimensions of the counters were as follows: 
useful length 25 cm, mean internal depth in the direction 
of the beam 7-0 cm, width 9 cm (the width of the beam 
being 7cm). They were filled with a mixture of 
20:-5cem Hg of neon, 20-5cm Hg of methane and 
1-6cm Hg of krypton (at 20°c), the trace of krypton 
being added to facilitate calibration with x-rays. 

Energy calibrations of the counters were regularly 
carried out, using x-rays from radio-isotopes (Rothwell 
and West 1950). Particular reliance was placed on 
the calibration given by the K x-rays from *!Cr, since 
the energy (5-0 kev) was close to the most probable Fig. 1. Experimental 
energy loss measured in the course of the experiment. arrangement. 


§3. SELECTION OF PARTICLES 

Of the particles classified as (A + B+C--G) events, only those were selected 
which appeared from the cloud-chamber photographs to be unaccompanied 
by other coincident particles, and, of these, the negative particles only were used 
for those momenta (p>550 Mev/c) where the presence of protons might affect 
the result. (It was not, of course, possible to make such a selection for the 
unresolved group of high-energy particles.) ‘The particles were grouped into 
the six momentum categories indicated in the table (§ 5). 

The majority (85%) of the particles finally selected were p-mesons (I). 
‘The remainder were mostly 7-mesons, which since they do not differ greatly in 
ionization properties from u-mesons, introduce an error of less than one per cent. 


§4. OBSERVATIONAL UNCERTAINTIES 
(i) Ionization Measurement 


The principal uncertainty in the measurement of the most probable 
ionization is due to the large fluctuations in the rate of ionization from point 
to point along the track of the particle (1; Landau 1944, Blunck and Leisegang 
1950). As a result of these fluctuations, measurements in the same counter, 
of particles of the same nature and energy, show a broad distribution, which 
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has a ‘tail’ on the high-energy side. ‘The histograms of fig. 2 show the effect 
very clearly for the six momentum groups. 

Because of the width of the distribution, the rather small number of 
observations, and the small effect being investigated, it is necessary to use some 
objective statistical method for evaluating the most probable ionization for each 
group. Use was again made of Behrens’ method (see I) by which a peaked 
curve can be fitted to the histograms*, allowing the position of the maximum, 
and hence the most probable ionization, to be determined with considerable 
accuracy. ‘The curves used for this purpose were those given by Rothwell 
(1951) for the energy loss of 2 Mev electrons in krypton, neither experimental 
nor theoretical values for the distribution in a neon—methane mixture being 
available. However, the method allows both the position of the maximum, 
and the horizontal scale (determining the width of the curve) to be independently 
varied to give the best fit. The position of the maximum is, in fact, very 
insensitive to the exact shape of the curve which is fitted to the observations. 
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Fig. 2. Experimental ionization distributions for the six momentum groups. 


This method of curve-fitting makes use not only of observations close to the 
peak, but also those lying in the high-energy tail. However, with the gain 
setting necessary to observe the peak satisfactorily, saturation in the apparatus 
limits the extent to which this tail can be observed ; relatively more is observable 
the smaller the value of the most probable ionization. ‘Thus, if all the observations 
—up to the saturation value—were used for the computation of the most 
probable ionization for each group, the result would be to reduce the apparent 
increase of ionization with momentum. ‘lo avoid introducing an effect of 
this kind we have applied a cut-off at a value 2-4 times the most probable 
ionization for each group. ‘This figure is the ratio of the saturation ionization 
to the most probable ionization of the highest momentum group (VI). (The 
most probable ionization was in each case determined by successive 
approximation.) Computations made with this restriction should then yield 
the correct relative values of the most probable ionization for the various groups, 
provided the shape of the distribution is the same for each ; within the rather 


* The widths of the histogram rectangles were chosen so that no appreciable error was- 
introduced by the grouping of the results. 
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poor statistical accuracy this appears to be true. ‘I'he correction introduced 
by this procedure is largest for Group II (minimally ionizing mesons), for which 
it amounts to 1:1% (43 ev). It decreases with increasing ionization, becoming 
zero for Group VI. 

Since the errors in the measurement of the ionization are small, the final 
accuracy of the experiment depends almost entirely upon the accuracy of the 
curve-fitting procedure. ‘The approximations dealt with above may have 
introduced a small but regular shift of the maximum from the true position; 
this possibility should be borne in mind when comparing the experimental 
values with the theoretical curves. 


(11) Momentum Measurement 

The error in the determination of the momentum p of an individual particle 
was such that the standard deviation of 1/p was0-2, when p wasin units of 10% ev/c. 
Examination of the effect of such errors on the grouped results shows that they 
are unimportant except in the case of the ‘unresolved group’ (VI), for which 
the effective momentum is calculated to be approximately 6-5 x 10%ev/c. ‘This 
value was obtained by first calculating what was the real momentum spectrum 
of the particles ‘observed’ as having momenta greater than 5x 10%ev/c ; a 
theoretical ionization distribution for the group was then synthesized, and was 
found to have a most probable value equal to that assumed for monoenergetic 
y-mesons of true momentum 6-5 x10%ev/c. The assumptions used in this 
calculation were that the true momentum followed the sea-level distribution, 
and that effects due to the polarization plateau were unimportant. Both these 
assumptions would tend to make the value found for the effective momentum 
an overestimate, but the error cannot be large, since the corresponding 
calculation for Group V gave good agreement with the observed mean momentum. 


§5. RESULTS 
The following table gives the results obtained from the histograms of fig. 2 
by the curve-fitting procedure. 


(1) (2) ; (3) (4) (5) (6) (7) 


I <0-25 0-185 Sa. (@) PS 3ie(b)2 108 4-15+0-12 48+6 
II 0:25-0:50 0:39 ose. (a) 85 (6) 298 392+ 0:07 57+4 
III 0:50-1-0 O75 — (a) 763 (6) 226 4:07+ 0-09 60+4 
IV ied) Lai) 1:38 _ (a) 80 (6) 290 4-25+ 0-08 55+4 
Vv AAD 5G; 3-05 _ (ay SS (OY B28 4-65+ 0:08 56+4 
VI >5:0 (See § 4 (ii)) Hp Se (a) 115 (6) 397 4:89+ 0:08 52+4 


(1) Group number; (2) limits of observed momenta (10° ev/c); (3) mean observed 
momentum for group (10% ev/c); (4) sign of particles; (5) number of (a) particles, 
(4) ionization observations included in histograms; (6) A (kev); (7) percentage width of 
distribution at half height. 


In the above table A is the most probable ionization, determined as described 
in § 4 (i), produced by the particles in the 7cm path length in the counters. 
The errors given in the last two columns are standard deviations. 

The average of the widths given in the last column is smaller by a factor of 
1-5 than that for the krypton-filled counter used in earlier experiments ; in 


both cases approximately the same energy—4 kev for minimally ionizing mesons 
—was expended in the counters. 
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§6. COMPARISON OF RESULTS WITH THEORY 


A theoretical value of the most probable ionization has been given for pure 
gases by Landau. ‘The authors are indebted to J. S. Bell (private communication) 
for an extension of Landau’s work covering the case of mixtures ; we reproduce 
his result for the convenience of readers. For a mixture of gases the most 
probable energy loss by ionization Ay is given in electron volts by the equation 


Ay =2in,(€/v)? {log [5-5 x 10%n/(13-5 Z,)? (1 — 2/e2)] +1 —v?/e2} 


Where 9, =1-54 x 10°4,Z,/A; ; »=%,y,; and p, is the mass per unit area of the 
ith constituent. This formula differs from a straightforward addition of the 
most probable values of the energy loss in the individual components of the 
mixture by having the term 7 under the logarithm instead of 1;. 

Below 10” ev/c polarization corrections to this formula (Swann 1938, Fermi 
1940) should be unimportant. It has therefore been used in calculating the 
full line curve of fig. 3, in which the theoretical values are compared with the 
experimental results. The broken curve in the same figure was obtained by 
substituting for the value of 13-5 Z,ev used by Landau for the average ionization 
potential J of atomic electrons, values based on the work of Bakker and 
Segre (1951). These authors quote experimental results for a number of 
elements, including carbon and hydrogen; their results show a fairly regular 


Momentum Groups and Sign of Particles 


lonization (kev) 


10 10 
Momentum (10° ev/c) 


Fig. 3. Comparison of experimental results with theory. Solid curve: calculated from 
Landau’s theory; Dotted curve: obtained by substituting in Landau’s theory 
experimental values for average ionization potential (§ 6). 


* The effective momentum for the unresolved group was obtained by calculation 
(§ 4 (i1)). For the other groups the points are plotted at the mean observed momenta. 


dependence on Z so that, although no value is given for neon, a reasonably 
accurate figure can be obtained by interpolation between carbon and aluminium. 
The use of the more recent values for the average ionization potential gives 
better agreement between theory and experiment. 

The dotted curve and the experimental points (excluding that for Group VI, 
for which the momentum accuracy is poor) have been compared by means of 
the x? test. A probability of 0-29 was obtained, which is within the limits 
(0-1 to 0-9) usually regarded as denoting satisfactory agreement. We conclude, 
therefore, that Landau’s formula, with the modification mentioned above, 
gives the correct value for the most probable ionization for relativistic -mesons. 
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‘This conclusion, like that of our earlier experiment, is supported by the recent 
work of Ghosh, Jones and Wilson (1952), of Kupperian and Palmatier (1952) 
and of Carter and Whittemore (1952). 
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ABSTRACT. ‘The cross sections for resonance electron capture from hydrogen atoms by 
protons of incident energy up to 100 kev are calculated theoretically using the Perturbed 
Stationary State method and a comparison is made with the results of the Born approxi- 
mation both with and without neglect of momentum transfer. 


SN ROD WiC TelON 


ITTLE quantitative information is available on the cross sections associated 
with the various types of heavy particle collisions though many of these 
are important for an understanding of a wide range of atmospheric and 

discharge tube phenomena. In paper I (Bates and Dalgarno 1952) one of the 
simplest of such processes, resonance capture 


Bas Hlela Hist ee fete (1) 


was investigated using the Born approximation. ‘There are no experimental data 
with which a reliable comparison can be made so that to determine the range of 
applicability of the approximation it is desirable that the reaction be examined 
using a theoretical treatment designed specifically for low energy collisions. 
The Perturbed Stationary States method (P.S.S. method) is the most suitable 
(cf. Mott and Massey 1949a) for such collisions giving reliable results for 
velocities up to at most the orbital velocity of the bound electron. It is used in 
the present paper to evaluate the cross section of the reaction (1) for incident 
protons in the energy range 0-10 kev. 


§2. THEORY 


A detailed description of the P.S.S. method has been given recently by 
Bates, Massey and Stewart (1952) so that only a brief account will be presented 
here. Essentially the system is regarded as being in equilibrium with the two 
protons at rest and the relative motion of these is then introduced as the 
perturbation causing the charge transfer transition. If ‘Y’(p, R) 1s the wave function 
of the system, e being the position vector of the electron and R that of one proton 
relative to the other, then taking account of only the two states which result from 
the initial states of the atoms when the two approach each other adiabatically, 
we may expand 

(eR) =n enR)7(R) Aap, REAR) ogee. (2) 


where X+ and X~ are wave functions describing the behaviour of the electron 
when the two protons are at a fixed distance R apart, the former being symmetrical, 


174 A. Dalgarno and H. N. Yadav 


the latter antisymmetrical in the nuclei. Substituting the expansion (2) in the 
Schrodinger equation for the entire system, two coupled equations for #* and F~ 
are obtained 


(Vy? + 8 —e#(R)}F*(R) = — Vp F(R) | X**(e, R)VaX~(e, R) de 
{V2 + k® —e-(R)}F-(R) = — VF *(R) | X~*(e, R)VaX*(0, R) de 


where k is the wave vector of the initial relative motion and «+(R), « (R) are the 
interaction energies of the 1so and 2po states of the H,+ molecule described 
respectively by the wave functions X+ and X~. We require solutions of eqns. (3) 
with asymptotic forms 


PHR)~ 3 lexp (kn .R)+R4f+(0) exp (ckR)| 


F-(R)~—; (kn . R)+ R-1f-(O) exp (zkR)| 


5 [exp 


© being the angle through which the direction n of relative motion is turned by 
the impact. The cross section for elastic scattering with charge exchange is 


O=1{ [If—f sin © dO d®. 
Bates, Massey and Stewart (1952) have shown that the coupling terms on 
the right-hand sides of eqns. o ee be neglected so that we may take 


Ole: EB, ee L)'sin? tinted = ey Maile Cee (4) 


where »,+ and 7, are such that did asymptotic forms of the solutions g,*, g, of 


the equations 
oa 2M Wi+1 
qe” tt (#2 ne, ait ee 


which are zero at the origin are given by 
gy? ~R4I sin (RR— tr +,77). 


Determination of the Phase Shifts and Summation of the Series 

Accurate values of «+(R) and «~(R) for R up to 9a) are known from the work 
of Bates, Ledsham and Stewart (1952).* Though some values for greater R 
have been calculated by Hylleraas (1931) these are at irregular and rather wide 
intervals so that it is inconvenient to use them. Instead we adopted the 
Heitler-London approximation (Heitler and London 1927) which gives 
—2/R+2{e7*(1+1/R)—, +e-*(1+ R)} 
le eet eRe) ee wee eee (5) 
to which was added the second-order perturbation term (Coulson 1941) 

9 15). S213 we 77552 S17 7sesO04) 

— Gpi ~ DR8 — 4Ri 7 G4AR8~ DRY TIGR Tt (6) 
the energy being measured in rydbergs. A comparison between the values given 
by the sum of (5) and (6) and the accurate values of Bates et al. and of Hylleraas. 
is made in table 1. It is apparent that the error entailed by the use of the 


eh-(R)= 4 


* Our thanks are due to Professor D. R. Bates, Mrs. K. Ledsham and Mr. A. L. Stewart for 
allowing us the use of their results before publication. 


ein 
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approximate values for R greater than 9a, is trivial, notiny that it is the difference 
between (c*)'? and (e~)¥® which is of importance for the determination of the 
cross section. 

The phase shifts were computed using Jeffreys’ formula with the Langer 
modification (cf. Mott and Massey 1949 b) 

oo 2 1)2) 12 oo 1)2) 1/2 
n= | {#- Sagi Re hea! \ dR— | {i ——— \ dR 

where the lower limit of each integral is at the zero of the integrand. The 
accuracy of this approximation should be ample especially since in 7,+—7, the 
errors of the individual phases should partially cancel. 


Table 1. The Interaction Potentials of the Iso and 2po States of H,+ 
(in rydbergs) 


Iso 2po 
R (ag) Accurate Approximate R (a) Accurate Approximate 
7-0 —0-01119 —0-01032 70 0:00745 0-00619 
8-0 —0-00514 —0-004703 8-0 0:00279 0-00229 
9-0 —0-:00239 —0-002218 9-0 0-00091 0-000711 
9-043 —0-00169 9-053 0-00084 
10 —0-001076 10 0-000117 
11 —0-000565 11 —0-000082 
11-039 —0-00059 11-041 —(-00008 
12 —0-0003233 12 —0-0001288 
ths! —0-0002017 1g —0-0001241 
13-034 —0-00020 13035 —0-00012 
14 —0-0001358 14 —0-0001050: 
15 —0-0000971 15 —0-0000849 


The number of phase shifts that contribute to the cross section ranges from 
about one hundred to several thousand as the energy of the incident proton 
increases from lev to 10kev. ‘The series expression (4) for QO was evaluated by 
splitting it into two parts, averaging the first part and replacing the second part 
by an integration (cf. Buckingham and Dalgarno 1952). 


§3. RESULTS AND DISCUSSION 
The cross sections for electron capture derived by the P.S.S. method are 
given in table 2 for energies up to 100 kev, the value at the highest energy being 
obtained by extrapolation (assuming the third difference to be zero). As is 
usual for such reactions the cross section at low energies is rather larger than the 
gas-kinetic cross section. 


Table 2. Cross Section for Electron Capture derived by the P.S.S. Method 


(in units 7d”) 


log (energy) (ev) 0 1 2 3 4 5 
O (1a,")* Boy 40-7 29-1 18:8 9-8 Deiter 
+ 7Tag-—O8 LO * cme + The value of 2:1 was obtained by extrapolation 


In table 3 the values of the impact parameter p for which the probability of 
electron transfer (cf. Bates, Massey and Stewart 1952) first attains the values 
1, 4 and } are given. It is noteworthy that as the incident energy increases the 
probability of electron transfer for other than head-on collisions steadily decreases. 
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A comparison of the P.S.S. values with those obtained using the Born 
approximation (Bates and Dalgarno 1952) both with and without neglect of 
momentum transfer is made in the figure. As would be expected the P.S.5. 
curve lies below the less accurate Born curve at small energies. It may be ~ 


Table 3. The Largest Parameters* p for which the Probability of Electron 
Transfer is 1, 4, + 


Energy of incident proton (ev) 1 10 100 1000 10000 
p (in units of ay) 
Probability of electron ; ao Ls ya oF so 
2 
transfer 1 9-9 8-3 7-1 5:5 Say; 


* For values of the impact parameters between zero and the values for a probability of 
unity given in the table the probability of electron transfer oscillates rapidly between 0 and 1. 


mentioned that the cross sections obtained by Brinkman and Kramers (1930) 
from a simplified Born approximation (in which one term of the interaction is 
neglected) are larger, and therefore more seriously in error than the cross sections 
obtained from the true Born approximation. 


0 | 2 3 
log,, Energy (ev) 


Curve (a): Q derived by the P.S.S. method. 
Curve (6): Q derived by the Born approximation ignoring momentum transfer. 
Curve (c) : Q derived by the Born approximation taking account of momentum transfer. 


‘The considerable importance at high energies of momentum transfer, ignored 
by the P.S.S. method, in reducing cross sections is clearly shown by curves (d) 
and (c) of the figure. ‘These curves which differ only in that (4) (like the P.S.S. 
method) neglects, whilst (c) includes, momentum transfer begin to diverge at 
energies of some 2kev. ‘This is therefore the upper limit to the energy for which 
the P.S.S. method gives accurate results. 

It may be shown by an analysis similar to that indicated by Bates, Massey 
and Stewart (1952) for direct scattering that if the interaction between the 
colliding particles is sufficiently weak the P.S.S. method reduces for high 
energies, in the case of exchange scattering, to the Born approximation with 
neglect of momentum transfer. From examination of the figure it appears 
likely that the P.S.S. curve and the curve obtained using the Born approximation 
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ignoring momentum transfer do tend to the same values at high energies 
indicating that the effective interaction is sufficiently weak for the true Born 
approximation, taking account of momentum transfer, to be useful for incident 
energies above about 10 kev and to be reliable for incident energies above about 
100 kev.* 
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ABSTRACT. A new modification of the Thomas—Fermi formula is derived which is 
similar to Weizsacker’s; this provides what is claimed to be a more plausible proof than usual 
of the Thomas—Fermi method. ‘The method is applied to give a non-divergent relativistic 
approximation for Z<137/2 and is used to demonstrate the incorrectness of the Thomas-— 
Fermi—Dirac equation based on Foch’s equations. Slater’s approximation to Foch’s 
equations is used to derive a Thomas—Fermi equation with exchange only differing from 
Dirac’s by a change in Z. The solutions of this equation are re-interpreted and shown to 
be not unique, though always giving a positive electron density. 


§1. INTRODUCTION 
HE Thomas—Fermi method has been used to obtain approximate values — 
for the electron density, the total energy, and the momentum distribution 
function, of many-electron problems. It is possible to regard the method * 
as being based on two fundamental assumptions. 

(1) A classical approximation to quantum mechanics, e.g. equal volumes of 
phase space are equally probable (Thomas 1927, Fermi 1928), position and 
momentum commute (Dirac 1930), the introduction of cells with impenetrable 
walls (Lenz 1932), the use of hydrostatic considerations (Chandrasekhar 1934), 
or the use of B.W.K. wave functions inside the classical region (Brillouin 1934). 

(2) Reduction of the many-electron problem to a one-electron problem, for 
instance by Hartree’s symmetrized equations, i.e. the equations obtained when 
it is assumed that an electron moves in its own field as well as in the field of the 
other electrons, or by Foch’s equations. These are non-relativistic approximations ; 
similar relativistic approximations are possible. 

The necessity for assumption (2) is that the classical approximation of 
assumption (1) can only deal with one-electron problems—at any rate in the first 
instance. 

The original consequence of assumption (1) (cf. for example Thomas’s 
assumption 3) is what we shall call the simple Thomas—Fermi formula: 


i a es Led een 
EW iPazs = l2m(H~ Vy}, 


if (—1?/2m)V*h, + Vip, =E,,, where the sum is over the lowest N states and 
E’ is adjusted so that the integral of the approximate X|:),|? is N. The application 
of this formula to the various self-consistent equations of assumption (2) now 
leads to various ‘'Thomas-Fermi equations’: The ‘Thomas—Fermi’ equation 
(‘Thomas 1927, Fermi 1928) from Hartree’s symmetrized equations (cf. Thomas’s 
assumption 4), the Thomas—Fermi—Dirac equation (Dirac 1930) from Foch’s 
equations, and the relativistic Thomas—Fermi equation (Chandrasekhar 1934). 


* Most of the subject matter of this paper formed part of a University of London Ph.D. 
thesis, 
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In addition to these an attempt has been made by Fermi and Amaldi (1934) to 
give a ‘Thomas—Fermi equation corresponding to Hartree’s unsymmetrized 
equations, and Gombas (1943) has given a Thomas—Fermi equation that is 
alleged to take some account of the correlation between the positions of electrons 
besides that included by the use of antisymmetric wave functions. 

The simple 'Thomas—Fermi formula for =]+;|? is not the only possible 
consequence of assumption (1). Weizsicker (1935) has given another approximate 
formula for 4]:,|? in the form of a differential equation that he has claimed to be 
more accurate than the simple Thomas—Fermi formula. Of course the 
‘'Thomas—Fermi—Weizsicker formula’ can be applied to any of the self-consistent 
equations of assumption (2) to give a corresponding ‘ Thomas—Fermi—Weizsacker 
equation’. 

It is interesting to make a digression to examine the reason for Weizsacker’s 
extension of the simple Thomas—Fermi formula. Weizsacker wanted to calculate 
the surface energy of nuclei (read nucleons for electrons above), but the surface 
energy by the Thomas—Fermi formula is zero (there is a Thomas—Fermi formula 
for XE, just as there is for &]¥,|*) and if this is made self-consistent the energy is 
lowered, so giving a negative surface energy. Weizsacker believed that this 
curious result was caused by the poorness of the simple Thomas—Fermi formula 
near the surface, where the potential changes very rapidly, and in particular he 
thought that the simple ‘Thomas—Fermi formula underestimated the kinetic 
energy. Exactly the same problem arises in the calculation of the surface energy 
of solids and Samoilovich (1945) has used Weizsacker’s formula to solve it, but 
there is another explanation of the negative result of the simple Thomas—Fermi 
formula, namely that the formula is found by replacing a summation over the 
eigenvalues by an integral. To illustrate the procedure consider a one-dimensional 
box with infinite potential walls. ‘The wave functions are proportional to 
sin n7x/L, where n is an integer and L is the length of the box. The eigenvalues 
are h?n?z?/2mL? and the simple TThomas—Fermi formula for their sum is 

Oe Hom h? N37? he N* . Ae 

PA, am 31? ~ 24m—L 24m 
where N is the number of occupied wave functions and p is the electron density 
N/L. The accuracy of the above Thomas—Fermi formula for the sum of the 
eigenvalues is increased by adding to it the term #?N?7?/4mL? that comes from 
the Euler—Maclaurin sum formula (cf. eqn. (5)). ‘This term (suggested by Brager 
and Schuchowitzky 1946) is quite adequate to make the surface energy positive 
without introducing Weizsacker’s correction (see Huang and Wyllie 1949). 

‘The original proofs of the simple ‘homas—Fermi formula were very poor 
involving as they did classical assumptions (1). Weizsacker’s attempt to improve 
the formula can be questioned for the same reason and also because the 
approximation of sums by integrals may in some cases be just as important. 
In $2 we attempt to overcome both these difficulties by giving a proof of a new 
Thomas—Fermi formula for the electron density, which we claim to be more 
accurate than the simple Thomas—Fermi formula. ‘This new formula consists 
of a differential equation for the electron density, which is very similar to 
Weizsacker’s. ‘The approximations made in the derivation of the differential 
equation are more of a mathematical than of a classical nature, and the 
Euler—Maclaurin sum formula is used explicitly. An approximate solution of 

[2-2 
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the differential equation—good when the electron density varies slowly—is the 
electron density given by the simple Thomas—Fermi formula. 

An approximate form of the new 'Thomas—Fermi formula is applied to 
the Klein-Gordon relativistic equation in §3 and leads to the relativistic 
Thomas—Fermi formula given by Chandrasekhar, but with a correction that 
removes the divergence of his method for atoms with Z less than 137/2, above 
which atomic number the Klein-Gordon equation itself is rather peculiar. 

In §2 the Thomas—Fermi formula is proved for a Schrodinger equation in 
which the potential is a function of the energy. This is applied in §4 to an 
approximate form of Foch’s equation in which the exchange operator is replaced 
by a potential that is a function of the energy (Brillouin 1934, Dirac 1930). It is 
shown that the resulting Thomas—Fermi—Dirac equation is not an equation for 
the electron density, but for a related and quite useless quantity. This is due 
to the fact that the potential is a function of the energy, and so in §5 the 
Thomas—Fermi formula is applied to Slater’s (1951) approximate form of Foch’s 
equations in which the exchange operator is replaced by a potential that is 
independent of the energy. ‘This leads to the usual ‘Thomas—Fermi—Dirac 
equation for the electron density, only with Z appearing in a different way. 
An examination of the equation shows that it is impossible to obtain negative - 
electron densities, so contradicting the usual belief, which belief has led Corson 
(1951), for example, to suggest that the simple Thomas—Fermi equation is only 
less inconsistent fortuitously. On the other hand it is shown that the 
Thomas—Fermi—Dirac equation has not a unique solution, a fact which does 
not appear to have been previously noticed. 

It has only been found possible to prove the new Thomas—Fermi formula 
in one dimension, or in three if the Schrodinger equation is separable, e.g. if it 
is spherically symmetrical. 


§2. AN EXTENSION OF THE THOMAS-FERMI FORMULA 


It is convenient, but does not constitute a generalization, to consider from the 
start the Sturm—Liouville equation rather than the simpler Schrodinger equation. 
This will save us repetition later on and is no more difficult. With another 
generalization, to cover the case of a non-linear energy term (as in the 
Klein—Gordon equation), this differential equation is 


t dT, a 
ue Ec Z| erwin ~ kee (1) 


where f, which nowhere vanishes, and g are supposed to be real functions. 
Following Young (1931) we find two real functions A(x, £) and P(«, E) such 
that jee ie 
A(x) cos 5 | P(€) dé and A(x)sin g | P(é) dé 


are both—solutions of the differential equation (1). In other words 
A exp {(i/h)[P dé} must satisfy the equation and, equating real and imaginary 
parts to zero, we find that A and P must satisfy the simultaneous equations: 


fo eAn ee ey tee 
- om (ga - AP) f z ia seks arcs 
dA 


dP df 
eee i ee = We 
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The integral of the second equation is A?Pf=constant, and eliminating A from 
the first equation gives for P the wana 


2 are Ne g- pope f zLfgey | BOTY casts (2) 
If f and P do not vary too rapidly a tit solution of this is 
fF (Zeiss) ae Wier) Haale OA eats (3) 


iust giving the B.W.K. approximation (i.e. neglecting /?). 

We now prove that Pf can never become infinite (so that A is never zero). 
This shows that the nodes in the wave function can only be at the zeros in the 
trigonometric part. ‘The proof depends on finding an interesting expression 
for P due to Milne (1930). Suppose 4, and %, are two independent solutions 
of (1) with Wronskian W, then Wf= 1, fdib,/dx — ib, f diby/dx is a non-zero constant. 
Define w(x) as (%,?+y,7)"", then we may easily show that w(x) satisfies the 
equation 


ete 


~ 2m dx \! dx 2m w : 
which enables us to make the identification 
Die SAV re tareeso) es (4) 


From (4) we see that since Wf is a constant Pf cannot become infinite except 
where y,? and y,? are both zero, an impossibility since Wf40. Clearly by a 
suitable choice of %, and %, any solution of the equation for P can be put in the 
form (4). Notice that P can consist of a sequence of 5 functions as >, or 
can be quite smooth if 7s, and , have their nodes properly spaced. 
Since an arbitrary solution of the equation (1) can be written 
oc P1P2f-12 sin {h-1[*Pdé+y}, 
where y is an arbitrary phase factor, the solution which vanishes at + co must be 


Le 1 (+ 
P-8/-128sin 5 | Pdé, where = { Pee 


fixes the eigenvalues, P being a function of E. 

Next we normalize the wave function by a method due to Furry (1947). 
Consider two solutions of the differential equation (1), %, and , with energies 
E, and E, respectively (not necessarily eigenvalues) ; multiplying the two equations 
by #, and #, and Ceci we find 


h? 0 Os 
~ Fe ag Hal Se af Fe | ~Le(B) ~ (BM 0. 
Now let £, and F, tend to some E, and fei: that #4, and ys, are the two values 


of a differentiable function of F, then performing the limit and integrating with 
respect to x we find 


ag», WL, a (,ap\ ab ay] 
if yeae=— 7 | ban (F 5h “hae ere 


If g were the usual E— V(x) this would enable us to determine the integral of #/? 
in terms of the value of at the end points. We now evaluate the right-hand side 
of this expression when = A sinf-'{”P dé and a and 6 are nodes of . We find 


the identity 
Pes ote 5. Cie aaa oie 
Te ee | [Pea] = J Pate 
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if we take A2Pf=1, where Py=0P/0E. If % is an eigenfunction it has nodes 
at + 00, and so the identity will give the normalization integral in terms of the 
integral of Py from — 0 to +. The identity also gives a very useful average 
value for ?0g/0E, namely P(E, x)/2m. ‘That the word average is not being 
used unreasonably is shown by the identity, which proves that the integral of 
the average value between two nodes is equal to the integral of ?0g/0E between 
the nodes. We shall indicate this average 2 means of a bar, i.e. 


$8 ace, x) = 7 PxlE, 2). 


Thus the total ppm Fe snes is 


N se 
SE pace x)= ae ) | [7 Palen x) dx 


assuming that ihe eigenfunctions %,, with energies E,, are normalized according 
to the equation +09 
fe Se Wnt(x) de =1. 


It will be recalled that the an, E,, are given by the equation 
+a 
F; [ae x) dx =nr. 


This expression for the total average electron density would not be too difficult 
to use since, as Milne (1930) has pointed out, P is (or at least can be) a smooth 
function and so easy to obtain by numerical integration. However, by making 
one further approximation a tremendous simplification is brought about: viz. 
by using the Euler-Maclaurin sum formula to replace the sum over the 
eigenvalues by an integration over the energy with a density of states function. 
The density of states is found by differentiating the equation for the eigenvalues 
with respect to E: Fada ah ieee 


pe Pee Pes oe 


which cancels the normalization factor and gives 


AG Bs ; G E LP ak 
5 Bua = 5% Py) 5 PG) + pe eG) 
a See: Pydx 


The asymptotic form for the remainder is 


R~Fa| 1 Pup _ PrlPugdx eBighé J 
2!2 LJPrdx |SPrdx (JPudx)’ Sane ee 


this can be regarded as an expansion either in ascending powers of h, or in 
ascending derivatives of P with respect to E. It would be advisable in any 
actual example to compute the error involved in omitting the remainder. 
Another approximation can now be made which makes it unnecessary to 
calculate P(E), P,(E,) and P,(Ey): that is to set 
gle 2 
Sua E AR. ha eee 6 
yeaa OLS, n h l ) ( ) 
the three terms in (5) which have been transferred to R’ to obtain this formula 
do, it is true, cancel out on the average from — 0 to + co (just as R does), but 
the effect of the cancellation is to put too much charge in the ground state at 
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the expense of the most energetic state. Notice of course that the substitution 
of (3) for P immediately gives the usual Thomas-Fermi formula, or if we are 
just interested in the Pee ae 


See G2 y— VIP 
It is interesting to compare the formula (6) applied to the Schrédinger 


equation (without the remainder term) with the expression given by Weizsacker 
for the electron density. The prescription for finding Weizsacker’s density is 


to minimize 
h2 hp! 
ene BT 
I (seme iets tp ) ax 

subject to the condition fp dx=N. Euler’s equation for this variational problem is 

h2 fh? p" FP p” 

a hye od, SN el Fg te a BE AF) 

anh 4m p * 8mp2 ie 


where £’ is the Lagrange multiplier. Putting f=1 and g=E-—V in (2) gives 
the following equation for p= Ly? from (6): 
h? Apr) oh pe 


a ey ee ee 


Before going on we use (5) to prove a theorem due to Friedel (1952) on the 
accumulation of electrons over a potential well. ‘The potential is zero for large x 
and is arbitrary for small x; the boundary conditions are that the wave function 
should be zero for x equal to 0 and X, alarge x. For large x the wave function is of 
the form Asin(px/h+7), A and y being independent of x, although the phase 
shift 7 is a function of the energy. The number of electrons in the interval (0, x), 
due to all states up to energy &, 1s 


[Pe d= = (Fox +B). 


while if the potential were everywhere zero the number of electrons would be 
px/mh, so the accumulation of electrons is 7(E)/7. Notice that this result does 
not depend on the type of boundary condition at X. 


The Invariance of the Formula 

An essential requirement of an accurate expression for the electron density 
is that it should be invariant to a change of variables in the Schrodinger equation. 
As an illustration let us consider the ordinary ‘Thomas—Fermi formula: it gives 
Cae 
~ 2m dr 
Suppose now we change the variables in this differential equation to uw and wx: 
yb = A(x)u(x), r= C(x); then we obtain the following equation for u: 


hed (A® du it (AA" AAC" 
wb ae SS ee ers ets 2 Mirecs pes P = 
2m dx (& A) z: {wv ddoate mil @ C? ) Me 


Now let us apply the Thomas—Fermi formula, which we have just proved 
(eqns. (6) and (3)), to this new equation; we find 


2 he (A" A’ C’\)18 
SAC utes 5 (2m)| (BI VC + mm(a- it ala 


Spr m - [2m(E’ — V(r))]"2, when E}p=0. 
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with uw normalized so that [A?C’u2 dx =1, ie. fe? dr=1, i.e. 
2 Ae ACN |e 
FF pk ss ee PY Gecko Wyse Pree el WE 
Lap ~ 5 {2m(E V)+h (5 A =) cap ; 
which is not the usual Thomas—Fermi formula for the electron density with 
which we started. 

The fact that the Thomas—Fermi formula is not invariant under this type of 
transformation means that it may be possible to choose a set of variables such 
that the Thomas—Fermi formula, expressed in these variables, is more accurate 
than the formula in the original variables. Since the Thomas—Fermi formula 
is proved by means of the B.W.K. approximation, it is clear that those variables 
should be chosen for which the B.W.K. approximation is best. Langer (1937) 
has shown that for the radial wave equation 

Rees». h? Wl+1) te 
=F + | Veta aE] BHO 
the variables should be changed tox andu: R,=e*?u,r=e*. The Thomas—Fermi 
formula now gives 


2 2 
SRRx {2m E —V(r)- He = ; 

h m 
which is an expression for the radial electron density for states with angular 
momentum /, E’ being adjusted so that the expression gives the correct number 
of electrons with quantum number / (cf. Hellmann 1936, who does not give the 
correction h?/4r?). ‘The total electron density is just 


2l+1. 1 Aa ‘ 1 YP? 
% Fae UR? ape 7 [2m(2 -V- 737m) | eels vies (8) 
if we use the Euler—Maclaurin formula to evaluate the sum over /; in addition 
to omitting the remainder we have assumed E” to be independent of /. Equation (8) 
is the usual ‘homas—Fermi formula for three dimensions, apart from the last 
term; this only makes an appreciable difference near the nucleus, where the 
electron density is now zero instead of infinite like 73. 

An advantage of our new formula (6) for the electron density can now be 
seen: this formula gives the same electron density no matter what the functions 
A(x) and C(«) are, as can easily be proved, i.e. this formula is invariant. We 
may therefore suppose that it gives the electron density more accurately than 
the ordinary 'Thomas—Fermi formula no matter what coordinates are used. For 
example the electron density given by the new formula will decrease exponentially 
(as is obvious from (4)) and not like 7° as in the ordinary Thomas—Fermi equation. 


§3. THE RELATIVISTIC THOMAS-FERMI APPROXIMATION 

It is important to take relativistic eftects into account for the inner electrons 
of heavy atoms and those collapsed stars known as white dwarfs. These electrons 
are moving at speeds comparable with that of light. 

Chandrasekhar (1934) has given a modified Thomas—Fermi formula which 
he claims corresponds to the relativistic case; Eddington (1935) has disputed 
this, maintaining that the relativistic and non-relativistic formulae are identical. 
We will not attempt to weigh the relative merits of these two schools of thought, 
but merely apply eqn. (6) to the Klein—Gordon equation. 
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The Klein—Gordon equation in one dimension, with zero vector potential, is 
— he? d*ys/dx* + m2ch) = (E— ed)*s and the electron density is 
e h ov ai ed ‘ 
ee ron ae ea ¥) iS rich nee 
With ‘= exp (—7Et/h) this becomes p,, =(me?)(E— ed) |%,,[2. Equation (6) 
gives the total electron density 
ua : E— ed), = dp, = z P+R’ 
2mc2 i Sid ra Pie A ia 
and using the B.W.K. approximation for P, namely (3), we find 
2[(E’ — ed)? — m?c*|'?/he 


for the simple 'Thomas—Fermi formula in this case. 
We can extend this to a three-dimensional spherically symmetrical problem 
for which the Klein—Gordon relativistic equation is 


san 3 
if 


=(E— e$)*R 


so that the total electron density using Langer’s (1937) correction is 


Kl = h'c? 12 214-1 
2 2¢2 2¢c4 
Se | (Z- ep)? — hc? Sara Aah? 


and Pa nid over / gives 


h2 213 

5 a a Le — ed)? — mec? — =| : 
This is Chandrasekhar’s result apart from the term f*c?/47*. In an atom 
¢— —Ze/r near the nucleus and so p would diverge like 7? were it not for 
this term; however the Langer correction ensures convergence provided 
Z<the/e? ~137/2. ‘This is very satisfactory, for the Klein—Gordon equation 
itself becomes peculiar for Z greater than this—if the s wave function is like r* 
for small r then the indicial equation for A has the solutions 2A = 1 + (1 —4Z?/137?)"? 
for the Klein—Gordon equation, but has the solution A= + (1 — Z?/137?)1? for the 
Dirac equation. 


d2R 
— he? Se nec hac 
dr 


§4. THE THOMAS-FERMI EQUATION WITH EXCHANGE (DIRAC) 

It is clearly of importance to obtain a ‘Thomas—Fermi approximation based 
on Foch’s equations. ‘This would, for example, probably make it possible to 
find the electron densities of negative ions—almost an impossibility with the 
symmetrized Hartree equations. Even our general equation (1) is not general 
enough for this purpose, since Foch’s equations contain an integral operator, 
i.e. the exchange operator. It has been customary therefore to replace this 
operator by a potential (cf. Dirac 1930, Brillouin 1934) to which it approximates, 


namely 5 
plape Vp xp 
De ne Repu logy Zar Pee rt (9) 
where p is the scalar magnitude of the momentum of the electron being considered 
and is of course a function of r (e.g. [2m(E£— V(x))]"” in one dimension), while 
p’ is the momentum of the highest filled state. 
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In order to illustrate the subsequent details of the proof of the 
Thomas—Fermi-Dirac approximation it is simplest just to consider the 
one-dimensional case (for example the radial equation): Foch’s equations are 
now approximately fie dp 


~ 2m dx? 


As indicated D is a function of x and E. If the ‘Thomas—Fermi formula is applied 
to this equation, disregarding till the last moment the fact that D is a function 
of E, we find 


+[V(x) — D(x, E)}b = Ey. 


a (2m E’ — V(x) — D(x, E’)]}!2 = op 


D(x, E’) is what is obtained from (9) when pp’, namely 2e%'/h. ‘This is just 
the formula given by Dirac and Brillouin. 
However this proof is not correct. Applying our equations (3) and (6) we find 


x (: i =z) 2m 2 ami E’ V(x) DE ee (10) 


where ¢ is normalized so that 


[ (1+ 5p) beae= Eek taaes ta (11) 


Clearly the Thomas—Fermi—Dirac formula is not giving the electron density. 
It is interesting that this flaw is not uncovered in the cellular (Lenz 1932) type 
of proof either—the (1 + 0D/0E)’s cancelling each other in (10) and (11)—although 
Brillouin’s proof could demonstrate it. 


§5. THE THOMAS-FERMI EQUATION WITH EXCHANGE (SLATER) 
It was due to the fact that the potential was a function of the energy that we 
were unable to obtain the electron density by the Thomas-Fermi formula in 
the last paragraph. Ifthen we wish to replace the exchange operator by a potential 
in order to be able to use the Thomas—Fermi formula this ‘ potential’ must be 
independent of the energy. Slater (1951) has suggested such a potential and his 
equation for an atom is 


~ m+ [Set [UE ae see (Lele) yey. ......0) 


The ‘Thomas—Fermi solution of this is (8), neglecting Langer’s correction, 
Zee we ale) 


P , , : . 3 1/3 3/2 
2E|pP=pea = {2m [ #+= —e ince las +3e (=p) }} , 


Notice that this is the usual 'Thomas—Fermi—Dirac equation except that the last 
term is 3e7(3p/87)!? =3e*p'/h instead of 2e%p'/h = D(x, p’); the maximum value 
of the exchange potential is 4e?p’/h = D(x, 0). 

In order to simplify this equation it has been customary to take its two-thirds 
power immediately (Dirac 1930, Brillouin 1934, Corson 1951) if not before 
(Gombas 1949). However, by squaring one loses the fact that the radical on the 
right-hand side of (13) must always be taken with the positive sign according to 
the ‘Thomas—Fermi formula. Another fact to be remembered about the formula 
is that p ~ 0 if the term inside the curly brackets is negative. 
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_ Notice the fact that the variational approach to this problem, now so much 
in vogue (cf. Gombas 1949), starts directly from (13) to the two-thirds power. 
We will postpone this squaring as long as possible. 
We make the usual change of variables in (13) 
2 / 2 
pr 2 er 00) aye 208 


[r—r'| 


_ [32n%e? 
Os 1 oR 


whereupon the equation becomes 


aaahaaen {é 436 (ey ee (14) 


x x x 


and r=px, (2 my |” (Ze2)-18 


with 6 =(3/3277Z?)"3_ We recall once more that this equation is not valid if 
$/x+3(¢"/x)3 <0: the correct equation is then 


Boise 20.10 ted SIN at Teel (15) 


Combining the inequality with (14) we see that ¢” can never become negative. 
Next we solve (14) for 6”/x by taking the two-thirds power, and find on solving 


the quadratic ” 
3 9 . 1/2)3 
= (e+ (Gers) I esi (16) 


To decide on the sign of the radical we substitute this value for $”/x into (14) and 
make sure that it satisfies (14); we find on taking the cube root 


se Geet)" ftenfbee Gee] 


Notice, as is obvious from the way in which we obtained (16) from (14), that this 
is an identity when it is squared, independently of the sign of the radical. ‘The 
left-hand side of this supposed identity is a double valued function of ¢/x say 
f,. and f_, with its branch point at ¢/x= —96?/4. ‘The right-hand side is more 
complicated: if we had included the minus sign as well as the plus sign it would 
have been two double valued functions, say +g, and +g_ each with its branch 
point at ¢/x = —9f?/4, and +g_ having a branch point at ¢/x=0; however by 
forcing the plus sign the function on the right is g, or |g_|, the modulus sign 
on g_ being necessary since otherwise on passing through ¢/x=0 it would 
change sign. ‘To make the position clear we give the expansions of the left and 
right-hand sides for small 4/x 


Litt Line 
ie i iemsPe 3B 37 ps xe 
L.H.S. 
ieee ge 

yee sy ee eae 

Penh en Os 
ante [e-P+aB5 D7pixt | 
ei bl] te [4t + 

|! 3B \x| 2762 |x\x 
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We know that (f,)?=(g,)? and (f_)?=(g_)’, or that f, = +g, and f_=+g_; the 


correct relations are 


fe =84 for all 6/x > —9f?/4, 
f_=-—g_ for all d/x 20, 
f= + |g_| for all 0>4/x > —9f?/4. 


The positive sign in (16) is therefore correct for ¢/x > —9?/4, while the negative 
sign is only correct for —9f?/4 <d/x <0.* 

We now consider the types of solution of (14), i.e. (16) with the condition on 
the sign of the radical just given, that represent possible physical solutions of (13). 
The first requirement is that p (or ¢”/x) should not have any 6 functions in it. 
This implies that ¢ and ¢’ must be continuous. We might make the further 
requirement that the electron density should be continuous, implying the 
continuity of ¢”. This however makes it impossible to find any solution. The 
continuity of ¢ and ¢’ makes it appear that we should continue a solution of (14) 
to x = 00, but this is not true since in any interval of « we may replace (14), or (16), 
by (15) provided 4/x is negative. In such an interval the electron density is zero. 
This possibility of breaking off the solution at a more or less arbitrary point ~ 
introduces considerable ambiguity into the Thomas—Fermi—Dirac method which 
is not present in the Thomas—Fermi method. Another cause of ambiguity is 
that ¢”/x is not determined uniquely from ¢/x by (14) if ¢/x is negative—in 
this event either sign of the radical may be used in (16), see figure. 

Taking any permissible 4, in the sense just described, we must calculate p 
from it: 

1 Zeb _ 2 a 


P~ 4re? r 4ar dr?’ 


This is then to be inserted in the right-hand side of (13) and E’ determined, if 
possible, to make it equal to the left-hand side. In other words we must make 
sure we have lost nothing by differentiating, in passing from the integral 
equation (13) to the differential equation (14). The question is whether we can 
determine an E’ such that 


2 2 (yt 2 
i Leen eee 
r 4n Jr’ |r—r’| r 


The integral can be easily evaluated and is found to be 


Ze* P(r) 4 (9) 
since ¢’/(r) is continuous. ‘Thus we must have ¢(0)=1 and then we find that 
EY = Ze*$'(00), so answering our question in the affirmative and determining 
the value of HL’. 


* The sign for the radical in (16) has usually been obtained by the following argument: 
near the nucleus the Thomas—Fermi—Dirac method must reduce to the Thomas—Fermi 
method implying the positive sign for large J/x, and this must be maintained unless $/x goes 
through the branch point at —98?/4. The last part of this argument seems to be quite 
wrong. 
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Knowing now that any solution of (14) will do (with 4(0) = 1), we have sketched 
in the figure a number of possible solutions for the neutral atom. ‘'T’o enable a 
large scale to be used we have omitted the central part of the atom. 

The explanation of the ambiguity in the solution of the Thomas—Fermi 
formula applied to Slater’s equations (12) is quite clear: if the electron density 
is suddenly made zero then the potential is suddenly made repulsive and so 
provides a reason for the electron density becoming zero. Alternatively, if in - 
a region where previously the density was zero, it is now made non-zero, then 
this will produce a potential hole which will increase the electron density. 


8 
8 


& 
8 


A number of different solutions of ¢ for a neutral atom of given Z and the corresponding 
electron densities p or ¢”/x below them. When ¢ is negative either sign of the radical 
in (16) may be taken or (15) may be used. The only requirement is that since this 
is a neutral atom ¢ must eventually be tangent to a straight line passing through the 
origin and having a negative slope. We may continue the solution of (16) right up to 
this line as shown in theleft hand figure, but since any line between ¢=0 and 
¢= —9? x/4 will do this allows a whole range of possible solutions, the two extremes 
and an intermediary of which are shown. In the middle figure, ¢ is made to satisfy 
(15) for a region of x, then (16), and then become tangent to the line through the 
origin. This gives a shell of electrons separated from the main body of the atom. 
In the right-hand figure, (16) with the negative sign of the radical has been used for 
arange ofx. ‘This gives a shell of increasing electron density. 


It seems that Slater’s equation has the potentiality of producing many different 
solutions. Notice however that the ‘Thomas—Fermi formula accentuates this 
possibility by the fact that it makes the electron density follow changes of potential 
immediately, whereas the correct electron density only follows changes of 
potential with an exponential lag. Our modification of the ‘Thomas—Fermi 
formula (eqn. (6)) is not subject to this fault. 
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Ultra-Violet Bands associated with Germanium 


The spectra of several diatomic molecules containing germanium such as 
Ge,, GeC, GeH, GeN, have yet to be discovered, and it seemed possible that 
some of these species might be observed in absorption in a King furnace. 
Experiments in search of Ge,, GeC and GeN have had no definite success, but 
ultra-violet bands have been photographed which may be tentatively assigned 
to GeH. 

In the search for Ge, and GeC the pure element was heated in carbon-tube 
furnaces at about 2000°c; in some experiments the furnace-chamber was 
evacuated, in others a slow current of purified helium at 100 mm pressure was 
maintained within it. Although absorption lines of Gel appeared strongly, 
no new bands were observed in the range 2000-70004. For GeN the 
experiment was repeated at a pressure of 1 atmosphere of nitrogen, with negative 
results. It may be that experiments with longer paths and/or higher temperatures 
will be profitable. 

In the presence of 1 atmosphere of hydrogen absorption bands were found 
in the region 2400—2600A at temperatures around 1800°c. Blank experiments 
showed that the bands are truly associated with the presence of Ge. ‘They have 
been photographed on a Hilger E.478 quartz Littrow instrument. ‘They are 
degraded to longer wavelengths: measurements of the most prominent heads 
are given below :— 


air (A) 2454-18 2463-96 2510-49 2519-03 256589 2580:15 
Vyalem—+) 40734-5 40572°8 39820-9 39685 -9 38961 -2 38745-9 
Intensity 8 10 9 10 2 4 


The outstanding feature of the spectrum is the group of four strong, rather 
diffuse, heads which occur in pairs separated by about 900cm™?. ‘The 
incompletely resolved rotational structure shows variations in sharpness from 
place to place, suggestive of an isotope effect. This structure is somewhat more 
open than that of GeO. 

The simplest interpretation of these results seems to be that the absorbing 
molecule is GeH. Consideration of the data for the other hydrides of this group 
indicates that the ground-state of GeH will be *II,(a), with d~920, B~6-0, 
w~1700 cm! (Howell 1945). ‘The most likely transitions are ?A(b)—#II(a) or 
2’ — 2] I (a), and in either case the head-forming branches in a red-degraded system 
will be §R,,, Ry +®Q.,, Ry and Q,+°R,,. If the assumption is now made that 
the four strong heads arise from the (0,0) band as follows: 'R 40734-5, 
R, 40572°8, R,39820-9, Q,39685-9, it can be tested by a rough calculation 
of B’ from the head-separations (SR—R,)=Avr,, (R,—Q,)=Ar, using 
Av, =2B’B,"/(B,"—B’) and Av,=2B'B,"/(B,"— B’), with B,"=B"(1—B"/A), 
B,” = B"(1+ B’/A). Taking B”=6-00, 4=920 cm", we find B’=5:54cm" 
from the sub-band presumed to arise from 7II3),, and B’=5-55cm™! from Ij. 

Thus the head-separations are consistent with the assumption that the 
transition is 2A(b) — or 2 —?II(a), where the *II(a) state has values of A and of B 
about those expected for the ground-state of GeH. Some further support for 
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this view comes from the fact that the two longest wavelength bands in the table 
may reasonably be identified as the ®R and R, heads of the (0, 1) band, with 
AG"),~1825 cm. It therefore appears that the assignment of the new bands 
to GeH is at least feasible: confirmation, or otherwise, must await the 
measurement of high resolution spectrograms. 

There is evidently, as in the case of Sn (Garton 1951), a considerable field for 
investigation here, requiring the use of higher temperatures and longer paths. 
This work has been begun by one of us (W. R. S. G.). 


Physical Chemistry Laboratory, R. F. Barrow. 
The University, Oxford. G. DRUMMOND. 
Physics Department, W. R. 5. GarRTON. 


Imperial College, London S.W.7 
28th November 1952. 


GarTon, W. R. S., 1951, Proc. Phys. Soc. A, 64, 591. 
HowE tt, H. G., 1945, Proc. Phys. Soc., 57, 44. 


Some Comments on the Resolution of Scintillation Spectrometers 


There have been a number of papers published on the statistical spread in 
the pulse height distribution from the scintillation spectrometer. An expression 
has been deduced similar to that of other workers (Garlick and Wright 1952) 
but it was found that a small term usually neglected can be included in such a 
manner as to demand further consideration. ‘The expression is 


a= (Gb -1) +5 mak Bis) LF 

N\N N’ fpq es m,* sp mym(m — 1) 

where o? is the fractional variance in the pulse height distribution. 5,2 is the 
variance in the number N of photons emitted by the phosphor. 4,? and 8? are 
the variances in the secondary emission ratios m, and m of the first and succeeding 
stages respectively. /f is the fraction of light transmitted to the photocathode, 
p is the photocathode quantum efficiency, and q is the fraction of photoelectrons 
transmitted to the first dynode. 

It can be shown that statistical variations introduced by losses between the 
dynodes can be automatically included if we define m, and m as the stage gain 
instead of the secondary emission ratio. A binomial distribution was assumed 
in calculating the effects of the factors f, p and q and the expression is approximated 
to the case of a large number of dynode stages. 

If we assume that the production of a photon neither determines the following 
history of the ionizing particle nor was determined by the particle’s previous 
history, then it follows that the photon emission follows a Poisson distribution. 
For this distribution 6)?=N and the expression reduces to o?= F/fpqN. 

We see that the statistical spread in the pulse height distribution depends 
solely on the number of photoelectrons entering the multiplier, apart from the 
constant factor F’, and is independent of the phosphor. 

Garlick and Wright (1952) show a plot of o? against 1/fpqgN (actually the 
square of the full width at half-maximum against the reciprocal of pulse height) 
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for different flawless crystals and the points all lie on a straight line passing 
through the origin. ‘They also show a number of points on the same graph 
obtained from crystals containing flaws and these lie scattered above the line 
suggesting that the first term is now no longer zero. Garlick has informed the 
author that by taking such a crystal and varying the factor f artificially with neutral 
filters a straight line is obtained which cuts the ordinate above the origin. 

It is doubtful whether reasoning on the above lines can be carried very much 
further. It would be attractive to assume 5,2=aN where a is a factor which 
determines the deviation from a Poisson distribution but evidence seems to 
show that the spread would not be explained satisfactorily by this procedure. 
The spread is more likely to be due to variations in the mean number of 
photoelectrons between successive scintillations. 

Swank and Buck (1952) describe an experiment in which they measured the 
variation of o obtained by changing the distance of the source from the 
photocathode. ‘They plotted o against the reciprocal square root of the pulse 
height. The curve was extrapolated to the ordinate and it was concluded that 
the source has an intrinsic resolution of 20200 (their definition of resolution is 
R=1/o"). If the form of the expression is as quoted here then it would be 
necessary to plot o” against the reciprocal of the pulse height. Re-plotting the 
results taken from their graph the line of best fit is o?=4-5 x 10°-4+0-589/H. 
This gives an intrinsic resolution of approximately 2200. 

The expression shows the importance of achieving good optical contact 
between the phosphor and the photocathode and of obtaining a photomultiplier 
tube with a high quantum efficiency. Both the quantities m, and q increase 
_ with increasing cathode to first dynode potential and hence it is usual to operate 
the first stage at a higher potential than each of the other stages. Kurrelmeyer 
and Hayner (1937) have shown that for a beryllium surface the distribution in 
the number of secondary electrons deviates from a Poisson distribution for 
increasing values of the secondary emission ratio. ‘This may also apply to the 
antimony-—caesium surface and hence a large m may in fact be compensated by 
an increase in 6”. 

We have found it convenient to replace the first resistance in the dynode 
chain by a low current neon. This makes it possible to vary the potential across 
the other stages and so vary the gain over a wide range, without affecting the 
statistical spread. It can be seen that the contribution to the spread from the 
stages beyond the first is small. 

An examination with our instruments of the 662 kev gamma-ray from '*’Cs 
using a Nal(Tl) phosphor and an EMI VX5052 tube gave o?=1/760 E (Mev). 
By expressing the equation in this form the number 760 represents the effective 
number of photoelectrons entering the multiplier per Mev. ‘This makes it 
possible to compare the resolution obtained by different workers without making 
any assumption about the values of f, p, q, 5, etc. 

Looking back at some earlier investigations of Hopkins (1951) on the linearity 
in the response of anthracene to electrons, we find that he plots a® against £, 
where a is the half-width of the distribution at 1/e maximum and F is the energy 
of the incident electron beam as obtained from a single lens / spectrometer. 
The line drawn cuts the ordinate below the abscissa and makes the intercept 
meaningless. If, however, an expression of the form o* =o9"+1/KE is assumed, 
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then a?/2E? must be plotted against 1/E. Hopkins’ results plotted in this way 
gave the line o?=1-4 x 10-4 1/440 E(mev). This gives an effective number of 
440 photoelectrons entering the multiplier per Mev and a spread due to the lens 
spectrometer and other causes of 3-7°% (fractional standard deviation) or 8-7% 
for the half-height width. 

Birks (1950) stated that he had resolved the !4In internal conversion lines 
using anthracene as a phosphor. If we assume that the lines must be separated 
by at least 2cF for resolution, we get o? = 1/1440 E (Mey) a result in disagreement 
with Hopkins. This also disagrees with measurements by Taylor et al. (1951) 
who showed that the ratio of the pulse heights from Nal(Tl) and anthracene 
for 1 Mev electrons, is approximately 1-7. 


Physics Department, P. W. RoBERTs. 
St. Mary’s Hospital Medical School, London W.2, 
and University College, London W.C.1. 
28th November 1952. 
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Excitation Functions for the (yp) and (yT) Reactions in Lithium-7 
for Energies up to 24 Mev 


Photographic plate evidence for the *Li(yp)®He — 10-1 Mev reaction (‘Titterton 
1950a) and the 7Li(yT)*He — 2-54 Mev reaction (Titterton 1950b) induced by 
y-rays from the 440kev ‘Li(py) resonance has already been given. Crude 
preliminary excitation functions for the two reactions were presented at the 
Harwell Conference (‘Titterton 1950c). The results given in this communication 
represent the continuation of that work to obtain improved statistics. 

In the experiments Ilford type E1 emulsions, 200 thick and loaded with 
lithium sulphate, were exposed to the 24 Mev bremsstrahlung from the Atomic 
Energy Research Establishment synchrotron and were processed to obtain good 
low energy discrimination between particles of charges one and two units. The 
plates were searched and events identified as described in the earlier com- 
munications. In all 338 complete (yT) events and 118 complete (yp) events 
were found in the course of the work. ‘The number-energy histograms, plotted 
in } Mey intervals, were corrected for geometrical losses (assuming in each case 
that the reaction products were isotropic about the incoming y-ray direction) 
and converted to cross sections as a function of energy assuming a spectrum of 
the shape given by Heitler’s theory. The energy dependence of the cross sections 
is shown in fig. 1(a) and (4), where the points derived from the histogram and 
the corresponding statistical standard deviations are shown. <A slow neutron 
background from the machine leads to the presence of events in the emulsion 
from the reaction ®Li(n«)’H which are identical in character with (y7') events 
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produced by y-rays of 7-18Mmev energy. ‘T’o correct the distribution for these 
events the slow neutron flux in the vicinity of the plate at the time of the experiment 
was determined using boron-loaded plates (Titterton and Calcraft 1950). 

A curve drawn through the points of fig. 1 (a) shows four peaks suggestive of 
the resonance absorption of y-rays at energies corresponding to levels of the 7Li 
nucleus each leading to disintegration into an «-particle and a triton. The first of 
these at 9-3 Mev is clearly resolved, the others at 16-7, 21-5 and 23-5 Mev are not 
so certain. This behaviour, strongly suggestive of the formation of a compound 
nucleus, is similar to that observed recently by Haslam e¢ al. (1952) for the 
reaction O(yn), by Goward and Wilkins (1952) in the case of !2C(y,3«) and 
’O(y, 4x), and by Livesey and Smith (1952) also for the reaction 1*O(y, 4). 


7Li(y,7) 4He 


7Li(7,p)SHe 


10 1S 20 


Ly (Mey) 
(b) 


Fig. 1. 


In the case of the (yp) reaction, although there is some scatter of points which 
may be due to unresolved fine structure, with the present statistics and resolution 
one can only justify drawing a smooth curve showing the general trend of the 
cross section as a function of energy. ‘The complication also arises that ®He, 
unlike *He, is expected to have low lying levels which, if they should de-excite 
by y-ray emission, would lead to events being assigned an incorrect gamma-ray 
energy calculated from E,=(E,+Egeg+10-1)Mev. This could produce a 
smearing of fine structure if it were present. 


Research School of Physical Sciences, E. W. TITTERTON. 
Australian National University, T. A. BRINKLEY, 
Canberra. 


18th November 1952. 
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The Production of Bremsstrahlung in Electron—Electron Collisions 


In a recent paper, Katzenstein (1950) has given a formula for the cross section _ 
for the production of bremsstrahlung in electron-electron collisions, in the limit 
of sufficiently high electron energy, and sufficiently low photon energy. 

His result for the cross section is: 


O22512/Dy BRT? de: LU LS a eee (1) 


@, is the ‘natural cross section’ «* A?, where « is the fine structure constant 
and A the Compton wavelength of the electron. J and k are the energy of one 
of the electrons and of the emitted photon respectively, as seen from the centre- 
of-mass frame. 

The k spectrum obtained by Katzenstein has recently aroused some interest 
in connection with a possible mechanism for the production of radio noise in 
intergalactic space (Wilkinson, private communication). 

It is the purpose of this note to point out that Katzenstein’s result is in error, 
and that the low-frequency spectrum is, in fact, of the form k-'(a+6Ink) rather 
than k=. + 

Katzenstein derives his spectrum from a differential cross section (eqn. (30) ~ 
in his paper) which contains two errors: (a) the Meller denominators have been 
incorrectly expanded in powers of k/E, and (6) a factor two is omitted in front of 
the third term in the radiation bracket. 

After correcting these two mistakes, and generalizing the result to arbitrary 
electron energy, one obtains for the integrated cross section for radiation of a 
photon with energy in the range k* to k* + dk* as seen from the laboratory frame, 
in the limit as k* +0, the result : 
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where FE and p are the energy and momentum respectively of one of the electrons 
referred to the centre-of-mass system, measured in natural units 


(h=m=c=1), U=sinh-p and By) = — ie In]1—y] dy, 


— 


is the ‘Spence’ function, which has been extensively tabulated by Mitchell (1949). 


+ This has been noted independently by J. Hamilton (private communication). 
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The non-relativistic limit of this formula is: 
dk* [4 (4p? 
Seer: sn(#)-1]. et he Oey 7 (3) 
The extreme relativistic limit, referred to the centre-of-mass frame for direct 
comparison with Katzenstein’s result is: 
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I am grateful to Professor H. S. W. Massey for drawing my attention to this 
problem. 


Physics Department, M. L. G. REDHEAD. 


University College, London. 
21st November 1952. 


KATZENSTEIN, J., 1950, Phys. Rev., 78, 161. 
MITCHELL, K., 1949, Phil. Mag., 40, 351. 


On the Motion of Electrons in Non-sinusoidal Periodic Fields 


Morse (1930) has applied Hill’s solution (1886) for the generalized Mathieu 
equation to the problem of electronic states in a crystal where the potential 
may be expressed as a Fourier series in each of the rectangular coordinates. 
An actual numerical solution for the energy bands was computed by Morse 
for a purely sinusoidal field only. It was decided to study quantitatively the 
effects of certain simple deviations from the sinusoidal potential that would 
bring the field represented mathematically closer to the actual field in a crystal. 
For small deviations, perturbation theory is applicable, but for the substantial 
modifications that are usually required, it would be more satisfactory to work 
fairly rigorously with a general solution of the Morse—Hill type. Hence, this 
solution was used exclusively at this preliminary stage of an investigation of 
electronic band structures for metals and alloys. 

Two of the potential fields studied to date are those formed by adding to 
the fundamental] sinusoidal field of period a, (a) a harmonic component of 
period 4a, and (b) a subharmonic component of period 2a. The ratios of the 
amplitudes of the harmonic and of the subharmonic to the amplitude of the 
fundamental were both set at 0:4. It is evident from fig. 1 that the two 
resultant periodic potentials are approximations to two different physical 
situations. ‘lhe one shown in (a) is a definite improvement over the pure 
sinusoid as a representation of the periodic field of an electron in a monatomic 
chain, while that of (b) is a cruder approximation for a diatomic chain. 

The amplitudes of both fundamental components were given the value 
chosen by Morse in his numerical solution of the sinusoidal field problem. 
The first few energy bands calculated for the non-sinusoidal potentials of 
figs. 1 (a) and (6) are represented by the solid curves of figs. 2 (a) and (6) 
respectively. For comparison, the energy bands for the sinusoidal potential 
considered by Morse are shown in both parts of fig. 2 (broken curves). The 
ranges of £, in these figures are those for which the approximation made in 
the evaluation of the Morse—Hill infinite determinant is valid to within }%%. 
These ranges are adequate, however, for the purposes of the following discussion. 


198 Letters to the Editor 


That the modifications of the band structure caused by the introduction 
of the harmonic and subharmonic potential components are so vastly different 
in type in the two cases can be readily understood in terms of the difference in 
_the periodicities of the two resultant non-sinusoidal potentials. It is, however, 
the difference in magnitude of these modifications in the two cases that is of 
particular interest here. ‘he small effect of the harmonic component and the 
pronounced effect of the subharmonic component on the band structure (the 
amplitudes of the two components being equal) would appear to allow a first 
approximation of the potential field in an ordered alloy in terms of only the 
main sinusoidal components and their subharmonics, even though the 
harmonics, actually present, be comparable in amplitude with the subharmonics. 


2a2mh” Ve 
Ooi 


Fig. 1. The electronic potential V, as a Fig. 2. The electronic energy E, as a 

function of position in the idealized crystal. function of the reciprocal lattice 
parameter k,. The diagrams are 
folded over at ak,=0°5, 1:0, and 
1-5 in the usual manner. 


Incidentally, Slater (1952) recently considered by perturbation theory 
methods the energy bands for the same two types of non-sinusoidal periodic 
fields. From his calculated results, he concluded that contrary to an 
assumption often made in the theory of alloys, no one-to-one correspondence 
exists between the Fourier components of potential and their effect on the 
band structure. It may be noted that the energy gap at ak,—0-5 in fig. 2 (a) 
of the present paper has been broadened by the introduction of the harmonic 
potential component, yet this component, if considered as the total potential 
field, would cause no energy gap at all at this k, value; precisely the reverse 
situation occurs at ak,—1-0 in fig. 2 (a) and at ak,=0-5 in fig. 2 (6). Hence, 
Slater’s conclusion is clearly supported by the present work. 

I am grateful to Professor Stoner and Dr. Hoare of this Department for 
many encouraging discussions. 


Department of Physics, J. S. KouveELITEs. 
University of Leeds. 


26th November 1952, 
HILx, G. W., 1886, Acta Math., 8, 1. 


Morse, P. M., 1930, Phys. Rev., 35, 1310. 
SLATER, J. C., 1952, Phys. Rev., 87, 807. 
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BOOK REVIEW 


The Principles of Quantum Mechanics, by W. V. Houston. Pp. viii+ 288. 
(London: McGraw-Hill, 1951.) 51s. 


This book by Professor Houston is a valuable addition to the expanding 
literature of quantum mechanics. It is written principally for graduate 
students studying modern theoretical physics and is based, we are told by 
the author, on many years’ experience of teaching students of this type. 
Although this is certainly not a book for the beginner, unless exceptionally 
gifted, there are several chapters which an industrious undergraduate could 
study with profit to himself. 

The book opens with a chapter entitled Experimental necessity for the 
quantum theory, which deals, in addition to other things, with the energy 
distribution in black-body radiation, the photoelectric and the Compton 
effects, and also with the diffraction of electrons, a phenomenon not discovered 
until after the establishment of wave mechanics. The next few chapters unfold 
the story of wave mechanics. ‘The author makes no attempt to ‘ derive’ the 
basic principles from experimental data, but prefers to state these principles 
in the form of concise postulates on the basis of which the theory is constructed. 
A most commendable feature of the book is the careful treatment of the theory 
of atomic spectra, including the theory of two electron systems. This is not 
usually dealt with so extensively in books on general Quantum Mechanics, 
and the present account provides a most useful introduction to this difficult 
subject. The theory of the electronic states in metals, including the elements 
of Brillouin zone theory, also receives more attention than is customary in 
such books. In spite of this the book is not a large one; the limitation in size 
is achieved partly by the economical use of mathematics, which, although 
always precise and sufficient, is perhaps just a trifle too condensed for 
comfortable reading. 

Inevitably in a book of this size there are important omissions, even on 
matters of general theory. There is, for instance, little on matrix mechanics; 
radiation theory is allowed relatively little space, and there is no mention of 
Dirac’s relativistic wave equation. - 

There are one or two minor points which call for comment: When most of 
us have become accustomed—perhaps one should say resigned—to the 
hybrids ‘ eigenfunction’ and ‘eigenvalue’, it is rather disconcerting to find 
these quantities referred to as characteristic functions and characteristic values, 
thereby placing an additional burden on a word already overworked in 
mathematical literature. Again in the chapter on the solid state we find what 
is usually known as Bloch’s theorem referred to as Floquet’s theorem, a change 
not fully justified by the much earlier date of the latter’s work since the 
content of Bloch’s theorem extends far beyond the treatment of the case of a 
single independent variable. ‘These are, however, small points and do not 
affect the value of this admirable book which deserves to be widely used by 
a variety of students as well as by those engaged in the teaching of the subject. 
To the latter the excellent selection of problems attached to each chapter will 
be particularly welcome. H. JONES, 
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Effect of the Fermi Energy on the Stability of Superlattices 


BYier, NICHOLAS = 


Division of Tribophysics, Commonwealth Scientific and Industrial 
Research Organization, Melbourne, Australia 


MS. received 29th Fuly 1952 


Abstract. When an alloy develops an ordered structure, new Brillouin zone 
boundaries are formed corresponding to the extra Bragg reflections. It is 
shown that, in this process, the Fermi energy is lowered, and this tends to stabilize 
the superlattice. The theory is applied to the superlattices in CuPt, CuAu and 
Ag3Mg, where the ordered structures do not follow from the simple principle of 
lattice-strain relief. 


§1. INTRODUCTION 

ANY superlattice structures are characterized by a tendency for the 

solute atoms to surround themselves with solvent atoms as nearest 

neighbours. ‘This has been explained by Hume-Rothery and Powell 
(1935) in terms of the strain produced in the lattice when solute atoms, having a 
diameter different from that of the solvent atoms, are introduced into the structure. 
The energy associated with this distortion is a minimum, and the structure 
therefore most stable when the strain is distributed as uniformly as possible 
throughout the lattice, i.e. when similar atoms are as far apart from each other as 
possible. However, there are certain superlattices, notably CuPt, for which 
this principle does not hold. Recently, Slater (1951) has suggested that the 
explanation in these cases may follow from a consideration of the change in Fermi 
energy on ordering since the stability of the superlattice must clearly depend 
on the total energy of the structure, 1.e. the energy of the ionic core, as considered 
in the lattice-strain theory, plus the energy of the free electrons. 

Muto (1938) seems to have been the first to recognize the fact that, in a super- 
lattice, new Brillouin zone boundaries are formed corresponding to the extra 
Bragg reflections. However, little further attention had been given to this until 
Lipson (1950) and Slater (1951) pointed out that the depression of the energy 
levels just below such new boundaries could lower the Fermi energy and hence 
help to stabilize the ordered structure. Lipson discounts the importance of 
this effect after a consideration of Cus,Au, CuZn and the Fe—Al superlattices in 
all of which the effects of ‘attice-strain relief may swamp the Fermi energy effect. 
Slater, however, suggests that the electronic energy is the dominant factor in 
the disorder—order transformation in CuPt and in the tetragonal—orthorhombic 
change in CuAu, but as his ideas are based on an analogy with a one-dimensional 
model, further consideration is needed befcre they can be applied in three 
dimensions. 

In this paper, it is shown that ordering may cause a significant decrease in the 
Fermienergy. The theory is then applied to the CuPt and CuAu cases mentioned 
above and also to the superlattice in Ag,Mg (Clarebrough and Nicholas 1950). 


* Now at H. H. Wills Laboratory, University of Bristol. 
PROC. PHYS. SOC. LXVI, 3—A 14 


202 4. F. Nicholas 


§2, THEORY 


If we define N(E) dE as the number of possible energy states per unit volume 
with energies between E and E+dE, we can find the maximum Fermi energy 
E* by the condition that [ M(£)dE from zero to E* is equal to the number of 
free electrons per unit volume in the alloy. The total energy per unit volume is 
then given by Be 
W= { EN(E) dE. 

0 


Strictly, these formulae will only apply at the absolute zero of temperature 
but they will not be seriously in error at room temperature as the degeneracy 
temperature is very much higher. We will use subscripts d and o to denote the 
disordered and ordered states respectively. Then, we will assume that the 
number of free electrons does not change on ordering so that we have the relation: 


E¥g E* 5 
N,(E) dE= { N,(E) dE. 
0 0 


As a general case, we will assume that, in the disordered structure, the first 
Brillouin zone lies well outside the Fermi surface which may therefore be taken 
as spherical. The N4(£Z) curve (fig. 1, curve a) will be parabolic for low energies 
with a peak at some value greater than £*,. If, now, inside the original first 


N(E) 


Fig. 1, Schematic diagram of the N(E) curves for: a, the disordered structure; 
b, the ordered structure. 


Brillouin zone, a new zone is produced by an ordering process, then the effect 
of the new boundaries is to raise the energy levels just outside the zone and lower 
those just inside it. The N,(F) curve will therefore be of some shape such as 
that shown in fig. 1, curve 6, where we are now concerned with two or more zones 
having overlapping energy levels. 


The decrease in total Fermi energy per unit volume on ordering will be 
B*4 EX 
We 2 i EN,(E) dE — { ° EN ,(E) dE 
0 0 


and, if this-is positive, it will have a stabilizing influence on the superlattice. 
The full expression for the stability will involve entropy terms as well, but the 
effect of these can be neglected at sufficiently low temperatures. It is important 
to note that, depending on the shapes of the N(Z) curves and the number of 
available electrons, it is possible to have W,>W, with E*,<E*, and conversely. 


Therefore a decrease in E*, which is the energy at the Fermi surface, is not the 
criterion for stability. 
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If a new zone boundary is well within the original Fermi surface, it is generally 
assumed that it has no effect on either E* or W and this imposes conditions on 
the shape of the N(Z) curve. However, the calculation of the shape of the: 
complete N,(F) curve will usually be very complicated, for not only are the 
magnitudes of the energy gaps uncertain but the number of zone boundaries 
crossing the Fermi surface may be quite large. Therefore, a general argument 
is used here to show that W, is less than W, in simple cases. 

We assume that some of the new zone boundaries cut through the original 
Fermi surface without penetrating deeply and then consider the effect on the 
total Fermi energy. At first, we suppose that the distribution of electrons (in 
k-space) is not altered by the introduction of the new zone. Then, there will be 
more occupied states close to, but just below, the boundary than close to and 
just outside the boundary. Provided the energy discontinuity at the boundary 
is made up of approximately equal depressions and elevations of the energy of 
states adjacent to the boundary (the usual assumption), then the introduction of 
the boundary will lower the energy of the system as a whole. In the one-dimen- 
sional case this is the only effect of the introduction of the boundary but, in three 
dimensions, a second process will now take place since with the new system of 
energy levels the original Fermi surface is no longer a surface of constant energy. 
Therefore, there will be a readjustment of the electron distribution to produce 
the new Fermi surface, the major effect being a transfer of electrons from the high 
energy levels outside the zone boundary to previously unoccupied levels inside 
the boundary. ‘This must involve a further reduction in the total Fermi energy 
so that introduction of the new boundary does tend to stabilize the superlattice. 

It should be noticed that both Lipson and Slater implicitly assume that this. 
change in energy will be significant only when the new Brillouin zone has a volume 
very close to that required to accommodate all the free electrons. However, the 
above argument depends only on the existence of a zone having some boundaries. 
intersecting, or even approaching closely, the original Fermi surface. Obviously, 
the closer the correspondence between the original Fermi surface and the new 
Brillouin zone the greater will be the energy decrease, but quite significant 
changes can appear even when the zone has a volume very different from that 
necessary to hold all the free electrons of the alloy (for example, the case of CuPt 
in §3). If all the electrons did go into a new zone of exactly the correct volume, 
there would of course be a catastrophic decrease in the electrical conductivity, as. 
the energy gaps across the new boundaries are far greater than thermal energies. 
However, the formation of new zones as described above, no zone being com- 
pletely full, will only cause small changes in the number of electrons near the 
Fermi surface, and therefore will not have a great effect on the conductivity. 

At first sight, the above argument resembles that used in the general case of 
stability of alloy structures (e.g. Jones 1937) but the superlattice case has several 
distinctive features. In the general case, the Fermi energy is calculated for 
several possible structures as a function of electron concentration, and hence 
the ranges of electron concentration for which each structure is the most stable 
are found. In these comparisons, cases where the zones have overlapping energy 
levels are not considered. For the superlattice, however, the comparison is 
between structures at a fixed value of electron concentration and, in general, 
one structure (disordered) has non-overlapping levels while in the other there 
are two or more partly filled zones. In this case, too, the new peaks in the N(Z) 

14-2 
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curve correspond to much lower values of electron concentration than are ever 
considered in the ordinary case. 


§3. APPLICATION TO CuPt 
In CuPt, the disordered structure is face-centred cubic and the first Brillouin 
zone is the well-known truncated octahedron. Platinum, being a transition 
element, is taken into the solid solution as a neutral atom so that the alloy contains 
0-5 free electrons per atom. The Fermi surface, therefore, lies well within the 
Brillouin zone and the electrons can be considered as free. ‘The corresponding 
values of maximum and total Fermi energy are given in the table. 


Fermi Energies in CuPt 
Fermi energy 
Maximum (ev) Total (ev/atom) 
Disordered structure 4-05 1-22 


Superlattice : spherical energy levels 4-52 Ion7/ 
Superlattice : cylindrical energy levels 3-87 0-97 


In the superlattice, the Cu and Pt atoms are arranged on alternate (111) planes 
(Johansson and Linde 1927). ‘The face-centred cubic cell is not now a unit 
cell for the structure but a convenient choice of unit cell is the cube which contains 
2x22 of the original face-centred unit cells. This has rhombohedral internal 
symmetry. Referred to this cell (of side length 2a), the lowest angle x-ray 
reflections are 111 (superlattice line), 311 (superlattice line) and 222 (main lattice 


a 


{ui 

-—> 
Fig. 2. First Brillouin zone of ordered Fig. 3. Section through the first Brillouin 
CuPt. Thin lines show the first zone of ordered CuPt, showing the 
zone of the disordered structure. positions of the Fermi surface for: 


a, the disordered state; b, the ordered 
state with spherical energy levels; 
c, the ordered state with cylindrical 
energy levels. 


line). ‘The symmetry of the cell allows interchange of indices for all reflections 
but the only change of sign possible for the superlattice reflections is hkl-> hkl. 
The first Brillouin zone, which is bounded by planes corresponding to these 
reflections, is shown in fig. 2. The volume of this zone is 2/a?, corresponding to 
1 electron per atom, but the inscribed sphere contains only 0-17 electron per atom. 
__Using a formula due to Jones (1934), the energy gaps across the (111) and 
(111) planes are 6Sev (S=long range order parameter). For the fully ordered 
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alloy we assume that this is sufficient to keep all the electrons within the new first 
zone. ‘lo find upper bounds for both E*, and W,, we will assume that the 
energy levels within the new zone are undisturbed by the zone boundaries. Then 
the energy surfaces are still spheres or portions of spheres and the values of E*, 
and W, found on this assumption are given in the table. Since the maximum 
energy is still less than the energy gap in the fully ordered state, the assumption 
that no overlap occurs is justified. "These values must provide upper bounds to 
the true values as no allowance has been made for the depression of the levels 
just inside the zone boundary. 

Figure 3 shows a section through the new zone, the shape of the zone being 
almost a surface of revolution about [111] as axis. We expect the energy depres- 
sion to be 2-3 ev at the boundary and less towards the centre of the zone. The 
formerly spherical outer energy surfaces, therefore, become almost cylindrical 
with generators parallel to [111]. Another approximation to E*, and W, is 
therefore found by taking all energy surfaces to be cylindrical, the energy on any 
cylinder being equal to the energy of a free electron at a point on the cylinder 
midway between the (111) and (111) planes. This implies that the energies of 
the levels at the boundary are lowered by 2ev. ‘lhe most serious errors in this. 
assumption will occur for the low energy levels where, however, the number of 
states is also low, so that the contribution to the total energy is small. ‘The values 
of E*, and W, found on this approximation are given in the table and these should. 
be closer to the correct values than those found by the spherical approximation. 
The significance of the decrease in total energy can be judged by comparing it 
with the heat of transformation of CuPt found by Weibke and Matthes (1941), 
viz. 0-04ev/atom (1-82 kcal/mol). 


Akz 


Fig. 4. First Brillouin zone of the tetragonal Fig. 5. First Brillouin zone of ordered 
superlattice in CuAu. Thin lines show Ag;Mg. Thin lines show the first 
the first zone of the disordered structure. zone of the disordered structure. 


On the ‘other hand, as Slater points out, the lattice-strain theory predicts 
little or no energy decrease since, in both the ordered and disordered structures, 
the nearest neighbours of each atom are six like and six unlike atoms (in the 
disordered case, this is true only on the average, of course). It should be noted 
that, in the superlattice, the angles between the [100], [010] and [001] directions 
are actually 91° but this slight distortion of the basic lattice has been neglected 
in the foregoing calculations. 


206 | ¥. F. Nicholas 


It must also be pointed out that the above reasoning does not explain why 
‘CuPt should order in this rhombohedral structure rather than into the structure 
of, say, CuAu. All it shows is that the rhombohedral superlattice is likely to 
have a significantly lower Fermi energy than the disordered structure and, therefore, 
should be the more stable at sufficiently low temperatures. 


§4, APPLICATION TO CuAu 


For CuAu, the disordered structure is again face-centred cubic and the 
number of free electrons per atom is one. In the superlattice the Cu and Au 
atoms are arranged on alternate (001) planes and a tetragonality develops so that 
c/a=0-93 (Johansson and Linde 1925). The ordered structure can still be 
described in terms of the face-centred unit cell (now tetragonal) and the new inner 
Brillouin zone bounded by {001} and {110} planes is shown in fig. 4. ‘The volume 
of the zone is 2/a’c corresponding to 1 electron per atom while the inscribed 
sphere can contain only 0-26 electron per atom. In the ordered state the energy 
gaps are 6S and 4.4Sev across the {001} and {110} planes respectively while the 
free electron energies at A, B, C and D (fig. 4) would be 2:8, 4-8, 7-6 and 12-0 ev 
respectively. Therefore, it seems likely that overlap will occur across at least 
the {001} planes. The general picture will be as described in §2 and a lowering 
of the Fermi energy is to be expected. In this case, of course, the lattice-strain 
theory also predicts a lowering of energy since each atom is now surrounded by 
eight unlike atoms and four like atoms. The two effects will be cumulative, but 
we will not attempt here to compare their relative magnitudes. 

Under certain conditions, a further ordering process occurs in which the 
unit cell becomes an orthorhombic one containing ten of the original tetragonal 
cells (Johansson and Linde 1935). The number of like nearest neighbours is 
still four for each atom so that lattice-strain theory cannot account for the trans- 
formation. ‘The effect on the x-ray pattern is that the 001 reflection is split into 
a number of reflections, the strongest being 011 and 011 (the second index now 
referring to an axis of length approximately 10a) and the 110 reflection is split 
into 190, 1110, etc. The new Brillouin zone structure formed by the planes 
corresponding to these reflections is similar to the zone shown in fig. 4 except 
that the boundaries are now a closely spaced series of small energy gaps. The 
total volume enclosed is slightly larger and the outer boundary at points such as 
A and B is displaced further from the origin so that the overlap is reduced. The 
complete pattern is naturally very complicated, but the general effect of this extra 
ordering will be that more electrons are near to, but just below, energy gaps so that 
the total energy is reduced. 

It is not clear why the periodicity of ten cells is the stable one but the following 
considerations may be relevant. In both the rhombohedral CuPt and the 
tetragonal CuAu a doubling of the periodicity interval caused a halving of the 
volume of the innermost Brillouin zone, but in the orthorhombic CuAu case there 
is no Brillouin zone having one-tenth the volume of the first disordered Brillouin 
zone. Instead, there is an inner zone of volume less than one-half the original 
volume surrounded by the series of neighbouring planes of small energy 
discontinuity, the total volume enclosed being just over one-half the original 
volume. If the length of the orthorhombic cell were slightly different, say eleven 
elementary cells long, the zone structure would be very similar though the total 
Fermi energy might be markedly different for this particular electron concentration. 
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However, a small change in electron concentration could suffice to stabilize this 
extended structure relative to the ten-cell one. This could account for the 
varying lengths of cell that have been reported, since Raynor (1949) has pointed 
out that, although the nominal valency of gold is one, its value in alloys varies 
considerably. 


§5. APPLICATION TO Ag;Mg 


In the case of Ag,Mg, the disordered structure is again face-centred cubic 
but this alloy has 1:25 free electrons per atom. Lattice-strain theory would 
predict the ordered structure as being of the Cu,Au type with every Mg atom 
surrounded by twelve Ag atoms. However, x-ray evidence shows that this does 
not occur. Mathieson (private communication) has shown that the unit cell of 
the superlattice consists of 4 x 4 x 4 elementary face-centred cubic cells, but the 
arrangement of the atoms within this cell has not yet been determined. Referred 
to this cell, the x-ray reflections which determine the inner Brillouin zone 
structure are: (a) 444, 800-main lattice reflections, (6) 400, 440-‘ normal’ super- 
lattice reflections (as would occur in an alloy of the Cu,Au type), (c) 410, 430, 
450-‘extra’ superlattice reflections. (In all these reflections the indices and 
signs may be interchanged.) The energy gaps across the corresponding Brillouin 
planes are approximately 8 ev for the main reflections and 1 ev for all the super- 
lattice reflections. 

The main reflections lead, of course, to the normal first Brillouin zone of the 
face-centred cubic lattice, while the addition of the (4) reflections subdivides this 
zone into four smaller zones (for diagrams of these, see Brillouin 1946). ‘The 
outer boundary of the second zone is a dodecahedron bounded by {440} planes 
and the enclosed volume can contain one electron per atom; this zone is 
the most important one for Cu;Au (Lipson 1950), for which alloy, however, the 
main contribution to the energy decrease would come from the relief of lattice- 
strain. When the (c) reflections are considered, this zone is modified by the 
{430} and {450} planes in a similar way to that described above for orthorhombic 
CuAu. Therefore, the Brillouin zone structure is again complex, but the 
boundaries which have most influence are those corresponding to the {450} 
reflections. ‘These form a twenty-four-sided polyhedron which is truncated 
by {444} and {800} planes to give the zone shown in fig. 5. This zone is nearly 
spherical (ratio of maximum to minimum diameter = 1-25), the inscribed sphere 
can contain 1-09 electrons per atom and the whole zone can contain 1-32 electrons 
peratom. Therefore, the 1-25 electrons per atom will probably be accommodated 
inside it without overlap but the Fermi surface will be close to the zone boundary 
throughout, so that a large energy depression will result. If the ordering process 
had been of the Cu,Au type, the inner dodecahedral zone would have held as a 
maximum 1 electron per atom and therefore considerable overlap would have 
resulted and the reduction in total energy due to the new zone boundaries would 
have been much less. 


§6 CONCLUSIONS 
On the basis of the above results, it seems probable that the Fermi energy 
plays a significant part in determining the stability of a superlattice structure. 
The effect is complementary to that of the lattice-strain energy, the relative 
magnitude of the two effects varying from case to case. ‘Thus, it seems that the 
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reduction of strain energy in the lattice is the dominant factor in such alloys as 
Cu Au and CuZn, while the reduction in Fermi energy determines the stability 
of the ordered structures in CuPt and Ag,Mg. 
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Abstract. New photographs of the absorption spectrum of nitric oxide have 
been obtained. Three red-degraded bands between 1711 and 16764 
resemble the § bands and plausibly represent the v’ = 14, 15, 16 members of the 
B system. An intensity and spacing anomaly between the v'=13 and 
v =14 members is probably connected with the diffuseness and disturbance in 
position of the v’ =2 member of the 5 system and the failure of the v’ =3 member 
of that system to appear; and can be accounted for in terms of a crossing of the 
B*1I andc?=* potential energy curves. The f system suffers a further disturbance 
when the B7II curve cuts the D?X+; the v’ =17 member of the 8 system appears 
to be replaced by the v’=3 member of the « system. ‘There is no need to. 
introduce a hypothetical repulsive curve to explain the perturbations of the 
various systems; they all appear to be explicable in terms of successive crossings 
of the 72 * curves by the BIT potential curve. All the states a, c, D and E£ involve 
extra-valency shell (Rydberg) orbitals. Plausible interpretations of these states 
are given. 


§ 1. INTRODUCTION 
TT HERE are five well known excited states of the NO molecule. In order of 


increasing excitation these are a?X+, B?II, c2X+, p22+, B2x+. Transitions 

between the ground state and the first four of these excited states give rise to 
the y, 8, 5 and « systems respectively. Absorption bands due to transitions 
between the ground and E?X* states have recently been recorded (‘I'anaka, Seya 
and Mori 1951). A further upper state, labelled B’ and giving rise to a f’ system 
of bands on transition to the ground state has recently been reported from 
emission studies (Baer and Miescher 1951). Another recent communication 
(Baer and Miescher 1952) has proved, by the study of the emission spectrum 
of 1#N-O, that the « and y bands really do belong to separate systems. We 
desire to make a number of contributions. 


§ 2. THE B SYSTEM 


The absorption bands of NO as far as 12964 were first measured by Leifson 
(1926), using a hydrogen continuum as background and low dispersion. Careful 
comparison of his measurements with the known bands of the above systems 
shows that all but four of Leifson’s bands of wavelength longer than 1645 A are 
now accounted for. These four lie at 1740-0, 1709-4, 1690-1 and 1677-7 A. 
The 1740-04 band is almost certainly the v’=13 member of the f bands. 
These have previously been reported in absorption up to v’=12°.* ‘The 

* Measurements of the f bands have also been given by Migeotte and Rosen (1950). 
These authors suggest that the 1740-0 A and 1621-1 A bands of Leifson may be successive 


bands of a system other than the 6. The fact that these bands are red-degraded appears 
to be decisive evidence against this, for the suggested new system has w’ >w’. 
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1740-04 band is faint but just visible on plates we have taken using a Lyman 
continuum as background and a dispersion of approximately 8 A/mm. 

The bands at 1709-4, 1690-1 and 1677:7A can be clearly distinguished 
(see Plate). They are double-headed and red-degraded, looking very like the — 
B bands. ‘They therefore almost certainly belong to a *[I<-*II system. Our 
measurements of the heads are compared with Leifson’s measurements of band 
centres in table 1. The agreement of the separations between the two sets of 
measurements is very good. ‘The separations are not constant, but the bands are 


Table 1 
Present authors Leifson 
v wv" A (A) v (cm~?) A (A) v (cm~) 
n 0 1710-50 58462 


1709-4 58500 
1707-70 58558 


‘Cel 0 1691-04 59135 670 
1690°1 59168 


~ 
e 
1688-38 59228 \ 
fe 


n+2 0 1678-34 59583 435 
1677-7 59605 


1676-08 59663 


so similar that they almost certainly represent successive vibrational bands of a 
single electronic system. ‘The separation of the two heads of a particular band 
is virtually the same as that reported by Tanaka (1949) for the 6B bands. It is 
possible that the bands represent a further fragment of the f series, being the 
v'=14, 15 .... members. If so, there is an intensity and spacing anomaly 
between the v'=13 and v'=14 members. This is possible, for it is known 
that the 6 series of bands is cut off sharply after the v’=2 member at 17504. 
Tanaka (1949) has already commented on the strength of the 6 bands in absorption 
and how the intensity increases from the v’ =0 to the v’ =1 and v’ =2 members, 
but that the v’ =3 member fails to appear, at any rate in the expected position 
and with the expected intensity. Our plates confirm his comment. In place 
of the v’=3 member appear the red-degraded bands v’=n+1 and v’=n+2 
of table 1. It is probable that the potential energy curves of the B?II and c22+ 
states cross and suffer a mutual disturbance at an energy corresponding to a 
wavelength between 1740 and 16704. 


§3. THe B?II]—p?X+ PERTURBATION 

The (n+ 1, 0) band of table 1 is considerably stronger than the (n, 0), while 
the (n+ 2, 0) and (n+ 1, 0) bands have about the same strength. It is therefore 
surprising that the (x+3, 0) member is not readily visible. In its expected 
place occurs the v'=3 member of the « system, which is weaker than the 
(n+ 2, 0) band of table 1. A glance at the potential energy curves (see figure) 
for the various states of NO (cf. Tanaka 1949, Gaydon 1947) shows (i) that the 
B*IT and c?X*+ curves will cross at about the v’ =3 level of the latter state, in 
agreement with what we have said in § 2, (ii) that the B?II and p?X+ curves will 
-cross at about the v’=3 level of the latter state. It is plausible therefore to 
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ascribe the failure to appear of the (+3, 0) member of the bands of table 1 to a 
crossing of the B*II and p?X+ curves; the (m+ 3, 0) band is simply replaced by the 
v =3 member of the p?=+ system, just as the v’ =3 member of the c2%+ system 
is simply replaced by the (n+1, 0) or (n+2, 0) band of table 1. The failure of 
the (n+3, 0) member to appear and the fact that its energy height is just about 
that at which the B?II and p2X+ curves cross strengthens our belief that the 
bands of table 1 represent a further fragment of the f series. The rapid 
convergence of the supposed £ bands in table 1 may be due to perturbation of 
the B°II curve by the c and p?X* curves and/or to the bands lying close to the 
dissociation limit of the B?IT state. 
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§ 4. THE fp’ System 

The list of bands given by Baer and Miescher (1951, 1952) for the new 
f’ emission series includes three for which v” =0, v’ being 1, 2, 3. ‘These bands 
are visible on our plates between 1634A and 15754. ‘There is no sign of the 
(0, 0) band (which was also not observed by Baer and Miescher) but the v’ =4 band 
is visible. Our measurements are compared with those of Baer and Miescher in 
table 2. Our measurements refer to the shortest wavelength head which appears 
to consist of two lines close together. The agreement of the separations between 
the two sets of measurements is good. ‘The (1, 0) and (3, 0) bands shade into 
the violet-degraded (0, 0) and (1, 0) bands respectively of the E°X+ system 
reported by Tanaka, Seya and Mori (1951). The (2, 0) band overlaps the (4, 0) 
of the e(D?X*+) series. Table 2 includes also what we think are the corresponding 
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bands measured by Leifson. ‘The bands are red-degraded and _ therefore 
Leifson’s measurements of band centres are at longer wavelengths than are 
ours of band. heads. Leifson’s measurements are also subject to a possible 
inaccuracy which is not less than +1 A. 


Table 2 
vo ou" Baer and Miescher; Present authors Leifson 
A (A) v (cm—}) A (A) v (cm~) A (A) v (cm?) 
Queue = te ie 


1 0 1633-83 61205-9 1633-70 61211 1642-3 60890: 
Hh 1149-9 


2 0 1603-70 62355°8 4 


avi 1149 
603:58 62360 1605-6 62282 


3. 0. 1575-43 63474-7 7 1575-41 63476 7 
1575-10 63488 \ 
wy 1068 
4. 0 = 1549-33 64544 1552-1 64429 
4 1348.84 64564 ; 


§5. THE B?I[—c?=+ PERTURBATION 


With the above identifications, every band but one measured by Leifson at 
wavelengths longer than 1600A can be accounted for in terms of the known 
bands of the known systems. ‘The one exception is at 1621-14. Our plates. 
show this band to be moderately strong in absorption, violet-degraded and 
multiple-headed. It is possible that it represents the v’ =4 band of the 6 series, 
the v'=3 band being missing. It is in about the position expected for the 
v'=4 band. Our measurements of the four main heads are shown in table 3 (a); 
the separations are similar to those given by Tanaka (1949) for the earlier 5 bands. 
Table 3 (5) shows the separation of the band from the v’ =2 member compared 
with the separations of the v’ =0, v' =1 and v' =2 members as given by Tanaka 


Table*3 
(a) (6) Longest wavelength heads 
A (A) v (cm7}) v vy" v (cm~*) 

1623-15 61609 0 0 52221-0 

1622-65 61628 ¥ 2312-1 

1620-09 61725 1 0 54533-1 

1619-57 61746 2424-9 
2 0 56958-0 
3 0 _— A 2 x 2326 
4 0 61609 


(1949). ‘Tanaka has already pointed out that the separation of the v’=1 and 
v' =2 members is greater than that of the v’=0 and v'=1 members. This is 
presumably other evidence of the perturbation referred to in §2, which causes 
the v’ =3 member not to appear. That the v’ =2 member is disturbed is indicated 
not only by its position but also by its diffuseness. 
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§ 6, THE B*I[—a?+ PERTURBATION 


Various authors have discussed a perturbation of the y system between 
v'=3 and 4. Herzberg and Mundie (1940) supposed that the « system of bands 
was simply a continuation of the y system, an intensity anomaly resulting at 
v' =3 or 4 from a perturbation supposed due to a crossing of the a?X+ potential 
energy curve by that of a repulsive 7% state. ‘Tanaka (1949) followed them. 
It is now definite that the « and y systems have separate upper states (Baer and 
Miescher, 1952, Migeotte and Rosen 1950, Gaydon 1947). This means that 
there zs a disturbance of the y system after v’ =3, though not necessarily one 
due to a repulsive *& curve. Higher members of the system simply do not 
appear. Kaplan (1931) failed to obtain the 8 bands in emission above v’ =4 
and therefore supposed there was a predissociation just above v’ =4 for the 
B system. Gaydon (1947), however, observed bands up to v’ =6 in emission, 
and ‘Tanaka (1949) observed bands up to v’ = 12 in absorption but was unable to 
observe any intensity anomaly at about v'=4. Instead, Tanaka observed a 
perturbation at about v’=8. This perturbation is not altogether certain because 
of overlapping bands (Migeotte and Rosen 1950). Migeotte and Rosen report an 
abnormal intensity for v’ = 9 of the 8 system and suggest that the bands with v’ > 10 
really belong to a system other than the f, but the slight evidence they give in 
favour of this might be equally well interpreted simply as due to a disturbance 
of the B?II curve above v'=8 or 9. Now the B?II curve probably crosses the 
A?=* curve at just about vw’ =8 for the former and v’ =3 or 4 for the latter (see 
figure). ‘The two perturbations can therefore be ascribed to a single cause, the 
crossing of the two potential energy curves. ‘There is no need to suppose a 
repulsive 7X potential curve as was done by Herzberg and Mundie (1940) and 
by Tanaka (1949). ‘Tanaka similarly assumed that the cutting off of the 6 system 
after v’ =2 was due to crossing of the c2X&+ potential curve by the potential curve 
of this supposed 2% repulsive state. Again this is unnecessary. The disappearance 
of the v’ =3 band is connected with the disturbance of the 8 system at the same 
wavelengths. 


§ 7. CONCLUSIONS FROM §§ 2—6 


To sum up, when the B?II curve cuts each of the curves a2X*, C?.+ and D?X+ 
a disturbance is caused. Its crossing of the a?&*+ curve is shown by the cutting 
off of the y system above v’ =3 and by a disturbance of the f system at about 
v’ =8. Its crossing of the c?X*+ curve is shown by the failure of the v’ = 3 member 
of the 6 bands to appear, by a disturbance in position and diffuseness of the 
v’ =2 member, and by a disturbance of intensity and spacing in the v’=13 to 
15 members of the 8 system. The f bands simply replace the v’=3 6 band. 
The crossing of the B?II and D?X+ curves is shown by the failure of the v’ =17 
member of the £ system to appear. It would be most surprising if a repulsive 
2 curve ran through each of the points of intersection of the B*II and a*X*, 
<?X+ and p?x*+ curves. Economy of hypothesis is strongly in favour of not 
introducing any supposed repulsive curve to explain the observed effects. ‘The 
figure shows the crossings of the various curves. 


§ 8. RYDBERG ‘TRANSITIONS 


With three exceptions every band measured by Leifson at wavelengths 
longer than 1500A can now be accounted for. ‘The three exceptions are at 
1599-5, 1593-8 and 1502-24. The first two of these are very faint indeed on 
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our plates. The third is weak, but clear. A few further weak or faint bands not 
reported by Leifson are visible on our plates between 1575 and 1500A. Really 
strong bands begin just below 15004. The dissociation energy of (NO)* is. 
known to be some 4:lev greater than that of NO. It is practically certain 
therefore that the internuclear distance will be markedly less in the ground state 
of (NO)* than in that of NO. It follows that, although the strong bands below 
1500A probably belong to Rydberg transitions, they represent transitions to. 
fairly high vibrational levels of the Rydberg states. Each Rydberg transition 
will have much vibrational structure (the vibration frequencies presumably 
being greater than in the ground state of NO). The overlapping of the 
vibrational bands and the crowding of the Rydberg levels as they approach the 
ionization potential (given by electron impact work as about 9-4+0-2ev 
(Hagstrum 1951)) is responsible for the confused appearance of the spectrum 
in the 1500-1300A range, and makes analysis extremely difficult. A few 
definite statements concerning Rydberg transitions may however be made. 

The first Rydberg transition expected to occur (see Walsh, to be published) is. 


nil, (638) aon DaGre2nin a | aunee Ries (1) 


(o3s) stands for an orbital built by the in-phase overlap of a 3s orbital on the 
N atom and another 3s orbital on the O atom. It corresponds to the (¢,3s) orbital 
of O,*. The contribution from the O atom is greater than that from the N atom, 
so that the orbital may be said to be largely a 3s orbital on the O atom. The 
transition should cause a strengthening of the NO bond in the excited state, 
since the electron excited comes from the anti-bonding (7) orbital. The latter 
orbital corresponds to the (7,2p) orbital of O,*+. It is more localized on the N 
than on the O atom. The quantum defect of the term value of the transition is. 
expected to be approximately 1-1. Its expected term value is approximately 
30398cm™. The actual term value, based on an ionization potential of 
9-4 +0-2v, is likely to be greater rather than less than 30398 cm since electron 
impact ionization potentials are expected and generally found to be a little 
greater than Rydberg series limits. ‘The first member of a molecular Rydberg 
series is expected to be shifted somewhat relative to its calculated position, but 
in this case probably not by more than one or two thousand cm™!. Table 4 
shows that the atX* state is the only one that can well be identified as the first 
Rydberg level. The next nearest 2X + state is c which is 7000 cm away from the 


Table 4 
Term Values of 2+ States assuming an Ionization Limit of 75835 + 1614cm™} 
State A*at et D*a+ 
Term value (cm~) 31784+ 1614 236144 1614 22700 + 1614 


expected position and on the short wavelength side. The N—O binding in the 
A state is known to be strengthened relative to the ground state, in agreement 
with our expectation. It appears virtually certain that a is to be identified with 
the upper state of transition (1). Mulliken (1932) has earlier concluded that the 
A*X* state arises by promoting an electron from the (7) orbital to a o orbital 
derived from the 3-quantum shell; and has pointed out that the o orbital is 
probably analogous to a o, orbital in O,+ since no corresponding transition is 
known for O,+, in agreement with a.... (og), 2X ,+<.... (7), 711, transition 
being forbidden. 
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Gaydon (1947) has supposed a?4* to correlate with the 2+ state that can be 
built from the ground state atoms N(#S) and O(?P). However, since the 
A*X* state probably involves an extra-valency shell orbital, it probably leads 
‘originally’ (i.e. before the effects of the non-crossing rule are considered) to: 
dissociation products that are not both ground-state atoms. The probable 
ground state configuration of the NO molecule may be written 


KK"(o)(o)*(m)4(o)°(7), “TT 


or, perhaps KK'(e)?(c)?(o)?(a7)4(77), ID. 
The lowest excited configurations should be 

TERE (ONG) ary Gt) vie Oi trae eee (2) 
and Bd Sik CAG Cla Cd ha CA bi Ca ea PAP ae (3) 


Expression (3) almost certainly represents the B*II state, the internuclear binding 
being greatly reduced as expected. Expression (2) can give rise to a 2X+ state 
but, by analogy with the corresponding configurations and states of N, and CO, 
it is unlikely to have a strengthened internuclear binding relative to the ground 
state. It is unlikely that any of the known 7X* states of NO are to be supposed 
to arise from configuration (2); or indeed from any intra-valency shell 
configuration. It appears therefore that an intra-valency shell 7+ state of 
NO remains to be discovered. By analogy with the corresponding transition 
in N, (11,<-12,* at about 14504; cf. also O, and O,*), we should expect transition 
from the ground state to configuration (2) to lie at a wavelength shorter than 
that (c.2270A) of the transition to the a?X+ state. The operation of the 
non-crossing rule and the expectation that the 72+ state will have an internuclear 
distance markedly greater than that of the ground state make it probable that 
the actual a*=* curve must possess a maximum of considerable width. The 
observation of stable vibrational levels of the a2X + state above 5-29 ev (Gaydon 
1947) cannot therefore be taken as evidence against the value of D(NO) =5-29 ev; 
though it is also compatible with D(NO)=6-49 ev. The value 5-29 ev 
(corresponding to D(N,)=7-38ev) has been favoured by Herzberg (1950) and 
by Hagstrum (1951); that of 6:-49ev (corresponding to D(N,)=7-76ev) is. 
implicitly favoured by Douglas (1952), ‘Thomas, Gaydon and Brewer (1952), 
Kopineck (1952) and Kistiakowsky, Knight and Malin (1952). 

In addition, as Mulliken (1932) has pointed out, a *II state corresponding 
to configuration (3) should lie below B?II. In this connection it is of interest to- 
note that Goodeve and Katz (1939) refer to an excited state of NOCI which arises 
from a hitherto unknown level of NO. The height of this unknown level is. 
approximately 8000cm- (i.e. transitions to it from the ground state would 
occur around 120004). 

The position of the E?X+ state makes it possible that transition to this state 
represents the second member of the Rydberg series beginning with transition (1)- 
It should be noted that the internuclear distance in the A and E states is almost 
identical. Possible assignments for states c and D are as upper levels for two. 
of the transitions 

ok Gy te ero cd Nie | 
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‘The (3s) orbital is largely localized on the N atom and should correspond to the 
(o,3s) orbital of O,+. The anti-bonding power of such a highly excited orbital 
may be only slight. The meanings of the (o3p) and (@3p) orbitals should be clear. 
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The Thermal Conductivity of Superconducting Tin below 1°k 


By B. B. GOODMAN 
Royal Society Mond Laboratory, Cambridge 


Communicated by A. B. Pippard; MS. received 10th September 1952 


Abstract. An account is given of measurements on the thermal conductivity 
of superconducting tin below 1°k, made by observing the conduction of heat along 
a tin rod joining two pills of paramagnetic salt. Measurements were made on 
specimens of widely differing purities and a comparison of the results for the 
several specimens enabled an estimate to be made of the separate contributions, 
from the electrons and from the lattice, to the conductivity of each specimen. 
The electronic contribution to the thermal conductivity is in agreement with 
calculations due to Heisenberg and Koppe. The significance of this is discussed 
and it is tentatively suggested that the thermodynamic properties of the super- 
conducting state may be determined by an energy gap of order RT, in the spectrum 
of energy levels available to the electrons. 


§ 1. INTRODUCTION 


N the two fluid picture of the superconducting state the electric and 

magnetic properties are related directly to the fraction w of the conduction 

electrons that constitute the ordered, superconducting phase. ‘The 
remaining conduction electrons, which constitute the normal phase, play 
no part in determining the low frequency electric and magnetic properties owing 
to the short circuiting effect of the superconducting electrons, which are able to 
move through the ionic lattice without resistance. At frequencies higher than 
about 10°c/s the inertia of the superconducting electrons causes their short 
circuiting effect to be imperfect, and measurements in this frequency range have 
been used to study the normal electrons, notably by Pippard. ‘The normal 
electrons may also be studied from their contributions to the electronic thermal 
conductivity and the electronic specific heat of a superconductor. At tempera- 
tures well below the transition temperature w is close to unity, and in common 
with the properties to which only the superconducting electrons contribute, its 
temperature dependence is very slight. In contrast, 1 —w is markedly tempera- 
ture dependent, and therefore the properties which it is interesting to study in 
this temperature range are those involving the normal electrons. In the present 
paper measurements on the thermal conductivity of superconducting tin below 1°K 
are described; since the superconducting electrons constitute an ordered phase 
it is possible that they do not contribute to this property at all, but it may be 
noted that for the electronic specific heat there is an additional contribution 
proportional to dw/dT, arising from the transfer of electrons between the normal 
and superconducting phases. Valuable information on the thermal conductivity 
of superconductors has already been obtained from experiments in the helium 
range by Hulm (1950) and others, but the only previous measurements below 1°K 
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were those briefly reported by Daunt and Heer (1949). The present measure- 
ments were reported briefly at the Oxford Conference on Low Temperature 


Physics in 1951 (Goodman 1951). 


§ 2. OUTLINE OF THE EXPERIMENTAL METHOD 


The thermal conductivity of tin below 1°k was measured using an arrangement 
in which two pills of paramagnetic salt at slightly different temperatures were in 
thermal contact through a tin rod. At each end the tin rod was fused to a copper 
foil insert around which a pill of salt, chromium potassium alum, was pressed. ‘The 
system was suspended in an evacuated chamber standing in liquid helium in the 
usual manner. ‘The temperature of each pill of salt was deduced from magnetic 
susceptibility measurements (Kurti and Simon 1935). The susceptibility 
measurements actually consisted of observations on the mutual inductance 
between a pair of measuring coils placed around each pill of salt, made with a 40 c/s 
Hartshorn bridge. The contribution to the mutual inductance of a pair of 
coils from the pill of salt inside it was approximately (200/7) wu, and contributions 
from one pill to the mutual inductance between the coils around the other were 
negligible. 

The characteristics of each pill of salt were determined in the normal way, but 
because of the effect on the readings of the superconducting transition in the tin ~ 
specimen only readings below the transition temperature were included. ‘The 
normal procedure for magnetic cooling was then carried out, and by arranging for 
the pills of salt to be in different magnetic fields while the helium exchange gas was 
being pumped away the pills were cooled to different temperatures on 
demagnetizing. 

For the measurements below 1°K an alternating magnetic field of 0-3 gauss 
r.m.s. was used. ‘The resulting heating of the cold system by eddy currents in the 
metal inserts and by losses in the paramagnetic salt was about 0-4 erg sec}; under 
these circumstances the bridge could be set to within 0-1 wH. Because of the finite 
setting time of the bridge uncertainties of up to 1 «H were encountered in measuring 
the varying mutual inductances resulting from the conduction of heat between the 
pills of salt. 

At each temperature investigated a temperature difference was established 
between the two pills of salt and the approach to thermal equilibrium was observed. 
The quantity directly deduced from the observations, the thermal conductance 
between the two pills of salt g is given by 


dT aT, 
myc, = — Mylo =o als 0 ae eee (1) 


where m1, Mz, C, Cg, T, and Ty are respectively the masses, specific heats and 
temperatures of the two pills of salt. When the temperature difference is small, 
so that c, and c, can be replaced by their mean value c, the approach to thermal 
equilibrium is exponential, with a time constant 7 given by 
T= Mh Moc/q(m, +m).  ~ « e (2) 

Values of g for the tin specimen superconducting will be denoted by g, and 
values of q for the tin specimen normal, in the presence of a magnetic field greater 
than critical, will be denoted by g,; similarly it will be convenient to distinguish 
7, and 7,. Since in the temperature range studied the metal is a much better 
thermal conductor in the normal than in the superconducting state 7, is much less. 
than 7;. 
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‘The observations followed one of two patterns according as the value of 7, was 
greater or less than about 100 seconds. For the longer relaxation times, which 
obtained below about 0-6° kK, measurements were made on 7, and T, alternately, 
in the absence of a magnetic field. Sets of simultaneous values of T;, T,, dT,/dt 
and dT,/dt obtained from graphs of 7, and T, against time were then used to 
deduce q, by using eqn. (1). By applying a magnetic field greater than critical to 
the tin specimen for a short interval after each three or four observations on each of 
T, and 7, and determining the changes in 7, and T, which took place while the 
field was on, it was possible to determine g, in the same way. Since it was not 
possible to measure 7, or T, with the magnetic field applied to the specimen the 
values of 7, and T, at the beginning and at the end of the time interval were deduced 
by extrapolating the measurements made in the absence of a magnetic field. For 
values of 7, less than about 100 seconds it was not possible to obtain a sufficient 
number of alternate readings of 7, and T, to make use of eqn. (1), either for deter- 
mining g, Or q,. Instead the exponential temperature change of one salt only was 
studied and g, was deduced from eqn. (2). Because measurements were not 
possible in the presence of a magnetic field g, could not be determined when 7, 
was less than about 100 seconds. 

In each sequence of observations initial temperature differences of up to 0-1°K 
were employed and the average temperature of the cold system remained fairly 
constant during the approach to thermal equilibrium. After each sequence of 
observations the temperature difference was re-established. This was achieved 
by applying a non-uniform magnetic field of order 500 gauss to the cold system; 
since the tin specimen was rendered normal by the field thermal equilibrium was 
quickly established, and on removing the non-uniform field the two pills of salt 
were cooled to different temperatures. 


§ 3. DETAILED CONSIDERATIONS 


(i) The Inserts 


The two copper inserts for providing thermal contact between each end of a 
specimen and a pill of salt were of a type already described (Mendoza 1948, 
Goodman and Mendoza 1951). Each consisted of a mushroom shaped copper 
part with strips of copper foil hard soldered to its flat surface. ‘The tin specimens 
were first fused at each end to the stem of an insert and a cylindrical pill of salt 
1-6cm in diameter and about 5cm long was then pressed around the inserts at 
each end of the specimen. Mendoza’s expression 1/¢7? for the effective thermal 
resistance inside each salt insert system was verified in the present experiments, 
but the value €=4 x 10* erg deg * sec"! obtained was a few times larger than that 
given by Mendoza. 


(11) Choice of Shape of the Specimens 


The effective thermal resistance 1/¢ between the pills of salt is the sum of the 
thermal resistance of the tin rod and the thermal resistance inside each pill of 


Salt : 
1 I 2 


Sed aed ee SEAT A win dep TILT: ad SE 5 
KA tT? (3) 
Here / is the length of the rod, A is its cross-sectional area and K is its thermal 
conductivity. In order that K should be measurable it is necessary for three 
15-2 
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conditions to be fulfilled: (a) in eqn. (3) //K-A must be the dominant term in 1/g in 
order that the correction for the thermal resistance inside the pills of salt shall be 
small; (b) the heat flow between the pills of salt, given by q(T, — 7), must be 
large compared with the natural warming ; this was most difficult to achieve below 
0-3°K where the thermal conductivity in the superconducting state reached very 
low values; (c) at temperatures near 1°k it is desirable to keep q, small because the 
small specific heat of the salt tends to result in values of 7, which are too short to 
allow measurements to be made. 

In order to ensure that K was measurable over a wide range it was therefore 
necessary to compromise between the large values of l/A required by conditions (a) 
and (c) and the small values required by condition (6). In most of the specimens 
K,/K, was very small and it was impossible to choose a value of //A which would 
have ensured that K, and K, were both measurable in the same specimen; in very 
pure tin at 0-2°K K,/K, was about 5x 10-4. In practice //A was chosen to give 
the optimum conditions for measurement of K,. It was assumed, on the strength 
of Hulm’s measurements, that K, could be calculated using the Wiedemann—Franz 
law: 

KHL. i ee eee (4) 
for all the specimens below 1°xk. For the three purest specimens the thermal 
resistance in the normal state was small and the insert-salt thermal resistance was in 
fact studied using the values of g, for these specimens. 


(ii) The Specimens 
The characteristics of the tin specimens are given in the table. The values of 
the diameters will be useful in discussing the contribution of the lattice to the total 
conductivity. ‘The ratio //A needed in calculating K for each specimen was 
obtained by a resistance measurement, and was usually known more accurately 
than the diameter. 


The Characteristics of the Specimens 


% weight Po/Lo diameter 

impurity (watt unit) (mm) 
Sn II spec. pure S27; 1°3 
Sn III giles, 0-133 0-7 
Sn IV ~0°3 6:8 2:8 
Sn IX ~3 63 2:8 
Siok ~3 91 2:8 


‘The specimens were all prepared by casting into a clean glass tube which was 
afterwards cracked away. Indium was chosen as the impurity to be added, and 
because the limit of its solubility in tin, 4%, was not reached, it was assumed that 
the specimens were homogeneous. For the three purest specimens no effort was 
made to control the size of the crystals making up the specimen, but for the speci- 
mens with an impurity content of 3% it was interesting to see whether the lattice 
conductivity could be made to depend on the average size of the crystals in the 
specimen. Differing crystal sizes were obtained by varying the rates at which the 
specimens were allowed to solidify. All the specimens except Sn X were made 
up of crystals of the order of the diameter of the specimen in size, but in Sn X the 
crystals were only a fraction of the diameter in size. 
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(iv) The Specific Heat of Chromium Potassium Alum 


All the thermal conductivity measurements depend for their interpretation 
on a knowledge of this quantity. The values given in the literature (Bleaney 1950, 
Garrett 1948, Casimir, de Klerk and Polder 1940) show a spread of about 15°%, 
at all temperatures between ()-2°k and 1-0° kK and an average curve of specific heat 
against temperature was used in the present calculations. In interpreting 
measurements made at 1:15°k the small additional contribution to the specific 
heat due to the lattice was assumed to be the same as for ferric ammonium alum, 
and therefore for the present salt only a few per cent of the whole. 


(v) Natural Warming of the Pills of Salt 


Because of the natural warming of the pills of salt, of order 3 erg sec”! for each, 
eqn. (1) is not exactly true, but if the natural heat input were equally divided 
between the pills of salt the equation 


1 aT. dT’ 
(me, a . Mylo =) == q ( his ee T;) Sooo 63 (5) 


2 


would be valid. In fact it appeared that the natural heat input was not equally 
divided between the pills of salt, thus giving rise to an apparent flow of heat between 
them, of order lergsec', which in eqn. (5) corresponds to an approximately 
constant extra term. Each set of observations by the long time constant method 
yielded pairs of values of the quantity on the left-hand side of eqn. (5) and the 
quantity 7, — T,, and therefore g could be determined from the gradient of a linear 
plot of these quantities. It can be seen that this procedure also eliminated the 
effect of small systematic errors in T,— TT, arising from small errors in the deter- 
mination of the characteristics of the two pills of salt. At high temperatures, where 
the method of observation for long relaxation times could not be used, the natural 
warming was unimportant in comparison with the observed flow of heat owing to. 
the much larger values of q. 


(vi) Secondary Effects due to the Magnetic Field applied during Measurements of dy 


The probable effect of this magnetic field, of order 350 gauss, on the thermal 
conductivity of normal tin could be estimated from the work of Hulm (1950). 
This suggested that the effect of this magnetic field on the thermal conductivity 
was only appreciable in the very pure specimens Sn IJ and Sn III. Since with 
these specimens the value of g, was mainly controlled by the thermal impedance 
inside the pills of salt it is unlikely that the magneto-conductivity effect in normal 
tin was a significant factor in the experiments. 

The effect of the magnetic field on the pills of salt was also considered, taking 
into account the reversible warming effect and the effect of the field on the specific 
heat of the salt. The necessary correction to the values of q,, was of order 10%. 


$4. ‘THE RESULTS 
‘The experimental values of K, for the specimens are plotted against temperature 
logarithmically in fig. 1. The chain lines represent the behaviour of K,, calculated 
from eqn. (4). It will be seen that there is a large scatter in the experimental 
points, but this is not inconsistent with the estimated errors, of order 10% to 25%, 
in the individual values of K,. Since K, proved to be a very rapidly varying 
function of T this large scatter was not serious. 
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§5. DiscussioN OF THE ELECTRONIC AND LATTICE CONTRIBUTIONS TO THE 
‘THERMAL CONDUCTIVITY 


Comparatively little was known about the thermal conductivity of either 
normal or superconducting metals at liquid helium temperatures, until the recent 
experiments by Hulm (1950), and his work forms a useful basis for a discussion 
of the present results. Hulm measured the thermal conductivity of specimens of 
several superconductors, both in the normal state, in the presence of a magnetic 
field, and in the superconducting state ; the results for the normal state are discussed 
first, in the light of theoretical ideas presented by Makinson (1938), and the 
conclusions reached will be useful in the discussion of the superconducting state 
results which will follow. 
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Fig. 1. Thermal conductivity of the five tin specimens, plotted against 
temperature logarithmically. 


—e—e—-e—-e— Measured values of Kg. 


=H he, deducedfrom eqna(4). 
ee ee Kg deduced from egn. (10). 


(i) The Behaviour of Normal Metals 

Makinson pointed out that the thermal conductivity of a normal metal K, 
could be separated into two parts, the normal electronic conductivity K,, and the 
normal lattice conductivity Ky, 

| OY God Care Oem ee oP LE (6) 

Kn was expected to be dominant in all but very impure specimens. 

Now K,, and K,, are each limited by a number of scattering processes, and 
the corresponding impedances 1/K,, and 1/K,, can be written, in Hulm’s notation, 
as sums of a number of terms, each corresponding to one scattering process. At 
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temperatures very much lower than the Debye temperature 


as 2 Po 
Kn =n 73> LT Me oa.s (7) 
1 A B 
and sade) => 72 + Hating eae aens te (8) 


Here « 7” represents the scattering of conduction electrons by thermal vibrations 
of the crystal lattice, py/L)T represents the scattering of conduction electrons by 
impurities and small scale lattice defects, A/T? represents the scattering of lattice 
waves by conduction electrons, B/ T°, represents the scattering of lattice waves by 
crystal boundaries. JL, is the Lorenz constant 4(7k/e)?, py is the residual 
electrical resistivity of the specimen, L, is the mean free path of the lattice waves 
(phonons) for crystal boundary scattering and «, A and B are constants of the metal. 
No term is included in eqn. (8) corresponding to the scattering of lattice waves by 
impurities because the average size of the impurity scattering centres is very small 
compared with the average wavelength of the phonons responsible for thermal 
conducticn at helium temperatures (~10-4 cm). 

From Hulm’s experiments, carried out on a total of twelve specimens, of tin, 
mercury, indium and tantalum, it appeared that all the four processes represented 
in eqns. (7) and (8) did in fact occur, and by comparing specimens with different 
purities and crystal sizes it was possible to estimate the relative importances of the 
four processes in each specimen. ‘The expression for mechanism (11) was found to 
be valid to within a few per cent. The expressions for mechanisms (i) and (111) 
were only in rough agreement with experiment. Mechanism (iv) was identified 
in one specimen, but in the absence of an accurate estimate of L, no close 
comparison with theory was possible. 


(ii) The Behaviour of Superconducting Metals 


The specimens investigated by Hulm in the normal state were also investigated 
in the same temperature range in the superconducting state and he found that 
eqns. (6), (7) and (8) for the normal state could be replaced by 


Loe hel on 1 A B 


K Sa wep ee ee Pe eT EKG i ee (9) 
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for the superconducting state, where f, g, h andj were characteristic functions 
of T/T, only. For all specimens for which the same conduction mechanism 
dominated in both states the ratio K,/K, was simply given by the appropriate 
characteristic function of 7/T,. 

Of the four characteristic ratio functions only two have received any 
theoretical treatment. The j ratio function was expected to be unity at all 
temperatures, since it was difficult to see how conduction by lattice waves 
scattered by crystal boundaries could depend on the electronic state of the metal. 
In the only specimen examined by Hulm where this was thought to be the 
dominant lattice conduction mechanism K,,/K,, was in fact close to unity over 
the whole temperature range investigated. The f ratio function has been 
considered by Heisenberg, and much of the rest of this paper will be devoted 
to a discussion of the experimental evidence on its behaviour. 

The present measurements of the thermal conductivity of superconducting 
tin have been analysed according to the characteristic ratio function hypothesis 
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proposed by Hulm, the validity of which has not been extensively tested outside 
the range of specimens and temperatures which he described. An adequate test 
of this hypothesis below 1°k would involve an extensive series of measurements 
on a number of superconductors; in the absence of such results we can hardly 
do better than take Hulm’s hypothesis on trust. 


(iii) The Results for the Lattice Thermal Conductivity 


The results presented in fig. 1 represent a range of values of pg in which the 
largest value is about 700 times the smallest. At high temperatures the effect 
of increasing pp is seen to be a marked reduction in K,, but below about 0-5°k 
it appears that K, is not sensitive to changes in purity. Since the lattice 
conductivity is believed to be independent of impurity content at very low 
temperatures this suggests that in all five specimens K,, was the dominant term 
in K, below about 0-5°k. Using Hulm’s assumption that K,, at a given 
temperature is proportional to the residual electrical conductivity in the normal 
state, it is readily seen from the results for Sn II and Sn III that K,, contributes. 
only to a negligible extent to K, in the three less pure specimens (except for 
SnIV near 1°k). After applying the necessary small correction for K,, the 
curves for SnIV, Sn IX and Sn X therefore represent the behaviour of K,,. 

The results for K,, may be compared with the values expected for conduction 
predominantly due to lattice waves scattered by crystal boundaries 


Ky fe Tp Sia) ots oy ihe ete (10) 


The constant B is related to the lattice specific heat and the velocity of lattice 
waves in the metal, and a reasonable estimate of its magnitude may be derived 
from the constants of the metal. In estimating B allowance was made for the 
separate contributions from transverse and from longitudinal waves. On the 
graphs in fig. 1 showing the measured values of K, for SnIV, SnIX and SnX 
the broken lines represent eqn. (10) for L,=1 cm and 1 mm respectively. The 
probable actual values of Ly for these specimens, obtained by visual examination 
of the etched specimen, were of order 2 mm for SnIV and SnIX, and of order 
0:5 mm for Sn X. It can be seen that, for each of these three specimens, the 
estimated value of L, just accounts for the value of K,, observed at about 0-2°x, 
and it is therefore possible that at this temperature crystal boundaries were the 
only important scattering mechanism for lattice waves. At successively higher 
temperatures, for each of the three specimens the estimated value of Ly, leads to 
values of K,, which are increasingly larger than those observed, and the presence 
of some other scattering mechanism for the lattice waves must therefore be 
assumed. It is reasonable to identify this mechanism with electronic scattering 
of lattice waves. Unfortunately no estimate of the / ratio function, the value of 
K,s/Kg, for electronic scattering of the lattice waves, could be obtained for the 
temperature range below 1°k because K,, was not known, but an extrapolation 
of Hulm’s measurements of K,, in the helium range suggests that h may be 
several times unity at 0-5° in tin. 

Hulm’s measurements suggest that A is approximately equal to (7/T,)1 
down to 7/7T,=0-5, and qualitatively he attributed these results to less effective 
electronic scattering of lattice waves in the superconducting state, compared 
with the normal state, arising from the condensation of conduction electrons 
tto the ordered, superconducting phase. On this hypothesis values of h large 
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compared with unity may be expected at very low temperatures, owing to the 
greatly reduced number of normal electrons available for scattering the lattice 
waves. 

(iv) The Results for the Electronic Thermal Conductivity 


Unlike the measurements of KA, for the three less pure specimens, the 
measurements of AK, for SnII and SnIII are interesting for the information 
they give about the behaviour of K,,. For these specimens K,, has been deduced. 
from eqn. (9), Kg, being estimated for each specimen using the values of K,, for 
the three less pure specimens and taking into account the probable values of 
Ly. In fig. 2 the results are plotted in the form of a graph of K,,/K,, against 
T/T.,. The probable limits of error indicated by the lengths of the lines repre- 
senting the results arise both from experimental uncertainties and from 
uncertainties in estimating K,,. A smooth curve has been fitted to the results. 

Since the conduction electrons are scattered only by impurities the smooth 
curve represents the f ratio function proposed by Hulm and already investigated 
by him down to 7/7, =0-4. In fig. 3 fis plotted logarithmically against (T/T,)'; 
the reason for plotting the curves in this way will become clear later. It will be 
seen that the results obtained by Hulm and the present results, which cover the 
temperature range between 7/7,=0-24 and T/T,=0-12, both agree quite well 
with the theoretical curve deduced by Heisenberg, to whose theory we now 
turn our attention. 
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Fig. 2.° Ratio of superconducting to normal Fig. 3. Ratio of superconducting to normal 
electronic thermal conductivity for Sn II electronic thermal conductivity for scat 
and Sn III, plotted against reduced tering by impurities, plotted logarithmi- 
temperature. cally against (reduced temperature) ~'. 


§ 6. HE&ISENBERG’s "THEORY OF SUPERCONDUCTIVITY 


The theoretical work on the thermal conductivity of superconductors due to 
Heisenberg (1948) made use of calculations by Koppe (1947) which were, in 
turn, based on Heisenberg’s theory of superconductivity (Heisenberg 1947, 
1949), and resulted in an expression for the / ratio function which can be seen 
in fig. 3 to be in agreement with experiment over a wide range of temperature. 
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Much criticism however has been directed against the fundamental principles 
of Heisenberg’s theory and it is therefore of interest to discover whether there is 
any essentially correct feature of the calculations of Heisenberg and Koppe to 
which this agreement can be attributed. 

In discussing the thermal conductivity due to the electrons in a superconductor 
Heisenberg made use of the familiar equation K =4Auc for the conductivity K 
of a perfect gas. Here A is the mean free path, w is the average molecular velocity 
and c is the specific heat per unit volume at constant volume. In a metal the 
modification of K, by a superconducting transition was attributed to modifications 
in \ and ¢ for the electrons, while u, the electron velocity at the surface of the 
Fermi sphere, was considered to remain constant; f was therefore given by 

Pee Coe ONO Marah © Stlieae oer (11) 
where 4, and c,, and A, and c, refer to the superconducting and normal states 
respectively, at a common temperature. c, is not the total specific heat due to 
the electrons in a superconductor, but only the part due to the electrons taking 
part in the conduction process. 

From fig. 3 it can be seen that between T= T, and T=0-1T, f falls from unity 
to less than 10-*. This is clearly not due to the dependence of ¢, on temperature. 
Nor, according to Heisenberg, is it due to the behaviour of A,/A,, which he 
represented by 

Ag, =U se) | | (12) 
Because w, the fraction of superconducting electrons, can only take values between 
zero and unity A,/A, can only change by a factor of two over the whole temperature 
range. ‘Therefore, so far as the calculations of Heisenberg and Koppe are 
concerned, the rapid variation of f with 7/7, must be due to similar behaviour 
Tes 

In the temperature range investigated by Hulm f is given quite closely by 

the approximate form of Heisenberg’s (1949) formula 

2 
(lL ane, ae (13) 
1+(T/T.)* 

This relation however does not agree with experiment below T/T,=0-4, as had 
already been noticed by Darby et a/. (1951). They found that for a lead specimen 
at 0:2°k K,/K, was certainly less than 1/60 of the value expected from egn. (13); 
f was smaller still but it was not possible to estimate by how much. 

From fig. 3 it can be seen that except near the transition temperature the 
relation between logf and (7/T,)~1 is linear. Over this temperature range in 
fact the empirical equation 

poacse(-b1,/T)-o*% TP ae eee (14) 
holds, where a and 6 are constants both of the order of unity. It therefore seems 
probable that the behaviour of c, in the calculations of Heisenberg and Koppe 
is governed by the same or a similar exponential term, and a detailed investigation 
of the calculations shows that this is so. 

This type of exponential dependence of specific heat on temperature may be 
recognized as being characteristic of a certain type of physical assembly, for which 
an energy gap exists between the ground state and the lowest excited state 
available to members of the assembly. An energy gap of « leads to an expression 
for the specific heat usually dominated by the term exp(—«/RT) at sufficiently 
low temperatures. In Koppe’s calculations the energy « per electron which 
determines the thermodynamic properties of the electron assembly is temperature 
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dependent, rising from zero at the transition temperature to 1:283RT,, at 0°x. 
The value 1-207, obtained by fitting eqn. (14) to the linear part of fig. 3 is close 
to the latter value. It is possible that an energy gap of order RT, per electron 
which plays a crucial part in determining the thermodynamic properties of the 
superconducting state is in fact the essentially correct feature of the calculations 
of Heisenberg and Koppe. 

It has been assumed so far that the very rapid variation of f with T/T, is due 
to c, in eqn. (11) and not to A,. It should be possible to test this assumption 
experimentally by measuring the specific heat of a suitable superconductor down 
to very low temperatures. Although the total electronic specific heat is larger 
than c,, as already pointed out, its behaviour is expected to be similar and therefore 
measurements of this quantity should give some indication of the extent to which > 
the very rapid variation of f with T/T, is attributable to c,. Furthermore, if the 
detailed assumption represented by eqn. (12) is correct then the electronic specific 
heat should be in agreement with Koppe’s calculations. These are already 
known to be in agreement with experiment down to temperatures of about 
0-3T,., where the electronic specific heat has the form 3yT?/T,?.. At temperatures 
below 0-37, an exponential fall in the electronic specific heat is predicted, but 
until recently no measurements which would have revealed this effect had been 
reported. Preliminary measurements on niobium by Brown, Zemansky and 
Boorse (1952) now suggest that below 0-37, this departure of the electronic 
specific heat from a T? law does in fact take place. If, as it appears likely, this 
departure in the electronic specitic heat from a T? law can be shown to be associated 
with an exponential fall in the electronic specific heat at still lower temperatures, 
then the arguments in favour of the existence of an energy gap in the super- 
conducting state will be considerably strengthened. 
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Abstract. The specific heats of ferrous and zinc ammonium sulphates. 
have been measured from 2 to 30°K; the difference between these gives the 
anomalous contribution of the ferrous ion. ‘Two maxima are found in this 
latter quantity, these occurring at 3-8 and 20-3°x. A scheme of energy levels 
capable of explaining the anomaly is put forward and the question of its. 
uniqueness discussed. 


$1. INTRODUCTION 


HE behaviour of paramagnetic ions in crystals is usually studied either by 

infra-red or radio-frequency spectroscopy; both of these are powerful 

techniques, but neither can at present be used to measure the separations 
of energy levels between about 1 and 100cm™!. Ions whose energy levels are of 
this type can only be studied by measuring the susceptibility or specific heat, 
since these properties will change markedly at temperatures where the thermal 
energy kT is comparable with the separations of the energy levels. From this. 
point of view, lcm! corresponds to a temperature of 1:4°K so that the 
appropriate temperatures are low but not inaccessible. Lattice specific heats. 
are generally small in this temperature range, so that anomalous specific heat 
behaviour due to the paramagnetic ion is clearly seen. 

One common ion of this type is the ferrous ion. The ground state of the 
free ion is °D,, which has a twenty-five-fold degeneracy ; the ion being divalent, 
Kramer’s rule does not apply, and the whole of this degeneracy can be removed 
by the combined effects of a crystalline electric field of cubic symmetry and 
spin-orbit coupling. The effect of the electric field alone will be to raise two 
of the orbital states to energies which must be considered inaccessible from the 
present point of view, but it is to be expected that up to 15 levels should exist 
at energies low enough for investigation. ‘The only published information as 
to the location of these levels is contained in Lyon and Giauque’s (1949) 
measurements on ferrous sulphate heptahydrate, which show specific heat 
anomalies at 2 and 15°K. ‘The usefulness of these measurements is limited by 
the fact that this salt is a concentrated one from the magnetic point of view, 
since the paramagnetic ions are sufficiently close to interact appreciably. The 
“present measurements on ferrous ammonium sulphate hexahydrate were 
therefore undertaken; in this salt the ions are well separated, and the crystal 
structure and morphology are well known (Tutton 1913). 

One disadvantage of using a salt of this dilution is that the lattice specific 
heat will become large compared with the anomalous specific heat at quite low 
temperatures. It is therefore necessary to obtain quite accurate values for the 
lattice specific heat alone, which can best be done by means of measurements on 
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the most similar diamagnetic salt. Zinc ammonium sulphate was chosen for 
this purpose, and its specific heat was measured throughout the temperature 
range of the investigation. 


§2. EXPERIMENTAL 


The samples were prepared by crystallization from a solution of either 
zinc or ferrous sulphate and ammonium sulphate in stoichiometric propor- 
tions. Crystals prepared in this manner should have the compositions 
Pe(NH,).(SO,).-6H,O and Zn(NH,).(SO,). -6H,O respectively, both belonging 
to the well known class of 'Tutton salts. That the crystals were in fact of this type 
was checked by measuring the angles between faces of a number of crystals; 
these angles were in perfect agreement with those given by Tutton, and this 
was considered a sufficient test that ferrous and zinc sulphates had not been 
prepared. 

About 40g of each substance was prepared, the average linear dimension of 
the crystals being about 2mm. After careful drying at room temperature the 
crystals were sealed into a calorimeter of the type described by Parkinson, 
Simon and Spedding (1951); with this type of calorimeter the process of sealing 
does not involve undue heating of the specimen and consequent loss of water of 
crystallization. ‘The apparatus used was essentially similar to that described by 
Parkinson, and no further account need be given here. 


$3. RESULTS 


The first experiments were carried out on the ferrous salt, the range of 
temperatures being 2 to 20°K. A maximum in the specific heat was found at 
4°K, but these results could not be analysed in detail, due to the rapidly rising 
lattice specific heat. It was found that the total specific heat was far from cubic 
in temperature in the 15 to 20°K range, so that the lattice contribution could 
not be obtained without further study. ‘The specific heat of zinc ammonium 
sulphate was therefore measured over the appropriate temperature range. ‘The 
values obtained fell everywhere lower than those for the ferrous salt, the 
difference being still some 20° at 20°K. Measurements were therefore extended 
up to 30°K, at which temperature the difference is less than 10%. ‘The accuracy 
of measurement was not better than within 2 or 3°% at the highest temperatures, 
owing to the very poor thermal conductivity of these salts, and it was not 
considered profitable to extend the measurements to higher temperatures. 

The results for the two salts are shown in fig. 1. ‘The difference between the 
two, which is assumed to be the magnetic contribution of the ferrous ions, is 
plotted in fig. 2, where it may be seen that there are two maxima, centred around 
4 and 20°k. Entropy values calculated from the anomalous specific heat are 
listed as a function of temperature in the table, which also contains smoothed 


specific heat values. 
$4. INTERPRETATION OF RESULTS 
The interpretation of overlapping specific heat anomalies is not an easy 
matter, but we may proceed on the following lines. A specific heat anomaly of 
the Schottky type rises exponentially with temperature, while at sufficiently 


high temperatures it decreases as 1/7?. It therefore follows that the 
influence of the higher anomaly on the height of the maximum of the lower 
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one will be small, while that of the lower on the higher may be appreciable. 
Starting, then, with the lower anomaly, we observe that its maximum height 
is 0-86 cal deg-4 mole“, in good agreement with the value of 0-872 cal deg-' mole 
corresponding to the case of two energy levels of equal degeneracy. The 
temperature of the maximum is 3-8°K, corresponding to a splitting of 9-4°K or 
6:5 cm-1, from which we may calculate the magnitude of the anomaly at all 
temperatures. When this quantity has been subtracted from the total anomaly, 
there remains a peak at 20-3°xK, this being 1-20 cal deg! mole high, a value 
which may be associated with a triplet level above a doublet. If the two levels 
discussed above are treated as a degenerate doublet, we may then calculate the 
energy separation of the triplet from the doublet, obtaining a value of 52°k, or 
56°K (38 cm) above the ground state. 
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and zinc ammonium sulphate 
(lower curve). 


Having thus arrived at an approximate level scheme, which is shown in 
fig. 3, the next step is to calculate’ the total anomalous specific heat from it 
without the simplifying assumptions made above. The appropriate partition 
function is Z=1+exp (—96,/T)+3 exp (—@,/T) with 0,=9-4° and 6,=56°. 
Proceeding in the usual way, the following expression for the specific heat is 
deduced: 


c=R{! T)?exp(—9,/T) + 3(62/T)’exp(— 92/T) + 3{(42— 9,)/T}?exp{—(0,+6,)/T} 
{1+ exp(— 0,/T)+ 3exp(— @,/T)} } 


This rather awkward expression has been evaluated for suitable values of T, 
and the results are shown in fig. 2 together with the experimental ones. It is at 
once clear that this calculation is on the right lines, but the detailed agreement 
is far from perfect. It is equally clear that a better choice of 6, and 0, will not 
improve the agreement substantially, for the maxima occur at very nearly the 
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right temperatures. ‘The defect in the calculations undoubtedly lies in the 
assumption that there exists a degenerate triplet at the top of the pattern, rather 
than a doublet and singlet or even three singlet levels. 'T'o proceed further with 
this analysis without theoretical guidance would be a formidable task, since the 
calculation of the specific heat of any assumed pattern of five levels takes a long 
time. Many such calculations would have to be performed to find the scheme 
which fits the data best, since the problem cannot be generalized. Furthermore, 
since the experimental values have only a finite accuracy it cannot be assumed 
that there exists a unique energy scheme which will explain them. It may be 
noted, for example, that the energy levels shown in fig. 4 give rise to a single 
anomaly whose height is almost exactly that of the 4°K anomaly, though the 
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Fig. 3. Proposed energy levels for Fe?* Fig. 4 
in ferrous ammonium sulphate. 


Smoothed Specific Heat and Entropy Values 
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The thermal unit is the calorie per mole throughout. 
*F—ferrous ammonium sulphate; Z=zinec ammonium sulphate. + Extrapolated value. 


detailed shape of the curve and the entropy of the anomaly are slightly different. 
By a judicious arrangement of the higher levels it may well be possible to obtain 
an energy scheme which fits the experimental facts as well as does that of fig. 3. 
Considerations of entropy should throw some light on this matter, but some 
estimate must first be made of the contribution to be expected above the highest 
temperature of measurement. If it is assumed that, in this temperature range, 
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the anomalous specific heat is proportional to 1/T?, it is easily shown that this 
extra contribution is 0-68.u. Adding this to the experimental value at 30°K, 
the total entropy becomes 3-04 £.U., a value which may be expected to be too low 
rather than too high, since the anomalous specific heat decreases with 
temperature less rapidly than 1/7? up to the highest temperature of measurement. 
The failure of the experimental curve to fall as rapidly as the theoretical one may 
be due to experimental error, to the over-simplification of the theory or to the 
existence of higher levels; in no case should the extrapolated value be wildly 
wrong. ‘The entropy of the simplest energy scheme is R log 5 or 3-2£.u., and 
the agreement may be considered adequate. If all fifteen levels are invoked 
with the more complicated scheme, the total entropy would be R log 15/2 or 
4-0£.U., but better agreement can be obtained on the assumption that a few of 
the higher levels are at inaccessibly high energies. It is concluded, then, 
that a somewhat modified version of fig. 3 is the simplest, but not necessarily 
the only energy scheme which is consistent with the experimental facts. 

In view of the fact that the accuracy of the AC values decreases with rising 
temperature, it will be appreciated that the temperature of the higher maximum 
cannot be fixed very accurately, resulting in a corresponding uncertainty in the 
value of 38cm~ given for the larger splitting. Since it is most unlikely that the 
highest level is truly degenerate, the value quoted only indicates the order of 
magnitude of the energy at which levels should exist; as such its relative 
inaccuracy is not of great importance. 


§5. CONCLUSIONS 


As a result of these measurements it is concluded that the ground state of 
the ferrous ion in ferrous ammonium sulphate is probably split into two levels 
of equal degeneracy m with a separation of 6-5 cm, above which a further group 
of 3n levels exists, these being centred some 38 cm“! above the lowest level. The 
value of m cannot be predicted, apart from the fact that it cannot be greater than 
three, nor can any information be obtained about possible fine structure of these 
levels. ‘These points can in principle be settled by paramagnetic resonance 
experiments, provided the transitions are not forbidden, and it is hoped that 
the present work may be useful in the interpretation of such experiments. 


ACKNOWLEDGMENTS 


The authors would like to express their gratitude to Dr. B. Bleaney for 
suggesting the problem and for assistance with the preparation of the samples, 
and to Professor F. E. Simon for advice and encouragement. They are also 
indebted to the University of Oxford for the award of an Imperial Chemical 
Industries Fellowship and the Department of Scientific and Industrial Research 
for a research grant respectively. 


REFERENCES 


Lyon, D.N., and Giauqug, W. F., 1949, 7. Amer. Chem. Soc., 71, 1647. 
PaRKINSON, D. H., Simon, F. E., and SpEpDING, F. H., 1951, Proc. Roy. Soc. A, 207, 137. 
Tutton, A. E. H., 1913, Proc. Roy. Soc. A, 88, 361. 


233 


Damping Corrections in the Photo-Meson Process 


By G, RR. ALLCOCK 
Department of Theoretical Physics, University of Liverpool 


Communicated by K. }, Le Couteur; MS. received 5th September 1952 


Abstract. An examination is made of the effect of damping on the photo- 
production of pseudoscalar charged and neutral 7-mesons from protons, ignoring 
all self-energy effects. In the case of pseudoscalar coupling the damping 
corrections are large, but do not greatly remedy the disagreement of second order 
perturbation theory with experiment; while for pseudovector coupling damping 
effects are unimportant. 


$1. INTRODUCTION 


HE lowest order weak-coupling approximations to the cross sections for 
| production of charged and neutral 7-mesons by y-rays incident on protons 
(Araki 1950, Brueckner 1950) are not in good accord with experiment 
(Steinberger and Bishop 1952, Panofsky et al. 1952, Silverman and Stearns 1951). 
PS and PV coupling are equivalent for this process in lowest order, and in particular 
predict that the cross section for production of 7° is small compared to that for 7+. 
For example, the differential cross sections in the laboratory coordinate system at 
90° to y-rays of energy 300 Mev are predicted to be in a ratio of about 1:8, whereas 
the actual ratio is of order 1:2. The angular distribution of the 7+ between 45 ° 
and 150° in the centre-of-mass system also appears to be too flat, while that of the 
7° shows a backward peak, in contrast to the experimental results so far obtained, 
which indicate a slight forward peaking. 

Various attempts have been made to take account of the higher order processes, 
- and much better agreement with experiment has been obtained. Inthe case of PS 
coupling the finite corrections remaining after renormalization are large (Koba 
et al. 1951, Minami 1952). 

In the case of PV coupling a semi-classical phenomenological analysis is made 
possible by the introduction of a finite sized nucleon (Brueckner and Case 1951, 
Drell 1951). The relativistic properties of the theory are thereby sacrificed. ‘The 
Wigner—Eisenbud resonance theory can also be applied advantageously (Brueckner 
and Watson 1952). Alternatively, renormalization can be carried out to fourth 
order for this process, though not without difficulties of principle (Koba et ai. 
1951, Minami 1952). 

A simpler approach to the problem has been effected (Kaplon 1951, Aidzu 
et al. 1951) by including in the interaction Lagrangian a Pauli term to represent the 
experimentally observed anomalous magnetic moments (hereafter referred to as 
A.M.M.). This considerably increases the neutral cross section, though the 
angular distributions are still at fault. 

The object of the present investigation is to find out the effect of damping; 
that is to say, we take account of those higher order processes which can be considered 
as a succession of real scatterings in which both energy and momentum are con- 
served. ‘The intermediate states containing a meson and a nucleon are far more 
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important than those containing a photon and a nucleon. ‘The charge exchange 
scattering tends to equalize the two cross sections. Some effects of the damping 
have been calculated by Hamilton and Peng (1944), but in their calculation the 
recoil of the nucleon was ignored, and only a charged meson field was considered. 
An examination of the matrix elements for the photo-production process shows 
that the recoil must be taken into account to obtain neutral mesons in the absence 
of A.M.M. and also that the recoil effects are very important in the positive meson 
process. 

Damping and self-energy effects are not separated out in the Feynman—Dyson 
rules for writing down the elements of the S matrix, but a discussion of the 
relativistic formulation of damping theory has recently been given by Pirenne 
(4952). 

In the following, Heitler’s original prescription for the treatment of damping 
effects is used, namely the interaction Hamiltonian compound matrix element is 
replaced by its first finite term. 


§2. CONCLUSIONS 


We summarize below the conclusions reached. 

(1) The charge exchange effect does not increase the 7°:7* ratio sufficiently, 
so that inclusion of A.M.M. is still necessary. 

(2) Inthe case of PS coupling the damping effects are considerable because the 
pion scattering cross section is large even at zero energy: charged + neutral theory 
has been used, as this gives large charge exchange effects, while symmetric theory 
gives mainly pure damping on each process separately, and is therefore of less 
interest. The large backward peak in the 7°-cross section, produced by the 
A.M.M., is much reduced by the damping, and the angular distribution of the 7+ 
is improved (fig. 1). However, recent experiments by Anderson et al. (1952 a) on 
the scattering of pions by protons are in complete disagreement with the predictions 
of PS(PS) theory (Ashkin e¢ al. 1950) in second or fourth order weak coupling 
approximation. Photo-z production without damping necessitates g?/47~60 ; 
using this value the predicted second order pion scattering cross sections are about ~ 
10 to 20 times too large and decrease with increasing pionenergy. Suchastate of 
affairs cannot be remedied by including damping alone. 

(3) Photo-meson production with PV coupling indicates a coupling parameter 
f?/An ~%; this value with charge symmetric theory gives low energy pion scattering 
cross sections of the correct order of magnitude and energy dependence (Ashkin 
et al. 1950), though the angular distributions and absolute magnitudes of the cross 
sections are by no means in good agreement with experiment (Anderson et al. 
1952b). 

At the energies of the photo-production experiments the damping corrections 
turn out to be as small as the probable experimental error, as illustrated by the 
angular distributions (fig. 2) which have been calculated taking account only of the 
charge exchange scattering. Weak coupling PS(PV) theory with damping is not 
therefore adequate, and this is even more the case when one considers the 
scattering of 7+ on protons. 

(4) ‘The theoretical (PS or PV coupling) excitation function for 7+ production 
rises steeply near threshold and is markedly concave downwards, while the observed 
excitation function is only slightly concave downwards. The introduction of 
damping can only make this situation worse. 
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§3. THE DampiInc EQuaTION 


Rationalized natural field units are used; thus, for example, e?/47 =1/137. The 


four-momentum of a Fermion is denoted by p = (E, p), and of a Boson by k= (cv, R). 
The masses of a meson and a nucleon are denoted by « and M. In Feynman’s 
notation py, =p and pu = Mu, where wis the four-component spinor of a nucleon. 
The total unperturbed energy of the system is represented by W, and 
k*p, =k. p=wE—k.p. 
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Fig. 1. PS(PS) gp=gy=g=-+/(60 x47); Fig. 2. PS(PV) fpe= —fy=f=V (47/3); 
all damping due to 7 scattering only charge exchange 


damping 
accounted for. accounted for. 


The angular distributions of the mesons in the centre-of-mass system evaluated for a 
meson momentum 4/3, corresponding to a y-ray of energy 295 Mev in the laboratory. 
with A.M.M. and damped — -— . — - with A.M.M., undamped 
—------ without A.M.M. and damped detec. Without A.M.M., undamped 


Referred to a set of eigenstates of the unperturbed Hamiltonian, Heitler’s 
equation on the energy shell W, = W,, reads 


FoR Sir Di OW EWP ee ne CID (1) 


where K,,, is the perturbation matrix between states 5 and a. 

In order to write (1) in a covariant form, neglecting intermediate states c 
containing more than | Boson, we use the simple connection between the Feynman 
matrix element &,,, and the Hamiltonian matrix element K,,, referred to a unit box, 


MOM P14 Le\32 
Bay ( Ee dea, x) a <7 a nO (2) 


and replace the summation by an integration. Defining a matrix # which bears 
the same relation to F as does K to K we obtain an obviously covariant form for 
Heitler’s equation (1): 


ry cer an. 
G ies == Bap oad 1672 2 I We Sie Bac OP, + R.— Pp = k,,) F wp wrest) © (3) 


where the integrations are carried out over the surfaces k,? =u”, o, >0 and p,” = M*, 
16-2 
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E,>0, and S, denotes a sum over spins and over intermediate states of different 
types. Inthe centre-of-mass oe ve reduces to 


F y= Bay - a ieaw alt | | BucdQg Tay eats) (4) 


With indices to represent the type of Boson in initial and final states the 
matrix elements are denoted by 
a,f%u, and w,8%u, for P+y>P+7°, 
ibtu, for P+m—>N+7n", etc. 
‘The damping due to intermediate states c containing photons is ignored. 

The reader is referred to Kaplon (1951) for the matrix elements K for photo-7 
production, and to Ashkin e¢ al. (1950) for the meson scattering matrix elements 
(apart from a factor —1). 

Replacing lk. eas by 7, the integral equations to be studied become 

fe a Bi” —iF J dQ, {hee (Pe "9 M)t3,” cs ee (P. Ts M)t% tees (5) 
together with a similar equation obtained by interchanging 0 and +. 


§4. SOLUTION OF THE DAMPING EQUATION 

Non-relativistic approximations to the photo-production & matrices are 
inadequate; fortunately, however, one can simplify the meson scattering matrices 
in the low energy region. ‘The main features of the modes of solution of (5) are 
given below. 

PS Coupling 

The partial angular | dependence of the denominators in the meson scattering 
matrices is ignored as lk, |is fairly small. In charge symmetric theory &°* almost 
vanishes, and as k°? ~2&** the ratio of cross sections will be made worse by the 
damping, at any rate without the A.M.M. Approximately we may write in 
charged + neutral theory 28357 ~ Bee WOT Who ~e?k,/E,@,, which, it should 
be noted, is entirely independent of the direction of ke. An estimate of the order 
of magnitude of the damping is provided by the consideration that 


— 

4n(2M)rb ~5 if |Rk,|~p and 2/47 ~60. 
2M represents the projection operator p,+ M, and 47 the solid angle. The 
correction is comparable to the undamped matrix element, and indeed the solution 


found cannot be expressed as a power series en except for very low values of lk, |. 
Denote by f,* the quantity f(p.+ ™)f%” dQ,, then, after integration, (5) 
becomes 


1,9 =k, —7B(C + Dy) (f,°+6,*) 
where B=g*r/Eywo,, C=40{Ew.+(k,.y)}=40p,.k, and D=47Me,, 
It is now a simple matter to solve (6) for the f, in terms of the &,,; we then substitute 
the f,, into the right-hand side of (5) to obtain the f,), . 
PV Coupling 


The meson scattering matrices consist of large terms, some of which are angle 
dependent, and which almost cancel each other. An approximation to the 
difference of these terms cannot in general be found. 


i+ =%,+ —iB(C+ Dyy) (48,+-+4,9) 
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In charge symmetric theory (f=fp= —fy) a fairly good approximation to. 
KO or BY is 2k, . Ro f®ky/H2o,? provided ju < [hq] S2p. 

If the direce: scattering is neglected altogether, the resulting integral equations 
can be solved exactly. To obtain an estimate of the pe effect on fone 


oss 2 Mr(4n/3) (2? [hg )ater)erg ~ 
taking lke | ~4u/3 and Plan Sie (The factor 47/3 ae from integration over 


dQ, of the angle dependent Re LR. ¢): [hus one expects to obtain f°’ ~ kh” + dik? +. 
ea after averaging over spin penn: [6” |? ~~] ho” 2+ F/R P+... The ogtace 
is of the correct order of magnitude, though a little fake 

Since the correction is small (this applies equally if all the damping effects are 
included) two iterations give a good solution. At higher energies iteration is not 
possible. The accurate mode of solution of the simplified equation follows the 
same lines as in the (PS) theory, but is somewhat complicated by the angular 
dependence of &°*. 
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The Elastic Scattering of Neutrons by Tritons at 14 Mev 


By P. SWAN 
Physics Department, University College, London 


Communicated by H. S. W. Massey; MS. received 20th June 1952, 
and in amended form 10th September 1952 


Abstract. The theory of neutron-triton scattering has been worked out, 
using Wheeler’s resonating group structure method, and applied to a neutron 
energy of 14Mev for four types of nuclear interaction: an ordinary force, an 
exchange force of Majorana—Heisenberg type, a symmetrical exchange force, 
and the Serber exchange mixture. The nuclear potential is taken in the gaussian 
form V, exp (— 7?) and the corresponding two body ground state wave function as 
N,exp(--4Ar?). The resulting integro-differential equations for scattering are 
solved by variational methods. 

The symmetric and Majorana—Heisenberg forces give the right general shape 
for the angular distribution of scattering, but the ordinary and Serber forces give ~ 
a rather higher peak of back scattering than indicated by the experiments of Coon, 
Bockelman and Barschall at 14 Mev. The measurements appear to favour forces 
of a symmetrical exchange type as against an ordinary force type. 


§ 1. INTRODUCTION 


HE investigation of the collisions of neutrons with tritons offers an oppor- 

tunity to extend the knowledge of nuclear forces already gained by the 

study of neutron—deuteron scattering, and also is a step towards finding 
methods of calculating the interaction of nucleons with light nuclei. Detailed 
calculations and comparison with experiment (Buckingham, Hubbard and 
Massey 1952) of the collisions of neutrons with deuterons, employing Wheeler’s 
resonating group structure method, have strongly favoured an exchange type of 
force, so it is of interest to see whether exchange forces are also necessary to 
explain neutron-triton scattering. 

The triton with its binding energy 8-2 Mev is a more compact structure than 
the deuteron (binding energy 2-2 Mev), so that one might expect any polarization 
effect to be rather smaller for neutron-triton scattering than for neutron—deuteron. 
scattering. As calculations on neutron—deuteron collisions have always neglected 
this effect, and have yet obtained good agreement with experiment except for 
neutron energies below 3 Mev for which the polarization effects would be most 
important, we may conclude that the same approximation for neutron—triton 
collisions would be valid to a rather greater degree. In the same way as for the 
deuteron, the size of the triton means that incident neutrons of several Mev 
energy and with one unit of quantized angular momentum should pass close 
enough to the triton structure to interact strongly, resulting in a p phase contri- 
bution to scattering and a consequent departure from the isotropic scattering 
distribution found for neutron—proton collisions at the same energy. 

In this paper the scattering of neutrons by tritons is calculated at 14 Mev, and 
compared with the experiments of Coon, Bockelman, and Barschall at the same 
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energy. ‘The basic assumption is that the method of resonating group structure 
due to Wheeler is at least approximately valid. As the interaction involves four 
bodies, it cannot be treated as accurately as in the case of neutrons incident 
on deuterons, and so use has had to be made of approximate wave functions 
and a nuclear force shape, the mathematical properties of which allow com- 
putations to be made which would otherwise be not practicable. 


§ 2. GENERAL FORMULATION 


We take the triton as consisting of neutrons 1 and 2, and proton 3, with a 
neutron 4 incident on it. To obtain the total wave function ‘’,(123,4) of the 
system, we employ the method of resonating group structure, so that the identity 
of particles 1, 2 and 4 requires us to write Y’,(123, 4) as the linear sum of terms 
totally antisymmetric in any pair of 1, 2 and 4. Thus 


(123, 4) =6-1[@,(123, 4) + ©,(243, 1) + ©,(413, 2) —©,(213, 4) 
— ©,(143, 2) —®,(423, 1)], . 
SO Er. eos, Pye i23Aye | eens (1) 


where P,,,, is an operator interchanging both space and spin coordinates of 
particles m and n. 

Following the usual method of group structure, we take the final wave 
function ®,(123,4) as equal to the initial wave function ®,(123,4) in the form 


(123, 4) = (123) F(123, —4) x1 a(or-a) =$o(123, 4)xrg vee (2) 


where (123) is the spatial part of the triton ground state wave function, assumed 
symmetrical in any pair of the particles 1, 2, 3. (123, —4) is the spatial wave 
function of the incident neutron relative to the centre of mass of the triton, 
X1-4(0,_4) is an appropriate spin function, and ¢)(123, 4) is the total spatial wave 
function for the group. This treatment neglects any polarization effect. 

To obtain the appropriate spin functions x,,, we see that the triton must 
be in its doublet 2S ground state with its spin function symmetrical in the 
deuteron particles 2 and3. (We here regard the triton as built up from a deuteron 
in its ground state plus a spare neutron.) 

. *F Iyie = 6 1?(%1%283 + 4 Bo%3 — 281 %2%3), 
Triton ground state = Linn eRe Te oN One (3) 
For the corresponding four-particle system, the required spin functions correspond 
to a singlet and a triplet state and are as follows: 


3y1.= "hems, 
Triplet 1 %xy9=2-?(?@LAyeBat*L1o%), teres (4) 
3y 1 ="LtlePa- 
Singlet = 4yg=2-"®(?(VyeBa—"L1alo%a)- tee (5) 
If we write 
o4= x(123, 4) — x(213, 4), 0, = x(243, 1)— (423, 1), o2=x(413, 2)— x(145, Zz) 


the total wave function ‘Yy(123, 4) becomes 
W (123, 4) =6-1[.046(123, 4) +.046(243, 1) + o.6(413,2)],  «.--- (7) 
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where we have assumed the spatial wave function ¢(123,4) to be symmetrical 
in any pair of the triton particles 1, 2, 3. For the two cases we find 


Triplet : 


Oy =2-1?( 01 Ba — By%2)og%q4, 1 = 2-1?(x By — Bo%4)%4%3, O2= 27820483 — B4%1)% 2% 


Singlet: o4=Ho%Bo—Prta)(%abs—Byts)) 
01 = 3(%284 — Bo%q)(%3P4 — Potaly i «sees (9) 
3 (048 — Ba%1)(%38 2 — Bx%2). 


Oo — 


§ 3. THE Wave EQuaTION 


The wave equation describing the interaction of triton and neutron is 
[T+ V(12) + V(23) + U(31) + V(14) + U(24) + V(34)]¥ =(E,+ Eq)¥,  ...(10) 
where Ey is the triton binding energy, E, is the incident neutron energy in the 
centre-of-mass system (E,m,= 2p). JT is the kinetic energy operator: 
T= = (W/2M) (QV sgt 20 ak $V ag a) (11) 


Here V7.3, Vo5-1 and V% o._, are the Laplacian operators of 3 relative to 2, 
1 relative to the centre of mass of 2 and 3, and 4 relative to the centre of mass of 
the triton respectively. 

It is our objective to deduce from (10) the integro-differential equation 
describing the scattering in terms of F(123, —4), the spatial wave function of 
the incident neutron. 

Following Buckingham and Massey (1942), we write for the exchange 


potential U(12) =(mMyy+hHyg+bBytw)V(12), ss eeee (12) 


where M is the Majorana spatial exchange operator, H is the Heisenberg operator 
exchanging both space and spin coordinates, B is the Bartlett spin exchange 
operator. m,h, b and w are the coefficients of Majorana, Heisenberg, Bartlett 
and ordinary forces respectively, such that m+h+b+w=1. If we substitute (7) 
and (11) in (10), and use the wave equation for the binding energy of the triton 


[ — (4?/2M)(2V*43 + $V7o3_1) + U(12) + U(23) + UV(31)]yio(123) = Eqyso(123), 
and also the relation ~~ "- 9. — ——<“<CSW:”:*~C~ ee re (13) 
(2V703 + 3V 759-1 + $V 109-4) = (2V2s59 1 + $V 0-4 + $V 29) 
= (2V7 143-2 + Nis) 56 $V"43) 


then by multiplying both sides by o,*%9(123), performing the exchange operations, 
and integrating over ry, and ry, _, space we find 


Triplet: 
(V? +k?) P(r) = (9/8)3( M/h?){3( — m— 2h + 2b + 3w) J foo2(123) V(14) dR dr’} F(r) 
+ (9/8)3( M/h?){ — 3(m + w) J Jyso(123)h9(234) V(12) F(r’) dR dr’ 
+ (3m + 2h —2b — w)§ Jbo(123)y9(234) V(14) F(r’) dR dr’ 
+ 2B ffilo(123)yho(234) F(e’) dR dr’} 
+ (9/8)8|Julo(123)V2,6fo(234) F(e')} dR dr’, 
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Singlet: 
(V? + B®) F(r) = (9/8)3( M/h?){3( — m — 2h + 3w) | fabo2(123) V(14) dR dr’ } F(r) 
+(9/8)®(.M/h?){3(—m +h + b—w)J fbo(123)h9(234) V(12) F(r’) dR dr’ 
+ $(3m — 2b — w) J fbo(123)xh9(234) V(14) F(r’) dR dr’ 
+ 9B ffilo(123)yio(234) F(r’) dR de} 


+ (9/8)8f fabo(123)V2,-fh9(234)F(r’)}dRdr’, a (16) 
where k? = (3/2)( M/h?)E,, Fas Teh eon ree reer.) re mi 
R=freg=r,—Ps, r’ =Pogg 1 = 3("o ths tty)—li, we wey 6 


We have here transformed one of the integration variables from r,3_, to 
r’=4(Sr,,;.,—3r). It is now necessary to symmetrize the last expression in 
(15) and (16). Using Green’s theorem, one finds 


fubp(123)V?,-{h9(234) F(r’)} dR dr’ = [V?.-f459(123)9(234)} P(r’) dRdr’. ..... (18) 
Ne take/¥o, ;—U; ro, /,=t, so that 
u= 3(r+3r’), C53 (3 ree Fale Cee Sacer eee (19) 
a u.t\ 0 
2 ee, 2 2 — = | 2 
Then Via {9s +V, +6( Sf ) sea}: RB (20) 


We now need to express %(123) and (234) in terms of uw, ¢t and R, and to do 
this in simple closed form and also to perform the R integrations in (15) and (16), 
we assume the triton ground state wave function (123) as equal to the product 
of three deuteron wave functions of gaussian radial dependence 


whq(123) = 0(12)v(23)0(31), 


where HY=CXP( — BAv2)s gee ee asics (21) 

Using rj.= —u—3R, ro, =R; Ce ee (22) 
r,,=t—ZR, r.,=t+4R, 

we find hizo ol Cot) = OULU) eee ae ee erie (23) 


From (18), (20) and (23), then 
V2 {lp(123)o(234)} = [ 9¥4(234)¥ ,A46(123 ) + yo(123)V,2(234) 
+6 (2) ower 2%(R) | 
= — Fe L9y(234)0,*V2o(123)o4 + fol 123)04*V2o(234)o 


Zh PU.t\e Aen ar 
<= | —— ; NORA Bot 24 
+55 (Sr) wy"), (24) 
as o,*o,=0,*o,= —+4 for both triplet and singlet from (8) and (9). Now the 


triton function 7f)(123) satisfies (13), which may be generalized to include spin thus 
[ —(h?/2M)(2V 2 + $V.) + U(12) + U(23) + U(31) Jogyio( 123) = Eqogifo(123). 


On multiplying both sides of (26) by o,*, one obtains expressions for the part 

involving potentials 

Triplet: 

o,*(V(12) + V(23) + V(31) Jogo(123) =[4(—m—w+h+6)V(12) 
—4(m+w)V(23)—Hm+w+h+b)V(31)}% (123). ...(26) 
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Singlet : 
o1*(U(12) + W(23) + V(31)Joyo(123) =[4( -—m—w+h+b)V(12) 
+ 4(—m—w—2h—2b)V(23) + 3(—m—wt+h+b)V(31)]}% (123) ...(27) 


with similar expressions involving (234). On substituting (26) and (27) in q 


(25), and using the result to eliminate the Laplacian factors from (24), we find 
mriplets 
SIV? to(123 )yio(234)} Fr’) dR dr’ 
= (M/H?) jfyfse(123)yo( 234) {3(mm + w) V(12) + (m+ w) V(23) 
+ 3(m+w)V(24)}F(r’) dR dr’ —2( M/h?) Eg fbo(123)b9(234) F(r’) dR dr’ 


+ §SI¥o(123)H9(234) | 9 (= =) -3 gh F(r’) dRar’. 


Singlet: 
SIV? tpfo(123 )yo(234) P(e’) aR dr’ 
= (M/h?)§ fbo(123) (234) {2(m + w —h—b)V(12) + 2m + w + 2h 4+ 26)V (23) 
+ 3(m+w—h—b)V(24)} P(e’) dR dz’ — 2( M/h?) Egf fio( 123) (234) F(r’) dR dr’ 
u Vie (123 : 

+ 3f fb (123)b9(234) He; <2) a vain —5 ES ) F(r’) dRdr’. 
Substitution of (28) into (15) and (29) inte (16) gives 
Triplet: 
(V2 + 2) F(r) = 3(—m—2h +26 + 3w) U(r) F(r) 


ce [| tem eanoer, r’)+3(3m+2h—2b—w)T(r, r’) + & -)3NC r’) 


+ P(r’) + 3(m+w)S(r, r’) + 2(m+w)R(r, | Er de Sco! 
Singlet: 
(V? +k?) F(r) =3(—m—2h+ 3w) U(r) F(r) 


+ [| ton +o—h-6)9¢, ee hye a r’)+ (Z- ;) N(r, ’) 


+ P(r, r’) + 3(m+w—h—b)S(r, rv’) + B(m+w + 2h + 2b)R(r, r)| 


d Raa!” ee ee Eee (31) 
U(r) = (9/8)9(. M/F?) [fb 123)V(l4)dRdr’, (32) 
O(r, r’) = (9/8)3( M/h2) fybo(123)¥ig(234)V(12)dR, nee (33) 
T(r, r’) =(9/8)9(M/h2) fho(123)¥(234)V(14)dR, ae (34) 
N(r, r’) = BBy(9/8)3( M/A?) fuho(123)(234)dR, ens (35) 


P(r, r’) = 3(9/8)3 fxho(123); u.t\o(u)v(t) Vr {v(R)} 
(r= R18 C123 (23H 9 (Se) AT 5 [aR (86) 
(r, 1") =(9/8)% 4) ff 123)(234) 7 (24) dR, 


S(r, vr’) = 
R(r, v’) = (9/8)9(M/R?) fubo(123)y9(234)V(23)dR.ss—s—s—sSs nw (38) 
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$4. EVALUATION OF THE SCATTERING 
Solutions of eqns. (30) and (31) are needed having the asymptotic form 
F(r) ~e™ + r-49(8)e"". 
‘The angular distribution /(@) for scattering is then given by 
1(0)=2|ea()P+4les)P, sees (39) 


where the suffixes 'T and S denote triplet and singlet respectively, and @ is the 
angle of scattering in the centre-of-mass system. ‘The total cross section for 
elastic scattering is 


East dle laje-cere (40) 


To obtain g(#) we expand in spherical harmonics 


F(r) = eesnt) PaleOS 8), 5 Or r= se P,(cos 9)q,(7, 7’), 


where gir, 1) =2arr’ iL PAcosa)sinwddas O(F tT). = ee na. (41) 
0 


cos. 9 =(r.r’)/(r7’), 


with similar expressions for T(r,r’), N(r,r’), P(r,r’), S(r,r’), R(r,r’) in terms 
of t,(7,7’), n,(7,7'), p(r,7’), s,(r,7’) and r,(r,7’) respectively, and vice versa. Here 
Q(r,r’) is a function only of 7,7’ and $, because central forces only are assumed. 

By use of the orthogonal properties of spherical harmonics, eqns. (30) and 
(31) may then be reduced to the radial form 


@? I(1+1) 


[5 2 Voss [| Baler) tyler) + (EB =F) mlrsr) 


+pr,r’)+ Bsr, 7') +6n,(7, r) | fle) Hien seen (42) 


As all terms on the right-hand side of (42) approach zero for large 7, the asymptotic 
solution is the usual form 


TAT) SRY — sie eerace's (43) 
Hence one finds (Mott and ieecaiac 1949) 


2(0) = Een 1){exp(275,)—1}P,(cos@), sae. (44) 


§5. THE Laws oF FORCE 


Four cases of the general interaction operator (12) were considered. ‘These 


are 
I Ordinary force: m=h=0, w=}3(1+%), b=3(1—»), 


II Majorana—Heisenberg force: w=b=0, m=3(1+x), h=3(1—2), 
III Symmetric force: m=2b=4(1+3x), h=2w=}(1—3x), 
IV- The Serber mixture: m=w=}(1+x), h=b=}(1—x). 


Here x ~0-6 is the ratio of singlet to the triplet neutron—proton interaction, 
The expression ‘ordinary force’ is here used to include Bartlett forces. 
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Values of the constants «, 8, y, 5 occurring in the wave equation (42) are given 
in table 1. 


Table 1 
Nuclear force Spin state a B < 5 

Law 

I - fiplet 3(5-+-x) 3 (1+x) 3(—3-+2) 161 +) 

singlet (1+) ax $(—3+-) 15(3 — x) 

Ul riplet §(—3-+2) 31 +x) 3(54x) 15(1 +») 

singlet 3(—3+2) ax 9(1+x) (3 —x). 

Il triplet 8(—143x) 2(1+) H=14272). Baba) 

singlet 3(—1—x) 3x 3(1-+- 5x) 5(3 — x): 

IV triplet 3(1+-x) 3(1+.«) 3(3x—1) (1 +x) 

singlet ey ax 3x 33(3 —x) 


The gaussian potential used is that derived by Hoisington, Share and Breit 
(1939) from analysis of low energy proton—proton scattering 


Vir) =— Ky exp(—ur"),.¢ 6 eee (45) 


where V, =45 mev, pp = 21-59 Mmc*/h? = 2:669 x 10”, 79= 1/4/u =1-936 x 10 “cme 
With this definition and a corresponding form for our two-body wave function 
v(r) = No" exp (— 4A7?), the volume integrals (32)—(38) may be evaluated analyti- 
cally, and from them the corresponding expressions (41) for q¢,(7,7’), t,(7,7’),. 
OLE) PAE 1), P Pol) 20d. S177. ). 

To find the constant A involved in the wave function v(7), one computes the 
variation integral for the binding energy of the triton, using the trial function (21). 
Evaluation of the expectation energy yields the result 


jr as 4-302 Neti 46) 
tT 9 M -- (m+w °(3A+ 2n)82 jw lelieiiateis ( 

On minimizing this expression, one obtains two equations for p, A in terms of Vo. 

and the binding energy F,, the first being eqn. (46), and the second (47) 


(3A+ 2y)° 
Mey, 

As (m+w)=4(1+) has the same value for all the forces I, II, III and IV, 
substitution of the given values of V, and pw leads in each case to the result 
A= 1-436 x 10, Ep=—5-49mMev. This variational binding energy compares 
with the experimental value of —8-3Mev, but the theoretical value must be 
employed together with the given A. As scattering calculations are not sensitive 
to small variations in binding energy, no appreciable error will be introduced 
by the employment of the theoretical binding energy. 


M 
+64/3(m+20) 5 Vy=0. eee (47) 


§ 6. NUMERICAL CALCULATIONS 
The potential function U(r) and the kernels q, t,, ,, p, 5s, 7, may all be 
evaluated analytically, and for their interpretation it is convenient to define a 
function 4(«) thus: , 
2 Fists tra) ele a(t) ee (48) 


The first two values for/=0, 1 are then .44).(”) =sinh x, 4, o(«) = (sinh x/x) —cosh x. 
This function has the property -%)4/.(”) = (1/#) F,_4)o(”) —F4"y_4/o(x). The kernels 
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may then be written in the following form: 
U(r) = Ap exp (— yor”), 

Q(r,1') = Ay exp {= yy? — pr" 34 p41 )0(177'), 

(7, 1’) = Ay exp {—yo(r? +7)}F,4110(Ka77'), 

nr, 1’) = As exp {—y3(? +7)} Far io(kgrr’), 

Pilryr’)=Agexp (-y4(P? +7)} | es es 
| 
j 


160 
* | (3 Reet os on) Fy srpa(kyrr’) — 10rr F's) | , 


5(7, 1’) =Asexp {— ys? —yyr"} Ay relksr7’), 
(7,7) = Agexp {— (7? +7?) Fisrp(ker?’), 


where 
_(M 32 9A 
a (= Vs) (9A + 2n)82’ DION Tay 
Cua ee ee) 
eG Ie (ONO ou)? em 6 OATES) 
Mee 2K (ze) 
8 6A+ py] 


81 /2\12 (M 90 Ze 
A; = (=) (Fe Ex), Ya= Gq a= EAs 


8 
4 1/2 5/2 TH 

eG we Bs 

fo Cy" r) 2 r ie (are) 

De alr Ate wd EAN we a, bea Ope 2 
_ 27) 3A+2p 
Snag: eee 

1/2 2 
4,=>(°) Gals) ara w= m= TA ae (50) 


It is not possible to solve analytically the resulting integro-differential 
equations (42) using the kernels (49), and so to find the 5 and P phases, the kernels 
Qo7 us top bx3- os M13 Por Pri S051; 71. were plotted as contour representations, 
and the triplet and singlet wave equations solved numerically using the variation 
methods due to Hulthén (1944) and Kohn( 1948). ‘The higher phases, namely 
for 1=2,3, were obtained by the Born approximation, in some cases improved 
using a correction due to Pais (1946), although in no case did this correction 
amount to more than 5%. 

The variational wave function for S-wave scattering was taken as 


fo(r) = {1 — A exp (—0-37?)} sin kr + {M— B exp (—0-37?) }{1 — exp (—0-37?)} cos kr, 
aia (51) 


where we have taken the unit of length as 10°! cm. 
The corresponding function for P-wave scattering is 


f(r) = {1 — A exp (—0-377)} ee —cos kr) + {M-— Bexp (-—0-37?)} 


x {1 — exp (—0-3r?)} (= + sin tr) Le) CT a eee (52) 
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A and B are two arbitrary parameters, while M=tan6, as can be seen from the 
asymptotic behaviour of fy and /f, 


fo(0)=f,(0)=0, — fo(7 > 0) ~sinkr+ ae kr, 


filr> 0) ~ = —cos kr) +M cm i +sin kr). es (53) 


The factor 0-3 in exp(—0-37?) corresponds to a ‘mean range’ of the kernels. 
Hulthén’s variational method employs the integral 


jie I, part! et en ee (54) 


where 
f= {5 8D aun h ein 2 [baler rae ane (55) 


and ¢,,(7,7’) represents the kernels involved, their sum being symmetrical in 
randy’. The wave function f(r) is found from the conditions 


A,B, My=0,  “OlleA=cleb =U. 2. oe eas (56) 
These lead to a quadratic equation for M=tan 8. Kohn’s linear method uses the 
equations ar a aT al I 
ad 3B =, am S=aretan (M47). ‘lease (57) 


This leads to a linear equation in M. 
The success of the variational methods depends largely on choosing the correct 
form for the wave functions (51) and (52), and so four simple cases were tried 


(a) A=B=0, . (6) A400; B=0, (efPA=0, BAU (gdje ae 
Now Kato (1950) showed that Hulthén’s and Kohn’s methods are exactly 
equivalent if the variational conditions (56) and (57) are satisfied, which holds only 


Table 2. Phases for Scattering of Neutrons by Tritons at 14 Mev 


Spi I II Ili IV 
PER State (ordinary) (exchange) (symmetric) (Serber) 
triplet 5 Lowy 1:29 127 1:13 
Oy —0:59 —0-60 —0-60 —0-49 
do (0-14) (0-044) (0-073) (0-096) 
d3 (—0-031) (—0-016) (—0-005) (—0-023) 
singlet 39 1:28 1:25 1-24 1:24 
on — 0-64 —0-52 —0-56 —0-45 
Oo (0-11) (0-026) (0-038) (0-061) 
3 (—0-017) (—0-012) (—0-002) (—0-014) 


The 5) and 6, phases were found by variational methods. The 8, and 8; phases in 
brackets were derived by Born’s approximation. 


for a good choice of f(r); hence our method is to work out Hulthén’s and Kohn’s 
methods for cases (a), (6), (c) and (d) for each of the exchange forces I, II, III and 
IV, and to choose the trial function which gives good agreement, say within 2%, 
between the phases obtained by the two methods. ‘The use of Kohn’s method 
further enables one to differentiate between the two alternative phase values given 
by Hulthén’s method. In each case the phase value given by the latter method 
was chosen, as atomic calculations by Massey and Moiseiwitsch (1951) have 
shown that Hulthén’s method tends to be more accurate than that of Kohn. 

The above technique was applied to the elastic scattering of neutrons by 
tritons at 14 Mev, the resulting phases being given in table 2. 
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The evaluation of the integral Jin (54) was carried out by numerical integration, 
steps of 0-4 x 10! cm being used out to a distance of five times the well range, that 
is about 10 x 10-!8cm, beyond whichthe tail of the kernels becomes quite negligible. 
A check on the variational phases was carried out by iteration of the trial function in 
several cases, and the phase was found to be given an order more correct than the 
wave function, but the phase was not altered by more than 2%. 


§ 7. COMPARISON WITH EXPERIMENT 


The angular distribution at 14 Mev is shown in the figure for the four forces 
considered, and is compared with the scattering experiments at the same energy by 
Coon, Bockelman and Barschall (1951). 


Angular Distribution (barns per unit solid angle) 


0) 30 60 SO 120 150 180 
Scattering Angle Centre-of-Mass System (deg) 


Theoretical and experimental angular distributions for neutron-triton collisions at 14 Mev; 
curve I, ordinary forces; curve II, Majorana—Heisenberg exchange forces; curve III, 
symmetric exchange forces; curve IV, Serber exchange forces. The experimental 
angular distribution o(@) is subject to an absolute error of + 20%. 


The latter’s experimental curve is characterized by a scattering minimum at 
about 110°—120° in the centre-of-mass system, and a sharp peak of back-scattering, 
but the results do not extent reliably below 80°. ‘The total error in the absolute 
values of o(6) was estimated at + 20%. 


Table 3. Total Cross Sections for Scattering at 14 Mev 


Ordinary =(0-64 barn Symmetric exchange=0:62 barn 
Majorana exchange=0-61 barn Serber mixture =():49 barn 


The symmetric and Majorana exchange type forces give almost identical 
results, with large peaks of forward and back scattering, and minima at about 105°. 
The scattering at large angles is greater than that obtained by experiment, although 
part of the difference may be explained by the above experimental error in o(). 
The ordinary curve, however, gives a much larger peak of back scattering than 
experiment, while the Serber exchange mixture lies intermediate between the 
ordinary and exchange curves in this respect. ‘I‘hus the evidence appears to 
favour a force of symmetric exchange type rather than an ordinary force. 

The total scattering cross section for the four forces has been calculated and is 
shown in table 3. This compares with an experimental neutron—proton cross 
section at 14 Mev of 0-64 barn. 
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Coon, Bockelman and Barschall, whose experiments do not extend below 
70° (c.m.), point out that integration of the experimental curve from 90° to 180° 
gives a value of only 0-17 barn, and if, as might be expected, the total cross section 
of tritium turns out to be greater than that of hydrogen (0-64 barn), there must 
either be a large peak of forward scattering, or a disintegration process contributing 
a large fraction to the total cross section, although it is not strictly necessary that the 
n—T cross section be greater than the n—P cross section. 

If we disregard the second possibility in the absence of any evidence for 
disintegration protons in the above experiments, the absence of a peak of forward 
scattering sharp enough to give a cross section larger than that of hydrogen in the 
above calculations may be understood if we remember that the approximate 
two-body ground state wave functions used have gaussian radial dependence, 
whereas the true wave functions are more nearly exponential in shape. Conse- 
quently, outside the well-range our wave functions fall off too quickly, and therefore 
any calculations should underestimate the small angle scattering. However, the 
quantitative importance of the effect is not known, but one might expect it to be 
important at energies less than the binding energy of the triton. 

Further work is being carried out at lower energies than 14 Mev, and it is hoped 
to extend calculations to cover the scattering of protons by tritons. 
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An Investigation of (d, p) Stripping Reactions 


I: Apparatus and Results for Aluminium 


By J. R. HOLT anno T. N. MARSHAM 


Nuclear Physics Research Laboratory, University of Liverpool. 
MS. received 10th October 1952 


Abstract. An apparatus is described which enables angular distribution 
measurements to be carried out within the angular region —5° to +140° on 
disintegration particles of long range. The differential range spectrum is 
measured at each angle by the use of a triple proportional counter of novel design. 

Measurements are reported for the two proton groups of longest range 
produced in the reaction ?’Al(d, p) ?8Al with a deuteron energy of 8 Mev and 
the results discussed in the light of the theories of the stripping process. 


$1. INTRODUCTION 
ite rae of the nuclear reactions in which a deuteron with energy of 


the order of 10 Mev is the bombarding particle and a proton or neutron 

is emitted have been formulated recently by Butler (1951) and by Bhatia, 
Huang, Huby and Newns (1952) on the basis of a stripping process. ‘These 
theories lead to angular distributions of intensity of the emitted protons or 
neutrons which show maxima at small angles relative to the incident beam. 
The position and shape of these maxima depend on the energy of the bombarding 
deuterons, the Q-value for the reaction, the orbital angular momentum / taken 
into the nucleus by the captured member of the pair of particles in the deuteron 
and a quantity related to the radius at which the particle is captured. 
Experimental measurements of such angular distributions enable the value 
of 1 to be determined and hence yield information about the spin and parity 


_ changes involved in the reactions. 


Measurements of this type have been carried out by a number of workers 
for both proton and neutron emission (Bromley and Goldman 1952, Burge et al. 
1952, El-Bedewi et al. 1951, Gibson and Thomas 1952, Gove 1951, Holt and 
Young 1950, Parkinson et al. 1952, Rotblat 1951 a,b). In general the main 
features of the experimental distributions are in accord with theory and whenever 
the spin change in the reaction is known the value of / determined from the 
distribution is the expected one. However, most of the measurements on 
protons emitted in the (d, p) reactions suffer from the disadvantage that they 
do not extend to angles smaller than about 20° with respect to the direction of 
the incident beam, and this is often the most critical region. ‘The neutron 
measurements, although they extend down to 0°, are of lower statistical accuracy. 

The apparatus to be described here was designed to enable intensity 
measurements to be made on proton groups of long range within the angular 
region —5°to +140°. In this and subsequent papers the results of measurements 
with a variety of target elements will be presented. 
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§ 2. APPARATUS 


(i) Target Chamber 

The target chamber is similar to that described by Holt and Young. ‘The 
beam of 8 Mev deuterons from the Liverpool cyclotron was roughly focused at. 
the centre of the target chamber by means of a magnet and collimated by 
circular apertures S, and S, (fig. 1) having diameters 5 mm and 3 mm respectively, 
placed 27 cm apart. The beam current entering the target chamber was about 
zo uA. The target had a thickness equivalent to 1 or 2 cm of air and was either 
a self-supporting foil or a layer deposited on thin gold or platinum. The 
target holder T was a vertical brass sheet having a hole over which the target 
foil was mounted. ‘This was attached to the centre of the lid of the target 
chamber and could be rotated externally. For measurements on protons 
emitted at angles between 0° and 100° the plane of the target holder was usually 
at an angle of 45°, as shown in fig. 1, but for measurements at larger angles this 
plane was rotated through 90°. 


Fig.1. Apparatus for the measurement of the angular distribution of 
disintegration particles. 


After passing through the target the deuteron beam encountered a curved 
strip of gold G of just sufficient thickness to stop the beam. With 8 mev 
deuterons the yield of protons from the gold was quite negligible. Those 
protons which had ranges greater than that of the deuteron beam and which 
were emitted from the target at angles near the forward direction, passed 
through the gold and out of the target chamber through a window of 
‘Cellophane’ WW. This had a thickness of 4:5 mg cm-2 and was sealed with 
Armstrong Cement over a long slit of width 8mm in the side of the target 
chamber. ‘The curved strip G was so mounted that it could be swung out of 
the way and replaced by a much smaller gold beam catcher. The protons were 
detected with the triple proportional counter C described below and the range 
spectruin was measured using a variable pressure air cell L and a wheel E holding 
absorbers of aluminium foil which had been carefully selected for uniformity 
of thickness. This detecting arrangement was mounted on a turn-table 
concentric with the target to allow measurements to be made at various angles. 
Circular stops could be fitted to either end of the air cell (S, and S,) to define 
the solid angle for the collection of particles from the target. The intensity of 
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the deuteron beam was monitored by counting deuterons scattered elastically 
from the target at an angle of 90° using the proportional counter M. 


(ii) Triple Proportional Counter 


A diagram of the counter is shown in fig. 2. It consists of three proportional 
counters (A, B and C) sealed within the same container. ‘The counters are short 
cylinders arranged with their axes along the direction of the incident particles 
which enter through the window W. ‘The diameters increase from one counter 
to the next to reduce the chance of particles which are scattered in the aluminium 
absorbers from striking the walls, while keeping the volume of the counters as 
small as possible. ‘The wires are of tungsten having a diameter of 0-1 mm and 
pass across the diameters of the cylinders through holes in their walls. Each wire 
is attached at one end only, the attached end being shielded by a glass tube and 
the free end by a glass bead. During the design of the counter tests were carried 
out using a well collimated beam of «-particles to determine the gas amplification 
at different points along the length of the wire. By adjusting the positions of the 
glass hood and the glass bead with respect to the holes in the cylinder it was 
found possible to make the gas amplification constant to within 10% along that 
portion of the wire which was used. ‘The gas filling was of argon with 4% of 
carbon dioxide at a total pressure of 26 cm Hg. 


Fig, 2. ‘Triple proportional counter. 


The sensitive volumes of the counters are separated by aluminium foils F 
_ whose thicknesses determine certain properties of the arrangement. The foils 
can be changed by breaking the joint in the centre of the container which is 
sealed with soft vacuum wax. 

The pulses from the three counters are fed through separate channels of 
conventional amplifiers and discriminators into a coincidence unit. This unit 
records coincident pulses from counters A and B not accompanied by a pulse 
from C. Thus the arrangement counts particles which pass through counter A 
into B but do not reach counter C. 

17-2 
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In fig. 3 curve a shows the variation in the height of the pulse produced at 
the output of amplifier A by a proton which enters counter A with the residual 
range indicated on the horizontal scale. Similar curves 6 and c show the pulse 
heights produced at the outputs of the amplifiers B and C by protons entering A 
with various residual ranges. ‘The amplification was adjusted so that the size 
of the pulses corresponding to the maxima of the curves was the same in the 
three channels. Representative working levels of the pulse amplitude 
discriminators associated with each of the three counters are shown at X, Y and Z. 
The effective counting depth is given by the horizontal distance between Y and Z, 
providing that the level Y is below the level of the intersection of the vertical 
line through Z with the curve b. With this arrangement the counting depth is 
then fixed mainly by the thickness of the absorber between counters B and C 
and is not sensitive to small changes in discriminator level, circuit amplification 
or counter voltage. For example, a 10°, change in the discriminator level of 


Pulse Height 


Coincidence Counting Rate 


0 ! 2 3 4 5 i0 20 30 
Residual Range (cm air equivalent) Discriminator Level (Vv) 


Fig. 3. Curves a, b and c show how Fig.4. Discriminator bias curves for 
the size of the pulse produced in the three channels, A, B and C with 


counters A, B and C by a proton protons entering the counter. 
depends on the residual range of the 


proton when it enters counter A. 
Curve a’ is the corresponding curve 
for counter A relating to deuterons. 


counter B produces only a 1% change in the counting depth. Curve a’ shows 
the variation in the height of pulses in counter A produced by deuterons. 
Similar curves could be drawn for counters B and C, and in each case the slope 
of the curve near the origin is nearly the same as that of the proton curve. Thus 
the counting depth is nearly the same for protons and deuterons. This is also 
true for other types of heavy charged particles. This feature allows direct 
comparison of the intensities of two groups of particles of different kinds. 
In order to distinguish between the different kinds of particles the discriminator 
level of counter A can be varied. When the level X rises above the intersection 
of Zz with curve a the counting depth for protons starts to decrease while that 
for deuterons remains constant until the level X rises above the intersection 
of Zz with curve a’. In this way it was found possible with our counter to achieve 
almost complete discrimination between protons and deuterons and partial 
discrimination between deuterons and tritons. Alpha-particles could be counted 
to the complete exclusion of single-charged particles. The discrimination between 
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particles of different kinds can be improved by decreasing the thickness of 
absorber between B and C or by increasing that between A and B. The former 
cannot be made much smaller than the natural width of the peaks in the range 
spectrum without serious loss of intensity. An increase in the latter increases. 
the minimum energy which a particle must have in order to be detected. The 
thicknesses chosen appeared to provide a good compromise between the various 
requirements. 

Characteristic bias curves for the counting system are shown in fig. 4. 
These were obtained while the counter was detecting protons at the peak of a 
group which was broad compared with the counting depth. The coincidence 
counting rate is here plotted as a function of the discriminator voltage for each 
counter in turn, the discriminator levels of the remaining two counters being 
kept at their normal values. ‘The normal operating levels are V,, V;, and V, 
and the curves show how insensitive the counting properties of the arrangement 
are to alterations in these. It was found desirable to make V,, as large as possible 
since this reduced the background rate of the counter. Figure 5 shows how the 
arrangement discriminates between different types of particles. Curve a shows 
the effect of altering the discriminator level of channel A when a mixture of 
protons, tritons and «-particles are entering the counter. Curve 5 shows the 
corresponding curve for deuterons. 

Boyer et al. (1951) have used a triple proportional counter of different design 
to determine range spectra and to discriminate between different types of charged 
particles. The method of using the counter was different from that employed in 
the present work. 

§3. PROCEDURE 

The angular distributions of charged particles were obtained by plotting the 
differential range spectrum at various angles. ‘The number of particles in a 
certain group which are emitted into the solid angle defined by a stop placed 
at S, or S, is proportional to the area enclosed by that group in the differential 
range spectrum. Measurements could be made at angles down to 0° on proton 
groups which had sufficient energy to penetrate the gold absorber G and the 
various windows. In our case such protons were those emitted in reactions 
having Q-values greater than zero. ‘The angular distributions of groups of 
long range were measured in two parts. Near the forward direction measurements 
were made on protons which had passed through the gold absorber but at angles 
greater than 11° the small beam catcher was used. At these larger angles 
measurements could also be made on proton groups of shorter range which did 
not have to pass through the gold. When measurements were made through 
the gold the number of protons reaching the counter was reduced by scattering 
in the gold. The amount of this reduction depends on the proton energy and 
the geometry of the detecting system. Since the variation in energy of any one 
group of protons is small within the angular range involved, the scattering 
introduced no appreciable distortion of the angular distribution. ‘To fit together 
the two parts of the angular distribution it was necessary to make two 
measurements of intensity at some angle greater than 11°, first with and then 
without the gold absorber in position. ‘The two parts of the distribution were 
then normalized to the same value at this angle. 

The angular resolution of the apparatus was fixed by the dimensions of the 
area of intersection of the beam with the target and the diameter of the stop 
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placed at S, or S,, together with its distance from the target. For measurements 
without the gold absorber it was desirable that S, should be the defining aperture. 
With the gold absorber in position the angular resolution was determined 
mainly by S; owing to the scattering of the protons by the gold. When necessary 


a correction was made to the measured angular distributions to allow for the 


effect of the finite angle of acceptance of the detector. In most cases, however, 
this correction was negligible compared with the experimental errors. 


§4. RESULTS 


The Reaction *"Al(d, p)®Al. Angular distributions of certain proton groups 
from the reaction ?’Al(d, p)?8Al have previously been measured (Holt and 
Young 1950, Gove 1951) but the measurements did not extend to angles smaller 
than about 20°. We have measured the variation of intensity with angle down 
to 0° for the two proton groups of longest range from this reaction. ‘The target 
was of aluminium foil 1-5 mg cm™? in thickness. The diameter of the deuteron 
beam at the target was 2mm and the solid angle for collection of the emitted 
protons was defined by the stop S3, with a diameter of 2mm, at a distance of 
45cm from the target. Proton counting rates up to 4000 per minute were 
observed with a background rate of 10 per minute. 

In fig. 6 the measured region of the range spectrum is shown for an angle ~ 
of observation of 1°. The two proton groups are designated py and p,. Within 
the resolving power of the arrangement they appeared to be single groups, well 
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Fig. 5. Discriminator bias curves for Fig.6. Proton spectrum of the reaction 
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of protons, tritons and «-particles vation of 1°. 


entering the counter (curve a) and 
with deuterons entering the counter 
(curve )). 


separated from each other. ‘This was the case over the whole range of angles 
investigated which extended to 60°. Since the half-width of the peaks was 
observed not to change with angle the angular distributions were determined by 
reading off the heights of the peaks at each angle and subtracting the background 
rate of the counter. 

‘The distribution for the group py is shown in fig. 7 in which the experimental 
points are corrected for the effect of finite acceptance angle and plotted with 
centre of mass coordinates. In the case of the distribution of the group p, the 
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correction for finite acceptance angle was negligible compared with the 
experimental error. ‘The experimental points plotted with centre-of-mass 
coordinates are shown in fig. 8. 

Estimates of the absolute cross sections for the transitions involving the 
two proton groups were made by comparing the intensities of the groups with 
the intensity of the deuterons scattered elastically from the target at an angle 
of 50°. On the assumption that Rutherford scattering is responsible for the 
whole cross section in the latter case, the differential cross sections for the groups 
Po and p, at 0° have the values 2:2 x 10-25cm? and 1-9 x 10-26 cm?. 
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Fig. 7. Angular distribution in the Fig. 8. Angular distribution in the 
centre-of-mass system of the proton centre-of-mass system of the 
STOUP Pp- proton group p,. 


§5. Discussion 


A magnetic analysis of the present reaction has been carried out by Enge 
et al, (1952) with deuterons having an energy of 2-OMev. ‘This shows that the 
ground state of **Al is a doublet with a spacing of 31 kev, and the first excited 
state at 1-0 Mev is a doublet with a spacing of 41 kev. Thus it is likely that both 
the proton groups py, and p, in our case are mixtures of protons corresponding 
to both members of each doublet. ‘The arrows at the bottom of fig. 6 indicate 
the expected ranges of protons corresponding to the energy levels found by Enge. 
‘The double arrow corresponding to the ground state was adjusted to coincide 
with the position of the maximum of group py. It will be seen that there is no 
indication of a group at the position of the arrow p,, and this is so over the whcle 
angular range investigated. With the bombarding energy used in this experiment 
the intensity of this group must be less than 15°% of that of group pj. 

In fitting theoretical curves to the experimental angular distributions the 
values of two adjustable parameters have to be decided. ‘These are the orbital 
angular momentum / with which the neutron is captured in the stripping process 
and a length 7 defining the radius at which the neutron is captured by the target 
nucleus. The latter quantity should be approximately the ‘geometrical’ radius 
of the nucleus. A useful empirical formula for this radius is the one given by 
Gamow and Critchfield (1949) on the basis of attenuation experiments with fast 
neutrons, namely R=(1-7 + 1:22.41) x 10" cm. From the comparisons between 
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theory and experiment which have so far been carried out it appears that this 
value of r is a good one to use in the theory of Butler, while the theory of Bhatia 
et al. requires a value greater than this by about 2 x 107? cm. 

The theoretical differential cross section for the formation of a certain 
nuclear state can be considered as the product of two terms. The first is— 
proportional to the probability of the neutron within the deuteron arriving at 
the surface of a nucleus with the correct energy and orbital momentum to be 
captured into the particular nuclear state in question. This term contains the 
factors which depend on the direction of emission of the stripped proton and 
its value at the most favourable angle of emission decreases by a factor of about 
5 as / increases by one unit, assuming a positive Q-value for the reaction of 
about 4Mev. The second term is proportional to the probability for capture of 
the neutron by the nucleus. No calculations are available for the magnitudes 
of the neutron capture probabilities but one may hope to obtain some hints 
regarding the structure of nuclear states by comparing their relative values for 
different transitions. In the paper by Bhatia et al. it is suggested that final states 
having similar constitution should be associated with similar values of the 
neutron capture probability. We have used the quantity A/(2j;+1) in their 
formula as a measure of the neutron capture probability and derived its values 
from the measured differential cross sections. ; 

In fig. 7 the full curve was drawn according to the theory of Butler with 
values of r and / chosen to give the best fit with the experimental points, these 
being r=6-15 x 10-3 cm and /=0. A practically identical curve was obtained 
using the theory of Bhatia et al. with the values r=7-4 x 10-%cm and J=0. 
The broken curve was drawn using Butler’s theory with the value 7 =5-4 x 10° cm 
given by the Gamow-—Critchfield formula. 

The experimental points for the group p, could not be fitted by any 
theoretical curve employing only one value of /. However, a good fit could 
be obtained by adding together two theoretical curves, one having /=0 and the 
other having /=2. The curve shown in fig. 8 was drawn according to Butler’s 
theory by adding two such curves whose maximum values were adjusted to be 
in the ratio 1-85 and with r=6:15x10%cm. A similar agreement with 
experiment could be obtained using the theory of Bhatia e¢ al. 

The results have been briefly discussed in a previous communication (Holt 
and Marsham 1952). Since then more complete information has been published 
regarding the results of the magnetic analysis of this reaction (Enge et al. 1952) and 
it now appears that the first excited siate of "SAI is a close doublet, whereas in 
the previous note we assumed it to be single. The ratio of the intensities of the 
proton groups corresponding to the two members of the doublet emitted at an 
angle of 90° in the (d, p) reaction at a bombarding energy of 2-0 Mev is about 8: 1. 
A complete interpretation of the angular distributions obtained in the present 
investigation would require a magnetic analysis of the reaction at a bombarding 
energy of 8 Mev and at some angle within the range examined. Failing this, a 
number of alternative conclusions are possible. 

In the case of the group py either one or both members of the doublet are 
formed by capture of neutrons with zero orbital momentum. If one member of 
the doublet were formed by capture of neutrons with a value of J greater than 1, 
this might not be evident from the distribution, because the component of the 
angular distribution having /=0 is expected, from the theory of the process, to 
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have a peak value at least twenty times greater than that due to such a higher 
value of J if we assume that the neutron capture probability is the same in each 
case. ‘Thus we conclude that one or both members of the doublet have 
spin 2 or 3 and the same parity as ?7Al, since the spin of 27Al is 5/2. 

In the case of the group p, there is also ambiguity in the interpretation of 
the results since we do not know whether both members of the doublet contribute 
to the measured differential cross section for the stripping process. It is 
possible that one member of the doublet is associated with a relatively small 
differential stripping cross section owing to the neutron capture probability 
being small or to the /-value being greater than 2. Then the interpretation given 
in the previous note (Holt and Marsham 1952) would still apply. However, the 
most plausible assumption is that the two components of the angular distribution 
having /=0 and /=2 are associated with the two members of the doublet. Then 
the spin of one is restricted to 2 or 3, while the other may have any integral spin 
between 0 and 5 units. ‘The neutron capture probabilities for the transitions. 
having /=0 and /=2 have the values 0-6 and 6-7 in arbitrary units. That 
calculated for the group pp is 6:3 in the same units. According to the Mayer 
shell model (Mayer 1950) the ground state of *8Al is formed from ?’Al by adding 
a neutron in an s-orbit. This is consistent with the value /=0 which was found 
for the proton group py. Since the group py, and the component of the group p, 
which has /=2 have similar neutron capture probabilities, it seems reasonable 
to suppose that the corresponding transitions are of a similar nature. The much 
smaller neutron capture probability for the component of the group p, with 
J=0 would suggest a more complicated mode of formation of the final state in 
this case. 
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An Investigation of (d, p) Stripping Reactions 
II: Results for the Isotopes of Magnesium 
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Abstract. Angular distribution measurements have been carried out on a 
number of proton groups from the bombardment with 8 Mev deuterons of 
targets of natural magnesium and of MgO and *®MgO. Spins and parities have 
been assigned to various states of the product nuclei on the basis of the theory 
of the stripping process. These are given herewith, the excitation energy of 
each state in Mev being followed by the possible spin values and the parity in 
brackets : 
25M: ground state (5/2, 3/2 +), 0-582(1/2 +), 0-976(5/2, 3/2 +), 1:957(5/2, 3/2 +), 
3-405(3/2, 1/2—). 
26M: 1-825(3, 2+ and 5, 4...0+), 2:972(3, 2+), 3-969(3, 2+), 4-353(3, 2+), 
6:147(3, 2+). ; 
"Meg: ground state (1/2+), 0-887(5/2, 3/2 +), 3-50(1/2 +). 


The following new energy levels have been observed: 


25 Mg: 4-62 + 0-05, 5-05 + 0-08, 5-49 + 0-05 and 6-40 + 0-05 Mev. 
26Me: 7-29 + 0-06 and 8:28+0-06mev. ?’Mg: 3-50 +0-05 Mev. 


§ 1. INTRODUCTION 
Ts apparatus described in the preceding paper (Holt and Marsham 1953, 


to be referred to as I) has been used to measure angular distributions of 
some of the proton groups emitted from the three magnesium isotopes 
when bombarded by 8 Mev deuterons. 

The proton spectra from these reactions at a bombarding energy of 2 Mev 
have been analysed magnetically by Endt, Haffner and Van Patter (1952) and 
by Endt, Enge, Haffner and Buechner (1952). The results of these measurements 
have been found very useful in the interpretation of the range spectra obtained 
in the present investigation. 


§2. 'TARGET PREPARATION 


Natural magnesium consists of three isotopes with mass numbers 24, 25 
and 26 having abundances in the ratios 77-4:11-5:11:1. For the present work 
the separated isotopes were available as metallic layers containing a few 
milligrams of the isotope on a stainless steel backing. For use as targets the 
magnesium was transferred to a thin support of platinum foil which had a 
thickness equivalent to 4-5 cm of air. This was done by converting the magnesium 
to oxide in the following way. ‘The magnesium layer was dissolved in a drop 
of dilute hydrochloric acid and the drop transferred to a piece of platinum foil 
using a micro-pipette. A drop of ammonium hydroxide was added and the 
platinum heated gradually to about 300°c to drive off the ammonium chloride, 
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leaving a layer of magnesium hydroxide. After cooling, some more ammonium 
hydroxide was added and the procedure repeated to make sure of eliminating 
all the chloride. Finally a drop of water was added to the magnesium hydroxide, 
the suspension stirred to aid the formation of a uniform layer and the platinum 
gradually heated to redness to convert the hydroxide to oxide. In this way fairly 
uniform layers were obtained about 0-5cm? in area and about 1mgcm~ in 
thickness ; thicker layers tended to peel off. 

‘The target was mounted with its surface at an angle of 60° to the direction 
of the incident beam, with the oxide layer facing the oncoming deuterons. 
No protons could be detected from the platinum foil. The presence of the 
oxygen interfered with measurements on the short range proton groups. ‘To 
avoid this and also to make feasible the use of a thicker target, measurements 
on the most abundant isotope *4Mg were carried out with natural magnesium. 
‘This target was a self-supporting foil having a thickness equivalent to 1-9 cm of air. 


§3. RESULTS 
(i) Spectra of Proton Ranges 
The differential range spectrum of the protons from the target of natural 
magnesium is shown in fig. 1 for an angle of observation of 31°. The horizontal 
scale indicates the total range of the emitted protons in aluminium and the 
vertical scale shows the proton count. he arrows at the bottom of the figure 
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Fig. 1. Range spectrum of protons at an angle of observation of 31° resulting from the 
deuteron bombardment of a target of natural magnesium. ‘The inset shows a 
portion of the spectrum at an angle of 90°. 


show the expected positions of proton groups as calculated from the Q-values 
given by Endt et al. for the reaction **Mg(d, p)?*Mg. ‘The energy of the 
bombarding deuterons was derived from the measured range and known Q-value 
of the proton group py. This energy was 8-21 Mev. It can be seen that most of 
the peaks in the range spectrum can be identified from the positions of the 
arrows, although in some cases the resolution is insufficient to separate 
neighbouring groups of protons. Angular distribution measurements were 
made on peaks pp, Pi, Pz» P3 Pa and ps. The possibility of contributions to the 
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spectrum from the less abundant isotopes of magnesium is considered during 
the discussion of the angular distributions. 

The region of the spectrum below a range of about 130 mg cm™ has not 
previously been investigated and we have examined this region at several angles 
between 15° and 90°. The plot at 90° is shown as an inset in fig. 1. Several — 
prominent groups are visible and their ranges, intensities and alteration of range 
with angle indicate that they originate in magnesium and not in a possible 
contamination of oxygen or carbon. The excitation energies of the levels in 
2>Me corresponding to the proton groups designated a, b, c and d in fig. 1 are 
4:62 + 0-05, 5-05+0-08, 5-49+0-05 and 6:40+0-05mev. oops et al. (1952) 
from an analysis of the reaction ?’Al(d, «)®Mg report levels in Mg at 
4:12+0-04, 4:87+40-03, 5-56+0-03, 5-93 + 0-03 and 6-98 + 0-03 Mev. 
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Fig. 2. Range spectrum of protons at an angle of observation of 21° resulting from the 


deuteron bombardment of a target of >MgO. 


The differential range spectrum of the protons from the target of *MgO is 
shown in fig. 2 for an angle of observation of 21°. The arrows indicate the 
expected positions of the proton groups calculated from the Q-values given by 
Endt et al. using the group p, to obtain the deuteron energy, which had the 
value 8-19mMev. ‘The expected positions of groups due to oxygen and carbon 
are indicated by the lines marked O and C. ‘Two oxygen peaks are very 
prominent in the range spectrum. Adjacent to these at a and b are two peaks 
which we ascribe to magnesium. ‘These have not previously been observed and 
the corresponding excitation energies in 7°Mg are 7-29 + 0-06 and 8-28 + 0-06 mev. 
Angular distribution measurements were made on peaks p,, po, ps3, pa and pyo. 
‘The intensity of peak py was too small for such measurements to be made. 

The differential range spectrum of the protons from the target of 2*>MgO is 
shown in fig. 3 for an angle of observation of 31°. The value of the deuteron 
beam energy in this case was 8-05 Mev as derived from the range and known 
Q-value of the prominent peak due to oxygen. Arrows indicate the positions of 
the groups py» and p, corresponding to the formation of the ground state and the 
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first excited state of 27Mg according to the Q-values given by Endt et al. The 
expected positions of groups due to oxygen and carbon are indicated as before. 
A new peak ascribed to magnesium can be seen adjacent to one of the oxygen 
peaks and is marked ‘a’ in fig. 3. The inset in this figure shows the region of 
the spectrum in question at an angle of 21°. The excitation energy in 
2"Meg corresponding to this group is 3:50+0-05mev. Angular distribution 
measurements were made on this group and on the groups py and pj. 
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Fig. 3. Range spectrum of protons at an angle of observation of 31° resulting from the 
deuteron bombardment of a target of **°*MgO. ‘The inset shows a portion of the 
spectrum at an angle of 21°. 


(ii) Angular Distributions 


The angular distributions of the various groups of protons were obtained 
from the range spectra either by determining at a number of angles the proton 
count at the peak of the group or by finding the area enclosed by the group. 
In the former case a correction was made, where necessary, for any change in 
the half width of the peak with variation of angle. In cases where there was 
overlapping of neighbouring groups separation was achieved by fitting curves 
having the shape of an isolated group. ‘The resulting angular distributions are 
shown in figs. 5 to 12, in which the coordinates refer to the centre-of-mass system. 
The errors shown on the experimental points include the statistical counting 
errors together with an allowance for any drifts in the apparatus and, where 
necessary, for the uncertainty introduced by the overlapping of neighbouring 
peaks. The curves drawn in each case have been calculated using the theory 
of Butler (1951) with a radius of interaction r=5-3 x 10-cm as given by the 
formula of Gamow and Critchfield (1949). Comparisons were also made with 
the theory of Bhatia, Huang, Huby and Newns (1952). 

The Reaction *4Mg(d, p)*Mg. ‘The angular distribution of the proton 
group po resulting from the formation of the ground state of ?>Mg is shown in 
fig. 4. The theoretical curve was drawn using a value of 2 for the amount of 
orbital angular momentum / taken into the nucleus by the captured neutron. 
There may be some slight distortion of the experimental distribution at very 
small angles due to the fact that the range of the proton group p; from the °Mg 
constituent of the target has a range only 6mgcm ® different from that of the 
group p, from *4Mige. The angular distribution of the former has a sharp 
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maximum at 0° and will have a negligible effect on the distribution of the 
group po at angles greater than 20°. 

The angular distributions of the groups p, and p,, which were not completely 
resolved in the range spectrum, were obtained by plotting the double group at 
the required angles and obtaining the separate contributions graphically. 
Figure 5 shows the experimental angular distribution of the group p,. The 
theoretical curve was drawn using /=0. 
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and py from **Me(d, p)?*Meg. 


The angular distribution of the protons in group p, is shown in fig. 6. The 
experimental points could be fitted theoretically only by adding together two 
curves, one having /=0 and the other /=2, the ratio of the maxima being 2:5: 1. 
The component having /=0 is considered to be due to the proton group py, from 
the **Mg constituent of the target which has a range only 3mgcm- greater 
than that of the group 24Mg and would not be resolved from it. The component 
with /=2 must be due to the proton group from 4M. 
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The angular distributions of groups pz and p, were obtained by plotting the 
combined group and determining the separate contributions graphically. 
Figure 7 shows the measured angular distributions for these two groups, the 
vertical scale being the same for both. Group ps does not exhibit the pronounced 
peak in the distribution characteristic of stripping reactions. The experimental 
angular distribution of the group p, is fitted by a theoretical curve having /=2. 

It was not possible to resolve the three close groups of protons corresponding 
to the formation of the 5th, 6th and 7th excited states of %Mg, but the large 
increase in intensity of this composite group at very small angles indicates that 
at least one of the levels is to be associated with /=0. 

Figure 8 shows the experimental distribution of the protons corresponding 
to the formation of the 8th excited state of ®Mg. The theoretical curve was 
drawn for /=1. 
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The Reaction » Mg(d,p)**Mg. The angular distribution of the protons in 
group p, is shown in fig. 9. A reasonably good fit with theory could be obtained 
only by combining two curves, one with /=0 and the other with /=2. In the 
figure such a curve is shown having components in the ratio 1:5:1 at their 
maximum values. Both components must be ascribed to the group p, of Mg 
since the Q-value of the group (7-05 Mev) is higher than that of any likely target 
contaminant. 

The angular distribution of group p, was very similar to that shown in fig. 5 
and characteristic of the value /=0. 

Measurements were made at angles of 0°, 10°, 20° and 30° on the region of 
the spectrum which includes the proton groups ps; to py. ‘These showed that 
groups p; and p, are both associated with the value 7=0 and that the remainder 
probably have higher values of /. 

The angular distribution of the group pj) shown in fig. 10 is complex. 
Since the carbon group pp» has almost the same range as that of the magnesium 
group and the presence of carbon was suspected, the distribution was analysed 
into two components, one of which had the shape previously determined for the 
carbon group. The remaining component, due to magnesium, has a shape 
characteristic of the value /=0. 
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The Reaction **Mg(d, p)?’Mg. The angular distribution of the proton 
group py from the target of *MgO was fitted by a theoretical curve having /=0. 
The distribution of the group p, is shown in fig. 11, together with a theoretical 
curve having /=2. 
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Fig. 11. Angular distribution of the proton 
group p, from **Mg(d, p)?’Mg. 
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Fig. 12. Angular distribution of the proton 
group a (excitation=3:50 Mev) from 
**Mg(d, p)*’Mg. 


The only other group in the range spectrum which can be ascribed to 
magnesium is that with a range of 127mgcm™*. ‘The prominent group at a 
range of 181 mgcm™ is at the position expected for the carbon group py and 
must be mainly, if not entirely, due to carbon contamination of the target. This 
was indicated by the form of the angular distribution of the group, which could 
be fitted theoretically only by using a value /=1, the known one for the carbon 
transition, and by reducing the radius of interaction 7 to 4X 10°%cm, which is 
close to that expected for carbon. 

Measurements were made on the magnesium group of range 127 mgcm- 
at a number of angles greater than 12°. In fig. 12 theoretical curves for /=0 
and /=1 are shown for comparison with the experimental points. Bearing in 
mind that the experimental points at larger angles usually lie above the theoretical 
curve there seems no doubt that the appropriate value of / is 0. 


(iii) Measurement of Cross Sections 


The relative differential cross sections for the transitions leading to the 
emission of the various groups of protons in the spectrum of each isotope were 
measured by comparing the areas enclosed by the groups in the range spectrum 
at oneangle. ‘These relative values were then expressed in terms of the differential 
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cross section at the maxima of the angular distributions of the groups. In the 
case of the measurements with *4Mg these cross sections could be expressed on 
an absolute scale by comparison with the cross section for elastic scattering of 
the deuterons from magnesium, since the target was a self-supporting one. 
The comparison was made at an angle of 16° and it was assumed that the cross 
section for the elastic scattering was, to a good approximation, that given by the 
Rutherford formula. ‘The measurements with the targets of 2>MgO and 2*MgO 
were related by assuming that both targets contained the same proportion of 
oxygen and by comparing the measured intensities for the oxygen groups in the 
two cases. A rough conversion to the absolute scale was carried out by making 
use of the angular distribution of the mixed group p, from the natural magnesium 
target to estimate the relative intensities of the components due to 4Mg and **Mg. 
The results of the cross section measurements are given in the table. The 
absolute values of the cross sections given for the reaction **Mg(d, p)?®>Mg may 
be in error by +15%. The relative cross sections for each of the reactions 
»>Me(d, p)**Mg and **Me(d, p)?’7Mg have an estimated error of the same amount, 
but the error in the absolute cross sections may be +50%. 


$4. DiscussION 


In the table are collected the /-values assigned to the various transitions and 
the corresponding alternative values for the spins of the final states. These 
were obtained from the known spins of the target nuclei, namely 0 for ?*Mg and 
26Mg and 5/2 for Mg (Crawford, Kelly, Schawlow and Gray 1949). The 
parities are given on the assumption, based on the shell model, that the parities 
of Mg, ?°Mg and **Mg are all even. In column 5 of the table are given the 
values of the differential cross sections at the maxima of the angular distributions. 
The numbers in the last column are proportional to the values of the quantity 
A/(2j,+ 1) in the expression given by Bhatia et al. for the differential cross section. 
Each of these was obtained by making use of the measured differential cross 
section at the maximum of the angular distribution and assuming that this was 
due entirely to the stripping process. ‘This quantity is proportional to the 
probability of capture of a neutron which arrives at the nuclear surface with — 
those values of energy and orbital momentum required for the formation of the 
final state. 

The value /=2 for the transition from **Mg to the ground state of *°>Mg is 
consistent with the Mayer shell model (Mayer 1950), since, according to this, 
the lowest vacant neutron orbit in *4*Mg is a d-orbit. ‘The /-values for the 
formation of the ground state and the first two excited states of ?°>Mg are the 
same as those assigned by Goldberg (private communication) to the corresponding 
states in the mirror nucleus ?°Al produced in the stripping reaction *4Me(d, n)?°Al. 

The ground state of ?”Mg is formed from **Mg by capture of a neutron with 
zero orbital angular momentum. According to the shell model the 14 neutrons 
in 2>Mg completely fill the levels up to and including the 1d, level. Our result 
indicates that the next neutron level to be filled is the 2s,), level. It is already 
known from the fact that the spin of *1P is 1/2 that the 15th proton goes into the 
2s,)2 level. 

The intensity of the protons in the group pp» from the target of "MgO was 
too small for the measurement of its angular distribution. However, according 
to the shell model the captured neutron is expected to go into a d-orbit and thus 
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the /-value for the transition should be 2. On this assumption and using the 
measured cross section, a rough value for the neutron capture probability was 
obtained, and this is shown in brackets in the last column of the table. 

No conclusions can be drawn at present from the values of / and the spins — 
assigned to the various excited states. One noteworthy feature of the results, — 
however, is the similarity in the magnitudes of most of the neutron capture 
probabilities given in the table. According to Bhatia et al. different final states 
of similar constitution should be associated with similar neutron capture 


probabilities. 
(1) (2) (3) (4) (5) (6) 
*Meg (d, p) *Mg 
Po 0 2 5/2732 Even dF K10="8 15-4 
Dy 0-582 0 1/2 Even 2310 6-2 
Po 0-976 2 5/2,13/2 Even 9-3. x.10-7" 6:2 
Ps 1-612 Isotropic — _- 350 xnOme! — 
Da 1-957 p Bid, 312 Even 8910-2" 5-5 
Ps 2:565 — — -- 
Pe 2-742 } 0 1/2 Even — ~- 
D2 2-806 | = ae 
Ps 3-405 1 3/24 /2 Odd 1-4 10-8 8-7 
*>Meg (d, p) °°Mg 
Ds 0 Peal Even 1-6 10-27 [2-1] 
P1 1-825 0 She Even LET AOa=" 0-65 
” Be 4 Spee, Oven Hote AO mes i2e3 
De 2-972 0 Spee Even I-65Gl0m> 5-7 
Ps 3-969 0 3) 2 Even ther) ea KO 6-1 
Pa 4-353 0 Sh 2 Even TRO Os 5-6 
Pio 6-147 0 8) 0) Even PASCO S3cs 
*°Mg (d, p) "Mg 
Po 0 0 1/2 Even Atal Ome 2°8 
Pi 0-887 2 5/2, 3) 2 Even SF a Open 4-6 
— 3°50 0 1/2 Even — — 


(1) Proton group; (2) excitation* (mev); (3) /-value; (4) spin and parity of final state; 
(5) maximum differential cross-section (cm?); (6) Neutron capture probability (arbitrary 
units). 


* According to Endt, Enge et al. (1952) and Endt, Haffner et al. (1952). 


The neutron capture probability for the component having /=0 of the 
mixed transition p, in the reaction *Meg(d, p)?®Mg is smaller by a factor of 19 
than that of the component having /=2. ‘The angular distribution of the proton 
group associated with this transition is remarkably similar to that of the proton 
group p, in the reaction *’Al(d, p)’*Al reported in J. The neutron capture 
probabilities of the two components in each case also have similar values. The 
possible interpretations given previously (Paper I and Holt and Marsham 1952) 
apply equally to the present case. ‘The group may correspond to a close doublet 
in which the spins of the two components are respectively 2 or 3, and an integral 
value between 0 and 5. Such a doublet was not revealed by the magnetic analysis 
carried out by Endt, Haffner and Van Patter (1952). Another possible 
interpretation is that the level is single but is so constituted that it can be formed 
by the addition of a neutron with either 0 or 2 units of orbital angular momentum. 
In this case the final spin is limited to 2 or 3. 
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The angular distribution of the proton group pg in the reaction “*Meg(d, p)*®Mg 
is interesting because it is nearly isotropic. 'This suggests that the reaction 
proceeds mainly by the formation of a compound nucleus. The small value of 
the differential cross section for the stripping process may be due to the required 
value of / being greater than 3, or the /-value may be less than this and the neutron 
capture probability for the transition unusually small. 

In the fitting of theoretical curves to the experimental angular distributions 
no ambiguity in the assignment of an /-value has been encountered when Butler’s 
theory was used with a radius given by the formula of Gamow and Critchfield. 
Generally the fit was good only in the neighbourhood of the prominent peak in 
a distribution. The general impression is that the characteristic stripping 
distribution, as given by theory, is superimposed on a roughly isotropic 
background. ‘This may be due to the alternative process in which the reaction 
proceeds through the formation of a compound nucleus. 

Using the theory of Bhatia et al. some difficulty was encountered in the 
choice of the value of R, the parameter corresponding to the radius of 
interaction r in Butler’s theory. To obtain some information regarding the 
correct choice of this parameter, having found for each disiribution the value 
of / by using Butler’s theory, we determined the value of R which was required 
in each case to give the best agreement between the theory of Bhatia et al. and 
the experimental distribution. A range of values of R between 5-5 x 10-8 cm 
and 7-4Xx10-%cm was required. The higher values were needed to fit those 
distributions having /=0 and the lower values to fit those having /=2. ‘This 
variation in R is outside the range suggested in the paper of Bhatia et a/. namely 
(7-3 + 0-5) x 10748 cm, and a choice of radius within the latter range did not always 
lead to an unambiguous determination of the /-value. With a suitably chosen 
value of R a curve was obtained in each case which agreed well with that obtained 
using Butler’s theory. 
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Abstract. ‘The variational method is used to investigate the elastic scattering of 
slow electrons by the positive helium ion. Zero order phases and wave functions 
found by this method are shown to agree, in general, with those found by numerical 
integrations of the wave equation, both when the wave function is of the ‘one-body’ 
type and when it is of the correct symmetry. The inclusion in the trial wave 
function of aterm involving the distance between the two electrons is found to lead 
to smaller phases. Detailed results are given for energies of the incident electron 
in the range 3—-60 ev. 


$1. INTRODUCTION AND ‘THEORY 


ETHODS have been developed by a number of writers (Hulthén 1944, 
mM 1945, Kohn 1948, 1951, Kato 1950, 1951) that allow the approximate 

determination of the phases describing a collision process by a variational 
procedure. ‘These methods have been most extensively applied to the elastic 
scattering of slow electrons by hydrogen atoms (Huang 1949, Massey and Moisei- 
witsch 1951, Kato 1951) and to the elastic scattering of neutrons by deuterons 
(Verde 1949, Verde and Troesch 1951, Clemental 1951). Such collision processes 
are characterized by the asymptotic form of the associated wave function, which 
is the sum of an incident plane and an outgoing spherical wave: 


O(r)~e™* + 7-Yf(8, d)e™. 
There is a large class of collisions for which the scattering potential is of the 


coulomb type at large distances. In these circumstances a different form of 
asymptotic wave function must be used, 

O(r) ~ exp [z{kz + «log k(r— z)}] +71 exp {i(kr — « log 2kr)} f(0,6). «2... (1) 
‘The purpose of the present paper is to study a collision process of this class, choosing 
as an example the elastic scattering of slow electrons by normal positive helium 
ions. Zero order phases and wave functions computed by the variational method 
have been compared with the results of direct integration of the wave equation, and 
the effect of the inclusion in the wave function of terms depending on the relative 
distance of the two electrons has been investigated. 

The wave function ‘l’(r,, r2) for an electron moving in the field of a helium ion 
satisfies the Schrodinger equation (expressed in Hartree units) 


(V2 + Vo? + R28 — 128 +4), +4/7.— 2/79) U(r, Fs)=0  .... (2) 
where rj, r, are the position vectors of the electrons 1 and 2 relative to the nucleus, 


712 denotes |r; —r,|, —«? is the binding energy of the ion and k is the wave vector of 
the incident electron. 
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In solving the equation (2) various approximations may be made. If the 
identity of the electrons is ignored, a ‘ one-body’ solution may be derived by writing 
the wave function as the product 


Fra ta =xX) Or), nee (3) 
in which (r,) is the ground state wave function of the helium ion satisfying 
(Vy? + 4/7, — x?) x(ry) =0 and ®(r,) has (1) as its asymptotic form. 
Inserting (3) into (2) and Ser onuns (72) so that 


D(r,) = B(21+1)3" Ty 872) P,(cos 8), 


equations for the g,(72) are obtained : 


(Gate+s oe ae oe) Pe VE ert. lesa (4) 


with Vo) =(44+2/r)e*". 

The required solutions are bounded at the origin, and at large 7 tend to. 
F(r)+a,G,(r), (rv) and G,(r) being the regular and irregular coulomb functions of 
order / for an attractive field, defined by 

d 2 Ui+1)\ fF”) 
2 = 
(F+ ke + 7) Nee = (ee eee ee ere (5) 
Fr) ~sin te +k log 2kr +7,— 47) 
sah ~ cos (kr +k log 2kr + ,— tz) 
and ;=arg [(1+l—7k-}). 


If p,is the phase at associated with the /th partial wave then p,=7,+ tan a; 
where 7, is the corresponding phase shift for scattering by a unit positive charge, so 
that tan"! a, which will be denoted by ,, gives a measure of the departure from 
coulomb scattering. 

The scattering amplitude /(0) is related to the phases by the standard formula 
(Mott and Massey ve 


1) = 5g © (2L+ 1) fexp (2ip,)~ 1} P,(co 8) 


and the differential cross oan for scattering into a solid angle dQ is 
1(0) dQ = | f() |? dQ. 

A further approximation taking account of the identity and spin properties of 
the electrons may be obtained by writing the wave functions as a combination 
possessing definite symmetry, 


(rts) =x(r1) P(r) + x(F2)P(M), ves (6) 


the + sign being taken for singlet and the — for triplet spin states. It is easily 
shown that the g,;*(r) now satisfy the integro-differential equations 


é 2 <>) 280) ¥ 32 exp (— 2r)rp*(r) 


se a3 ms 
qatk st ~ + Voo 2 


where l 
h oc r 
o*(r)= | (Rk? +4) 9,+(7,) 7, exp (— 27) d= 2 | 81> (11) exp (— 274) ( 4 dr, 
0 : 
U1 


—2 ['¢ +(r,)exp(—2r,)r (2) he ee Ry (7) 
0 r 
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and that a(t) ~ Fr) +4r() Gr) 
g(r) ~ Ar) + a7 (7) G7). 
Clearly the differential cross section becomes 
1(0) dQ =[4|F*O)P + 2 FE) Pl aa. 

It is convenient to express results in the form of the ratio of the actual scattering 
into a solid angle dQ in the direction 0 to that produced by the coulomb field that 
would arise if the nucleus were fully screened by the bound electron (i.e. the field 
for which the F, and G, defined above are radial wave functions). If R(@) is this 
ratio then 


R(6) = 4R(0) + 1R-(0) 
where R+(0)=|1+/51(8) se Yexp (277,,) fexp (2iu,,+) — 1}(2n + 1)P,, (cos 6) : 


and = se cosec? $6 exp [7k log sin? $6 + 277, +77]. 

Variational methods may be used to compute the parameters a,, a,* without 
resorting to the integration of the equations (4) or (7). The procedure is based on 
a consideration of the integral 
where ‘I’, is some trial function satisfying the proper boundary conditions. In the 
energy range concerned (up to 60 ev) the incompleteness of the screening by the 
bound electron may be neglected except for S states so that R*+(@) may be simplified 


se R* (6) = |1+7k sin? $6 exp (tk! log sin? $6) {exp (2i49*) — 1}. 
Since ‘t’, must have the asymptotic form 
Pe~x(71) (Po(72) + % Go(72)} 
and must be finite when either 7, or 7, is zero, it follows (Hulthén 1945, Kohn 


1948) that 6J =47k da,, and that if Y’, is a function of m parameters b,,, besides a;, 
then b,,, a, and jy may be found from either the equations 


ee =0, J=0, tan po=a@ (Hulthén) 
oJ oJ 
or ahs 0, ae 4nk, tanpy=a—J/4rk (Kohn). 


§2. THE TRIAL WAVE FUNCTIONS 


Hf trial functions separable in the coordinates 7, rz of the forms (3) and (6) are 
chosen, the variational method is equivalent to the determination of the phase by 
the integration of equations (4) or (7) respectively. However, a trial function of 
greater flexibility may be chosen by the addition of aterm containing the coordinate 
7y. Such a term allows partially for the instantaneous, as distinct from 
the averaged, repulsion between the electrons, that is for the distortion or polariz- 
ation of the ion by the incident beams and of the corresponding effect produced on 
the incident beam by the ion. 

In principle the scattering cross section may be calculated to any degree of 
accuracy by replacing the terms y(r,) (r,) in (6) by the series 


(+f) xn(ty) ©, (re), an) 
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where the summation is over the complete set of helium ion wave functions, and 
solving the set of coupled integro-differential equations for as many of the ®,, as 
prove important. Such a procedure is in general outside the possibilities of 
present mathematical techniques, but a variational method using trial functions 
allowing for polarization may be expected to provide a solution that is equivalent 
to the inclusion of some of the more important terms y,,®,, in the series. 

The following forms of trial function were chosen. 


A. The ‘One-Body’ Approximation 


= x(71) 72-1 80 (72) 
; Q\ 1/2 
with = _x(7,)= () ; BEDI 2ri)ay eeclgeiane Yiehy He EK ee (9) 


So(72) = Fo(r2) + {a+b exp (— 2ry)}{1 — exp (— 2rp)} Go(r2): J 
B. The‘ Exchange’ Approximation 
Pare" [x(11) 80" (72) + x(72)80* (71) 
80~ (72) = Fo(72) + {a* +b* exp (— 2r,)}{1 — exp (— 2r2)} Go (72). 
Kato (1950) and Massey and Moiseiwitsch (1951) have shown that similar 
trial functions depending on one parameter b, apart from the phase parameter a, 
are capable of giving accurate values for the phase (except perhaps for the singlet 


exchange case) within the limitations imposed by the assumption that only the 
first term in the series (8) is of importance. 


ae 


C. The Inclusion of * Polarization’. 

Any additional term containing 7,, must satisfy the conditions of finiteness at 
the origin of both 7, and 7, and also it must vanish for 7,,7,->00. ‘The antisym- 
metry of the wave function for the triplet state implies that the two electrons are 
not found close together, so that polarization would not therefore be expected to 
make a large contribution to the integral J (and hence to the phase). In view of 
this the 7;. term was given a form which made its effect vanish except in the case of 
the singlet state. ‘The trial functions taken were: 

(a) Polarization approximation 


Capa el Tht penta. WP PARR as (11) 
(6) Exchange polarization approximation 


Io PH Lye EMT CP —elalo old bees. (12) 


With the forms A, B, and C for ‘I’, the calculation of J is elementary but some- 
what lengthy, since many of the integrals that occur have to be evaluated 
by numerical methods. 


§3. THe COMPUTATION OF THE CoULOMB FUNCTIONS F))(r), Go(7) 


The regular and irregular coulomb functions for a repulsive field have been 
extensively investigated and practical formulae developed for their calculation by 
Breit and his collaborators (1936). For the attractive field formulae have been 
given by Hargreaves (1929), valid only in the limit of smallenergies. ‘I'he formulae 
in the latter case without energy restriction are outlined below. 

It was found convenient to integrate the differential equation for /y and Gy by a 
method due to Fox and Goodwin (1949). Care must be taken, however, to guard 
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against the accumulation of errors. A check on the accuracy of the integration 
is provided by observing that the Wronskian relation 
Fyl(r) Gy(r) — Fol) Go'(r) =k 
is satisfied. 
To start the integration and to check its initial accuracy several values of the 
regular and irregular functions Ff) and G, were computed from the following 
series expansions: 


F)(r) = (2k)? {1 — exp (—27k)}-1? 3 a,7’ 
j=0 
with a; =(—2a,_,—ka,_.)7 *(—1)" a,=1, a =0. 
1/2 came NCL 
Gin= le {1 —exp(—27k)}? & b,77-— —{1—exp(—2xk")} 
Qa j=0 7 
x (log 2kr + q) F,(7) 
with b, =[—k?b,_.—-26,_,+2(2j—l)aJj7G-—1)4,, b=1, 4,=0 
q=y—-1lt+k? int (n?+k?)4 
n=1 
y =0:5172157 (the Euler-Mascheroni constant). 


§4. RESULTS AND DISCUSSION 
The Phases 


The values for the phases py obtained by the use of the various trial wave 
functions A, B, C in the variational methods of Hulthén and Kohn are given in 
tables 


Table 1. Approximate Phases ju, derived by the Variational Methods of Hulthén 


and Kohn* 

Energy of incident 

electron (ev) 3-28 8-25 15:74 24:90 48-84 65-49 
One-body 

approximation (9) Eg Oro Lee 54; 0-531 0-509 0-460 0-443 
Exchange pala ils 0-419 0-404 0-365 0-333) 0:315\5) 50-307 
approximation Ho Nes 02231 0:038 0:073 0-110 0-240 0-226 
(10) ig Jai | OA9s)— Oke! 0-807 0-762 0-645 0-604 
Polarization b= ORE Kea 05345502519 0-495 0-482 0-436 0-422 
approximation es te 0:570 0:534 0:522 0-502 0-456 0-443 
(11) K 0:571 0-549 0:530 0-510 0-459 0-443 
Exchange- h==0 fake 0-254 0-280. 0-298 0-292 
polarization K 0:254 0-282 0-298 0:293 
approximation 640 H 0-291 0-321 0-303 0-293. 
(12) K 0-315 0:356 0:314 0:294 


* All phases are given in radians. 
H=Hulthén’s method, K=Kohn’s method. 


Those based on the one-body function (9) are approximations to the phases 
determined by the differential equation (4), and those based on the exchange 
functions (10) are approximations to the phases determined by the integro- 
differential equations (7). Solutions of these equations have been computed for 
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energies of 48-84 and 65-49 ev, and in table 2 a comparison is made of the accurate 
phases found from them and the approximate phases. 


Table 2. Comparison of Phases calculated in the One-Body and Exchange 
Approximations by Numerical Integration and by Variational Methods* 


Electron energy One-body approximation Exchange approximation 
(ev) Ho Ho" Lo” 
N V(H&K) N V(H) = V(K) N V(H&K) 
48-84 0-468 0-460 0-288 0-315 0-240 0-648 0-645 
65-49 0-443 = 0-443 DAN OWrsi0y Osx 0-604 0-604 


* All phases are in radians. 
N=by numerical integration; V=by variational methods; H=Hulthén; K=Kohn. 


It will be seen that for the one-body and the antisymmetric exchange approxi- 
mations the variational methods give identical results and that these are in excellent 
agreement with the accurate values. For the symmetric exchange for which the 
trial wave function is probably not sufficiently flexible the accord is less good, the 
values derived by Hulthén’s method being closer to the accurate phases than those 
obtained by Kohn’s method. Reference to table 1 shows that Kohn’s method 
gives values which become negative at low energies and are clearlyincorrect. ‘Thus 
it appears that when the two methods give differing results, Hulthén’s is to be 
preferred. ‘This is in harmony with the conclusions of Massey and Moiseiwitsch 
(1951) and Massey and Erskine (1952). 

Inclusion of a term involving the inter-electronic separation in the trial wave 
function when exchange is ignored makes very little difference. ‘The sense of the 
effect is always to reduce the phase, this being the opposite to and smaller than that 
found for elastic scattering by neutral hydrogen (Massey and Moiseiwitsch 1951) 
and may be typical of attractive coulomb fields. A possible reason is that for such 
a field there is comparatively great overlap between the two electron clouds, so that 
the repulsion between the electrons when near the nucleus may be of more 
importance than the increased attraction (due to polarization) when the incident 
electron is far from the nucleus. The inclusion of the parameter 5 as well as c 
in the polarization approximation may have a marked influence on the phase, 
indicating that it is occasionally very sensitive to the type of trial wave function 
adopted. 

It was noted earlier that, because of the form of the term chosen, its inclusion in 
the trial function has no effect in the antisymmetric exchange-polarization 
approximation. 

For the symmetric case the additional parameter improves the agreement 
between the higher energy phases derived by the two methods. At the lower 
energies, however, the conditions J =0, dJ/0b =0 and J =0, dJ/db=0, dJ/dc =0 
cannot be satisfied by a real phase parameter.t Further, Kohn’s method is also 
unreliable at these energies as the correction term is large compared to a. It 
follows that to represent adequately a symmetric scattering function at low energies 
it is necessary to use a more flexible trial wave function. 


+ This is analogous to the work of Morse, Young and Haurwitz (1935) on the binding 
energy of the 21S state of He, where the use of an apparently reasonable trial wave function 
did not lead to a minimum for the energy. 
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The Differential Scattering Cross Section 


The figure illustrates for an energy of 48:84 ev the ratio R(@) asa function of 6 
obtained by substitution of the phases obtained by Hulthén’s method in the one- 
body, polarization, exchange and exchange-polarization approximations 1n the 
formulae for R(@) given earlier. For this energy, curve (d) should be the most 
accurate, but no experimental data are available for comparison. 


| 
0 30 60 90 120 150 180 
6 (degrees) 


R(6), the ratio of the scattering intensity at angle 0 of electrons by positive helium ions to that 
of electrons by a nucleus of unit positive charge. Energy 48°84 ev. 
Curve (a) one-body, (b) one-body with polarization, (c) exchange, (d) exchange with 
polarization. 
Curves (c) and (d) are indistinguishable on the scale shown. 


The Wave Functions 


A check on the reliability of the wave functions obtained by applying Hulthén’s 
‘variational method in the one-body and exchange approximations is provided by 
the fact that the exact expression for the phase jy satisfies in the one-body case 


sin op =RA(1 +a) | Fal) Vogl?) gol?) ar 
0 


-and in the exchange cases 
sing =k 71 a)? { | F((r) Voo(r) Zo (r) ar + 32 | ee Fn) Gar) ar\ 
40 “0 


where ¢*(r) is the function occurring in (7). 

Table 3 illustrates the accuracy with which the integral equation for sin pg is 
satisfied by the wave functions derived by Hulthén’s method for the one-body and 
exchange approximations. As will be observed, the accuracy is high for the one- 
body and antisymmetric cases, but rather lower for the symmetric exchange 
approximation. 

Direct comparisons of the exact and approximate wave functions of the one- 
body and exchange equations are made in tables 4,5 and 6. The agreement of the 
wave functions obtained by Hulthén’s method with those by numerical integration 
is clearly excellent in the one-body and antisymmetric exchange cases and by no 
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means poor in the symmetric exchange case even though the condition involving 
the integral equation for the phases is not here fulfilled at all well. One may 
conclude that continuum wave functions constructed by a variational procedure 
may be used with some confidence for the evaluation of matrix elements associated 


‘Table 3. ‘The accuracy with which the integral equation for sin jiy is satisfied by 
the variational wave functions derived by Hulthén’s method in the one-body 
and exchange approximations* 


Electron energy = One-body Exchange 
(ev) approximation approximation 
SIN [Lo integral sin fot integral SiN [Lo— integral 

3-28 0-540 0-546 0-415 0-553 0-819 0-805 

8:25 0-526 0-531 0-407 0-511 0-734 0-739 
15-74 0-506 0-511 0-357 0-429 0-722 0-729 
24-90 0-487 0-491 0:327 0-405 0-690 0-693 
48-84 0-444 0-447 0-310 0:347 0-601 0-614 
65-49 0-429 0-432 0-302 0-330 0:568 0-575 


* A wave function derived by Kohn’s method is constructed so that it satisfies the 
integral equation. 


‘Table 4. Comparison of the wave functions r®(r) for the relative motion of an 
electron in the field of a positive helium ion calculated in the one-body 
approximation by numerical integration and by the variational methods of 


Hulthén and Kohn 
Energy =48:84 ev, r®(r) ~sin (kr+k7 log 2kr+-po) Energy=65-49 ev 

7 N V N V 
{A.U.) H K H K 
0-02 0-094 0-086 0-089 0-101 0-094 0-097 
0-04 0-181 0-170 0-176 0-194 0-184 0-191 
0-08 0-334 0-324 0-334 0-358 0-349 0-361 
0-12 0-460 0-455 0-469 0-491 0-489 0-505 
0:16 0-561 0:563 0-580 0-598 0:603 0-621 
0-20 0-641 0-648 0-667 0-680 0-690 0-710 
0:3 0-753 0-768 0-792 0-789 0-804 0-825 
0-4 0-764 0-777 0-807 0-781 0-792 0-814 
0-6 0-565 0-568 0-611 0-515 0-508 0-525 
0-8 0-192 0-186 0-242 0:065 0-048 0-081 
1:0 —0-231 —0:240 —0-178 —0-407 —0:424 —0-364 
1:5 —0-912 —0:916 —0-901 —0:931 —0:934 —0-944 
2:0 —0:-573 —0:578 —0-645 —0:184 —0:184 —0:241 
2:5 0-374 +0:368 -+0:279 +0-811 +0:811 +0:777 
3°5 0-599 0-605 0-674 —0:198 —0:198 —0-136 


N=by numerical integration; V=by variational methods; H=Hulthén; K=Kohn. 


with various atomic transitions, although it may be remarked that the functions 
obtained by the variational methods did not provide very good initial approxi- 
mations for the solution by iterative methods of the corresponding symmetric 
integro-differential equations. 
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Table 5. Comparison of the wave functions 7®(r) for the relative motion of an 
electron in the field of a positive helium ion calculated in the symmetric | 
exchange approximation by numerical integration and by the variational — 
methods of Hulthén and Kohn. 

Energy = 48°84 ev, 7®(r) ~sin (kr-+-k— log 2kr+-po*) Energy=65-49 ev. | 
7 N Vv N Vv 


(A.U.) H K H K 

0:02 0-092 0-077 OO 0-100 0:084 0-071 
0-04 0-176 0-152 0-140 0-191 0-165 0-140 
0-08 0:325 0:290 0-268 0-352 0-315 0-268 
0-12 0-449 OTS OrS79 0-485 0-446 0:378 
0-16 0-550 0-518 0-472 0-593 0:557 0-467 
0-20 0-630 0-605 0-545 0-677 0-649 0-535 
0:3 0:750 0-818 0-647 0-796 0-792: ~ 0-612 
0:4 0:776 0-801 0-645 0-805 0-325 0573 
0-6 0-617 0-672 0-410 0:581 062575507749 
0:8 0-265 0:338 0-098 0-159 0:205 —0-219 
1:0 —0-158 —0'083_ —0-408 —0:316 —0:277 —0-636 
ks Wis) (Deis) —O2107/ —0-972 —0:941 —0-778 
2-0 —0-754 — 0-03 0344: —0:348 —0-313 40-213 
TES SE evilil +0:236 +0-602 =O 741 +0-731 +0-950 
3a 0-756 0:820 0-362 —0:044 —0-066 —0-576 


N=by numerical integration; V=by variational methods; H=Hulthén; K=Kohn. 


Table 6. Comparison of the wave functions 7®(r) for the relative motion of an 
electron in the field of a positive helium ion calculated in the antisymmetric 
exchange approximation by numerical integration and by the variational 
methods of Hulthén and Kohn 


Energy =48-84 ev, r®(r) ~sin (kr +k7 log 2kr + po) Energy =65-49 ev. 
Yr N Vv N We 

(A.U.) H K H K 

0-02 0-090 0-088 0-117 0-097 0-095 0-102 
0-04 0-174 0:174 0-230 0-186 0-186 0-200 
0-08 0-319 0-330 0-448 0-341 0-353 0-378 
0-12 0-438 0-461 0-597 0-467 0-492 0-525 
0-16 0-534 0-566 0-722 0-567 0-601 0-640: 
0:20 0-606 0-644 0-809 0-641 0-683 0-724 
0:3 0-700 0-739 0-896 0-730 0:773 0-816 
0-4 0-691 0-716 0-844 0-702 0-664 0-700 
0-6 0-454 0-440 0:525 0-400 0-391 0-428 
0:8 0-060 0-028 0-104 —0-066 —0:094 —0-056 
1-0 —0-357 —0:-400 —0-306 —0-523 —0:549 —0-516 
1:5 —()-909 —0:932 —0:934 —(0-908 —0:899 —0:925 
2:0 —()-422 —0:-400 —0-:546 —0:041 —0:032 —0-110 
2'5 +0°528 +0:524 +0:291 +0-896 +0-884 +0:-843 
3°5 0-454 0:456 0-674 —0:347 —0:347 —0:266 


N-=by numerical integration; V—by variational methods; H= Hulthén; K=Kohn. 
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Abstract. The Chapman-Enskog formulae for thermal diffusion in a mixture of 
gases have been utilized to interpret the data on several gas mixtures at different 
temperatures but having the same composition. Assuming the Lennard-Jones 
12:6 interaction potential also for unlike molecules, the minimum mutual 
potential ¢,, for interaction between two unlike molecules has been calculated from 
the temperature dependence of the thermal diffusion ratio kz. ‘These determin- 
ations are expected to provide the most accurate value for this interaction as 
thermal diffusion is far more sensitive to the laws of interaction than the other 
transport properties which have been hitherto used to estimatec,,. ‘The distance 
749 at which the potential vanishes is calculated from the experimental data on the 
inter-diffusion coefficient D,, by utilizing these values of «,.. Thus ¢,5 and ry». 
are determined purely from experimental data. Equations have been developed 
to correlate €,5 and 7,5 with €,,, €95 and 731, 799, and these relations have been tested 
with the help of the experimental values. It is found that our theoretical 
relations give much better agreement than the assumed geometric mean relation 
for €,. and the arithmetic mean relation for 7,,. Equations have also been 
developed for 41, and Aj. and their theoretically obtained values compared with 
the experimental results. 


§1. INTRODUCTION 


OLLOWING the discovery of the phenomenon of thermal diffusion by 

Enskog and Chapman, much theoretical and experimental work has been 

done which has been conveniently summarized by Chapman and Cowling 
(1939). ‘The experimental work with gases has been carried out either with 
isotopes of a single gas using the tracer technique or with mixtures of different 
gases. As is well known, the coefficient of thermal diffusion is far more sensitive 
to the type of molecular interaction than the three elementary gas coefficients. 
It follows therefore that a determination of the laws of molecular interaction 
from thermal diffusion will be much more accurate and useful than their deter- 
mination from viscosity, diffusion and virial coefficients, which is usually done. 
With this idea we have already investigated from the available thermal diffusion 
data the law of force and the force constants for argon and a few other isotopic 
gases (Srivastava and Madan 1953) and have obtained some interesting 
results. Inthe present paper we propose to examine the available data on thermal 
diffusion of gas mixtures and deduce therefrom the law of interaction between 
unlike molecules and the force constants for different pairs of gases. 
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§2. THEORY AND FORMULAE 


The Chapman—Enskog theory of non-uniform gases expresses the transport 
properties in terms of a set of collision integrals (Chapman and Cowling 1939) 
which depend on the law of interaction between the colliding molecules. These 
integrals have been evaluated for various molecular models but, as shown by 
Hirschfelder, Bird and Spotz (1948, 1949) and others, the Lennard-Jones 12:6 
model 

LEAT) None ae eter | (Gr) ee Tait) 2k Meco (1) 

is more in accord with the observed properties of gases than any other model. 
We shall therefore assume the validity of the 12: 6 potential and use it to calculate 
the intermolecular force constants from the thermal diffusion and inter-diffusion 
data on various gas mixtures. The previous workers on thermal diffusion of 
gas mixtures, viz. Hirschfelder et al. (1949), Grew (1949) and Winter (1950), 
on the other hand, assume, in addition to the 12:6 potential, the values of the 
force constants €,. and 7,, derived from certain empirical formulae of doubtful 
validity and compare the calculated values with the experimental data on thermal 
diffusion. Our calculations do not suffer from any such approximate assumptions. 
and yield the force constants within the limits of accuracy of the experimental 
data, subject only to the validity of the 12:6 potential energy function. 

As the second approximation to the thermal diffusion ratio kp for a mixture 
of two gases 1, 2 involves very complicated algebra, only the first approximation 
formulae will be employed here. We have (Hirschfelder et al. 1949) 

[Rplps OV Ve Col) oe ee (2) 
where a= (Sy — Soo) /(Qay1? + Qoyo? + O3y1¥2) 
S,= ad (2) [Py ary W2(25 RT) 
: M, W313 RT Jey) 
—3M,(M,-— M,)—-4AM,M, 
L (ry\? [| 20M + MB) 1? [W223 RT e131) 
ee Sis a4 L My WE; iT) 
x [6 M,? + (5 -4B)M,2+ 84M, M,] 
QO, =3(M, — M,)*(5 —4B)+4AM,M,(11—4B) 
4 (11 eo\2 [ (M+ Me)? [W223 RT Jey )W (2; RT /eog) 
25 ( 149" bee ma | | {W*(1, kT /ey2)} | 
with similar expressions for S, and Q,. MM, is the molecular weight of the 7th 
species, y, is the mole fraction, A, B, Care functions of RT/e,. while «41, €92 and ep, 
the minimum potential energy (taken as positive) for pairs of like and unlike 
molecules, and 73;, 722 and 7, the low-velocity collision diameters. Equation (2) 
shows that [A], is a complicated function of the masses, concentrations and the 
force fields of the molecules. The effect of the force field enters in the ‘ collision’ 
integrals W'(n; kT/e,;) and the functions A, B, C, all of which have been tabulated 
by Hirschfelder et al. (1948), and also in the values of 711, 729, 712. Equation (2) 
is only a first approximation, and the error involved in taking this approximation 
cannot be definitely stated as the accurate expression for kp has not been given 
for the 12:6 potential. For the Lorentzian case with inverse power repulsion, 
the repulsive force index being 13, the error involved is found from accurate 
calculations to be 15°, while for molecules of the same mass it is likely to be less 
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than 3%. In the absence of any exact knowledge for the case of 12:6 potential, 
it may be assumed that the error is of the same order and therefore negligible. 

The early calculations of ky were made for molecules interacting with inverse 
power repulsion, for which kp from theory comes out to be independent of © 
temperature. Since the experimental investigations showed that ky varies 
with temperature, Jones (1940, 1941) calculated the values of kp for molecules 
which have an attractive field superposed on a repulsive field, viz. the 8:4 model, 
while Hirschfelder and others calculated for the 12:6 model, but no expression 
has been given for generalized values of the force indices. 

The first approximation for the coefficient of interdiffusion is given by 


aoe 0:00092916 T3?[( 14, +_M,)/M, M,}"? 

et Bras RT Ie) 
where p is the pressure in atmospheres and M, represents the molecular weight. 
The expression for the second approximation is 

[Dy2]2=[Diehs/( —A), ~ sis seen eee (4) 
where A is found to be a small quantity, usually less than 0-03. As the experi- 
mental errors in the measurement of D,, are of this order, we shall use only the 
first approximation formula for D4. 
Equation (2) will be utilized to give <2. This, when substituted in eqn. (3), 

GIVES 7yp. 


CMP SCC) none (3) 


§3. CALCULATION OF THE FORCE CONSTANTS €j2 AND 749 


Equation (2) shows that if the thermal diffusion ratio kz is experimentally 
measured at different temperatures, but with the same fixed composition, it is 
possible to calculate €j5, since C is a function of RT/e;.._ Assuming provisionally 
that the term a does not vary sensibly with temperature, the observed variation 
of kp is to be attributed solely to the variation of C with temperature, and the 
latter variation, as stated above, depends on the value of ¢,.. Hence from the 
observed variation of kp with temperature the variation of C with temperature 
can be deduced, and from this the value of e,, can be determined. The procedure 
is explained below. 

A graph of C—1 against arbitrarily assumed values of x, where x =RT/eqp is 
plotted, using the values of C tabulated by Hirschfelder et al. (1948) for the 
12:6 model. From this another graph, in which the value of the ratio 
(C—1)/(C—1), for x,/x,=2 is plotted (fig. 1) against the initial value (C—1),. 
Next a graph of kp against T is drawn and (k7)2/(kz), for T,/T,=2 is found for 
different initial values T, of the temperature. Now since 


(Rr)2/(Rr)i =(C— 1)2/(C— 1), 
we can look for any observed value of (Rv)2/(kp), on the (C—1),/(C—1), graph 
and read for this value of the ordinate the corresponding (C—1),. This value 
of (C—1), corresponds to 7,, and by reference to the (C—1, x) graph the corres- 
ponding value of x,=RT,/€,., and hence of €,9, is found. 

To test the correctness of the simplifying assumption that a does not vary with 
temperature, values of this function were calculated at different temperatures 
by using the values of €,, obtained by the above method, and the other quantities 
€11) €22) “11» “2g from the data on pure gases; 71. was assumed to be the arithmetic 
mean of 7,, and rg. It was found (see table 3) that this function remains sensibly 
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constant; the slight variation observed hardly shows any definite trend and is 
itself liable to uncertainties on account of errors in the assumed values of the 
various ¢,; and 7,;. Hence the assumption of kp varying as C—1 is justified for 
all practical purposes. This, then, provides a simple and elegant method of 
finding ¢,. for different gas mixtures. 


§4. EVALUATION FROM EXPERIMENTAL DaTA 


‘The experimental measurement of the thermal diffusion constant has been 
carried out by a number of workers, some of them aiming at finding out its variation 
with concentration and others its variation with temperature. The former 
set of data cannot yield ¢,9, as is evident from the form of eqn. (2). In the latter 
set we have the investigations of Ibbs (1925), Ibbs, Grew and Hirst (1929), Blith 
and Puschner (1937), Bastick, Heath and Ibbs (1939), Grew (1947), van Itterbeek 
et al. (1947) and others. Of these the data of Grew (1947) on inert gas mixtures 
and of Ibbs et al. (1929) on H,—O,, H.-A, N.-A, H,—-N2, H,-CO are fairly 
extensive, that of Grew (1947) being most reliable. Ibbs and Grew keep the 
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temperature of one bulb fixed and measure the separation s=y,' — y, for different 
temperatures 7” of the other bulb, y, being the concentration at the temperature 
T. They calculate kp at the temperature 7’ with the help of the relation 
Dime Die OMOG seb) tee oe at eta sais (5) 
by determining the slope of the curve of separation plotted against log(7"/T) 
and obtain k, at different temperatures. This derivation, however, assumes that 
ky is independent of the composition of the mixture, while eqn. (2), as well as the 
experiments of Atkins, Bastick and Ibbs (1939), show that it is not so. Grew has 
therefore corrected these ky values to obtain kp for the same composition at all 
temperatures by utilizing the experimental results of Atkins et al. (1939). For 
our purpose we want the values of kp for the same concentration of the gases but 
different temperatures, and hence these values of Grew have been used directly. 
The data of Ibbs et al. (1929), however, are not corrected for the change in 
composition. As these data refer to only a few concentrations (in the case of 
PROC. PHYS. SOC. LXVI, 3—A 19 
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H,-O, mixture only for one concentration), it is not possible to correct their 
kp values for the change in composition. An error of about 5% in the values 
of kp is likely to be produced for this reason. These authors have tabulated — 
some ky values, while others have been calculated by us using eqn. (5). 
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The Ry values given by Grew (1947) were converted into kz values, which are 
plotted in fig. 2, while those obtained from the data of Ibbs et al. (1929) are 
plotted in fig. 3. Then, as explained earlier, the experimental values of 
(Rr)o/(kp), for the ratio T,/T,=2 at different initial values of 7, were used to 
obtain €,. (tables 1(a) and 1(6)). 


Table 1 (a) 
Gas pair Temp. range (°K) Calc. €,0/k Mean €,./k 

H.-N, 90-180 45-0 46°53 
100-200 48-07 

H,-O, 100-200 57-48 59-81 
110-220 62:15 

H,-CO 90-180 51:42 52-02 
100-200 52-62 

H,-A 110-220 56-41 56-41 

Table 1 (0) 
Gas pair Temp. range (°K) Calc. €,5/k Mean €,,/k 

He-A 125-250 26-04 26°65 
150-300 Da SOG 

Ne-A 125-250 56°82 56:92 
150-300 57-03 

Ne-Kr 125-250 59°53 62-09 
150-300 64-66 

Ne-Xe 200-400 64°51 69:01 
250-500 73°52 

A-Kr 150-300 125-0 144-1 
200-400 140-8 
250-500 166°5 

A-Xe 250-500 163-4 166-5 
275-550 169-7 


These values of ¢. were used to calculate a, as explained in §3. For this 
purpose the values of ¢,, and 7,;, employed are given in table 4. The values of a 
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thus obtained are given in table 2. It will be seen that a does not vary appreciably 
with temperature, and thus the assumption of k, varying as C—1 is found to be 
justified. 

Table 2. Values of a 


PEC) Ne-A He-A Ne-Kr Ne-Xe A-Kr A-Xe 


100 0-320 0:590 0-549 0:316 

200 0-357 0-560 0-500 O97 0-305 0-469 
300 0-363 0-592 0-515 0°585 0-300 0-458 
400 0-586 0-453 


As a further check these numerical values of a were substituted in eqn. (2) 
and k,/a was plotted against the corresponding temperature and «,, calculated 
to a second approximation, almost in the same manner as explained previously. 
For comparison the first and second approximation values in the case of neon— 
argon mixture are given in table 3. It will be seen that for practical purposes 
it is needless to work to the second approximation. ‘Therefore only the first 
approximation values have been calculated for the different pairs of gases. 


Table 3. Ne-A 
Temp. range (°K) 125-250 150-300 
€12/k (first approx.) 56:82 57-03 
€12/k (second approx.) 56:56 56°82 


Knowing «5, the intermolecular separation 71, for the zero interaction energy 
can be calculated from eqn. (3), when the data on D,, are available. For this 
purpose the data listed by Hirschfelder et al. (1949) were used. ‘The values of 
Y12 thus obtained for a few pairs of gases are given in table 5, column 5. 


§5, THEORETICAL FORMULAE FOR FORCES BETWEEN UNLIKE MOLECULES 


The values of ¢,. and 7,;, determined experimentally, as explained above, can 
be used to find correct interaction between unlike molecules. Assuming for 
unlike molecules also the Lennard-Jones interaction potential in the form (1), 
it follows that 

fa = teeta, ONO Ame i, = FCs ee ea (6) 
Thus from the values of €,. and 7, the values of jz. and A,. can be determined with 
the help of eqn. (6). ‘These are given in columns 2 and 4 of table 6. 

It is of great interest to find how the force constants fi,2 and Ajo or ey) and rp 
depend on the force constants (441, 422, Ay, A22, etc., for like molecules. For this 
it is necessary to examine the nature of the intermolecular forces. The forces 
between two molecules at large distances are attractive and have been discussed 
in detail by London (1937) and Margenau (1939). ‘They are, for non-polar 
molecules, due to the so-called dispersion effect, first noted by Wang (1927) and 
fully interpreted by London (1930). Even for polar molecules it is found that 
the attractive energy due to the orientation and induction effects is usually much 
less than the dispersion energy, and can be ignored. ‘The dispersion energy 
arising from the mutual perturbations of the electron clouds of the two atoms or 
molecules gives rise to the so-called London forces, and has been treated on the 
classical, as well as the quantum-mechanical model of the atom. It is found to 
be connected with the polarizability of the atom. By the methods of perturbation 

19-2 
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theory the quantum theory of dispersion yields, for the polarizability « of an atom 
in its ground state (denoted by subscript 9), the expression 


a(v) =(@4/4mtm)Efl(vP— 7), ees (7) 


where v,=(e,—€))/A and f, denotes the oscillator strength which may be derived 
from the intensities of the corresponding spectral lines. 
The quantum-mechanical expression for the dispersion energy (London 
1930) is sit oer hfs 
E(r) =3het/32n4m’?r zs en 
where the subscripts / and A denote stationary quantum states of atom 1 and 2 
respectively with energy level <«,and«,. If the absolute intensities of all spectral 
lines of the two atoms be known, the dispersion energy can be precisely calculated 
from eqn. (8), but unfortunately this knowledge is not available. We have, 
therefore, to determine f,, f, from the observed polarizability with the help of 
eqn. (7). Since the index of refraction 7 is connected with the polarizability « 
by the relation gol pamngenng 
r whine 


—— = OL 
Fo OY 
measurements of the values of 7 over a large range of frequencies can be correlated 
to give values of f,, f;. In many instances this correlation can be done with 
sufficient accuracy in the measured range of 7 by using a single f. If, then, we 
assume only one term dispersion formula, eqn. (7) yields for the static polariza- 


pints frtemte ieee alee (10) 
and eqn. (8) yields, with the help of eqn. (10), 
= 3 hy (%o)i(%o)a 
E(r) == OG Se Se RS Grete tees (1 1) 


where hy, is to be identified with the ionization potential. Equation (11) is 
the first order term in the dispersion energy, which in general can be expressed 
in the form 

E(r) = —pr-8—p'r8—p"r-_ ..., fete ne Lae 
but the higher order terms can be generally neglected. 

The explanation of the repulsive forces between molecules was given by Heitler 
and London (1927), and is based on the Pauli exclusion principle. This repulsion 
becomes important when the two charge distributions for the two molecules 
overlap appreciably. ‘This repulsive energy can be calculated from the pertur- 
bation theory of quantum mechanics, but the mathematical difficulties involved 
are great, and detailed calculations have been carried out only for a few molecules. 
In all these treatments highly approximate wave functions have been employed 
to obtain tractable results, and still the results are very complicated. It is however 
found that a simple exponential relation of the form 

Ens Aet Se olan) othe (13) 
reproduces the numerical values satistactorily for r greater than 1A. The 
constant p seems to have roughly the same value for most atoms, but the factor 
A varies from atom to atom and is not easily predictable. If we write the above 
expression in the form 


BQ alee ot all yids Boe (14) 
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it follows that A also cannot be predicted. Thus in the absence of any theoretical 
relation for A,; it is not possible to obtain a relation for A,» in terms of Aj, and Ayo. 
We have therefore only to depend upon the theoretical relationship for p,; for 
correlating 45 with jy, and pigo. 

Equation (11) can be written as 


Td G05 Lalo 
yaa am ag ge eee nee (15) 
where J,, J. denote the ionization potentials of the two molecules. For the case 
of two identical molecules eqn. (15) gives 


DOA ee eae 1 od A > ill late lee ae eer (16) 
Comparing with eqn. (1), eqn. (15) gives 
i2 == eso = 3.04091, 15/2(1, +I,). ee, Laue e (17) 
Similarly 
Pay = Fer’ = $047, and pag =Aego720°= FmeTn, =... - ss (18) 


for interaction between identical molecules. Combining eqns. (17) and (18), 
we obtain 


Eo 12° = 2(€13€ 907 11° 720°) Td) atte) eee (19) 
and 
: Pye = (Hite)? 20 LP ytd) see (20) 
Again, from eqns. (6) and (20) 
Are = (AqsAee)"? {742/(711 722)? }8 2 Tye) 2, + Le). eee (21) 
In general /,J,, so that 2(J, [,)'?/(1,+1,)<1, 
hence ; 
€19< (ers e22)? {(F1r 70) rite. te es (22) 


Several workers have assumed that €4) = (€4; €99)/” and 749 = (74, +70)/2, but there 
is no theoretical justification for these assumptions. ‘The assumption regarding 
742 seems plausible for hard rigid molecules, but will certainly not be applicable in 
the general case, when eqn. (19) or the inequality (22) should hold. 


$6. COMPARISON OF THE ‘THEORY WITH EXPERIMENTAL RESULTS 


For testing eqns. (19) to (22) the experimental data given in table 4 have been 
used. The low temperature values of «,, and 7,; have been selected since the 
experimental data on thermal diffusion given in table 1 usually refer to low 
temperatures. ‘The data given in group I were obtained by us from thermal 
diffusion data and the viscosity data for the range 100°K to 300°K (Srivastava and 
Madan 1953). The values of ¢,, and 7,;given in group II are the mean of our 
values obtained from thermal diffusion and those given by Hirschfelder et al. (1949) 
from viscosity, while those given in group III are taken from Hirschfelder et al. 
from viscosity measurements. From these values of ¢,,and 7;,the force constants 
,,and A,, were calculated with the help of eqn. (6), and are recorded in table 4. 

Equation (19) was used to calculate ¢,5 for different pairs of gases by using the 
data for indidual gases given in table 4, and the 7,, values determined experimentally 
from interdiffusion data and givenincolumn5 oftable5. ‘The ionization potentials 
of the gases were taken from Margenau (1939). These theoretically calculated 
values of €,. are recorded in column 3 of table 5 and are seen to agree with the 
experimentally determined values (column 2). The table shows further that 
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eqn. (19) gives better agreement than the hitherto assumed geometric mean relation 
for €4. which will be approximately obeyed if (74,722)"7/ry.1. It is true that the 
error in the value of €,) given in columns 2, 3, 4 is of the order of + 5%, so that for 
all cases except H,-CO, H,-A the discrepancies between columns 3 and ¢ lie 
within the limits of that error. It is however precisely these cases of H,-CO and 
H,—A where (71; ’o9)"2/r42 differs appreciably from unity that should be employed to 
test eqn. (19), and these prove conclusively the superiority of eqn. (19) over the 
geometric mean formula. 


Table 4 
Gas eglk (CK) ry (A) pg X 108° (erg. cm®) —- Ay, x 104 (erg cm) 
I Argon 124-9 3-424 110-4 17-77 
Oxygen 110-6 3-444 101°3 16:90 
II< Nitrogen 87-10 3-701 122°8 31-53 
COm 99-46 3-646 128-1 30-09 
( Hydrogen 33h28) 2:968 12-48 0-854 
Helium 6-03 2:70 1:28 0-050 
III < Neon 35-7 2:80 9-44 0-455 
Krypton 190 3:61 230°6 51-04 
Xenon 230 4-051 556°9 246 
Table 5 
: € 2/R €12/k €12/k 112 (A) 112 (A) 112 (A) 
Gas pair a theor. (geom. mean) exp. theor. (arith. mean) 
H.-N, 46°53 51-42 53-86 3-339 3-395 3-334 
H,-O, 59°81 56:99 60-67 3-194 3-168 ° 3-206 
H,-A 56-41 58-21 64-47 3-241 3-258 3-196 
H,-CO 52:02 50:28 57°55 3-364 3-345 3-307 
He-A 26°65 27:04 27°45 3-041 3-049 3-062 
Table 6 
5 1/2 
Galpair 412 X 10®° (erg cm®) Ay. X 1024 (erg cm??) 21,12) 
Exp. Theor. Exp. Theor. J,+T1, 
H.-Ne 35-4 39°1 4-91 5-43 0-9994 
H,-O, 34:8 35°5 3:69 3:77 0:9994 
H,-A 35°8 37-0 4-15 4:28 0:9956 
H,-CO 41-4 40-0 5:99 5-80 0-9997 
He-A 11-6 11:7 0:91 0:89 0:9860 


A comparison of the 7,, values is however not sufficiently conclusive of the 
accuracy of our equation (19), since 71, is much less sensitive to changes in €49, as 
eqn. (19) shows. However, for the sake of comparison the experimental values of 
€9 are substituted in eqn. (19) to yield 74, (theoretical), which is given in table 5, 
column 6, and may be compared with 7, (experimental) and 7,5 (arithmetic mean). 
Here also it will be seen that the large discrepancies between 75 (experimental) 
and r,, (arithmetic mean) are considerably minimized by the use of eqn. (19). 

Equations (20) and (21) could be best tested if J,, J, were very different. 
Unfortunately most of the data on thermal diffusion refer to gases for which values 
of J are not very different and the values of 2(J, I,)?/(I,+J,) are greater than 
0-986. We have, however, calculated the values of 14) and A, from eqns. (20) and 
(21) and recorded them in table 6, together with the experimental values. The 
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agreement is fairly satisfactory. These calculations show that the geometric 
mean rule for ey, or (449, Ayg will apply fairly closely if the J and r values for the two 
types of molecules are not very different, but is not applicable in the general case. 
The values given in columns 2 and 4 are liable to an error of + 5%. 
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Inelastic Collisions of Electrons in Helium and Townsend’s 
Ionization Coefficient 
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Abstract. It is pointed out that the accuracy of the cross sections observed by 
Maier-Leibniz for the excitation of helium by slow electrons may be tested by 
using them to calculate the Townsend ionization coefficients « and comparing the 
results of such calculations with observed values. Information about the reliability 
of the difficult measurements of excitation cross sections is essential to check 
attempts made to develop a satisfactory theory. To carry out this test it is 
necessary to extend and to some extent refine the work of Smit on the velocity 
distribution of electrons in helium diffusing under the action of a uniform 
electric field F when inelastic collisions are allowed for. ‘This has been done 
and numerical results have been obtained for F/p=10 and 20 v/cm/mm Hg. 
The ionization coefficient has been measured for the higher values of F/p and 
agrees quite well with that calculated when Maier-Leibniz’s cross sections are 
used. ‘The sensitivity of this test of the cross sections was examined by calcu- 
lating « assuming that Maier-Leibniz’s values were respectively twice and one-' 
half the correct value. It was found that the calculated value of « is nearly 
proportional to the size of the assumed excitation cross section (it was assumed 
throughout that the ionization cross section is given correctly from Smit’s 
observations). It is concluded that the observations of Maier-Leibniz may be 
used for checking theoretical determination of excitation cross sections in helium. 


$1 LN TRODUCRION 

F a swarm of electrons of low concentration is diffusing through a gas at 
if pressure p (containing 2 atoms/cm?) under the influence of a uniform electric 

field of strength F there will always be a finite fraction of the electrons which 
possess sufficient kinetic energy to ionize the gas atoms. If in diffusing through 
a distance 5x in the direction of the field, mx5x ionizing collisions occur, then « is 
known as the ‘Townsend ionization coefficient. For a particular gas «/p is a 
function of F/p. If f(v) dv is the fraction of the electrons which have velocities 
between v and v+5v, Qj(v) is the cross section for ionization of the gas atoms 
by electrons c: speed v and &; is the ionization energy of the gas, then 


[nQvoflv) av 
Pe a Mebigh See Lal 
[éfw)av 
€ is the component of the velocity in the direction of the field. Q, can be measured 
directly for any particular gas. The velocity distribution function J(v) for 


v>(2E;/m)'? will depend strongly on the probability of the electrons undergoing 
inelastic collisions involving excitation as well as ionization. It follows that, if 


» Where Q,=0 for v<(2E,/m)l?2, ...... (1) 
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j(v) can be obtained when the cross sections for elastic (Qo) and inelastic (Q;,) 
collisions are known, then « may be calculated. Alternatively, if the cross sections 
for elastic and ionizing collisions are known accurately but those for excitation 
only imperfectly it should be possible to obtain further information about the 
latter from the relation (1), using observed values of « and Q, and velocity 
distributions calculated for different assumptions about Qj. In this paper an 
account is given of an application of this procedure to obtain information about 
the reliability of experimental data on the cross sections for excitation of the 
2S and 23S levels of helium by slow electrons. 

Very considerable interest attaches to a knowledge of the absolute values of 
the cross sections for excitation of the low-lying excited states of helium atoms 
by electron impact, particularly when the electron energy is not greatly in excess 
of the threshold. This is largely because of the usefulness of such data in checking 
the range of validity of theoretical methods of calculating inelastic cross sections. 
A satisfactory theory exists when the exciting electron possesses a kinetic energy 
greatly exceeding that required for the excitation concerned, but for many 
applications it is the cross section near the threshold which is important. To 
determine which factors play the dominant role in such collisions it is necessary 
to extend the theory in various ways. ‘These extensions are difficult except for the 
simplest atoms, hydrogen and helium. For obvious reasons very few measure- 
ments of cross sections for excitation of atomic hydrogen have so far been carried 
out, so that it is necessary to rely on observations made with helium for providing 
a check on new theoretical methods. Especial interest attaches to the excitation 
of the 2'S and 23S levels by slow electrons. Unfortunately the observed data 
are meagre and often unreliable. ‘They have been discussed in detail by Bates, 
Fundaminsky, Leech and Massey (1950). 

The most complete observations are those of Maier-Leibniz (1935). Using 
these, Smit (1936) has already calculated, with certain approximations, the 
function f(v) for electrons in helium with F/p up to 10v/em/mm Hg. Using this 
function, Dunlop (1949) has calculated «/p for these values of F’/p, but at present 
«/p has only been measured for values of F'/p between 12 and 100 v/cm/mm Hg. 
We have extended the calculations in various ways. ‘They have been carried 
out for F/p=20v/cm/mm Hg for which experimental measurements of «/p are 
available. Certain of the approximations made by Smit which are less valid at 
the higher value have not been made, and the sensitivity of the results to the 
absolute magnitude of the cross sections for excitation has been examined by 
varying the size of these cross sections. It is found that the calculated value of 
«/p is quite sensitive to the excitation cross sections assumed and _ that 
Maier-Leibniz’s observations lead to values of «/p in quite good agreement with 
observation. 


S2a CALCULATION OFSTHE VELOCITY DISTRIBUTION FUNCTION 

When a swarm of electrons is diffusing in the direction of a uniform electric 
field and producing ionization, the distribution function for the electrons will 
be a function of the displacement x in the direction of the field as well as of the 
electron velocity vector v. ‘To a high degree of approximation, however, the 
distribution function may be written as the product of two factors g(x)f(v) where 
f(v) is independent of x and g(x) allows for the increase in the number of electrons 
due to ionization as the stream diffuses. 
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To calculate f(v) we use an extension of the method of Morse, Allis and 
Lamar (1935) on the lines indicated by Druyvesteyn and Penning (1940). The 
function is expanded in spherical harmonics in the form 

fv) =E2/,(2)P,!" | (cosw)e™, 
where w and y are the usual polar angles specifying the direction of the velocity 
vector v. If the electric field is in the x-direction, the distribution possesses 
axial symmetry about Ox, so that only zonal harmonics appear in the expression. 
Furthermore, as the dependence of f(v) on w arises from the finiteness of F/p 
it is reasonable to assume that for small F'/p only the first term in the harmonic 
expansion which depends on w is important. We then have 
f(y) =folv) + Py(cos @)fi(v) =fol2) + (E/) Ae), vse (2) 

where € is the component of velocity in the x-direction and f,(v) <f,(z). 

The distribution must be such that the number of electrons whose represen- 
tative points enter an element dy(=dédyd€) of velocity space in a time 6¢ is 
equal to the number leaving it. Thus if a, b denote the numbers leaving, per unit 
volume of velocity space, due to elastic and inelastic collisions respectively, 
¢ and d the corresponding numbers entering due to these respective collisions 
and e the number leaving due to the action of the electric field, we must have 


a+ 0F-e=€ fd. 722 te ees (3) 
a, cand e have been calculated by Morse, Allis and Lamar (1935) and are given by 
a 214 
wane | | Le, OOO sin 0 aha (4) 
o Jo 
mu 2m 
came |” | {ieee [1+ 3% (1 -cos6) | 
o Jo M 
m 0 es : 
te wl — cos O)v = ole A) f(v, E } sin. d0 dhe tmaa.. (5) 
eF of 
eé= mae ee DES DE Oe RE ee ee TS & © COR Rase ie donate (6) 


In these expressions J,(v, 0) sin @ d6 dd is the differential cross section for elastic 
scattering of electrons of velocity v into the solid angle sin@d@d¢ about (8, ¢), 
m is the mass of an electron of charge e, M is the mass of a gas atom and 7 is the 
number of atoms per cm’. ‘Terms of order (m/M)? have been neglected in 
calculating c. &’ is given by 
=coswcos#+sinwsinOcos(¢—y). see (7) 

; If Jina, 0) sin 0 d@ d¢ is the differential cross section for an inelastic collision 
in which the electron loses an amount of energy }mwv,2 we have 


b= nod I. | i In'(v, O)f(0, £) sin 0 dO db =n0Q0n(v)flv, 8), vee (8) 


where Q,,(v) is the total cross section for inelastic collisions. 

Electrons whose representative points enter the element dy due to inelastic 
collisions in which an amount of energy 4mv,? is lost, accompanied by a deflection 
through an angle 6, must previously have possessed a velocity of magnitude 
V1,=(v,? +v*)!? and x-component €,, where 

= COS @,=Coswcosf+sinwsinOcos(P—). ssa eee (9) 
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We have then from these collisions 


nN ‘ 
=" | { Trx'(0y4y 9)04,2f( 04,4) Sin 6 d9 dd. 


‘The total contribution from all inelastic collisions © d, can be written in the form 


==] | Faler O)er2f(on8,)sinddddp, ae, (10) 


where vj, £, are suitable mean values of v,, €;, and Ij, = gin’. In practice there 
is no difficulty in choosing 2, as it is close to the minimum value of v,, for which 
J;,° is appreciable. 

Using now the approximate form (2) for f(z, €) we find from (3), (4), (5), (6), 
(7), (8), ae : and (10) that 


= S LQa(v)v*fo(v)] + 2? Oin(%)fo(@1) — v°Qin(%)fo(2) 


— Cos gee a )+ On(v)] — V1 Fi(7) Qin (71) } 
F 
= Soe ae asi "#,(v)}+vcosw sats) | 


where 
O,(0) =20 { (1—cos6)I,(v, 8) sin9d9,  Qy°(v) =20 { cml oxanchnal 
0 0 


Equating separately the terms independent of, and proportional to, cosw 
respectively we have 


£F £ §(0)= OSSD 


nm dv 
= - [Qa(v)v*fo(2)] + 2? Qin(@1)fo(1) — 2° Qin(@)fo(2) = a te A(e)I.- 


It is convenient to change from the velocity v to the kinetic energy FE as 
independent variable to give 


oe dv 


o£, foe) = —fE\Qa(E) + Qu(B)1+ (145 “) {E+ Ey))Ont(E+ Ey) 
“BP: (11) 
eF d 
= teers: ) + (B+ By) Om(E + BylVfy( B+ By) 
of 7 ple QulEE)] eh: (12) 


where E’, is approximately equal to the threshold energy for inelastic collisions, 
and E+ Ey, =4mv,?. 


The Cross Sections Og, Qin and Qi," 

The diffusion cross section Qg can be taken as equal to the observed total 
cross section—up to energies of 40ev the main contribution to the observed 
cross section comes from elastic collisions in which the scattered intensity does 
not depend on the angle of scattering. ‘The observed values are closely fitted by 
taking for Q, the convenient analytical form 


nOs=ak WV, E<E,=5-6ev 
=a. Bek. 
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where n is taken as the number of atoms per cm at 1 mm Hg pressure and 15°c; 
a=50 if Qy is measured in cm? and E in ev. ‘The same approximation was made 
by Smit except that for higher energies (E >19-8ev) he used, for analytical 
convenience, the form 


love 
— = Oq= — 90-02. 
Oa dE Q d 
The difference from (13) is not important. 
Smit has provided a convenient schematic representation of the total inelastic 
collision cross section as measured by Maier-Leibniz. It is 


nO; =0, 0 <E<E,=19-8 ev =threshold energy, | 
ab (h—Dj)E-,” “Eek, =23:7eye" Tae etn) Bab aneee (A) . 
=,(E—D,)E*?, EGE,. 


In terms of the same units as employed for nQg, we have taken 6, =0-174, 
Di =17-2 e073 =0:353 and D; = 20-Siev. 

For E greater than E, the cross section includes a contribution from ionization. 
The ionization cross section has been accurately measured by Smith (1930). 
One of the main objects of the present investigation is to test the accuracy of the 
total excitation cross section measurements of Maier-Leibniz. ‘Two alternative 
forms for Q,, were therefore used, in one of which the total excitation cross section 
was taken to be approximately twice, and in the other approximately one half, 
that of Maier-Leibniz. In both the ionization cross section remained that given 
by Smith. Convenient analytical expressions of these cases were found to be 


nQi, = 0, OSESE, } . 
=0-451(E—18-2)E-42, E>E, j econ (B) 
nOin = 0, VEE, 
=0-08 (E—16-6)E-12, 19H Sh S94. p eee (C) 
=0-269(E — 21-9) E-2, E>241 


in terms of the same units as for (A). 

There remains Q;,°. ‘The main excitation processes, involving excitation of 
the 21S and 23S states, are associated, for electron energies near the threshold, 
with a nearly isotropic angular distribution so that Q;,° is very small compared 
with Q;, under these conditions. It is only when ionizing collisions become 
important that Q,,° will be comparable with Qj. 


Calculation of fo 


The technique used in all three cases is covered by that for case (A) which 
we shall alone describe. jf 

For E<£), Qin=0. Except for very small values of E, (E+ Ey’)f,(E+ Ey’) 
will be small compared with Hf,(E). For these values of E, Q,,°(E+ Ey’) will be 
small compared with Q;,(£ +E’) which is itself. small compared with O,(£). 
It is therefore legitimate to replace (11) by 


dfo _ Qa 
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‘The second equation, (12), may be expressed in a convenient form by integration 
with respect to E from E to «0. This gives 


heF E(B) ~ ™ nQy(E) EYE) =n [aE () dB. 


No important error is made by extending the upper limit of the right-hand 
integral to co and replacing E)’ by the threshold energy E,, giving 


JeFEf(E) ~ 7 nQu(E)EA(E)=n |” Ou(E)Ef(E) AE 


= jeFA,, SAV) See wn Sse (15) 
The right-hand side is now a constant which vanishes when inelastic collisions 
are neglected. 
With the form (13) for Qg these equations may be solved without difficulty 
to give 
0<E<E,(=5-6) 


3mE? Ag(2 3mE?\ dE 
PPE Be nigra ME?) E 


real ee ee OR Oe a aa eit (16) 
A= ME, a aoe lee 
tae ae Oe 
6mE Ase 6mE 
fy = exp rls wie) {B+ le Ee exp (saz) az} 
ea eg ae eal ae tae ee (LA) 
A= = EU, — Gal 


where E£,=eFE,1?/a, d= a 
For E>E£, the terms involving f\(E + Ey’), fo(E + Ey’) may be neglected in (11) 
and (12). There is no difficulty then in eliminating f, from these two equations 


to give Pf, E 6mn2O2E) dfo 
{5 lo (=. =) ease) 


dE? °F \nOg Me?F? { dE 


{220000 _ enon “Ou (4 (2ak%)) | Ch FF AE (18) 


where we have neglected O;,(£) compared with QO,(£). 
Taking the analytical approximations for Qq and Qj, as in (13) and (A) where 
nOq=aEk1?, nQ,, =)(£ — D)E-"?, (18) takes the form 


d’fo fy _ r) fo=0 
Tat (ap +2 \ a B— i Jee, ) Seeare (19) 
3ma? 3ab 3abD +9ma?/M 
CEG ey ee er ar 
The substitution een bt (ee) eg ee ees S (20) 
with 2(«?+ 8)"?E =x reduces this equation to the standard form 
ral 80 3 dg 3 a2 
eet (ere) (a Ro 0,1 ue (21) 


of which the general solution is 
= Cras ee, byee) PD, LP PGR, b30%), ee (22) 


294 I. Abdelnabi and H. S. W. Massey 


where ,F, is the confluent hypergeometric function 


FY(P, 3 Pe capper 
1 en MW eA es Le) — 


Saag lye Sates bask 
and k =(2y —3a)/4(a? + B)¥. 
Alternatively, the substitution 


feat el hy “CN wl wie see Ie (23) 
in place of (20) leads to the equation 
d*hy Lie RB AE ee tcpine ete Lacan 
Tat (-gtet a My =05 mee, eee (24) 
of which the general solution is 
hig== CpW ge DAW oa A oe) = eee (25) 


in terms of the Whittaker functions W, ;, 

For the solution in a region extending to infinity it is more convenient to use 
the form (25) As WG, ~¢, 98", Wim ~e (a8) enly-tneiitst is om 
acceptable solution and we must take, for E> £,, in (25), putting «,?+ 8, =A,?, 


Jo = CoE" exp (— aE) W,.,, tla(2A,F), 
F 
f= A C,E4 exp (= oF) [ {a + Ag — (Ro — $)/E} We, si(2rgE) 


ee {(Rp a a) (Re ay $)/E} Wie.-4, rla(2A,E)], 
the appropriate values of a, b, and D, being used to obtain a, 6, and k,. The 
form for f, follows from the relations (14) and 


d k k—1)—m2 
dx Wy, m(%) = (-14 =) W,., AO) ae a Vale). 


In the region E, <E<E, it is most convenient to use the form (22) as the 
functions ,F, are rather easier to calculate than the W,,,,, when the asymptotic 
expansion of the latter is not applicable. We have then, putting «?+ 8 =A2, 


fo=exp {— (a+ AE CE? Fi(4—k, 3; 2AE) + DF (3—, 3; 2AE)}. 

f,= (Ela) exp {—(x+A)E}{(x + A+ 1/2B) .F, (4A, 3; 202) 
+(4h—1)A,F, (4, 5 2AB)}C, + {(-+ AVE" Fy ($A, 85 2B) 
+(3k—1)A,F, (£—h, $; 2AE)}D,], E,<E<E,, 

the appropriate values of a, b and D being used to obtain «, 6 and k. 
The form for f, follows by use of the relation 


d 
ehh G3 w=" Ret a+]; x), 


in connection with (14). 
To complete the solution the constants A,, B,, A,, B,, C,, D, and C, are 
determined by the conditions that f, and f, should be continuous at E=E,, 


E=£, and E=E, and that ~ 
An | jlo dv=. 
0 


The procedure adopted by Smit differs from the above for E>E,. The 
equation (18) may be written 


Cafes dp 
Ti (Fop sl +) SHE One 9 =| eee (26) 
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F, ©2m Pet EY2 
h = Fu2 oe fees 3/2. peas et Smi 
where p jee ae + MM E%?7Oq and Fy, ane Smit assumes. 
now that 
dF,  dpdF, dp d*p 
aE + eae < Rae ed oer METI (ey) 


so that (26) reduces to 
@p Fy dp nE'Qnp _ b(E—D)p 
Gites ic dk seen a 
It is further assumed that Fy and F, are constants for E> E, so that for Ey <E< Fj, 
p=xexp {— F(E—D)}[ Gi $ix®®) — Hy J yg( Fix), 


where x= F,'®(E— D)+ F2F 58, F,=F,/2F, and F,=6,/F,. 

For E>E, the same formula is obtained with D,, b,, G, and H, now replaced 
by Ds, by, G, and H, respectively. I norder that p should tend to 0 as E-+ 0, 
G,=Hy,. At this stage Smit introduced the further approximation of assuming 
also that G, = H, although the values of these constants should have been derived 
from the continuity of f, and f, at E=E, and E=£,. 

The error made in the assumption (27) is probably the largest involved in 
Smit’s calculations. For F/p=10v/cm/mm Hg and £= 19-8 ev the left-hand side 
of (27) is about one quarter of the right. It is likely to be relatively larger for 
larger F'/p and larger EF as the derivatives dp/dE and d?p/dE? will be relatively 
smaller under these circumstances. As in the calculation of Townsend’s ionization 
coefficient it is important that the distribution should be accurate for E >24-5 ev 
and F/p=20v/cm/mmHg it was considered undesirable to employ Smit’s 
approximations in the present calculations. 


Soap RESULTS OF CALCULATIONS 


Calculations of the velocity distribution functions were carried out for F/p = 10 
and 20v/cm/mm Hg assuming inelastic cross sections (A), and for the higher 
value of F'/p assuming also the inelastic cross sections (B) and (C). ‘The confluent 
hypergeometric functions occurring in the formulae were calculated numerically 
either from the series or asymptotic expansions at each point required. Using 
these distribution functions the Townsend coefficient « was calculated from (1), 
(2) together with the approximate averages €=0 and €?=4v". « then takes the 
form 


3 | nQ\Bf() dE 


A= 


|, Be) dE 


The results are given in table 1. 

It will be seen that the observed value of «/p for F/p =20 v/cm/mm Hg agrees 
quite well with that calculated on the assumption that the total inelastic cross 
section observed by Maier-Leibniz is correct. ‘The sensitivity of the calculated 
value to the magnitude of this cross section is manifest from a comparison of 
the results obtained with the assumed cross sections (A), (B)and(C). In fact over 
this range the calculated «/p is roughly inversely proportional to the magnitude 
assumed for Q;,. It seems very likely that the absolute magnitude found by 
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Maier-Leibniz for Q;, is not far from the correct value, and can be used with 
some confidence as a check on theoretical results. 


Table 1. Calculated Values of the Townsend Ionization Coefficient « in Helium 


F/p (v/cm/mm Hg) 10 10 20 20 20 20 
Method of calculation of 


3m ee t — Observed val 
velocity distribution omit Present paper served value 
Assumed inelastic (A)* (A) (A) (B) © = 
cross sections 
Ge ee carers) 0-044 0-036 0-17 0-081 031 0-49 
a 


*Maier-Leibniz. 


Table 2 gives the distribution functions fy and f,, in units of m??/44/2z, 
calculated using the observed cross section Q;,, for the two F/p values. 


Table 2 
F/p (v/cm/mm Hg) 10 20 
E (ev) fo fi fo fi 
0 co cO co oe) 
1-12 0-07407 0-01090 0-06582 0-02018 
2:24 0-05580 0-005592 0-04922 0-01016 
3°36 0:04480 0-003844 0-03945 0-006822 
4-48 0-03675 0-002972 0-03246 0-005156 
5-6 0-03032 0-002443 0-02699 0-004155 
7:02 0-02403 0-001975 0-02173 0-003328 
8-44 0-01936 0-001656 0-01784 0-002776 
9-86 0-01571 0-001422 0-01482 0-002381 
11-28 0:01277 0-001242 0-01239 0-002083 
12-70 0:01035 0-001098 0-01037 0-001850 
14-12 0:00831 0-000980 0-00867 0:001663 
15-54 0-00658 0-000881 0-00721 0-001508 
16-96 0-00509 0-000795 0-00594 0:001379 
18-38 0-00380 0-000722 0-00482 0-001268 
19-80 0-00266 0-000657 0-00383 0-001173 
20°58 0-00213 0-000562 0-00334 0-001079 
21°36 0-00168 0:000474 0-00290 0-000986 
22:14 0-00132 0-000394 0-00251 0-000896 
22:92 0-00102 0-000325 0-00216 0-000811 
23-7 0-00078 0-000266 0-00185 0-000731 
26°33 0-00028 0-000118 0-00105 0-000485 
29-63 0:00007 0-000033 0-00048 0-000258 
33-86 0:00001 0-000005 0-00016 0-000101 
39°5 0-00000 0-000000 0-00004 0-000025 
47-40 0-00000 0-000000 0-00000 0-000003 
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Abstract. In order to provide information on the first excited state of 7Li the 
angular correlation between the protons and the y-radiation from the reaction 
®Li(d, p)*Li*y’Li has been studied. An isotropic angular correlation was 
observed. ‘The angular correlations, predicted theoretically, for the most likely 
transitions in this reaction have been determined. It is shown that an isotropic 
angular correlation indicates that, very probably, J =} for this state. 


§ 1. INTRODUCTION 
viens and Uhlenbeck (1950), and others (Spiers 1950), have shown that 


when two radiations are emitted in successive nuclear transitions there is an 

angular correlation between their directions of emission which depends only 
on the angular momentum quantum numbers involved in the transitions. In 
certain cases the observation of an angular correlation has been a powerful method 
of identifying the quantum states involved in a reaction (Barnes, French and 
Devons 1950, Thorion 1951). Recently the total angular momentum of the 
first excited state in 7Li has been widely discussed, the splitting ratio of the reaction 
10B (n, «)*Li which favours the first excited state (Wilson 1941) suggested that 
J =5/2 (Hanna and Inglis 1949), but the isotropic angular correlation between the 
alpha-particles and the y-rays from the reaction B(n, «)*Li* y’Li (Rose and 
Wilson 1950) strongly favours the assignment of J= 4. In order to provide 
further evidence on the total angular momentum of this state the angular corre- 
lation between the protons and the y-radiation from the reaction ®Li(d, p) *Li* y*Li 
has been studied. 


§ 2. EXPERIMENTAL METHOD 


A target of separated ®Li, supplied by the Atomic Energy Research Establish- 
ment, was bombarded with 410 kev deuterons. ‘The target thickness was about 
55 ugcem-?, deposited on a 0-005 inch silver foil supported by water-cooled tubes. 
The plane of the target was inclined to the direction of the incident deuterons to 
give a greater effective target thickness. A liquid nitrogen oil-trap was mounted 
between the target chamber and the main accelerator tube; the pressure in the tube 
was kept below 10°-°>mmHg. A thermocouple was used to measure the target 
temperature, and the flow of cooling water adjusted to maintain a target temperature 


of 150°c to 200°c. 


* Now at the Department of Physics, Australian National University, Canberra, 
Australia. 
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Both detectors were scintillation counters, using E.M.I. 5311 photomultipliers. 
An anthracene crystal, with a 5000 A thick aluminium reflector, was the phosphor 
in the proton detector. The y-ray detector phosphor was a Nal (‘T'l) crystal, 1 cm 
thick, contained in paraffin oil. ‘The angular resolution required (+ 5°) limited 
the absolute detection efficiency of each counter to within about 0-1%,. 

The proton counter detected the protons from the reaction to the ground state 
of 7Li, as well as the shorter range protons to the first excited state. The y-ray 
counter detected the y-rays from the reaction ®Li(d,n)*Be* y’Be, these were 
almost of the same energy as the y-rays from 7Li*; it also detected some of the 
neutrons produced in the ®Li(d,n) reactions. ‘These two conditions of low 
absolute efficiency and many background counts meant that, even with a fast 
coincidence circuit, counting had to be continued at one angle for more than two 
hours to obtain a statistical accuracy of +2:5%. 

Because of fluctuations in the counting rate due to changes in beam intensity, 
wandering of the beam across its defining slits, and changes in target thickness, the 
random coincidence count could not be estimated directly and was measured by 
using a coincidence unit with a delay of 95 x 10-®sec, which was greater than the 
resolving time inserted in one input (Littauer 1950a). ‘True coincidences were 
therefore not recorded by this unit, whereas random coincidences, say R,, were 
recorded. Another coincidence unit, without a delay, recorded both true and | 
random coincidences, say T+ R,. Now R,/R,=7,/7;, where 7, and 7, are the 
resolving times of the first and second units respectively. Thus, with 7,/7, 
known, R, could be calculated and hence, by subtraction, the number of true 
coincidences recorded could be found. ‘The standard error o(7) of each true 
coincidence count thus obtained was calculated from the equation 


[o(T)P=[o(T + Ro)? + [o (Ry 72/74)], 


where o (7+ R,) is the standard error of the count 7+ R, and is equal to (7+ R,)"?. 
A check was kept on the ratio of the resolving times of the two units: this ratio was 
known to + 1-5°% and was constant, to this accuracy, throughout the observations. 

The individual y-rays and protons were counted at each angle, as well as the 
coincident counts in each fast coincidence unit which were similarin design. The 
photomultipliers were operated at 2400 v to ensure rapidly rising pulses; these 
pulses were shaped, at the inputs of the coincidence units, so that their duration 
was about 19 x 10~*sec for the y-ray pulses and about 7 x 10-°sec for the proton 
pulses. ‘The resolving time of the coincidence units was about 15 x 10-®sec, 
this was determined by arranging each counter to detect a separate source and 
measuring the individual counts and random coincidence counts. The resolving 
time and operation of a unit were checked by observation of the p~y coincidence 
rate by inserting additional known delays in each input. The distribution of 
counts versus delay time showed a peak due to true coincidences, at zero delay time 
for the unit recording both true and random coincidences, whereas the other unit, 
normally recording random coincidences only, showed a peak when an additional 
delay of 95 x 10~* sec at Z, fig. 1, cancelled the fixed delay previously mentioned. 
This indicated that during the experiment this unit was recording only random 
coincidences. ‘I'he width of a peak was equal to the combined resolving times 
of both inputs of that particular coincidence unit. 

The peak in each of the two distributions was shown to be due to true coin- 
cidence events by placing an aluminium foil before the proton counter so that the 
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short-range, but not the long-range, protons were absorbed. The counting rates 
of both coincidence units were thereby reduced to a value that did not vary with 
changes in delay time. 

‘Two fast coincidence unit designs were used. The first was a modified version 
of the circuit described by Garwin (1950); this operated satisfactorily for some time 
but eventually one of the units became unstable and the circuit was discarded. 
One series of observations was made with this design. The second design employed 
CGIC diode valves only and operated satisfactorily throughout the rest of the 
experiment. 
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Fig. 1. Block diagram of complete recording apparatus. 


In the first series of observations two further triple coincidence units were used 
(see fig. 1) each detecting coincidences between the output of one fast coincidence 
unit and the two single channels. ‘The bias in each of the single pulse channels was 
set so that the only counts recorded were those capable of operating the fast 
coincidence units. ‘These triple coincidence units were not used in the second 
series of observations and variations in the sensitivity of the coincidence units. 
during an observation could not be controlled. ‘The greater dispersion of the 
second series of observations is probably due to such variations in sensitivity. 

The proton counter was fixed at 116° to the incident deuterons, and the y-ray 
counter was rotated about the target in the plane of the deuteron beam and the 
proton counter. Aluminium foil was placed in front of the proton counter to 
absorb all but the protons from the ®Li(d, p) reactions. With a beam current of 
20 the true coincidence rate was about equal to the random coincidence rate, 
each being approximately one per second. ‘The individual counting rates were 
approximately 5000 protons per second and 12000 y-rays per second. At the 
bombarding energy of 410 kev the percentage of long-range protons from the 
reaction was 75%. ‘This estimate was made from the absorption curves taken 
during the experiment and is in good agreement with previous results (Dunbar 


and Hirst 1951). 


2C-2 


300 A, }. Salmon and E. K, Inall 


§ 3. RESULTS 


The number of p~y coincidences per 4 x 107 proton counts was determined at 
different angles in the range 5° <0, <95°, where 0, is the angle between the 
y-detector and the incident beam. The mean number of true coincidences in this 
angular range was 8700; in all about 10° true coincidences were detected. Ata 
deuteron energy of 410 kev the velocity of the centre of mass is so small that the 
conversion from laboratory to centre-of-mass coordinates introduces a negligible 
correction. ‘The results are shown in fig. 2. Measurements were made with the 
y-detector on both sides of the beam and for the same values of 6, the numbers of 


@ Observations with detectors 
on same side of beam 

w Observations with detectors 
on opposite sides of beam 


Detector 


Coincidence Counts 
Mean Coincidence Counts 


Fig. 2. Plot of observations showing no significant variation of the coincidence _ 
rate with change in angle 6,. 


true coincidences were equal thus providing a check that scattering of the y-rays 
was negligible. ‘The accuracy of each point is limited to a standard deviation of 
about 2:5°% by the number of counts recorded. ‘There is also a systematic error 
of +1:5% in the ratio of the resolving times of the delayed and undelayed coin- 
cident circuits; this however produces only a second order effect on the plotted 
ratio. ‘The variance of the two sets of observations obtained with the different 
recording circuits was consistent with the hypothesis that they belong to the 
same normal population. Both sets were therefore treated as one population and a 
function of the form 1 + A cos? 6 was fitted. ‘The value of |.A| was less than 0-01. 
‘The standard deviation of the observations was 2:8 °% which was consistent, at the 
5% level according to Snedecor’s F test, with the hypothesis that the dispersion 
was only due to the random nature of the coincident counts which limited the 
statistical accuracy to 25%. From these results it was concluded that the angular 
correlation is isotropic. 


§ 4. PREDICTION OF ANGULAR CORRELATIONS 


‘The radiations emitted in this reaction are a proton and then a y-ray ; the results 
given below are for this particular case, when one particle with spin and then a y-ray 
are successively emitted. If the reaction is produced by particles with zero 
orbital angular momentum then the magnetic sub-states of the compound nucleus 
are equally populated and the correlation is of the form derived by Spiers. 
Assuming that the transitions are between three states with total angular momentum 
and magnetic quantum numbers (J)M)), (J;M,), and (J,M,) and a particle is 
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emitted with spin (s, s’), orbital angular momentum /,, and total angular momentum. 
(J1, ™,), followed by a y-ray of multipolarity 2” we have : 
Wa)= & oe (Jat, My My — My|J9 Mo) (4, sm, —5'3 8's [J m) Vie—" (0)? 


M.M,M, 8’,p= 
etn ts 80, MMS My Dieu) (1) 


where @ is the polar angle between the two directions of emission, the 
dihedral angle being zero. The elements of the spatial rotation group 
Dinp(8) are discussed by Goertzel (1946), who gives expressions for them when 
l=1. (J,j7, M, My— M,|J_ M,) is the transformation coefficient for the addition 
of the angular momenta J,+j,=J) (Condon and Shortley 1935). It has been 
shown that W(@) isa polynomial in cos?@ and the maximum degree of cos? is not 
greater than the least of /,,J,,and/,._ The above assumes that only one value each 
of 7, and /, is involved in the reaction. If more than one value of j, is possible then 
interference between the different partial waves may occur; similarly if various. 
multipoles are possible with comparable relative intensities interference between 
them may occur (Ling and Falkoff 1949). 

If the reaction is produced by particles with non-zero orbital angular momentum 
[then the correlation becomes more complicated than expression (1) since there is 
unequal weighting of the magnetic substates of the compound nucleus and the sum 
over M, becomes coherent. ‘The theory has been discussed by Biedenharn, 
Arfken and Rose (1951) for the case in which two particles without spin are emitted 
successively. ‘The correlation is now a function of 0, and 6,, the polar angles of the 
first and second radiation respectively with respect to the incident beam. If their 
expression is extended to the case when the first emitted radiation has spin it 
becomes 


W(0,0,) = soe x Me |A(S)|? (LSoMs|J9Mo)? 
1M op M oS p= 
x eres M,M,—-™, [J My) (4 sm, —s Vi my) Veo (9,) 


x (Jl, M, M,— M,|J, My) Diit,— up COS ie Pye erties (2) 


the beam and both emitted radiations being coplanar. Sis the ‘channel spin’ and 
A(S) is some complex quantity, usually unknown, representing the probability that 
that particular value of S will be formed. Biedenharn, Arfken and Rose showed 
that the cross products in the sum over M, could be removed by making 6, or 0, 
equal to zero or 7 radians. We could not do this with our experimental arrange- 
ment as with 0, or 6, equal to zero soft x-rays were detected from the top of the 
accelerator tube which greatly increased the random coincidence counting rate. 

The prediction of explicit coefficients in an angular correlation between two 
particles emitted from a nuclear reaction is possible if certain conditions are 
fulfilled. ‘These are : 

(a) The intensities of the channel spin components should be known, or only 
one value of channel spin should be operative. ‘The latter condition is fulfilled 
when the target nucleus has zero intrinsic spin, when the reaction is produced by 
S-wave particles, or when a chance combination of quantum numbers makes only 
one value possible. 

(b) Each of the emitted particles should have only one possible value of 7; 
if more than one value is possible then the ratio of their intensities and their phase 
relationship must be known. Only one value of j is possible if the emitted particle 
has zero intrinsic spin. 
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(c) Only one value of orbital angular momentum forthe incident particles should 
be operative. If only one level of the compound nucleus is taking part in the 
reaction then at low energies all except one partial wave can usually be neglected. 

(d) Only one level in the compound nucleus should be effective. If more than 
one is effective then the above conditions should hold and also the relative intensities 
and phase relationships of the effects due to the various levels should be known. 

If these conditions are fulfilled the coefficients can be calculated using 
expressions (1) and (2) or extensions of them; otherwise, as is usual, simplifying 
assumptions have to be made so that the expressions can be used directly, inferences 
are then made from the results. 


§5. INTERPRETATION 


An isotropic correlation between the emitted radiations has also been observed 
in a plane containing the beam by Class and Hanna (1952). Newton (1951) has 
observed an isotropic correlation in the plane perpendicular to the beam. ‘The 
angular distribution of the protons with respect to the incident beam in this 
reaction has also been studied; Dunbar and Hirst (1951) have compared the 
results obtained, which are not self-consistent particularly at low energies. It 
appears probable, from these results, that at a deuteron energy of 400 kev both S 
and P deuterons are taking part in the reaction, and in this case two states in SBe 
-of opposite parity must be involved. However Whaling and Bonner (1950) find 
an isotropic angular distribution in which case: S deuterons alone could produce 
the reaction, or a state in *Be with J =0 might be involved, or S-wave protons 
could be emitted. 

If.J =+ for the first excited state in 7Lithen whatever other states are involved in 
the reaction the angular correlation will be isotropic. If J =5/2, which is the 
other possibility, then the angular correlation could be isotropic or anisotropic 
dependent upon the particular quantum numbers involved. We have calculated 
for the most probable quantum numbers the angular correlations for S deuterons 
incident using expression (1), and for P deuterons incident using expression (2). 
The results are shown in the table with the main quantum numbers given in the 
form Joj,J,4,J,. When two values of j, are possible they are shown as (j,’, /;”), 
and they have been assumed to be incoherent and of equal probability. In the 
reactions produced by P-waves we have assumed |A(S)|? is constant for all values 
of S. Inall the reactions magnetic dipole y-radiation is assumed to be emitted as is 
indicated by the results of Elliot and Bell (1948). 


S deuterons incident. 


Transition. 0,5/2,5/2,1,3/2 b Sf 2, Sy cpa 2(4,3/2), 3) 2yloope 
W (0) 1—0-5 cos? 6 1 — 0-37 cos? 0 1+ 0-03 cos? 6 

P deuterons incident. 

Transition... 10;5/2;5/2:1,3)2 LiS/255 2) see he ote oe NAR Be) 2 
W(116°,0,) 1+0:46cos? 4, 1+ 0-46 cos? @ Isotropic 
Transitions 2(3/2,5/2),5/2,1,3/2 35455/251,37/2 3(3{2,5/2))5/2,d, ue 
W(116°,@,) 1+0-01 cos? @ 1 —0-34 cos? 4, 1 — 0-20 cos? 6 


If the angular distribution of the protons with respect to the beam is isotropic 
then S deuterons alone could produce the reaction and an almost isotropic angular 
correlation would be observed if the transitions were 2($,3/2),5/2, 133/25 oslt toe 


some reason j,;= 4 only was operative in this scheme then an isotropic angular 
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correlation would be observed, even though the protons are emitted with J, =1. 
The scheme 2, $,5/2,1,3/2 would also give an isotropic angular correlation and an 
isotropic angular distribution as the protons are emitted with/,=0. Ifthe angular 
distribution is anisotropic then the reactions produced by P deuterons only all 
give anisotropic angular correlations with relatively large coefficients, except the 
transitions 2(3/2,5/2),5/2,1,3/2 which has an almost isotropic angular correlation. 
The correlation in this latter case is also almost isotropic if 0, =0, the experimental 
arrangement of Class and Hanna, although if either j=3/2 or 7=5/2 only is 
operative the anisotropy would be easily detectable. ‘The angular distribution 
appears to involve terms in cos 6, thus both S and P deuterons are probably taking 
part in the reaction. In this case the angular correlations are unpredictable 
precisely; but as will be seen from the table, the only simple scheme which will give 
an almost isotropic correlation involves both S and P deuterons reacting through 
states in §Be with J=2. However, in this case the several conditions must be 
satisfied that the various values of j involved, and the effects of the two levels, are 
incoherent, and the various values of A(.S) are approximately equal; also the 
emission of the protons with /=2 must be favoured with respect to the most 
probable value of /=0 allowed by angular momentum considerations. The 
observed isotropic angular correlation is thus more probably due to the first 
excited state of 7Li having a total angular momentum/J of $. This is in agreement 
with the observed isotropic angular correlation of the alpha-particles and y-radiation 
from the reaction !°B(n, «) *Li* y’Li which strongly suggests that J =4 (Rose 
and Wilson 1950), and with the isotropy of the y-radiations in the reactions 
*Li(p, p’) 7Li* (Littauer 1950 b) and ®Li(d, p)’Li* (Class and Hanna 1952) which 
would be unlikely if J =5/2 but certain if J = 4. 
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304 RESEARCH NOTE 
Photoelectric Absorption in Lithium Vapour 


By J. TUNSTEAD Physics Research Laboratory, University of Reading 
Communicated by R. W. Ditchburn; MS. received 4th December 1952 


the region near the series limit has been measured using methods — 

previously described (Ditchburn, Tunstead and Yates 1942). The 
principal difference was the use of a steel absorption tube to withstand the 
higher temperature required to vaporize the lithium. The atomic and molecular 
absorptions were separated by plotting the absorption coefficient at each 
wavelength against the concentration of the vapour and extrapolating to zero 
concentration, as explained in the paper quoted. The best value for the 
absorption cross section at the series limit (corresponding to the emission of 
electrons with zero kinetic energy) is 2:5 x 10-18 cm?. 

Under the conditions of this experiment, accurate photographic photometry 
is difficult and an uncertainty of + 15°% must be assigned to errors in photometry 
and in temperature measurement. ‘The vapour pressure was calculated from 
a formula given by Ditchburn and Gilmour (1941) based on a review of the 
experimental evidence. Ditchburn and Gilmour estimate that the vapour 
pressure may be in error by +30%. ‘The total error in absorption cross section 
is thus about +40% and the value lies between 1-5 and 3-5 x 10-18$cm?. There 
is a possibility of a systematic error due to the vapour attacking the steel 
absorption tube. An error of this type would make the observed value too low. 
Certain tests indicate that no very large error is due to this cause. ‘The 
absorption cross section has been calculated by Hargreaves (1929) who obtains 
the value 3-7 x 10-1%cm?, which is just above the upper limit of the observed 
value and considerably above the best value. Recent recalculation (Seaton 
1951) of the corresponding quantity for sodium has reduced the theoretical 
value from 3-1 to 1-0 x 10°! cm?, bringing it into agreement with the experimental 
value for sodium (Ditchburn and Jutsum 1950). A recalculation for lithium 
appears desirable. 

On the short wavelength side of the series limit (from 2300A to 1850 A) the 
absorption is approximately proportional to A®*. This agrees well with the 
calculations of Trumpy (1928). The maximum on the short wavelength side of 
the limit predicted by Hargreaves (1929) is not observed. 

The exact shape of the absorption curve in the neighbourhood of the series 
limit has been investigated. There is a fairly steep increase over a range of 5A 
on the long wavelength side of the limit to a maximum value at 2299-64. This 
wavelength agrees with the value calculated from the convergence of the series 
lines. ‘The absorption cross section for the Li, molecule at 25004 is estimated 
to be of order 5 x 10%. 
py This work was carried out at T'rinity College, Dublin, as part of a programme 
initiated by Professor Ditchburn. I wish to acknowledge receipt of a maintenance 
grant from the Department of Industry and Commerce, Eire. 


[we continuous absorption of light in lithium vapour for wavelengths in 
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LETTERS TO THE EDITOR 


Nuclear Spin and Magnetic Moment of Radioactive Cobalt 57 


From the hyperfine structure observed in a paramagnetic resonance spectrum, 
the nuclear spin of °’Co has been determined as 7/2, and the magnetic moment 
as 4-6 + 0-2 nuclear magnetons. 

The °*Co, together with some *®Co and °4Mn, was made by the reaction 
*®Fe(d, n) °’Co using 18 Mev deuterons produced in the Birmingham cyclotron. 
The target consisted of a strip of ‘Specpure’ iron soldered to a copper cooling- 
tube; after bombardment the iron was dissolved in concentrated hydrochloric 
acid, the copper and solder having been waxed to prevent their dissolution. 
When most of the radioactive material had dissolved, the bulk of the iron was. 
removed by two ether extractions. ‘The aqueous layer was evaporated to a small 
volume and placed in a narrow band across a strip of Whatman’s No. 1 filter 
paper previously washed with 2N hydrochloric acid. 

Separation of the elements present was then effected by using a conventional 
paper-chromatographic technique (see, for example, Burstall et a/. 1950). The 
solvent used was ethyl methyl ketone containing 8°% by volume of concentrated 
hydrochloric acid. After 24 hours the paper was dried and the positions of the 
54MIn and *©57Co bands were determined by measurement of their radio- 
activity. [he paper containing the radio-cobalt was cut out and washed with 
dilute hydrochloric acid until free of activity. A little cobalt-free zinc sulphate 
was then added and the solution was evaporated to dryness and ignited to remove 
ammonium salts and filter particles. The residue was dissolved in sulphuric 
acid, evaporated to dryness and dissolved in heavy water. containing cobalt- 
free zinc potassium sulphate. All reagents used were ‘ Analar’ materials which 
had been twice distilled in an all-glass apparatus. 

A single crystal of mass about 30mg of ZnK, (SO,).. 6D,O containing about 
60% of the radioactive cobalt was grown from a solution in 1 cm? of heavy water. 
At 20°k the paramagnetic resonance spectrum showed a set of eight nearly 
equally spaced lines, whose angular variation of spacing and g-value confirmed 
that they were due to cobalt. At 14cm wavelength the signal/noise ratio of these 
lines displayed on an oscilloscope was about 20 : 1 while at 3cm wavelength, 
using a narrow band amplifier, it was 100 : 1. ‘There was no trace of a second 
contiguous spectrum which might be due to another cobalt isotope. ‘The spacing 
of the hyperfine structure was the same, as nearly as could be determined, as 
that due to the stable isotope ®°Co, which also shows eight lines, corresponding 
to a nuclear spin of 7/2 (Bleaney and Ingram 1951). An accurate comparison 
was impossible, as the high anisotropy makes it necessary to determine the 
direction of the external magnetic field relative to the crystal axes to within 1°, 
and the faces of the active crystal were not recognizable. 

At this point three possible explanations of this result seemed possible: 
(a) the spectrum observed was entirely due to °’Co, which therefore has [= 7/2, 
and a magnetic moment close to but not necessarily identical with that of °°Co; 
(b) the spectrum was entirely due to *°Co, present as impurity, and the °’Co 
spectrum was too weak to be seen; (c) *Co and *’Co were present in comparable 
quantities, but the two isotopes have the same spin and almost identical magnetic 


306 Letters to the Editor 


moments. ‘T'wo independent measurements of the activity, using scintillation 
counters to discriminate between the gamma-rays due to °’Co and *°Co, showed 
that the amount of 57Co in the crystal was at least 0-5 wg, and more if there is 
considerable internal conversion. Comparison of the intensity of the spectrum 
with that of a crystal estimated to contain 3-0 ug (subsequent chemical analysis 
gave 2-6 wg) suggested that the active crystal contained about 1:5 pg of Co, but 
variation of the intensity with angle because of the high anisotropy made this 
comparison rather unreliable. This evidence thus favoured (c) but could not 
be considered conclusive. 

The crystal was regrown from a solution to which 4 wg of stable *°Co had 
been added. Once more only a single spectrum could be observed, and intensity 
comparison with another crystal again showed that the total cobalt of the active 
crystal was about 1:5—2 ug. This eliminated (a), and chemical analysis (using 
nitroso—R salt) of the active crystal then showed that its total cobalt content was 
2:-4+0-1 wg. Thus the ratio 57 :59 was at least 0-5: 1-9 and (5) could also be 
eliminated. The intensity of all eight lines was equal within 5%, thus 
eliminating the possibility of the spin of ®’Co being other than 7/2, though with 
the same gyromagnetic ratio as ®°Co. No trace of broadening could be detected 
on the outermost lines showing the gyromagnetic ratios must be equal within 
Tyee 

Ge thanks are due to the Nuffield Cyclotron team of Birmingham University, 
who carried out the irradiation, and to Dr. M. A. Grace and Dr. J.R. Prescott, 
who determined the radioactivity of the crystal. 


Clarendon Laboratory, J. M. Baker. 
Oxford. B. BLEANEY. 
18th December 1952. K. D. Bowers. 
P. F. D. SHaw. 
R. S. TRENAM. 


BLEANEY, B., and INcrRam, D. J. E., 1951, Proc. Roy. Soc. A, 208, 143. 
Bursta.t, F. H., Davies, G. R., Linsreab, R. P., and WELLS, R. A., 1950, ¥. Chem. Soc., 516. 


Measurements of the Energy Loss Distribution for Minimum 
Ionizing Electrons in a Proportional Counter 


The energy spent in matter by relativistic charged particles over a length of 
track short compared with their range is subject to large fluctuations due to 
delta-rays. These fluctuations impose a serious limitation on the amount of 
information which can be derived from specific ionization measurements with 
counters. ‘The fluctuation problem has been treated by Landau (1944) and by 
Blunck and Leisegang (1950). Measurements of the energy loss distribution 
for relativistic electrons were made by Rothwell (1951), who found, in argon and 
krypton, distributions broader than Landau’s theory would suggest but 
narrower than predicted by Blunck and Leisegang. The present experiments 
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are an extension of Rothwell’s to a greater variety of gases and to a wider range 
of pressures, using the same experimental method. 

Minimum ionizing electrons of energy 1:3 Mev selected by a B-spectrometer 
pass through a proportional counter fitted with two thin windows at opposite 
ends of a diameter. An end window Geiger counter is placed opposite the 
“exit’ window of the proportional counter. A coincidence between pulses 
from the proportiona! and the Geiger counters operates a gating unit which 
allows the proportional counter pulse to pass to a four-channel pulse analyser. 
Two cylindrical brass proportional counters, fitted with aluminium windows 
lcm diameter and 0-001in. thick, were used. The effective depth, i.e. the 
distance between the windows, was 4:61cm in one counter and 7:19cm in the 
other. Pulse size distributions were measured in the two counters separately 
over a range of pressures of filling gas. Energy calibrations were made with 
K x-rays of energies 4-95 kev and 8-05 kev from *!Cr and Zn. 

It was noticed that a significant variation in the width of the distribution 
occurred as the pressure of filling gas, and therefore the energy spent, was varied. 


(1) (2) (3) (4) (5) (6) (7) 
Ness -0; CH 732 4-61 Boys) 0-86 76:3 UES Peal 
Ne 36-6, CH, 4-0 TAD POTS) 0:83 72:8 eo ae 
Ne 63-5, CH, 5-0 4-61 3-26 0:86 70-4 67:0 ELD) 
Ness-2, CHy4:2 ENS) 3-94 On79 64-4 59°5 3-18 
Aes0- 0, CH, 1-9 4-61 BSS) 0-90 89-0 84:7 1:07 
A 36-8, CH, 4-1 AD 4-99 0:90 67-7 64:5 | 
ANS 6-41 COs 2-7 7:19 5:06 0-90 Ofes 63:-95-* 0213 
UX S/d, GO n PHOS 4-61 5°14 0-94, 66°5 63:6 | 
A 63:-7,,CH,.4-1 PAD 8-64 0:89 58:2 56-4 Seo, 
A~150, CH, 7 TAS) 17-9 — 50:9 49-6 6:9 
IGE ALO Oleh, 136) 48) PIONS) 0:87 96:0 O3E4 0:76 
Kea 3ics) CH a7) 4-61 Soy Ovi! 84:8 2 1:30 
Kr 67-0, CH, 3-8 4-61 11:0 0-95 68-3 Ove? TOM! 
Kr67-6, CHAS TOS, 16:8 0:88 59-4 58-1 3-63 
Cri S0r/ tal) 4-61 2°34 0-90 62-7 5/26 = 
Crirs22 
Ne > 33-0) Kr'4-2 4-61 4-10 0:91 62:2 po — 


(1) Filling (cm Hg at 0°c); (2) counter depth (cm); (3) Ay (exp) (kev); 
(4) A, (exp)/ Ao (Landau); (5) °% width at half height; (6) corrected width (%); (7) E/IpZ. 


* Mean 64:0. + Mean 70:2. 


This was investigated for the gases krypton, argon and neon. ‘The results 
are given in the table. Columns (3) and (4) give the experimentally determined 
most probable energy loss A,(exp) and the ratio of the experimental to the 
theoretical (Landau) values of this quantity. In column (6) the experimental 
width of the energy loss distribution, expressed as a percentage of the most 
probable energy loss, has been corrected for the line width of the proportional 
counter corresponding to a monokinetic radiation of energy Ag (exp). 

The widths for each of the gases when plotted against A, (exp) lie on separate 
smooth curves. However, the points for the three gases neon, argon and krypton 
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can be made to lie on the same curve by plotting the widths against a function 
of 1,Z, the mean ionization potential of electrons in an atom of atomic number Z, 
and a parameter €. This last quantity is an energy such that, on the average, 
one delta ray of energy greater than € is produced in the length of track examined. 
Delta rays of energy approximately equal to € are mostly responsible for the spread 
in the distribution (Cranshaw 1952). The value of € in electron volts is given 
by {1-54 x 105/(v/c)?} {u,Z,/A,} where y, is the mass per cm? of material of atomic 
number Z, and atomic weight A, Since J,Z averaged over the components 
of the mixture is the mean binding energy of the electrons, the ratio €/I)Z is 
some measure of the extent to which electron binding can be neglected. Landau’s 
treatment, which neglects electron binding, requires E/I,Z>1. When the 
widths are plotted against this ratio (with J)=13-5 ev) all the points lie on the 
same curve as shown in the figure. 


o Neon 
= e Argon 
=e 4 Krypton 
=c 


Percent. 
at Half 


The broken curve in the figure gives Landau’s values of the widths for argon, 
and it seems possible that for larger values of €/J)Z than are attained in the 
present experiments Landau’s value may be reached. The points corresponding 
to methane and the methane plus neon mixture given in the table have not been 
plotted since the computed mean value of [)Z for these light gases is extremely 
sensitive to the small amount of krypton which was added to facilitate calibration. 

_ The ratio Aj (exp)/A) (Landau) did not show any systematic variation with 
€/I,Z. The mean value for all the mixtures was 0-89. 

Thanks are due to Dr. P. E. Cavanagh and Mr. J. F. Turner for the use 
of their B-spectrometer and to Mr. E. F. Bradley for his help with the measure- 
ments. Acknowledgment is made to the Director, Atomic Energy Research 
Establishment, for permission to publish. 


Atomic Energy Research Establishment, D. WEsT. 
Harwell, Didcot, Berks. 
30th December, 1952. 
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CransHaw, ‘I’. E., 1952, Progress in Nuclear Physics, Vol. 11 (London: P 

Lanvav, L., 1944, ¥. Phys. U.S.S.R., 8, 201. Se 
ROTHWELL, P., 1951, Proc. Phys. Soc. B, 64, 911. 


unmodified Hg lines. 
group of lines lying between 4916 and 5460 A (fig. 2). 
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On the Effect of a Strong Electrostatic Field on Scattering 


The Raman spectrum, fig. 1 (a), of CCl, excited by the mercury line A4358A 
has been recorded in juxtaposition with the spectrum, fig. 1(b), obtained when 
the Raman tube was placed between two cylindrical plates charged to a potential 
difference of 750 volts. The intensity of the mercury arc, the temperatures of 


the mercury arc and of the specimen of CCl,, and the length of exposure were 
the same in both cases. 


=314cm7! 
-218cm~! 
-A35B A 
=-218cm7! 
-314cm 
-458cm"! 


(a) 


Fig. 1. 


(b) 


i ~ 4358.8 
Mm. 4916A 
=-5460A 


Fig. 2. 


It is found that the Rayleigh lines suffer a slight displacement towards the red 


end of the spectrum on account of the field. The wings accompanying the strong 


Rayleigh lines 4358 and 54604 are also less broad. At least one Raman line, 


that representing the fundamental frequency vy(=218 cm), has also been 
displaced towards the red end. 


Further, the application of the field tends to lower the intensity of the 
This change in intensity is very noticeable in case of the 


The simplest interpretation would be that an electric field produces an 


ordered orientation of the liquid molecules which modifies the conditions under 
which scattering normally takes place. 


It may be pointed out that changes in 


the frequency and intensity of Raman lines are often noticed when a substance 
passes from the liquid to the more orderly solid (crystalline) state. 


Department of Physics, 
Christ Church College, Kanpur. 
25th November 1952. 


WSINGH, 
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The D—*H and D—*He Reactions below 45 kev 


The disintegrations which result from bombarding the ‘mirror’ nuclei 
3H and °He with low energy deuterons have been investigated using thin gas. 
targets and detecting the «-particles in nuclear photographic emulsions. The 
experimental procedure was based on that used for the D—D reaction by Moffatt, 
Roaf and Sanders (1952). 

The number of 3H atoms in the target was determined by counting directly 
the B-particles produced by the decay of the trittum in each sample of the target 
gas. 

The concentration of *He was obtained from mass spectrometer measurements. 

The angular distribution in the centre of mass system of the «-particles 
from D-3H was isotropic within the errors of measurement. Owing to the low 
yield the D-*He was measured at one angle only and its cross section was calculated 
assuming an isotropic angular distribution. 

The cross sections of both reactions are given in the table. 


DH D—*He 
Deuteron energy (kev) 19-45 28-97 43-73 28-97 33-68 43-73 
Cross section (barns) 0:0733 0-292 0-868 £6 < 10-47 x 10-* 2-3 210] 


The slope of the Gamow plot, of log,,(¢ £) against E—!”? for the D-?He was 
— 36:8 and for the D-*H was —18-8, where the cross section o is measured 
in barns and the deuteron energy Fis in kev. Hence the difference in yield can 
be accounted for by the double nuclear charge on the *He nucleus. The value 
of the ‘Gamow’ slope of the D-*H reaction is markedly different from the 
recently published results of Conner, Bonner and Smith (1952) over this energy 
range. 


The Clarendon Laboratory, R. G. Jarvis. 
Oxford. D. Roar. 
15th December 1952. 


MorratT, J., Roar, D., and Sanpers, J. H., 1952, Proc. Roy. Soc. A, 212, 220. 
Conner, J. P., BONNER, 'T. W., and SmiTu, J. R., 1952, Phys. Rev., 88, 468. 


REVIEWS OF BOOKS 


Introduction to Concepts and Theories in Physical Science, by GrraLp HOLTON. 
Pp. xviii+650. (Cambridge, Mass.: Addison Wesley Press, 1952.) $6.50. 


The standard university courses in physics as a main or an ancillary subject at 
British universities have frequently been criticized on the grounds that they lay 
too much emphasis on imparting a vast amount of factual material to the students 
instead of concentrating on the thorough teaching of fundamentals. Only at few 
places does the curriculum include special introductory courses on the fundamental 
aspects and their historic development, and on scientific method and philosophy 
ofscience. ‘The need for such courses has been generally recognized in the U. 5.AS, 
and the author, who has great experience in teaching physics and general education 
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in the physical sciences, has written this book as a guide to teachers and students 
of courses of this type. ‘To quote from his preface: ‘‘ At the end of such a course 
the student will be in a position to know the principal laws and the evolution of key 
conceptual schemes, but it is then also hoped that he, as a responsible citizen, will 
understand the criteria of validity in scientific thought, the conditions that aid the 
fruitful growth of science—and perhaps even the exhilaration that binds his 
instructor to the scientific profession.” 

The book is most likely to achieve this aim, as it is written with great skill, care 
and originality. No previous knowledge of the subject and only the most elemen- 
tary knowledge of mathematicsis required. It contains many interesting problems 
and at the end of each chapter a carefully selected list of books for further reading. 
The main emphasis is laid on the development of the fundamental ideas of the 
dynamics of particles including the laws of planetary motion, and the origins of the 
atomic theory of physics and chemistry, terminating in the concept of the nuclear 
atom and the fundaments of quantum theory. A whole section is devoted to a 
discourse on structure and method in physical science. 

It is perhaps regrettable that the continuum aspect of physical phenomena has 
been pushed into the background, so much so that the classical physics of electricity 
and light is confined to the first two chapters of the section on quantum theory and 
the nuclear atom. After all, the discontinuum and the continuum aspects have 
vied with each other throughout the whole history of physics, and the current 
theories are made up of elements from both these concepts in about equal parts. It 
is also doubtful whether illustrations of the classical conservation principles 
drawn from atomic and nuclear physics at a stage where the reader has not yet been 
acquainted with the basic facts of atomic physics are serving a useful purpose unless 
it is supposed that the students attending the course know a great deal about 
electrons, protons and nuclear reactions from popular magazines, but practically 
nothing about Newton’s laws. ‘The very casual introduction of the concept of 
probability and its role in the kinetic theory is also in sharp contrast to the great 
thoroughness with which the classical concepts of dynamics are discussed. 

Notwithstanding these shortcomings the book can be warmly recommended, 
and it is to be hoped that introductory courses on similar lines will soon be generally 
available to students in this country. R. FURTH. 


Séries de Fourier régularité, séries divergentes et formulation expérimentale, by 
PIERRE VERNOTTE. Pp. xvi+105. (Paris: Publications Scientifiques et 
Techniques du Ministére de I’Air, 1952.) 800 fr. 


Electrolyse, Report of a conference organized by the Centre National de la 
Recherche Scientifique. Pp.147. (Paris: Centre National de la Recherche 
Scientifique, 1952.) 1,500 fr. 


La mécanique rationelle dans un espace a quatre dimensions et ses applications, by 
J. Lotszau. Pp. iii+312. (Paris: Publications Scientifiques et’l’echniques 
du Ministére de l’Air (No. 270), 1952.) 2500 fr. 


Constantes thermodynamiques des gaz auz temperatures elevées, by M. G. Ripaup. 
Pp. viiit+169. (Paris: Publications Scientifiques et ‘Techniques du 
Ministére de l’Air (No. 266), 1952.) 1500 fr. 
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6th Rutherford Lecture 


The Atomic Nucleus and Its Constituents 


By ko EB. PEIERLS 
Department of Mathematical Physics, University of Birmingham 


Delivered on 3rd October 1952; MS. received 2nd Fanuary 1953 


Mr. President, Ladies and Gentlemen, 

May I begin by saying how greatly I appreciate peine asked to deliver this 
lecture. There is no name in physics with which it would give greater pleasure 
to be associated than that of Rutherford. Earlier Rutherford lecturers gave 
personal reminiscences; while I had the great privilege to spend some years 
in Cambridge under Rutherford, I did not know him well enough to add to the 
picture that has there been painted, and I know it is not your wish that I should 
attempt to do so. 

I want to take as my theme tonight our present knowledge of the nucleus, 
and to show what has been built on the foundations which were laid by 
Rutherford’s work. It may appear perhaps incongruous that the first lecture 
of this kind should be given by a theoretician, because it has often been said 
that Rutherford was not interested in theoretical speculations. However, it is 
evident from his work that he was well aware of the ultimate aim of nuclear 
studies, which is to extend our knowledge of the basic laws of nature which must 
be given quantitative form in mathematical terms. His interpretation of the 
experiment on alpha-ray scattering was a classical example of theoretical 
reasoning at its best. What he had no patience for was abstruse and complicated 
speculation, and I shall try tonight to avoid unnecessary complication, and to 
express simple concepts in simple language. ‘This is an aim that I believe 
Rutherford would have approved of; to what extent I shall succeed remains to 
be seen. 


The past fifteen years have seen a change of emphasis from what Rutherford 
liked to call the ‘New Chemistry’, i.e. the discovery of new nuclear species and 
their transformations into each other, to the detailed study of the energy levels 
and other properties of each nucleus, a field which might be called nuclear 
spectroscopy, or nuclear dynamics. 

The difficulties that have to be overcome in this field are very different from 
those that were encountered in the study of atomic structure. In the atom there 
was never any serious doubt that the forces between its constituents were 
electric forces and essentially given by Coulomb’s law (with various equally 
well-known refinements) but the general laws of dynamics and the concepts of 
position and velocity of a particle, which had served so well to formulate all 
dynamical problems on larger scale, were found to break down on the atomic 
scale. One had to develop new dynamical concepts, now embodied in quantum 
mechanics, before a consistent description of atomic phenomena became possible. 
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It seems likely that the same dynamical principles are still adequate for a 
description of the nucleus. At any rate no evidence has so far appeared of their 
failure, and in all those cases where unique and rigorous predictions could be 
made on the basis of the general laws of quantum mechanics, such as the | 
existence and properties of angular momentum and other symmetries, they have 
been borne out by observation. One must evidently keep an open mind on this 
point until the description of the nucleus is more nearly complete, but for the 
present we are proceeding on the assumption that the general principles of 
quantum theory are applicable. 

But we cannot use these principles without knowing the nature of the 
forces between the different parts of a nucleus, and our information about these 
interactions is still very restricted. Much has been learnt, but many questions 
still remain open, and I shall try to sketch the features of which we are certain, 
and the doubts that remain. 

Nuclear forces must be of a very different kind from electromagnetic forces. 
For one thing they are appreciable only for short distances, of the order of a few 
times 10° cm. This follows from the fact that the scattering of alpha-particles 
in Rutherford’s original experiment agrees so well with that expected for the 
electric field of a point charge. More accurate experiments do show deviations, 
but these occur for fast particles and large deflections, when one is therefore © 
dealing with very close collisions. At very close approach the nuclear forces 
must be very much stronger than the electric forces. A nucleus is about 10* times 
smaller than an atom, and electric potentials should therefore be 10* times larger 
than typical atomic potentials, say a few times 10° volts. On the other hand, 
a typical binding energy of a particle to a nucleus is of the order of six million 
electron volts (Mev). Hence electric forces can be neglected for many purposes. 

How can one obtain information about the law of force? ‘There are 
essentially two methods available: empirically from observations on nuclear 
collisions and other data, and theoretically from some simple general principle. 
Both approaches are being used; both have proved constructive to some extent, 
but neither is as yet adequate. 

Consider first the empirical method. The most important evidence here 
comes from processes involving only two nucleons (we use the term ‘nucleon’ 
to cover both neutrons and protons) since such a two-body process can be 
described theoretically without much difficulty, so that the relation between the 
observations and the law of force is straightforward. Further evidence comes 
from the light nuclei, for which an approximate analysis is possible, and from 
qualitative and general regularities amongst the nuclei in general. 

To analyse the evidence one proceeds by comparing it with some simple 
hypothesis about the law of force, and where this leads to contradictions one 
modifies the model so as to make it agree better with the data. It is clear that by 
this method we go from a simple picture to one that is more and more complicated 
as more and more evidence is available. We must therefore begin by making a 
number of simplifying assumptions none of which we shall be able to retain 
absolutely. However, most of them still appear to be true to a fairly good 
approximation, so that the initial approach was not far wrong. 

It is plausible to start from the assumption that the forces are two-body 
forces, i.€. that the interaction between any two nucleons in a given state of 
motion Is not influenced by the presence of others, There is so far no evidence 
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against this assumption, though I shall return to this question later. In any 
case the point does not arise if we consider processes in which only two particles 
are involved. 

Next we assume that the forces are ‘static’, i.e. depend only on the positions, 
and not on the velocities, of the interacting nucleons. Again, there is no evidence 
against this (though even if the hypothesis were not true, this would not 
necessarily show up in a very obvious manner). 

It is also natural to think of a central force, i.e. a potential energy which 
depends only on the distance between the particles. This will at once be seen 
to have only limited validity. 

We know that the only stable two-nucleon system, the deuteron, is always 
found with one unit of angular momentum, and that this is not due to a revolution 
of the two particles about each other, but to their spins (each of half a unit) 
being parallel. In quantum theory two such spins may either be parallel 
(triplet state) or opposite (singlet state). Since no bound singlet state exists 
it follows that the forces are spin-dependent, and more strongly attractive in 
the triplet than in the singlet state. 

In each state we then require a function which expresses the potential energy 
as a function of the distance, and if this is of short range, i.e. if the force vanishes 
for distances greater than a few times 10-18 cm, then the results of the mathematical 
description can be summed up very conveniently. 

For low-energy problems (energies below, say, 30 Mev) the results depend 
only on two parameters, the ‘scattering length’ and the ‘effective range’. The 
first is closely related to the scattering cross section for very slow particles. 
If the interaction potential is of average strength 5 up to distances of the order a 
and vanishes at greater distance, then the scattering length depends on the 
combination ba?. The effective range can be obtained from the variation of 
the scattering cross section with energy and is proportional to the actual range a 
of the forces. 

The energy of the bound state of the deuteron, the cross section for the 
scattering of neutrons by protons as a function of energy and the cross section for 
radiative capture of neutrons by protons, can be quite accurately represented 
for energies below about 30 Mev in terms of four constants, viz. the scattering 
lengths and the effective ranges for the singlet and triplet interactions. ‘This 
agreement gives us some confidence in the analysis, but it also shows that those 
constants are all we can expect to get from this evidence, and that the detailed 
functional form of the interaction potential is as yet undetermined. 

Turning now to the proton—proton interaction, we must remember that we 
are here dealing with a system of identical particles to which Pauli’s exclusion 
principle applies. If such particles have the same spin direction (triplet state) 
they must be in different states of motion, and this can be shown to mean that 
they cannot approach more closely than about their relative de Broglie wavelength. 
At low energy, when this wavelength exceeds the range of the forces, the collisions 
in the triplet state are then negligible and we are concerned only with the singlet 
state. From experiments on the scattering of protons by protons, one can then 
again fit the interaction length and effective range for this case (the fact that 
besides nuclear forces we have also electric forces can easily be allowed for) and 
one finds that to quite a good accuracy they are the same as for the singlet state 


of the neutron—proton system. One is therefore tempted to postulate that this 
21-2 
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is a general symmetry principle, i.e. that the nuclear forces between two protons 
and between a neutron and a proton are always the same in corresponding states. 
This is usually stated as the principle of ‘charge independence’. It is coupled 
with another kind of symmetry which says that the nuclear forces do not change 
if all neutrons are replaced by protons and vice versa. This is usually referred 
to as ‘charge symmetry’. (There is no particular logic in these names.) 

The charge symmetry is demonstrated by the properties of ‘mirror nuclei’, 
i.e. pairs of nuclei which differ by interchanging the number of neutrons and 
protons. ‘The simplest cases are a nucleus of charge Z and mass number 
A=2Z+1, containing Z protons and Z+1 neutrons, and the adjacent one of 
charge Z+1 and the same mass number, which contains Z neutrons and 
Z+1 protons. If all interactions were strictly charge symmetric, such mirror 
nuclei should have strictly the same energy levels. In fact, we know that there 
are weak electric forces present, which violate this symmetry, and so we would 
expect slight differences, actually in the sense that the energy levels of the 
nucleus with the greater charge should lie higher, because of the greater 
electrostatic energy. This is just what is observed, and the states of such mirror 
pairs have been studied in great detail; one finds that there is a very close 
correspondence not merely between the positions, but all other properties of 
the states, such as spins, selection rules and the like. 
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Isotopic spin 


The effect of charge independence in larger nuclei is not quite as easily 
described. It means that the interaction remains the same if any one nucleon 
is changed from a neutron into a proton, thus changing, in general, the number 
of like and of unlike pairs, provided that the resulting state of motion is not one 
which violates the exclusion principle. Of all nuclei of mass number A the one 
with charge }A, or, if A is odd, the two with charges }(A +1) have the least 
number of like particles of either kind, and are thus least restricted by the 
exclusion principle. We therefore expect the pattern of the levels of isobars 
for relatively light elements to look as in the figure. The nucleus with Z=%tA 
has levels (like that marked Zy) which have no counterpart in the other isobars. 
Any level in the isobar Z= $A +1 has a counterpart in 14-1 (charge symmetry) 
and in $A (charge independence). Such a level may not occur in $4 +2, as in 
the case marked £,, but any level of $4 +2 must occur in the four others. Again 
the positions of the levels will not be quite identical but because of electrostatic 
forces they will rise towards higher Z, The second part of the figure shows 
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the same situation for odd A. ‘These patterns are reminiscent of the number of 
components in the Zeeman effect of an atomic level in a magnetic field. The 
place of Z—{4 is then taken by the magnetic quantum number m, and the 
number of components is 27+1, where 7 is the total angular momentum. For 
this reason one has introduced a quantity known as ‘isotopic spin’ 7, and each 
state then occurs in 27'+1 adjacent isobars. ‘This simple picture is applicable 
only in very light nuclei, since for heavier ones the electric effects become large 
enough to confuse the patterns. It is clear that the resemblance of this isotopic 
spin with a real spin is only very formal and superficial, but it is nevertheless 
useful in the discussion of such groups of levels, since it often reduces an 
apparently complicated problem to a familiar statement about composition of 
spins, or selection rules. 

If there were no electrostatic forces, the isotopic spin would, in nuclear 
reactions and transitions, obey selection rules just like the angular momentum 
rules. A recent paper by Radicati (1953) has shown that in many cases the effect 
of the electric forces on these selection rules is quite weak, so that a study of 
such forbidden transitions would give a fairly sensitive test of the charge 
independence of the nuclear forces. 

It is usually assumed, by way of further simplification, that the forces are 
attractive at all distances. ‘This raises at once the problem of the so-called 
‘saturation’. With purely attractive forces one would expect the nucleus to 
collapse until every nucleon is within the range of force of every other. Hence 
the density should increase with increasing number of particles, and so should 
the binding energy per nucleon. In fact, both the binding energy per nucleon 
and the density are roughly constant, and this is referred to as saturation. 

There are three ways of explaining this: 

(a) The forces have an ‘exchange’ character. This means that the 
elementary process responsible for the force consists of the two particles 
changing place (either taking their spins with them or otherwise) and it then 
follows that the force will be of different sign, according as the particles are in 
the same state of motion or not. Here the state of motion has to be understood 
to refer to the orbital motion only, or to orbit and spin, according to whether 
one assumes the particles to exchange their spins as well as their positions, or not. 
Since Pauli’s principle limits the number of nucleons which can be in the same 
state of motion to one neutron and one proton if the spin is specified, or to two 
neutrons and two protons otherwise, such exchange forces will show saturation. 
Exchange forces were first postulated by Heisenberg from the analogy with 
chemical forces between atoms or ions, and the importance of space exchange 
without spin exchange was pointed out by Majorana. 

(b) The assumption that the force has the same sign at all distances may be 
at fault, and the forces may be attractive at moderate distances, but repulsive 
at very close approach. ‘They would then be similar to the interatomic force 
in a molecule or liquid, and would lead to a constant density and give saturation. 

(c) The forces may not be two-body forces, but, when many nucleons come 
close together, repulsive forces of a new kind may come into play, which could 
effectively prevent collapse. 

For a long time only the first of these possibilities was taken seriously. 
When experiments on the scattering of neutrons by protons were extended to 
energies of several hundred Mev they gave a direct confirmation of the conjecture 
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that the forces are, at least in part, of the exchange type. The point is that at 
these high energies the transfer of momentum between the particles is likely to 
be small, so that the incident particle will be deflected only through a small 
angle. Hence with ordinary forces one would expect most of the neutrons to 
continue forward, with the recoil protons going mainly at right angles to the 
incident beam. With exchange forces, the particles would, at these high 
energies just effect one exchange, so that the proton would go forward, and the 
neutron at right angles. The observed distribution of the recoil protons shows 
both a maximum forward, and one at right angles, the two being comparable in 
magnitude. This suggests that the forces are about an equal mixture of exchange 
and ordinary forces, thus confirming Heisenberg’s conjecture. However, 
50% exchange force appears to be insufficient to guarantee saturation, and while 
the exchange effects will help to achieve saturation, some of the other possibilities 
are also likely to play a vital part. 

Of these (b), the ‘repulsive core’ has been invoked by Jastrow (1951) in an 
interesting attempt to fit the high-energy neutron—proton and proton—neutron 
scattering by a charge-independent potential. The question which potential 
gives the best, and most plausible, fit with the data is still a controversial subject, 
but more accurate data and more extensive calculations may well show some 
direct evidence for such a repulsive core. On theoretical grounds, its existence 
would now seem very reasonable. ‘This is a point to which I shall return. 

As regards (c), the many-body forces, there exists no direct evidence either 
way, except that the general comparison of the binding energy of the three-nucleon 
problem 3H, *He with the two-body problem seems to show closer agreement 
than would be likely if many-body forces were of major importance. 
Theoretically one would be quite prepared to believe in their existence. 

The discovery by Rabi’s group (Kellogg et al. 1940) of the quadrupole 
moment of the deuteron, which proves that the charge distribution in the deuteron 
is not spherical but egg shaped, proves that the hypothesis of central forces is 
also an over simplification. The axis of the ‘egg’ is aligned with the joint 
direction of the nucleon spins (which in the deuteron we know to be parallel to 
each other) and this shows that the potential energy of a neutron and a proton 
must be lower when the line joining them is parallel to their spin direction than 
when it is perpendicular to it. Such forces are known as non-central or ‘tensor’ 
forces. About their strength we know mainly that it must be such as to explain 
the magnitude of the deuteron quadrupole moment, but this leaves a considerable 
uncertainty because we do not know their range. If their range is the same as 
that of the central force, they would not have to be very strong, and while they 
would make some contribution to the binding this would not greatly alter the 
picture that one forms on the basis of central forces only. On the other hand, 
tensor forces of still shorter range are very inefficient in producing a quadrupole 
moment, and would thus have to be correspondingly stronger. In that case one 
would have to allow for them in estimating the central forces from binding 
energies and low-energy scattering. 

From this brief summary it will be evident that we have obtained a good deal 
of empirical knowledge of nuclear forces, but also that, as more detailed evidence 
allows us to discuss the problem in greater detail, our picture of the forces 
becomes more and more complicated. ‘This makes one suspect that a really 
satisfactory description will not be possible until we succeed in deriving the forces 
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from some simpler and more fundamental concept. The attempt to do this. 
constitutes the field theory of nuclear forces. 

The starting point of this was the idea of Yukawa (1935) who attempted to 
derive these forces from some field in the same way as we obtain the electric 
and magnetic forces between charged particles from the electromagnetic field, 
governed by Maxwell’s equations. However, instead of the coulomb potential, 
which is a solution of the equation 
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with a singularity at the centre, we must have short-range force which must 
therefore obey a different field equation. Now (1a) is the special form for a 
static potential of the general wave equation 


which must then also be modified for the nuclear field. If we want an equation 
which is still linear and of no higher than second order, the only possible 
modification compatible with the principle of relativity is 
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CO 
where « is a constant. A wave equation determines the relation between 
wavelength and frequency, and hence, using the relations of de Broglie, between 
momentum and energy. In this way (2a) leads to the equation 
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which is the correct relation between energy E and momentum p for a photon. 
We know that electromagnetic radiation associated with the wave equation (2 a) 


and the rest of Maxwell’s equations consists of such photons. Similarly, 
(2 5) leads to the relation 
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which describes a particle of rest mass up =fix/c where h =h/27, h being Planck’s. 
constant. 
On the other hand, the static case of (25), viz. 
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has a solution analogous to the coulomb potential: 
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which is a short-range force. g is a constant corresponding to the charge. ‘To 
obtain a reasonable range for this force, one has to choose the mass p in (3d) to 
be about 300 electron masses. 

It is well known that particles of about that mass, known as ‘7-mesons’, 
and first discovered by Powell and his group (Lattes et al. 1947) do in fact exist, 
and, as expected, interact strongly with nucleons. One might, then, expect 
that the interaction of nucleons would be no harder to describe than that of 
charged particles, if we used the Yukawa potential (4) in place of the coulomb 
potential. However, this analogy, which had been Yukawa’s starting point, 
turned out to be less close than expected. 

The first difference is that, as I have already pointed out, nuclear forces at 
short distances are much stronger than electrostatic forces would be at the same 
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distance. Hence, even on the basis of the simple law (4), the constant g must 
be much larger than the electron charge. Now the fact that atoms can be 
described to a very good accuracy in terms of static forces only, and that such 
‘complications as retardation, relativistic corrections and radiation terms are 


very small, is due to the small value of the fine structure constant e?/he which . | 


is about 1/137. In the case of nuclear forces the corresponding constant g?/he 
must be considerably larger, and even if a picture of static forces may give a 
reasonable starting point, corrections to it are bound to be much more important 
than in the atom. 

Furthermore, electromagnetic waves are transverse, and can have various 
‘states of polarization. Hence photons of a given momentum are not identical 
but may be differently polarized, and this can be expressed by attributing to 
the photon a spin of one unit. What is the corresponding spin of a meson? 
‘To this question one can now give a certain and unambiguous answer, since 
high-energy accelerators have permitted the production of mesons in large 
‘quantities so that their properties can be studied. From these it can be concluded 
that both charged and neutral mesons have zero spin, so that the equation (2d) 
refers only to a single quantity U, not to a vector with four components (vector 
and scalar potential) as in the electromagnetic case. This still leaves two possible 
kinds of waves according as the amplitude U stays the same or changes sign if 
one goes from a left-handed to a right-handed coordinate system. Such 
quantities are known as scalars or pseudoscalars respectively, and most people 
have some initial difficulty in visualizing this distinction, since pseudoscalars 
do not play any important part in classical physics. The similar distinction 
between vectors and pseudovectors, or in more familiar terminology, polar and 
axial vectors, is much better known, and there are many important examples of 
polar vectors (velocity, electric field intensity) and axial vectors (angular 
momentum, magnetic field intensity). The nature of the coupling between 
mesons and nucleons depends on the character of the meson wave function U. 
For example, consider the absorption of a slow meson by a deuteron. The 
ground state of the deuteron is represented by a wave function which is an even 
function of the coordinates, as in all states of even angular momentum. If the 
meson wave function is scalar, then it also is even, and after absorption the 
system will remain in an even state. ‘The absorption of a pseudoscalar meson, 
on the other hand would leave the two nucleons in an odd state. Now a careful 
discussion of this and similar experiments, which is too long to be reproduced 
here, shows that the meson is, in fact, pseudoscalar. 

This result has important consequences for the theory of nuclear forces, 
because if one works out the analogue of the simple equation (4) for a pseudoscalar 
field, one finds that this static term is precisely zero. This does not, of course, 
mean that a pseudoscalar meson field gives no nuclear force, but that this force 
is due to non-static effects connected mostly with the possibility of creating pairs 
of nucleons and ‘anti-nucleons’ in the same way as an electromagnetic field 
can produce electron and positron pairs, However, such subtle effects tend to 
be much smaller than the direct static effect, and to get a sufficiently large 
nuclear force one must make the coupling constant g still larger. This suggests 
that the fine structure constant g?/he may in fact be larger than unity, and 
perhaps as large as 10 or 20. 
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With such strong coupling most of the customary methods of describing 
the interaction of two or more particles through the intermediary of a field become 
quite useless, and one has to develop quite new mathematical methods for 
handling such a situation. A step forward was recently made by Lévy (1952) 
who started from the view that the strong coupling must result in a very strong 
interaction between two nucleons at close approach. If this were attractive the 
behaviour of the two-nucleon system would be quite different from what we 
know it to be. It is therefore reasonable to expect it to be repulsive, and there 
are also some indications in the mathematics that it should be repulsive. This 
repulsive core will prevent the nucleons from approaching each other very closely, 
and therefore the detailed nature of the force at short distances is not important. 
All we have to know is the minimum distance of approach, and the forces outside 
this point. Once the region of very short distances is excluded, the interaction 
is of a more reasonable order of magnitude, and the mathematical problem 
becomes more manageable. Using in this way only two adjustable parameters, 
namely the coupling constant g, and the minimum distance, Lévy was able to 
get satisfactory agreement for all the known data concerning the neutron—proton 
system at low energies. ‘This encourages the belief that, once we can find a way 
through the formidable mathematical difficulties, we may find that the meson 
field theory accounts satisfactorily for the interaction of nucleons. 

There is an alternative way in which mesons and nucleons may be coupled. 
To see this we remember that in solving the Laplace equation (1 a) for the static 
field we might have chosen a solution whose singularity at the centre does not 
correspond to a point charge, but to a point dipole. This would describe, instead 
of the electron, a particle with no charge but an intrinsic magnetic moment. 
Such terms do not occur in the basic law for the interaction of electrons with 
their field. (The intrinsic magnetic moment of the electron was shown by 
Dirac to be a consequence of its charge.) Such a particle would have an 
interaction energy with an external field which is proportional not to the 
potential, but to the (electric or magnetic) field intensity, which contains the 
derivatives of the potential. A similar interaction can be postulated between 
nucleons and the meson field, and it will involve the derivatives of the meson field 
amplitude U. Such a coupling scheme, which for a pseudoscalar meson is 
described as ‘pseudovector coupling’, gives a non-vanishing static part, and 
therefore does not require as large a coupling constant as the scheme discussed 
before. However, the new ideas, which have been developed in the past five 
years or so to avoid the infinities arising in the theory of fields whenever one 
deals with point particles, are not applicable to such a case of ‘pseudovector 
coupling’ and therefore the mathematical analysis fails in this case, too. 

I have stressed in this discussion the limitations rather than the successes 
since the latter are mostly qualitative in nature. But the phenomenon of 
exchange forces explains itself naturally in terms of charged meson fields, 
whereas neutral mesons are connected with ordinary forces. One knows what 
properties the coupling must have to ensure charge independence of all nuclear 
phenomena, and recent results on the scattering of fast mesons by protons 
(Fermi et al. 1953) are well compatible with this. Onthe other hand the discovery 
of several new particles in cosmic radiation raises the possibility that they, too, 
may belong to fields which contribute to the nuclear forces, so that our picture 
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would require further modification. However far this may lead us from the 
original simple law of Yukawa, there is no doubt that his basic idea will remain 
right and important. 

From this account of the somewhat disappointing state of our knowledge of 
the details of the nuclear forces it might be thought that we could not get much 
sense out of the study of nuclei until the basic laws were better known. This 
conclusion would be quite misleading. In fact, for all but the simplest nuclei it 
would be no immediate help to know the law of force precisely, since the problem 
of calculating the motion of perhaps 250 particles under given forces is quite 
outside any practical possibility. Even in the atom, where for several reasons 
the mathematical problems are rather easier, nobody would attempt to calculate 
from first principles the absolute values of all the lines in the spectrum, say, 
of iron. One has to find some simpler approach, based in part on generalizations 
from empirical data and in part on approximations that can be theoretically 
justified, and build up a model that contains the essential features of a real nucleus. 

For this purpose one can get quite far without knowing the forces in detail, 
and we feel therefore that we know by now a good deal about what goes on inside 
anucleus. Success in this field has been achieved by two quite different methods 
which appear mutually contradictory, but are really two different idealizations 
of a situation that lies in fact somewhere between these extremes. 

One of these pictures is Bohr’s ‘liquid drop’ model, in which it is assumed 
that the nucleons interact so strongly that each one has a mean free path quite 
small with respect to the nuclear dimensions, so that any extra energy given to 
one of these particles will at once be shared with many others. This picture 
was first put forward to explain why in a collision of a low-energy neutron with 
a nucleus the capture of the neutron with the emission of the extra energy in the 
form of radiation is much more frequent than the re-emission of the neutron. 
This approach proved very successful in explaining many features of nuclear 
reactions in great detail. If one takes this model quite seriously, one would 
expect that the general distribution of energy levels of nuclei should show a 
predictable behaviour, but that there should be no simple rule for the energy 
or the properties of the ground state of any particular nucleus. 

For this reason all attempts to find and explain simple regularities in the list 
of stable isotopes, or in their spins or other properties, were regarded with great 
suspicion. ‘This applied particularly to the picture which regarded the nucleus 
as analogous to the atom, with each nucleon in a definite state of motion or 
‘shell’. We argued that whereas the atom was dominated by the strong centre 
of force and the force due to any particular electron was negligible in comparison 
with the mean central field, the nucleus had no such centre, and moreover the 
saturation of the force ensured that each nucleon would interact strongly with a 
few neighbours, so that one would expect strong correlations between the motions 

of different nucleons, and therefore could not treat them as approximately 
independent. 

However, the evidence for regularities which suggested the presence of 
nuclear shells became so strong that it could no longer be ignored, and following 
the work of Maria Mayer (1950) and Haxel, Jensen and Suess (1950) it is now 
established beyond doubt that the ‘shell model’ represents at any rate a very 
close approximation to the truth, and that many properties of nuclei can be 
usefully discussed in terms of this model. 
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Just as in the atom one pictures various quantum states for each electron, 
which are filled successively as we proceed through the periodic system, and 
whose order is in the usual notation, 1s, 2s, 2p, 3s, 3p, 3d... ., the shell model 
postulates such states in the nucleus. However, one has to assume that the 
energy of such a state is very different according to whether the spin of the 
particle is parallel or opposite to its orbital angular momentum. Whether this 
difference requires the existence of a new kind of force, or whether it may be a 
consequence of the tensor force which I mentioned earlier, is still an open question. 
The sequence of levels is then quite insensitive to the average potential in which 
one assumes each nucleon to move, so that it can be predicted with few 
ambiguities. It is different from the atomic sequence, because the absence of 
the attractive centre will make the potential more or less constant over the 
inside of the nucleus. Specifying each state by the usual symbol for its orbital 
angular momentum, and the value for the total angular momentum j, so that 
ds}. means orbital angular momentum 2 and spin antiparallel to it, the sequence 
IS: Sy/9) Peja, P1/2» A5/2, dz/2, Sij2. ‘These levels consist each of 2/+1 states so that 
they can take 2, 4, 2, 6, 4, 2 neutrons and the same number of protons respectively. 
In other words, 2, 6, 8, 14, 18, 20 nucleons of one kind will just fill a number of 
shells completely, and such nuclei will have greater stability than their 
neighbours. As a shell is filled successive nucleons go in with opposite directions 
of their angular momenta, so that the total contribution of the nucleons in a shell 
of angular momentum 7 is zero if their number is even, and / if it is odd. (This 
is the opposite to the rule in atomic spectroscopy where the lowest state has the 
greatest possible angular momentum, the reason being that the electrons in the 
atom repel each other whereas the forces between nucleons in the same shell 
are predominantly attractive.) ‘Ihis leads to simple rules for predicting nuclear 
spins, which come out correctly in the great majority of cases. I have here 
over-simplified the rule to avoid the discussion of certain complications which 
are, however, quite well understood. 

Magnetic moments appeared to give some difficulty. ‘The usual discussion 
assumed that, since, for example, two neutrons in a / shell gave no angular 
momentum, and three neutrons gave a resultant j, the magnetic moment should 
just be that of the last neutron. ‘This reasoning is not correct since there are 
many ways in which three particles, each of angular momentum / can align 
themselves to give a resultant j, and all these alignments will occur in the 
stationary state of the nucleus. ‘The correct problem has been solved by Flowers 
(1952), who finds that the magnetic moments are now in much better agreement 
than before. 

The shell model is a most powerful tool to help in the discussion of data 
about nuclei. For an understanding of nuclear structure it is important to 
put it clearly in relation to Bohr’s liquid-drop model, and to justify it from first 
principles in spite of the apparent objections. Some attempts have been made 
in this direction, but it is a point on which a good deal more thinking has to be done. 

On some of these questions evidence is now coming in from experiments 
involving mesons or high-energy nucleons. A typical instance is the following : 
To understand the apparent independence of the nucleons of each other which 
seemed to be demonstrated by the success of the shell model, the hypothesis 
was put forward that there exist many-body forces of such a kind that each 
nucleon was, in fact, moving in a uniform field of force which did not depend 
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much on what the other nucleons were doing. This hypothesis is almost certainly 
disproved by the observation that, in the capture of positive mesons by nuclei, 
the most common result is the ejection of two protons in roughly opposite 
directions. ‘This happens in the deuteron, since the positive meson converts 
the neutron into a proton. It looks therefore as if in a heavier nucleus the meson 
interacts with just two nucleons and the rest of the nucleus does not matter much. 
This is what one expects on the usual picture of strong short-range forces. While 
a nucleon is not close to any other, it cannot absorb a meson, since it cannot 
dispose of the excess energy and momentum. The usual theory predicts, and the 
observation on meson capture confirms, that a nucleon will interact strongly only 
with one other nucleon at a time, and from the frequency of the phenomenon by 
comparison with the deuteron case it follows that the number of nucleons which 
at any time are subject to strong interaction with another, is roughly what one 
would expect. 

I have quoted this example because it provides a nice parallel with Rutherford’s 
experiment on alpha-ray scattering. Even if our only purpose in physics were to 
understand the structure of the nucleus, it would still pay us to produce mesons 
and other new particles as tools to explore the nucleus. I am not, of course, 
suggesting that our investigation should stop there, any more than Rutherford 
was satisfied with having shown what the atom looked like. If Rutherford were 
alive today, I am sure he would be in the front line towards the unexplored 
territory of new energy regions and new particles. 
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Abstract. ‘This note gives a rigorous derivation of the quantum-mechanical 
analogue of Boltzmann’s equation in gas theory. Assuming that the incidence of 
multiple encounters, other than binary encounters, between the molecules can be 
neglected, a closed equation for the phase space distribution of pairs of molecules is 
derived. The formulation of a boundary condition for this equation requires an 
independent appeal to statistical principles, and is the only point at which irreversi- 
bility enters the theory. A solution of the equation is given which satisfies the 
boundary condition. Corrections to Boltzmann’s equation, which are of 
quantum-mechanical as well as classical origin, are derived for slightly dense gases. 


§ 1. INTRODUCTION 


HERE Is one fairly obvious way of obtaining a quantum-mechanical generali- 

zation of Boltzmann’s equation in gas theory: this is simply to modify the 

‘collision integral’ by substituting the quantum-mechanical differential 
cross section for binary molecular encounters in place of the classical one. This 
simple procedure has been applied with some success to the theory of the transport 
phenomena, in the way described in Chapman and Cowling’s standard work (1939). 
But in this way one evades the difficulty of how a molecular phase space distribution 
function can be defined without violating Heisenberg’s uncertainty principle. 
Although it may be permissible to assume the existence of a velocity distribution in 
a not too localized region of a gas, the quantitative implications of such an 
assumption have never been fully discussed. 

The concept of a phase space distribution function is not, however, new to 
quantum mechanics. Wigner (1932) was the first to define and derive the equation 
satisfied by such a function for an arbitrary molecular assembly. More recently, 
the significance and general properties of phase space distribution functions have 
been discussed by Moyal (1949). It is evidently such a phase space distribution 
function which the quantum-mechanical form of Boltzmann’s equation must 
determine. Accepting this, the only thing which remains is to actually show that 
the phase space distribution function for a molecule in an assembly satisfies the 
accepted quantum-mechanical generalization of Boltzmann’s equation, or some- 
thing very much like it. This is attempted 1n the following note. 

The corresponding discussion in the classical theory has been given in alternative 
forms by Kirkwood (1947) and by Born and Green (1946, 1949). The latter 
authors pointed out that, in its usual form, Boltzmann’s equation incorporates an 
approximation other than that implied by restricting consideration to binary 
encounters. It is this other approximation which leads, in the classical theory, 
to the perfect gas law 6p =n instead of 


Bp=n+in2{[l—exp{—Bd(r)} dr wenn (1) 
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for the equation of state, where BkT'=1, 7 is the number density, and ¢(r) is the 
mutual potential energy of two molecules separated by the distance r. The usual 
quantum-mechanical form of Boltzmann’s equation of course incorporates the 
same approximations as are already present in the classical form. It will be shown 
that, in addition, it involves an error of purely quantum-mechanical origin. — 
Fortunately all the corrections disappear as the density becomes very small, so 
that in the application to very rare gases the work of early authors requires no 
modification. Some deviation is, however, to be expected from their numerical 
results for gases which are slightly dense. 


§ 2. PHASE Space DISTRIBUTIONS 
The phase space distribution function for a system of N similar molecules may 
be defined in terms of the corresponding wave function ‘fy. If x and § represent 
all the positions x and velocities §& respectively (¢=1, 2, ... NV), it is given by 
the formula (see Moyal 1949) 


fab, 8)= (FP) [¥*nx—by)¥voc+ dy) exp (im = 6. yO/A)a%y_ (2) 


where |” .. . d¥y denotes integration with respect to all of the N vector variables 
y®, m is the molecular mass, and h=2zh is Planck’s constant. ‘The general 
equation satisfied by fy has been derived, and solved under equilibrium conditions, 
by the author (Green 1951, 1952a). Distribution functions in the phase space 
of only a few of the molecules contained in the gas may be obtained from it by 
integration, thus : 


2(N—a) 
(N—9)!fy= { * fay Ax) EOD dx ™MGEM, (3) 
Then f, (x, §®) [denoted hereafter by f(x, §)] is the phase space distribution 


function for a single molecule, which is usually considered in gas theory. 
The equations satisfied by f and f, are 


2 3 E. a = i OO f.dx®dE® (4) 
aaa = + EO, ae = Oe at = O02) f+ Jf O43) + O®)) f, ax Sie (5) 
where aa is the operator 
7] 0 
Ot) — = * [dox(0) )sin (mo . 1) /f) exp {0 : (ses —_ a) \ ele ele cae (6) 
. . . , 3 f 
r=», and y(o)= (i) a) COSMO. Vit) ate 4, a (7) 


‘The derivation of these equations has been given in detail by Irving and Zwanzig 
(1951); they are easily obtained by applying (3) to the equation satisfied by fy, or 
by applying a Fourier transform to the equivalent equations satisfied by the density 
matrix (see Born and Green 1947). From (4), as shown by Irving and Zwanzig 
(1951) (see also Green 1952 b) the equations of continuity, macroscopic motion and 
energy transport are readily derived in the usual form. 


§ 3. "TRANSFORMATION OF THE COLLISION INTEGRAL 
It is now possible to proceed to the derivation of an analogue of Boltzmann’s 
equation, through the transformation of the integral on the right-hand side of (4). 


This integral I, = JJO f, dE@dx® 
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is effectively unchanged if the region of integration with respect to x® is limited to 
a sphere of radius 7) surrounding the point x, if 7) is equal to or slightly greater 
than the range of the intermolecular forces. (The value of 7) which makes the 
above assertion true will be defined more precisely later.) 

Introducing the assumption of binary encounters, it is assumed that the 
corresponding integral 


I, =JJ(O®) + O®) fpdx@dE®) a, (9) 


which appears on the right-hand side of (5), is negligible compared with OO, 
for the configurations in which the distance between x and x®) is less than 79. 
The justification of this assumption, for fluids in which the density is sufficiently 
small, lies in the smallness of the probability, to which f, in (9) is proportional, of 
finding a third molecule in the immediate neighbourhood of the molecules at 
xP and x®., It is a matter of convenience not to neglect J, immediately in (5), but 
to approximate it by the integral 


Ty! = Sf ( f2 OO fy) + FO OCB) f,23) dx®dE® a... (10) 
which J, approaches when the distance between x and x® increases, since then 
either f3 =f, or fz =f%f,°. It will be seen shortly that J,’ is itself negligible 
compared with O@”)f,, when the density of the fluid is small. With the help of (4), 
(10) reduces to 


I,' = f® (5 an ED i =a) f a f® é at Ee) ‘ =) f® 


0 7) a] 
pS (5 +80), iia E2), 33) f2) (reeeys intel aieces: (11) 


so that (5) becomes 
0 ew? @ 9 () £2) — Q a2) 12 
ot Se E . ox) =- E . >x®) (fo —f fi ) =— fe T° wocmcoc ( ) 


The last equation does not suffice to determine f, completely in terms of /; 
it has to be supplemented by a boundary condition, which will now be formulated. 
The sphere r =7, is divided into two hemispheres S, and S, such that, if 


r=x®—-x®, p=B2-EM aa, (13) 


r.e<0 on S, andr.e>0 on S. A molecule on the hemisphere Sp is moving 
towards the one at the centre, and is at such a distance that it can have had no 
previous interaction with it ; one may therefore apply the statistical law for 
independent events and assert 
ia (ft, ME EO) = fcc ee) T(E x, BE) omumge, athe (14) 

The same would not be true of the hemisphere S, because a molecule there will, 
in all probability, have interacted with and been scattered by the one at the centre. 

This distinction between the two hemispheres marks the introduction of 
irreversibility into the theory. ‘The equation (12), and all previous equations, are 
unchanged when the signs of the time and all velocities are reversed, showing 
that if they are satisfied by a set of particular distribution functions /,(t, x, §), 
they must also be satisfied by f,(—t,x, —§); they, by themselves, therefore, 
have no property which would enable one to predict natural irreversible processes. 
The condition (14), which defines a unique solution of (12), is not, however, 
symmetrical with respect to future and past, and is evidently the only premise 


of the theory which makes possible the prediction of irreversible phenomena. 
22-2 
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It is not necessary to introduce any process of time-averaging, such as Kirkwood 
(1946) employs. Also, irreversibility does not appear to be linked in any special 
way with the quantum theory. Moyal (1949) points out that Liouville’s theorem 
concerning the conservation of the volume of occupied phase space no longer 
holds in the quantum theory, but it is doubtful whether this fact has any direct 
connection with irreversibility. It is the act of observation which introduces 
the irreversible element into ordinary quantum mechanics, and a more 
penetrating analysis would doubtless require the correlation of (14) with the 
pre-requisites of observation. 

It should be noticed at this point that (14) is the correct boundary condition 
only when classical statistics are applicable. With Bose statistics, the density 
matrix p, for pairs of particles which have not interacted is of the form 


Po = P(X, x") p(x, x,")) + px, Xo) p(x, x9"), 


from which it may be inferred that the functions f, and f, defined in terms of 
fp, and p, are related by 


3 
fe=f04e+ (FY | f foc de', 8 Le + Je’ B+ 10) 
expi7i(l'..p Pp -0)/} Gra p inane (15) 
(x= 3x04 Tx, §=fE%+1E). With Fermi statistics instead of Bose statistics, 
the additional term is reversed in sign. ‘These formulae were given by Moyal 
(1949) for non-interacting particles; they apply as a boundary condition on the 
hemisphere Sj, but not on 5. It has been shown by the author (Green 1951) 
that deviations from classical statistics are unlikely to be important in any gas, 
except within a degree or so of absolute zero; for this reason the condition (14) 
will be used in the following. 
The equation (12), in conjunction with the boundary condition (14), suffices to 

determine f, uniquely, provided one makes a further postulate to exclude 
abnormal situations where the state of the fluid deviates widely from the average, 
when the macroscopic variation of density, temperature and fluid velocity is 
assigned—for example, situations in which the molecular velocity distribution 
differs widely from the Maxwellian distribution. It is assumed that f and f, 


vary with time and position in the fluid only on account of the variation of the 
local density, temperature and fluid velocity. Thus 


7) énd du a apa 
ay Ute) = (Fm ste ape he Tag) hf) Hess (16) 
0 OnnO=, “OU -O OB o 
and eo = (Sa hice at aaa) (Fells Vthgon hee (17) 


where, in the case of f2, x denotes the mean centre of the positions x and x®), 
‘The time derivatives of ”, u and f can be eliminated with the help of the equations 
of continuity, macroscopic motion and energy transfer. The most convenient 
way of solving Boltzmann’s equation for non-uniform fluids is to treat the spatial 
gradients 0n/dx, Ou/dx, and 0f/dx as small, slowly varying quantities, squares, 
products and derivatives of which can be neglected in comparison with, or at 
any rate be separated from, the quantities themselves. This procedure is 
probably equivalent to Kirkwood’s procedure of forming time-averages of 
quantities derived from ‘unsmoothed’ distribution functions; however, it is 
in no way essential to the formulation of Boltzmann’s equation itself. 
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To derive from the integral J, of (8) an analogue of Boltzmann’s collision. 
integral, f, and f) should be regarded as functions of x and r=x® —x instead 
of x) and x®; they will then be denoted by f, and f®, and (12) gives 

7] 7) = 
O0Mf,= (+E. oat Oe) PI). cree (18) 


Substituting this value of O°, in J,, one obtains 
LL =J ai2 GS 


T= (548-555) [[ (APP )ar ae, | 
Ky= [fe (A —F0F) de dee, | 


As in (18), the spatial integration may be limited to a sphere . radius 7, centred. 
at the point x. 

The integral J, can be evaluated, to a sufficient degree of approximation, 
by substituting the equilibrium form of the distribution functions f, and fy, 
with local values of the density, temperature, and velocity of flow varying with 
the position x. Under equilibrium conditions, however, one will have 


Bagge?) Diigo foy@) dr ak@ ese By i gee = (20) 

where B is the second virial coefficient. The latter has been calculated, on the 
basis of quantum theory, down to within a few degrees of absolute zero, and 
lately (Green 1952c), near absolute zero itself. ‘The integral J,, expressed in 


the form 3 3 
Ju= é a) (sZt BL) abe pores (21) 


may theretore be regarded as known, apart from the occurrence of f; it combines 
naturally with the terms on the left-hand side of Boltzmann’s equation. It is 
proportional to the square of the density at low densities, and is therefore 
negligible in very rare gases; at somewhat higher densities, it represents a 
correction, of purely classical origin, to the usual formulation of Boltzmann’s. 
equation. 

The remaining part K, of J, can be transformed to an integral on the surface of 


the sphere r=79: Ky, =Sffe—-ff®)p.dSdB2 (22) 


where dS is a vector element of the surface. On account of the boundary 
condition (14), the integrand vanishes on the hemisphere Sy with r.e <0; the 
integration is therefore effectively restricted to the remaining hemisphere S. 
On this hemisphere, f, has to be determined in terms of f from (12) and (14). 
This is done in the following section. Meanwhile, by collecting the results 
(4), (8), (19), (21) and (22), one has 


an € oz) UL SARE IA gr J fc (fo—fOf)p dS de®, ...... (23) 


§ 4. DETERMINATION OF fo 


In solving the integro-differential oe ee the term 


i= & + EO, = +0), sis) fF 
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willbe dropped. . This may be justified in two virtually equivalent ways. Firstly, 
it may be noted that this term arose originally from the integral J, of (9), which is 
negligible on the hypothesis of binary encounters. Secondly, on account of the 
improbability of interaction with a third molecule, f(t, x, §) f(t, x®, §) may 


be replaced by f(t), x® — E(t — to), E) f (to, x — E(t — ty), 6), where tp is any ~ | 


fixed time somewhat previous to ¢; and, when the second expression is substituted 
for the first in J,’, the latter vanishes. The equation to be solved will therefore be 


0 0 0 
OOF, = (5 EO ery EQ) as) ior... ee (24) 


This determines the distribution in phase space of two molecules moving only 
under their mutual interaction. The required solution, which will be verified 
afterwards, is 


m\8 / 
a= (FY |] [J Ato x0— Bro &~ Beodf tes 0+ Sew B+ 100) 
x V(r +S, Po Fic o)T*(r —S, Po — o) 
x exp {m[e.S+ {fo + Po(t—to)}-o]/th} dryodpydsdo, ...... (25) 
where x) =x—&(t—t,)), x=4(x%+x®), §=4(6% +E) and ‘V(r, py) is a certain 


solution of the Schrodinger equation 
ime : : 
———, + d(r)P=tmpry. wwe (26) 
The verification of the solution proceeds as follows. The operator 


iG +EO, 0 x ge), 2 
ot ox) ox) 
obviously commutes with x); acting on the exponential factor in (25), it intro- 
duces a factor mp,.o/ih; and, acting on the product of wave functions, it reduces to 
itis 0; 0 
mds dr’ 
by virtue of the presence of the exponential factor in the integrand. Now it 
follows from (26) that 


y (MPo-6 MO 0), x 

in ( pais nas) {P(r+s, e9+0)1*(r—s, e9—o)} 
={P{r+s)—P(r—s)}F(r +s, ep +o) P*(r—s, eo—9). 

Hence, to prove that (25) is a solution of (24), one requires only to show that the 

operator 1hO"” also inserts a factor {¢(r +s)—¢(r—s)} in the integrand of (25); 

and, in fact, one has with the help of (6): 


fe OlNCO 
° or 


thO exp (ime .s/h) = 21 y(6) sin(mo.r/h) exp {im(e—o).s/h} do, 
which reduces to {¢(r +s) — 4(r—s)} exp (¢me.s/h) on account of (7). 

Thus (25) satisfies (24). It will now be supposed further that ‘’(r, eo) is 
the particular solution of (26) which corresponds to a monochromatic incident 
wave exp(37mp,.r/h), together with scattered waves; then, for sufficiently large 
values of r with r.e <0, fy will reduce to 


mM 6 
(FE) J J [J Heo xo bres E—Beullto, Xo + Seay E+ Heo) 
x exp {ml (E — Qo) -S—{r—Ky— Q(t —ty)}. a] /ih} dry de, dsde 
=fr{t, kX = Gl Wye ek oe ee 


EE a ee 
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The minimum value of r for which this condition is satisfied with sufficient 
accuracy may be identified with 7); but ry is somewhat arbitrary, and a suitable 
choice of either ry or t) will make (25) satisfy the boundary condition (14). 

By taking the value of f,, as given by (25), and substituting in the right-hand 
side of (23), one obtains a correct quantum-mechanical value for the collision 
integral. It differs somewhat from that implicit in the pioneer work of Massey 
and Mohr (1933), which would correspond to the substitution of 


Fa = SIP(t, x, 8 — deo)f(t, x, & + $00) P(r +5, Qo) F*(r—s, go) exp (—ime . s/h) dey ds 
or Jeo = SI f kta, X= Bo (t= to), BoP } Fito» ¥ — Bot = Lo), Bo 
x V(r+s, Q9)*(r—s, po)exp(—imp.s/h)dp,ds ....... (27) 
(G0 =b— 30, So =5 + 5 po) 


for f.. ‘This does not satisfy either (24) or (12) exactly. The difference between 
fz and f,’ is, in fact, 


af (F) J fff Ato xs, Birt 25% B®) {oS (r+s, ey) PA(r—5, 0) 


== Bic 


ons a 
ao (r—s, p)T(r+s, ea) exp {me .S+ (hyo + Po(f—fo)} a] /2h} 
= 0, d 0, dS.dGst Als | MeL eee oe (28) 


approximately. ‘This neglects quadratic and higher powers of o under the sign 
of integration—a procedure which is justified, since, by virtue of the presence 
of the exponential factor in the integrand, multiplication by mo/th is equivalent 
to differentiation with respect to ry. The first approximation, represented by 
(28), can be transformed to 


af (FE) J LF] (Geag) (en 0 GMs 0 0) 


Ys 
— (r—s)P(r + s)} 


xexp {mle.st+{ro+eo(t—ty)}-a]/ih}drydpydsdo. ...... (29) 


x {F(rs)¥e(r—s)— 


So long as one requires only terms linear in the gradients of m, u, and f, the 
equilibrium form of f may be substituted in (29). ‘To terms quadratic in the 
density, or linear in #, this is given by (see Green 1951) 


f= (FY exp(— sper) {ns FE ape —1) [mse seart, 


m, =n* exp { — Bd(7)}. 

It is clear that, like J, in (21), 5f, is quadratic in the density for small densities. 
The quantized form of Boltzmann’s equation adopted by earlier authors is 
therefore verified, apart from corrections proportional to the square of the density. 
The quantum corrections would be very tedious to evaluate numerically; they 
may account, in part at least, for the discrepancies which have been noted (cf. 
Chapman and Cowling 1939) between the predictions of the quantum theory 
of the transport processes and experiment, at gaseous densities. 
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Abstract. ‘The final state of the observed Myy y absorption edge in heavy 
elements has a higher energy than the other (K, L, M) absorption edges. As. 
suggested by Cauchois, this must be because, owing to selection rules, the 
transition probability of a 3d electron to the top of the conduction band is very 
small, and a strong absorption begins only when the ejected electron reaches 
the bottom of the 5f band. ‘The corresponding energy is computed by the 
Wigner—Seitz method, and is in satisfactory agreement with the experimental 
data for the anomaly. As the anomaly disappears for the elements Ra to U, 
the conduction band of these elements must contain a proportion of 5f states. 
An anomaly of the same type is to be expected for the 4f band in the second 
long period, and actually seems to be observed. 


§ 1. EXPERIMENTAL DaTA AND PREVIOUS CONCLUSIONS 


\ X J HEN x-ray absorption edges can be observed in a metal corresponding 
to transitions from two initial states, the difference in the energies hv 
usually corresponds to the energy difference between the two states. 

as shown by the frequency of the emission lines. The Myy y absorption edges 
in heavy metals, however, correspond to an energy higher than that deduced 
from the Ly, edge and the Myy,y emission by an amount d(hv) which seems 
larger than experimental error (Phelps 1934, McGrath 1939, Cauchois 1942, 
1952). We give in table 1 the values of d(hv) obtained by Cauchois, taking 
the L,,; absorption edge as a reference (fig. 1): 


d(Av) =(Myry, v)abs— (Lanz) abs + (Mav, v> Lirr)em} 49. 


d(Av) seems to go through a maximum of about 40 ev near W, then decreases. 
regularly down to small negative values for Th, Pa, U. The small discrepancies. 
between Myy and My may be due to experimental errors. 


Table 1. Experimental Values for d(hv) in ev according to Cauchois (1952) 
Ta WieeOs site bteeag mn big ei Pb Big Pa U 


My BYes) GP. Gal BS eye AS 18 AD sy VO Ney 8 == 3"). = s 
PA G7 faa 

My, Sy) aan ahs) BW) Sie PAlees PAs «alice Wh’, S) 05. =f == 0195 
20:3* 


* Values from Cauchois (1942). 


McGrath and Cauchois conclude that, while the 2p electron ejected in Ly 
absorption may go to the top of the conduction band, the selection rules allow 
a strong Myy.y absorption only when the 3d electron is thrown into a state of 


+ Now at the Ecole des Mines, Paris. 
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the crystal with higher energy but more favourable symmetry. Cauchois 
suggests in her later paper (1952) that the electron is probably thrown into the 
bottom of the 5f band. The calculations of this paper will confirm this point of 
view: in other words, the absorption edge corresponds to a Myy,y-Oynyvn 


transition. 


§ 2. QUALITATIVE INTERPRETATION OF THE Myy y ABSORPTION EDGE 


We first interpret the anomaly in terms of Kronig’s elementary theory of 
x-ray absorption in solids ($2.1). A more refined model given in §2.2 takes 
into account the screening of the hole created in the x-ray level, and leads to 


the same conclusions. 
§2.1. Kronig Structure 


As was first pointed out by Kronig (1933) and applied more quantitatively 
by Jones and Mott (1937), the intensity of x-ray absorption must be a function 
of the density and symmetry character of the states of the lattice into which the 
ejected electron is thrown. 


— Experimental (average) 
xX Computed 
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Fig. 1. Comparison of Lit and Myy y Bigas2e 


absorption edges. 


In the approximation of tight binding, which can of course give only 
qualitative indications, even when, as here, we use hybrid wave functions, we 
write for the wave functions of the electron in its initial and final states 


N 
w,(r) ~ N42 3D exp iK.r,,)d(r— r.,); 


n=1 


N 
el) ~ NWS exp (iK.r,)Ea,(K)h,(r—r,), 

n=1 j 
where the Pir o; are wave functions of electrons in the free atom, and the 
summation 7 1s over the N atoms of the metal. The momentum K corresponds 
to the energy »R* and is of course the same for y¥ and y-. The matrix element of 
the transition is thus 


N 

Te { bet Vide N-*Y Say aac —r,)Vh(r—r,) dr Dayty , 
n=1j j 

where ¢,, e J b;*Vd, dz is the matrix element for transition 7->j in the free atom, 
-and transitions involving neighbouring atoms have been neglected. 
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In heavy elements the inner shells are occupied up to at least 5d; we have thus 
Xa;b; =A b5at Aohest Ashop + Aaheat Ashse + ++ « 
wi] 


and, according to the symmetry of the initial state ns, np or nd: 
spo Mele ntek biG 
Ty ur = Aytnp, 5d bis Agt np, 6s ae Agtnp, 6d Sigeistintees 
Try, v= tna, op + Astna, st + - 
‘The matrix elements ¢,; are related to the corresponding oscillator strengths his 
by the relation* |¢,;|?= SF i); where (h)is is the energy of transition 1]. 


As noted by Bethe (1933) the f,; for a given element and given initial state i are 
nearly proportional to those of hydrogen (table 2). As (Av),; is nearly the same for 


Table 2. Oscillators Strengths f,; for Transitions 7>j in Hydrogen 


Rela fs Sf te aes) ve 
2p 5d 0-044 Spm des O.139 3d 6p 0-0009 
2p 6s 0-0006 SDmLOsmnO 003 Sal St alo 
2p 6d 0-020 3p 6d. 0:056 


all these transitions, the ¢,, are nearly proportional to the square roots of the 
corresponding f,;. 

Now for all elements in table 1 except the last three, the top of the occupied 
band has mainly 5d and 6sp character, but very little 6d or 5f. In other words, 
Gy, M, a3 are large, a, and a; small. This is because the 6d, 5f wave functions 
have definitely higher energies in the free atom, and thus certainly also in the 
metal: the energy of formation of 5f and 6d states in a neutral atom of gold for 
instance are respectively 7-4 and 7-7,ev, compared with 4-6, ev for 6p (Bacher 
and Goudsmit 1932). Owing to overlap of 5d and 6sp bands, even elements with 
filled 5d shells like Au, Hg, Pb... have of course a large proportion of 
5d symmetry at the top of the occupied band.t 

A glance at table 2 shows then that Lyy yy or My pr absorptions will be large 
as soon as the 2p or 3p electron is thrown to the top of the conduction band. 
Mpy, y on the contrary will be very weak until the ejected electron is raised to a 
zone of strong 5f character. There will then be a sudden increase of absorption 


giving the observed edge. 


The additional energy 6(hv) required must therefore be equal to the difference 


of energy between the top of the conduction band and the bottom of the 5f band. 


We compute this difference in §3 for tungsten, gold, lead and radium, using the 
Wigner—Seitz method, and obtain reasonable agreement with Cauchois’ data 


(fig. 2). 


Our interpretation indicates that the conduction band of the last elements 


(Th, Pa, U) must have a strong 5f character. We must point out that the regular 


contraction of the lattice parameter in this series has been interpreted by 
Zachariasen (1952) and others as indicating that there are here no 5f electrons 


analogous to 4f electrons in the rare earth elements. ‘I'hus it seems probable 


that for Th, Pa, U there are no separate ‘5f electrons’ or ‘band’ with definite 


properties, but only a complex conduction band with strong 5f character near 


* Atomic units used throughout. 
+ Krutter’s computations on 3d and 4sp bands in copper (1935) show the same effect. 
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some points of the zone structure. The 5f electrons would thus behave in a | 
way similar to d electrons in a transitional metal. 


§ 2.2. Screening of the Positive Hole 


As pointed out elsewhere (Friedel 1952a), the necessary screening of the | 
hole created, during absorption, in one atom of the metal may be in fundamental 
or in more excited states, and thus give rise to secondary absorption edges or lines. 

A secondary absorption edge however, being in general weaker than the 
main one (Friedel 1952b,c), could not explain the strong anomaly observed. 
And the energy of the anomaly is too large to be explained by secondary lines. 
In gold, for instance, the K absorption edge would correspond to the excitation 
ofa Au* ion from the state 1s?2s?.. . . 5d to Isis? . . . od? 6s; Op ana 
mainly 5f screenings should give absorption lines on the short wavelength side 
of the main edge, at distances corresponding to the energies of the transitions 
6s—> 6p and 6s 5f of the Aut ion. By analogy with Hg", this is about 6-5 and 
15ev respectively (Bacher and Goudsmit 1932), much less than the value 
observed (about 30ev), and cannot explain the anomaly. Furthermore the 
5f orbital, owing to its large Bohr radius, overlaps a number of neighbouring 
atoms and must be strongly perturbed by the lattice. ‘This should reduce the 
strength of these lines, which have not been observed. 

In conclusion, taking the screening into account, we still interpret the 
anomaly as a Kronig structure. 


§ 3. EVALUATION OF THE ENERGY DIFFERENCE BETWEEN THE ‘TOP OF THE. 
CONDUCTION BAND AND THE BOTTOM OF THE 5f BAND IN W, Au, PB AND Ra. 


Let #, be the energy of the top of the conduction band and £, that of the 
bottom of the 5f band. £, will be deduced from experimental data; EZ, will be 
computed by a Wigner—Seitz method. Both are measured from a zero taken as. 
the potential energy of an electron put at infinity outside the metal. 98(Av) will 
then be given by d(hv) =E,— Ey. 


§3.1. Energy E, of the Top of the Conduction Band 


If we assume that in a metal the cohesive energy EF, is due to a change in 
energy of the valency electrons only, E, may be deduced from the maximum 
Fermi energy £,, and the first ionization potential E, by the approximate relation: 


SEE, Hak — 0-48. © 4 ee (1) 


where m is the number of valency electrons per atom. This relation is obtained 
by assuming that the cohesive energy is due only to a change in energy of the 
valency electrons, and that the approximations of tight binding are valid. 
Table 3 gives values of H, computed using the cohesive energies given by 
Kubaschewski and Evans (1951), the first ionization potentials given by Bacher 
and Goudsmit (1932) and Sommerfeld’s values for E,,. Formula (1) is of course 
not very accurate, either for gold, where an important part of FE, is probably 
due to van der Waals interactions of the d shells, or for W, Pb and Ra, where 


the approximation of free electrons is probably not very good for the conduction 
band. 
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$3.2. Energy E, of the Bottom of the 5f Band 
We use here the cellular method of Wigner and Seitz (1933) and Slater 
(1934) and hence determine the energy £,= 4k? of the 5f wave. function with 
radial part 4=r-'d, such that for r=r,, the radius of an atomic sphere, 
Veopaular a @ aalar 9 he). cee Se oe ata (2) 


This condition is obtained in Slater’s method for r equal to half the interatomic 
distance. But the 5f wave functions are then continuous only at the centre of 
the faces of the atomic polyhedra. As shown by Wigner and Seitz for s functions, 


it is better in this case to equate 7 to 7,. 


Table 3. Computation of d(Av) in ev. Experimental Data from Table 1 


St aS ee a ee ree SMexp 
IV My 
ammo 02465 128 23) 4070 42 44 
159 10-9 21-6; 0-6: 19, . 30-0 25 29-5 
Ce 7, 21 64 95 9 
CED ROLES) 
Ra 2s 2:6 5-2 Dee 4:2. fs les aa() 


E,=exchange energy, E,=energy of correlation. 


The use of condition (2) seems reasonable for the structures studied here, 
for none of the three types of 5f wave functions (one of the type xyz, three of 
the type x(x?—3y?), three of the type x(y?—27)) is suitable to form bounds in 
the required directions. We must point out however that, owing to overlap of 
the so-called ‘5f band’ with 6s, 6p, 6d bands, some of the seven zones starting 


Absorption —> 


hy> 


Myv Edge 


Fig. 3. Observed form of the My or My 
absorption edge for Os and Pt. 


Fig. 4. Potential V, due to overlap 
of the d shells. 


at energy E, have probably another symmetry (6s, 6p, 6d) and consequently 
some of the bands whose top is at energy E, may have 5f symmetry. Also the 
“5f zones’ with 5f symmetry near E, may change over to other symmetries for 
higher energies. Owing to these ‘inversions’ we must expect in general some 
absorption on the long wavelength side of the Myy,y edge (AB, fig. 3), and a 
rapid decrease of absorption on the short wavelength side (CD). An absorption 
of this type seems to be observed at least in some cases (cf. Rogers 1927 for 


Os Muy, Pt My). 


338 FJ. Friedel 


We give now some technical details concerning the method used. Equation (2) 
was solved for k by the WKB method, as explained in the Appendix. This 
approximation is sufficient for these wave functions with high quantum number /. 

The potential V acting on the 5f electron is made up of several parts: 

(a) The potential V, of the inner ion (W**, Aut, Pb**, Ra?*) at the centre 
of the atomic polyhedron. V, was computed by Fermi’s approximation of the 
Thomas—Fermi method (Gombas 1949). 

(6) The coulomb potential V, of the Fermi electrons contained in the 
atomic polyhedron. Assuming they have a uniform density, we have in atomic 
units V,=n[(77/27,3) — (3/27,)]. 

(c) In gold, a fraction of the 5d shells of the 12 neighbouring Au* ions enters 
the atomic polyhedron considered. The corresponding potential V; was 
computed by replacing the density p of this supplementary charge by an 
equivalent spherically symmetrical one (fig. 4): 


| 3 
pr) ~ 12x | o(t,) sin 0.40 = Pal 


Tt (21-+7)* 
0 (21—r 


ea) d(r,”). 


p is deduced from the potential computed for Aut and may be approximated by an 
analytical expression which gives easily 477r?p(r) ~ 0-027, hence Vz ~ 0-140($7 —7,). 
Taking now V=V,+V.4+ V3, we found the values of £, listed in table 3. For. 
radium, the value taken for 7, corresponds to the density given by Smithells (1949). 

V, and V; are large. They have been included in V and not averaged 
separately because, contrary to what happens in alkali metals, the 5f wave function 
treated here cannot be considered as constant over the major part of the atomic 
polyhedron. Smaller corrective terms due to correlation will now be averaged 
separately. 


§3.3. Corrective Terms Added to E, 


The electron ejected into the bottom of the 5f band is at rest, and we must 
therefore add to EF, the energy of correlation E, of an electron of momentum zero 
with the conduction electrons of opposite spin. This energy has not been 
computed, but we can take as an approximation twice the average correlation 
energy per electron in the conduction band. This is approximately in atomic 
units (Wigner 1934, Macke 1950) E, ~ —2 x 0-:288(r,v-/3+5-1)1. The factor 2 
is due to the fact that, in the averaging process used by Wigner, one counts 
the interaction of the conduction electrons twice. 

On the other hand, in computing the exchange energy EF, of the 5f electron 
with the conduction band, the symmetry of the 5f wave function must be taken 
into account. It is probably a better approximation to treat the 5f electron here 
as if it was a free electron of momentum k, =[2(d(hv) + £,,)|"”. EB, is then given 
by Seitz (1940), £.=—2x0-306n"87,-1[1+(1—a?)(2a) In {{1+a]/]1—a]}, 
where «=h,/k,, and ky =(2E,,)'"”. The factor 2 is introduced for the same 
reason as in &,. 

£, and &,, computed with the experimental value of d(hv), are given in 
table 3. o(hv) is then obtained from d(hv) ~ FE, + FE, + E,— Fy. 

We have neglected in this treatment the correlation between the 5f electron 
and the inner ions, and the exchange and relativistic corrections in the potential 
of the inner ion. ‘The values obtained (table 3) compare favourably with the 
anomaly observed for the Myy y absorption (fig. 2). For radium the experimental 
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value obtained by interpolation is near to zero. For lead the agreement is 
somewhat better with Cauchois’ older data. 

Finally we expect an anomaly of the same type for the 4f band in the second 
long period. Rather scanty data, taking the K absorption edge as a reference 
(Cauchois and Hulubei 1947), seem to confirm this point (table 4). 


Table +. Anomaly (hv) in ev. Ag K absorption is measured for AgBr only 


d(hv) Ag Sn I 
My (34) 
20 7 
My (29) 
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APPENDIX 


Solution of the Wigner—Seitz Method by the WKB Approximation 


Equation (2) of the text must be solved for d(r), which is a solution of 
d*$/dr? + K*¢=0 with K?=k?+2V(r)—Ul+1)r-*, where V is the potential 
acting on the 5f electron. The WKB approximation takes different forms 
according to the sign of K°(r,). 

First case: K?(r,)>0. One has for r near to 7, the exact system ¢=asinu; 
¢ 1d¢/dr=K cotu, with 

du/dr =(2K)-\(dK/dr) sin2u+ K; a~\(da/dr) = —(2K) "(dK /dr)(1 + cos 2u). 
The WKB approximation neglects the oscillating terms in sin 2u, cos 2u (Friedel 
1952b). Condition (2) thus gives 


rs 
Keotu=r-1, . with ~ | sO aN eA wel PAA (3) 
TY 
Here r, is the last zero of K before 7,: 
K(7,)=0 and Kare 0 for Vi eara?.. 
8 is a phase shift which depends on the behaviour of K for r<r,. 
If 7, is the only zero of K, 6=0 ; this solution was used for tungsten. If 
on the other hand K®? has three other zeros 73, 73, 7, and changes its sign each 
time 7 crosses one of them, one shows easily (Wu 1933) that 


5=aretan| exp] ~2|"'[K|dr} tan |" Kar] eee (4) 


The solution (3), (4) was used for lead. 
Second case : K?(r,)<0. We may write near to 7, 


bu[KP*{ Aexp (|) 1x1") + Bexp(- imusta}e Me (5) 


where 4 and B are two constants and 1, is the last zero of K before r,. 
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We study only the simplest case where K® has two other zeros, 72, 73 and 
changes its sign when r goes through any one of them. ‘Then for 7,.<r<7r, we 


h r 
Fe $, = K-¥sin (J oe i) 
rs 


But as Jeffreys first showed (Mott and Sneddon 1948) the form (5) valid for 
r>r, corresponds for r<r, to 


oy = CK sin (| *Kdr+ da + <) . Pn Ane (6) 


with tane=A/2B, and Caconstant. The condition that 4, and ¢, are identical 
gives $,'/¢,=$2'/$2; hence 


| "Kdr=(n+})n—e Ginteurat), 22S ee (7) 


Condition (2) gives then 


to Stalk 
Best ah fae A 
: Aexp (2{ |K|dr) +B 
or, using relations (6), (7), 
"2 i= (78 
tan | “Kdr=27— exp (2{ Ixia), me (8) 
ith _ i (11 a|K| 
bie “Ree | Rare 


This solution was used for gold and radium. 
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Internal Pairs in Anisotropic Emission 
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Abstract. ‘The angular correlation of internally converted pairs is investigated for 
cases in which the gamma rays are emitted anisotropically. Interference between 
electric and magnetic multipoles is considered. 


§ 1. INTRODUCTION 
ORTON (1948) and Rose (1949) have pointed out that the multipolarity 
H of electromagnetic transitions in nuclei can be determined by measure- 
ments of the angular correlation of internally converted pairs. 

Rose’s calculations are valid for cases in which the accompanying gamma 
radiation is emitted isotropically (for example, transitions following beta decay). 
The pair emission is then also isotropic in the sense that the probability of emission 
will not depend on the orientation in space of the triangle formed by p,, p_, the 
momenta of the two electrons. (It will, of course, depend on the size and shape of 
the triangle.) 

Radiations from excited nuclear states produced by bombarding a target with a 
particle beam, are notin generalisotropic. Inthis paper Rose’s results are extended 
to include radiations of this type. 


§ 2. CALCULATIONS 

The notation and the units adopted by Rose (1949) will be used throughout. 
The momenta of the electrons are given by p,, p_; 9, ¢ are the polar angles of 
q=p.,+p_ about the axis of quantization z, and 0, 6 are the polar angles of p, 
about p_(6 is the angle between the (p_,, q) and (z, q) planes). 

If the axis of quantization is an axis of symmetry, the component of angular 
momentum along that axis J, is a constant of motion, and the probability of a pair 
being emitted per quantum into solid angles dQ._,, d@Q_ and energy interval dW, is: 


F(O, 8, 0, 6) dQ, dQ_ dW, =a,,f2" (0, 8, 0, 6) dQ, da_ dW, 
m 


where Gq, = Lig Xin! Dim’, 5 m'--ms Mm are the eigenvalues of J,, «,,, is the fractional 
population of the m’th initial substate of the emitting nucleus, bj.) jn. 18 the 
relative strength of the transition jm’ —j’m' —m for different m and m’, and f,” the 
probability function for an /, m transition. ‘The coefficients a,, represent the 
fractional populations of the substates of the radiation field. 

If the «,, are all equal the distribution will be isotropic, that is, independent of 
the spatial orientation angles 5, 6, ¢. ‘Then also ay=a,,= ... =1/(2/+1), and 
we have: 


: 1 Dae £ 1 ; 
F(O) = Xa, fr" (, 6, 8, 6) = D+ Si | 1", 5, 0, 6) dd sin dbdp= <7 (0) 


A ie (1) 
where y,(@) is the correlation function integrated over all angles except the angle 
between the electrons. y,(@) is independent of m (see Rose 1949). 
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In this case averaging over m is equivalent to integrating over the orientation 
angles (principle of spectroscopic stability), and we can say that the significance of 
the integrated correlation y,() calculated by Rose is that it gives the correct (m 
averaged) differential distribution for cases in which the radiation is isotropic. 

Radiations induced by particle beams are not in general isotropic, and the 
expression &,,4,,f;" will have to be calculated for each case separately. We still 
have cylindrical symmetry about the axis of the beam which we shall take as the 


axis of quantization Z. 
The matrix elements of the transition can be written in the following way: 


Hm = (| 1 OV e+ Glo] Ate ae (2) 
where i, f are the initial and final spin states of the electron (including its description 
as negatron or positron) and: 


: 1/2 dar 1 
Ne —iwar A m7 — (_7\l-1 
for M, A, fe A,"dr =(—i) Esl = (4) Bae 


A xq x grad q Y," (6,6) =q x aft, 


= 1/2 477 -1 | 
m — —@Gr ACW J i a 
fork, A, ik A {dr =(--1) Een a ‘) Roe 


x (« grad + 19) Y," (6,6) =a%, 
ra anes 21 sear faye 
Tit OT ior of aa VE il =e 7m =o" 
V, fe Vm ds = (=) Eosw (2) Bap lin(.d)=e 


A;”, V7" are the fields given by Rose (1949, eqns. (1a) (1b) (1d)). 

k is the energy of the pair (in units of mc”). 

The probability functions f(” can readily be found by taking the matrix 
elements in this form. 

We shall take the directions of both electrons perpendicular to z._ In this way 
we get particularly simple expressions. 


For M, 2nl(1+1) F,(O, $2, $x, 4) =y,(O) Xa,, lggrad Y"|3_ =a 
me Pp pe q 21-2 oer : 
eas @)2\k (7 ) (Po Pe) aa. |qgrad ri =e ~« (Oee) 


oaks (R2—@?)? 
where « is the fine structure constant. 
For FE, 2l(i+1) F,(0, 4, 47, 6)=y(@)ll+1)Xa,, ee ic i 
21 
= air (Z) ; (P,. ~ p_)* x ( ms) ae Am |ggrad VY?" bane 
2-2 ns 
+ ete em (GZ) ea (2. xP] 
x La,,(|qgrad Yi" Poanja— Ul+ 1)|Y"6—n/2) se eeee (36) 
21+1/ l—-m l+m 1 
[Y;72_pe= 4 2H Lis te Grey 5 for 1+ m even 
0 for 1+ m odd 
ad Pad Ce for 1+m even 


lqgrad Y;"B_ajo= 4 27+1 
43 (Pe Ltt) Yaa pare for /+m odd. 
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The y,(@) are the integrated correlations (Rose 1949, eqns. (8) and (7)). They 
can be written: 


forM, + +(0)= (Z)" “nu(0) I A (4a) 
f 21 21-2 = 21-4 
forB, (= Faq ($) ral) Eq (4) rua) ------ 42) 


where y;y(©), yiz(@) are the integrated magnetic and electric dipole correlation 
functions respectively : 


4h? 2 
¥im(O)= ae. 5-jb+P- leo Pe ala a — i} 


~¢ 
4k? Wet Ww 
yin(®) = oa 5a + P- yeas —¢ 22 aia a a Be a i} 


If we put in (3a), (3b) ag=a,,= ... =1/(21+1) all terms except the first 
vanish and we get (1), as expected. 

The coefficients a, will in general be unknown, but if the angular distribution 
H(@) (with respect to the beam) of the gamma-rays emitted in the same transition 
is known, we must have: 


HOV Sa ne(O\ig ye fhe, See (5) 


where //"(@) is the angular distribution of an J, m wave which is known for every 
land m. 

The a,, are completely determined by (5) for every / with which they are 
compatible, and when inserted in (3 a), (35) give us a set of unambiguous correl- 
ation functions F,(@) which can then be compared with the measured correlation. 


§ 3. EXAMPLES 


We shall write down explicitly the three partial correlation functions for the 
electric dipole : 


Cp De 
fiz(9, 37, 37; p) ~~ 2 1673 eon 2 
5 


u 4k? k?-4W_W_ 
fiz*'(O, 37, dn, ¢)= Biase? -\ GE ap a5 So ae oer vif. 


The correlation function that is most conveniently measured is the integral of 


F(©) over energy. We put: 
k-1 i 
g(@)= | fin, dx, bm ) dW 


k—1 * 
r0)= | (aa, 
In discussing g/”(@) or [\(@) it is useful to divide the range of angles © into 
‘small’ and ‘large’ angles, the large angles being defined by 1—cosO>1/k. For 
the large angles the functions g/"(@) are not strongly energy dependent and tend 
to alimit as k>0oo. These limiting values which we shall callio™(@)z, L(O)e.are 
23-2 
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easily evaluated, and can serve as a general indication of the behaviour of the 
correlation functions for large angles and high energies. 


; Gee y wll 
For E, 81z(O) 0 = gag 5 


toad all 1 
8187 (O)ao = aie aa + i} 


where u=1—cos®. . 

In the table we give the functions I';,().,, [yy(@).., for J=1, 2, 3 and €(0)., 
1(®)co» the asymptotic values of the integrals over energy of the ‘anisotropic 
terms’ appearing in (3 a), (36): 


Y k—-1 ie 212 
(0)= [geen (Pte. xp air, 


1 


20 k—-1 Be 21-2 
n= 5 BeS(f) veaw, 


Qa Qa 2a 27 ‘ 
= Tyn(®) , <a Tiu(®). mG €(9) i nl ®) 
1 5 ey i. 4 1 
—+t-—- a. a PES ee ee, ae 
B7eO 3u sO 3u = s«*6 u 
aera less Teer SS 10.640 1 
3u* 90 90" 30. 30, eS 3u 10 15” one 
eens Nee oh nig ees 1 es oll 1 {' “3 =a 
5 Pee Sees Py Pee!) ee BE, Te ae a Pane Ae Sa a eae — 5 = 
ai 6 AO” a 30 108 as sa Ot as 


§ 4. INTERFERENCE 


In a mixed M,, E,,, transition interference terms will appear. If angular 
correlation measurements are undertaken with the intention of establishing the 
polarity of a transition, these terms constitute a serious complication, as they add 
unknown continuous parameters (the ratios of magnetic and electric moments) to an 
otherwise finite and usually very restricted number of possibilities. It is therefore 
worth while finding conditions under which the interference terms vanish. 

We consider the term: (V +a@A/'.12)«Aj;y”"*. From (2), (2a), (2b) we get 
after summing over the spins: 
for M,, E,,, interference 


fiiii= 77,3 P + Pit W_ —W) (p= pj, ahi) (Pie Ply ae (6) 


where 74.3, 47.1%) ayy are given by (2a), (25). 

The integral of f/",,, over 6 and @ vanishes, so that there is no interference in 
the isotropic case. In the general case we shall again take the directions of the 
electrons perpendicular to the axis of quantization. Then the integral of (6) over 
energy vanishes if the sensitivities of both detectors extend over the same range. 


eS 


—— eS 
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§ 5. CONCLUSION 


The angular correlation of internally converted pairs has been investigated for 
conditions which obtain when the excited state is formed in a nuclear reaction 


involving a particle beam. 


., It is advantageous to place the two detectors in the plane through the target 


ee tothe beam, and make them sensitive over the same range of energies. 


No interference between magnetic and electric transitions will then be observed, 
and for each particular transition the angular correlation will be given by the 
integral of (3 a), (3b) over the appropriate energy interval. 
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Abstract. 'The decoherence curve of extensive showers has been studied at a 
depth of 60m water equivalent below ground out to a distance of 320m. The 
relative frequencies of coincidences in various combinations of counter sets are 
found to be consistent with the assumption that the frequency of showers containing 
N particles is proportional to N~’ with y=3-2+0-2. By comparison with 
observations at other depths it is concluded that the particles in extensive showers 
are absorbed less rapidly in the earth than the normal particles of the vertical 
component.. The observed showers can be readily understood in terms of the 
small fraction of penetrating particles (presumed j:-mesons) that is known to exist 
in extensive showers observed at sea level. At counter separations less than 3m 
the observed coincidences are much too frequent to be attributed to extensive 
showers, indicating a significant contribution from locally produced penetrating 
particles. The origin of these secondary particles is discussed. 


§1. INTRODUCTION 

T has been known for some time that the Auger showers (Auger et al. 1938) 
| are not examples of pure electron—photon cascades, since they contain some 

particles more penetrating then electrons (Auger 1938, Broadbent and Janossy 
1948, Treat and Greisen 1948). At sea level the fraction of penetrating particles 
is about 2%, 75% of this group consisting of 4.-mesons and approximately 25% 
of more strongly interacting particles (McCusker 1950). When an Auger 
shower strikes the ground, the electron-photon component and the strongly 
interacting component should be effectively removed in a few yards of earth, 
leaving the .-meson skeleton. At large depths below ground remnants of normal 
sea-level extensive showers should be found. We decided to look for these 
events in our underground laboratory in London on the tube railway, and an 
account of the investigation is given in this paper. Preliminary reports have 
previously been published by George (1949, 1951). 

The observations were begun in 1948, at which time there was some difference 
of opinion as to the nature and origin of these penetrating particles in Auger 
showers (Broadbent and Janossy 1948, 'T'reat and Greisen 1948), and the experi- 
ment was intended to clarify some of the points in dispute. In the meantime 
the situation has become considerably clearer and our results may be regarded as 
confirming the qualitative picture we now have of the development of cascades 
of both hard and soft particles from nuclear collisions of great energy. 


§2. EXPERIMENTAL 
The observations were made at a depth of 30m below ground in a disused 
railway tunnel. ‘The density of the local material was 2-0gcm-? and the 
equivalent depth was therefore 60 metres of water. 'T'wo separate investigations 


were carried out on ‘extensive’ and ‘local’ showers respectively, in the nomen- 
clature of other workers. 
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(1) Extensive Showers 


For extensive showers we recorded coincidences between large sets of 
counters, I, II, III, [V disposed as in fig. 1, the walls of the tunnel necessitating 
their lying more or less in a single straight line. Sets IT and IIT remained 
permanently in our underground laboratory, while sets I and IV were moved to 
various separations up to the limits determined one way by the running trains 
and the other by a wall blocking the tunnel, the resulting maximum extension 
between sets I and IV being 320m. To reduce accidental coincidences each 
of the sets consisted of either two or three trays of counters placed closely above 
each other. Each tray had many counters in parallel, coincidences between 
trays being selected by conventional circuits of microsecond resolving time. 
Details of the counter sets are given in table 1. 


ables 
Counter set I II Ii! IV 
No. of counter trays 2 3 3 2 
No. of counters per tray 12 il) 15 15 
Sensitive area (m?) 0:29 0:36 0:36 0:36 


The counting rate of each set was close to 2sec“!, and the coincidence pulses 
from each of the sets were transmitted by concentric cable back to a multichannel 
coincidence circuit in the laboratory containing sets II and III, where they were 


Fig. 1. Layout of extensive shower Fig. 2. Apparatus for recording 
counter sets. local showers. 


lengthened to 10sec (to allow for the delays incurred by the finite velocity of 
transmission). Coincidences between various groups were then selected and 
recorded in a conventional manner. 


(ii) Local Showers 


Other work in our laboratory had shown that low-multiplicity penetrating 
showers were produced at large underground depths (George and Evans 1950), 
and Braddick and co-workers had shown the probable existence of additional 
processes resulting in the production of single penetrating secondaries (Braddick 
and Hensby 1939, Braddick, Nash and Wolfendale 1951). We therefore expected 
that, in addition to the extensive showers, there would also be events of low 
multiplicity produced locally in the earth above the apparatus which would 
contribute to the observed frequency of extensive showers. Under 30 yards of 
earth these locally produced showers would only have a width of a few metres. 
As the counter trays used in the first investigation were too large and clumsy to 
reveal any fine structure at small separations the apparatus shown in fig. 2 was 
developed for investigating showers of small extent. Each half of the apparatus 
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contained two trays of four counters placed one above the other and separated 
by 20cm Pb, and one half was mounted on a trolley so that it could be moved 
easily. Fourfold coincidences were recorded as a function of the distance D 
separating the centre of each half. The apparatus requires a minimum of two 


penetrating particles to discharge it and is thus sensitive to locally produced — 


events of the type sought, as well as to Auger shower events. It was one of our 
objects to determine the relative proportions of each type of event. 


§3. RESULTS 


(i) Extensive Showers 

The first observations made were of threefold coincidences between sets I, 
II and III, with a separation of 6m between sets I and III, where a coincidence 
rate of 0:57 + 0-05 per day was observed. - On covering all the sets with 10cm Pb 
the coincidence rate dropped to 0-44 + 0-08 per day. This established the existence 
of the showers, and that the particles in them were mostly penetrating, as would 
be expected for p-mesons. ‘The ratio of the readings with and without lead is 
1-3, and this may be contrasted with the ratio of 300:1 observed for the corres- 
ponding events at sea level by Cocconi et al. (1943), where the showers contain 
many more electrons than mesons. 


The counter set IV (fig. 1) was added to the arrangement, and the frequency ~ 


of the coincidences between several combinations of the counter sets was recorded 
for various separations D, the results being given in table 2. The twofold 
coincidence rates have been corrected for the measured rate of accidental 
coincidences, no corrections being necessary for coincidences of higher multi- 
plicity. For the larger separations the observed twofold rate was comparable 
with the accidental rate, and no attempt was made to extend these readings beyond 
13 metres. 


Table 2. Frequencies per Day of Two, Three and Fourfold Coincidences at 60 m 
Water Equivalent for Various Separations D between Extreme Counter Sets 
Separation 
D (m) 
2-fold 
unscreened 


2-fold 
screened 
10 cm Pb 


2-fold ratio 
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0:61 0-104 0-073 0-033 
+0:06 +0-011 +0-022 +0-01 
4-fold 0-027 — 0-020 
+0:016 — +0-01 
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3-fold 


I+- 


For the twofold coincidences more observations were made of the effect of 
covering the trays with 10cm Pb, and the results are given in the second and 
third rows of table 2. ‘The ratio of the readings with and without lead increases 
from 0-7 at 2-8 m to 0-9 at 13m. We show below that the exponent of the power 
law which expresses the density spectrum distribution of the showers is close to 3. 
Thus if « is the proportion of penetrating particles in the showers, x2 =0-7 to 0:9 
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(see, for example, Broadbent and Jaénossy 1948). Taking the mean value of 
0-8, we find x=0-9, which means that the soft component is of order 10%, a 
value consistent with its simple interpretation in terms of knock-on electrons 
accompanying the «.-mesons forming the main part of the shower. Clearly the 
knock-on electrons would have a greater effect at small tray separations, their 
effect becoming smaller as the separation is increased, and this is what the 
‘ratios’ given in table 2 indicate. This is of course all quite trivial; it just 
shows that the showers behave as expected. 

Threefold concidences were investigated over tray separations varying from 
5-8 up to 320m; at the larger separation the coincidence rate was one per month. 
The fourfold coincidences given in the last row of table 2 for the larger separations 
were so low (~8 counts per year) that only a few observations were made, and 
even those were of quite poor statistical accuracy. 


(ii) Local Showers 


The counting rate was observed for various separations of the two halves of 
the local-shower apparatus (table 3). The distances were measured between the 
centres of the counter trays, so that 30 cm separation corresponds to the position 
where the two halves were actually in contact. 


Table 3 


Separation D (m) 0-30 0-45 1-2 2-0 3-0 
2-fold coinc./day 1234011 1-024010 0-6140-12 0-3240-10 0:23+0-06 


At the minimum separation we covered the trays with 10cm Pb placed above 
the banks of counters, and under this condition the observed counting rate was 
1-20+0-11 per day, not significantly different from the rate with no lead over 
the apparatus. 


(111) Coincidences between Local and Extensive Showers 


In order to obtain experimental evidence on the degree of association of the 
local showers with the extensive events a further coincidence unit was constructed 
to record overall coincidences between the local and the extensive shower trays. 
The pulses from each of the four large extensive counter sets I, II, III, IV were 
fed to a hodoscope unit, the master pulse being provided by the local shower 
set. Thus for every local shower a simultaneous particle passing through any 
of the other trays distant 1 to 120m was indicated. Halfway through this run 
the nearest tray, at 1m, was moved out to 200m, the other trays being left in 
position. ‘Table 4 gives the results. 


‘Table 4 
Distance from local shower set (m) it 5 6 120 200 
No. of local showers 50 ie 132 132 82 
No. of coincidences with extensive trays 6 0 0 0 0 


It will be seen that the only coincidences of extensive and local shower 
sets was at 1 mseparation. The decoherence curve results in table 2 show that the 
extensive showers have a mean radius of approximately 100m, and a fairly 
uniform particle density throughout the shower of order | particle m~*. ‘This is 
discussed in more detail in §4, but these rough figures follow immediately from 
the observed coincidences at large separations and the ratio of four to threefold 
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coincidences. ‘Therefore, if the extensive showers contributed significantly to 
the coincidences recorded as ‘local’ showers, the sets at 2 and 6m should have 
been discharged as frequently as the set at 1 m, and the others a little less frequently. 
The fact that this was not so indicates that the events were of a local nature. 


$4. DIscUussSION 
(i) Lateral Distribution of Shower Particles 


The decoherence curves for twofold events recorded by the two different 
experimental arrangements overlap at 3 m separation and, therefore, by normalizing 
at this point, we have been able to combine the two sets of observations, with the 
result shown in fig. 3. For separations 3-7 m or greater the points all lie on a 


Observations with extensive 
shower apparatus 

f Observations with local 
shower apparatus (x10) 


F, (0), Counts per Day 


Z(D), Coincidences per Day 


s = as | 
Se 0 100 200 300 
; D (metres) 
0 a 10 15 Hae dk h f 
Dimers) Fig. 4. _Decoherence curve for 
underground showers after 
Fig. 3. Decoherence curve for subtraction of events of local 
twofold events. origin. 


slowly falling curve, and this part of the twofold decoherence curve we interpret 
as being due to the penetrating particles in extensive air showers resulting from 
energetic nuclear collisions near the top of the atmosphere. In the first place, 
if secondary particles were produced locally in the overlaying earth, then it is 
difficult to see how they could cover such a wide region for, suppose a secondary 
particle is produced, say halfway down from the surface at 15m above the 
apparatus, then it must be a y-meson or some other weakly interacting particle, 
and would require an energy of at least 6 kMev to arrive at the point of observation. 
Since the rest energy of the u-meson is 0-1 kMev, it would move forward at an 
angle of about 1° to the parent particle, or a slightly larger scale if the secondary 
is a heavier particle. ‘his means that the separation between the primary and 
secondary particles would be at the most 1 m at the point of observation. Similar 
results follow if production at other points is considered, and it follows therefore 
that the flat portion of the decoherence curve beyond D = 3-7 m cannot be explained 
in terms of locally produced particles. Furthermore, local production would 
result in a much more steeply falling decoherence curve than is actually observed. 

There is a break in the curve at 3-7 m, and the sudden increase for decreasing 
‘separations could not be explained in terms of Auger showers: both the theory of 
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Blatt (1949) and the measurements of Williams (1948) show that the decoherence 
curve should be extrapolated to zero separation more or less as shown by the 
dotted line. 

Our interpretation of the twofold decoherence curve is that it may be divided 
into two components, the rapidly falling part from D=0 to D=3-7 m being due 
to locally produced secondary particles superimposed on a slowly varying back- 
ground due to extensive showers. At distances greater than 3-7 m the coincidences 
are due to extensive showers alone. From the curves of fig. 3 it follows that at 
small separations the local events are about ten times more frequent than the 
extensive shower events, and this is consistent with the observations made under 
§3 (i) describing the experimental observations of association between local and 
extensive events. 

In order to see the shape of the decoherence curve beyond 13 m it is necessary 
to consider the results for threefold coincidences, because of the background of 
accidental coincidences in the twofold events. Barrett et al. (1952, private 
communication) have shown that the ratio of twofold to threefold events is 
roughly independent of counter separations; as our two sets of observations of 
two- and threefold events overlap at 5-8 m, we have normalized the two curves at 
this point and constructed a composite curve showing the decoherence curve 
for twofold events out to 320m (fig. 4). In this graph we have not included the 
contributions from local showers at small counter separations, and thus fig. 4 
should represent the decoherence curve for the twofold coincidences due to 
extensive showers alone at 60m water equivalent depth. 


(11) The Number—Frequency Distribution of Shower Particles 


If we make the assumption that the frequency of showers containing N 
mesons is proportional to N~’, then the ratios of twofold/single, threefold/two- 
fold or fourfold/threefold coincidences may be used to determine the value of y. 
If the same value of y accounts simultaneously for all of these ratios then this may 
be taken as an indication of the validity of the original assumption. Previous 
analyses (Cocconi, Loverdo and Tongiorgi 1943) have assumed a constant density 
of particles in a given shower, and the same assumption will be made here. 
Actually we know that there is a concentration of particles in the vicinity of the 
shower axis, but we may expect that the picture we deduce on the basis of constant 
density will get us near the truth. And in any case the radial distribution 
function is unknown, so that any assumption must be arbitrary to some extent. 
Thus we assume that the NV mesons in a shower are distributed at random over a 
circle of radius R. Let p be the probability that a counter set of area A will be 
struck by a given particle so that p= A/7R?. ‘Then our purpose is to determine 
values of R and y consistent with the observations. Let P,(.N) be the probability 
that at least one or more particles fall on each of ry counter trays. Values of 
PV) are 

Pit) lel lies?) 

P,(N)=1—2(1—p)” + (1—2p)* 

P(N) =1-3(1—p)" + 3(1 — 2p)” - (1-39) 

P,(N) =1—4(1 —p)* + 6(1 —2p)¥ —4(1 —3p)* +(1 — 4p)”. 
‘The frequency of r-fold coincidences will then be proportional to 
oe setIN IN) BB ae (2) 


T 
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Values of the ratio F,,,,/F, obtained from eqn. (2) are plotted in fig. 5 as a function. 
of y for R=30, 60 and 120m. The experimental values are also indicated, the 
relevant twofold rate being the value extrapolated to zero separation as indicated 
in fig. 3. A consistent set of values of R and y would be those for which the 
intersections between the experimental and theoretical lines all give the same 
value of y. It is seen that these conditions are satisfied for Rec~ 60 m, y =3-2 40:2. 
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Fig. 6. 


Except for the ratio of twofold to single counts, the results are not very 
sensitive to the choice of R, but y may be fixed within reasonable limits. The 
value of R is of order of magnitude indicated by the decoherence curve of fig. 4, 
good agreement not being expected on account of the simplifying assumption 
made concerning the density distribution. The value of y is not dependent on 
these assumptions. 


(111) The Depth—Intensity Relation for Extensive Shower Particles 


Coincidences between three counter trays all shielded with 20 cm Pb have been 
recorded by McCusker and Millar (1951) at sea level, and by Greisen (1951, 
private communication) at a depth of 1600 m water equivalent. By comparing 
these observations with our own it is possible to obtain a preliminary indication. 
of the variation of the frequency of extensive shower particles with depth (table 5). 

In comparing the observations at various depths it is the relative densities: 
of the shower particles rather than the actual threefold coincidence rates that are: 


Table 5 
Depth NS A 3-fold rate Dist. betw. Corrected 
Observer Gqueene trays (d-) ‘ fea) re 
Ee) Opes rays (m rate 
McCusker and Millar 10(S.L.) 1750 234.01 5 F359 +-03 
piienaveng fo encue 3500  0-44+.0-08 6 0-444 0-08 
turgess f 

Greisen 1600 7500 0-013 + 0-004 6 0-0026+ 0-001 


* The rate which would have been observed if all the trays had been of area 3500 cm?,, 
using standard procedures. 
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of greater physical interest. For example, suppose that of the penetrating shower 
particles at sea level 1 in 5 survived to a depth of 60 m water equivalent, then the 
threefold shower frequencies would be in the ratio of 5” or 35: 1 (taking our value 
of y from §4(ii)), but it is the survival probability 1 in 5, giving the relative 
absorption, which is of physical interest. Thus from the data of table 5 we 
have calculated the survival probabilities of the extensive shower particles at 60 
and 1600m water equivalent, see fig. 6, which also shows the depth intensity 
curve of the single particles. It is clear that the shower particles are absorbed 
much less than the normal single particles of the penetrating component, 
indicating that the meson spectrum for the high energy primary particles capable 
of generating these showers (~ 10! ev, see below) is flatter than the normal 
spectrum. ‘This behaviour would be expected from various theories of meson 
production that have been suggested (Lewis, Oppenheimer and Wouthuysen 
1948, Fermi 1951). On the basis of the limited measurements available we 
may tentatively assign an integral range distribution of the form (range)~°” to 
the particles comprising the threefold extensive showers observed underground.* 


(iv) Energy of the Threefold Events 

The observed ratio (3:1) of threefold to fourfold events indicates that in the 
showers recorded the mean particle density must have been of order 1 per tray 
or 3 particles m-*. The showers cover approximately 104m? and must have 
contained on the average approximately 3 x 10* particles. ‘The energy required 
for penetration to 60m water equivalent is 10!°ev and, as indicated in §3, the 
mean energy must be several times this value. ‘Thus the energy in the u-meson 
component alone must be on average of order 101° ev, the energy of the primary 
being greater than this by a factor which is unknown but presumably not large. 

By normalizing the observed frequency of single counts in one of the trays 
to the measured underground flux of single particles the flux of primary particles 
with energies above this limit is found to be 1:7 x 10-°cm™?sectsterad“, in 
good agreement with the value calculated by extrapolating the integral primary 
spectrum reported by Kaplon and Ritson (1952). 


(v) Local Showers 

From the rapid rise of the decoherence curve at small separations we have 
inferred the existence of associated penetrating particles in excess of those accounted 
for by extensive air shower events, and it is of interest to see to what extent these 
events can be explained in terms of showers produced underground by fast 
p-mesons as observed in nuclear emulsions by George and Evans (1951). Let P 
be the probability that a y-meson be accompanied by a further penetrating 
particle. ‘Then the experimental value of P is given by 
P= es ELE ae (3) 

0 2AF, 

where F, is the frequency of recording single particles, /,(D) the frequency of 
local twofold events at separation D after subtraction of the background of 
extensive events, and A is the area of the counter trays. 

Using (3) we find the value 

ewes 25) Oe eee ate! vet Sy gesahiss (4) 
* Greisen (private communication) has pointed out that the showers at 1600m are 


smaller in extent than those at 60m. Allowance for this brings the last point in fig. 6 
nearer to the curve for the vertical component. 
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We now assume that all the particles emitted in underground hard showers. 
are 7-mesons and then calculate the value of P expected from this assumption. 
If a 7-meson is produced in the earth it may, before interacting with another 
nucleus, decay into a u-meson which is recorded (it may suffer u-decay either in 


the earth or in the air-space between the tunnel roof and our apparatus, a distance 


of 3m), or it may escape capture or decay and be recorded as a 7-meson. ‘The 
measured cross section for the production of showers at 60m water equivalent 
below ground is 2 x 10-%°cm?/nucleon (George 1951), and the average number 
of shower particles per event is 3, making a total effective cross section for the 
production of z-mesons of 6 x 10-°°cm?/nucleon. The probability of decay 
before capture in the earth is 10/E (£ in Mev) and the probability that a »-meson 
will be accompanied by a secondary p-meson via p-decay of secondary 7-mesons 
in the earth is 3000 


Pia 6.10%. 2.6.10-% de | 
«“=0 


I(E) of rN le a Sark (5) 
Let 2a E 
E, is the minimum energy required for a particle to penetrate our absorber 
(400 Mev) and J(£) is the differential energy spectrum of the emitted shower 
particles (Camerini e¢ al. 1950). 

On evaluating (5) we find P,=7x10-*. If L,gcm”? is the absorption length 
for nucleon cascades in the earth, the probability for a 7-meson to emerge from ~ 
the roof is simply N,, = L,.6.10-*°. 6. 108, which, on substituting L, =150gcm~, 
hee IN = 5-451 0 * Der u=MeSOn. ack eee (6) 
Of these, 10% are calculated to decay in the 3m path from roof to apparatus, 
and only 40° will have sufficient energy to discharge the apparatus, giving for 
the number of secondary p-mesons from 7—p decay in the air P, =2-2 x 10°. 

Finally, of the remaining 90% of 7-mesons, again 40% have sufficient energy 
to be recorded, while their probability of producing a count is only 0-47 on account 
of their absorption in lead with an absorption length of the order of 300 gcm~, 
the value for nucleon cascade attenuation in lead. ‘Thus for the probability of 
recording directly one of the secondary 7-mesons we find P, =9:2 x 10°. Adding 
together P,, P, and P; we get for the total calculated probability 


Pate = 1-2 x 10-4. 


The observed value (eqn. (5)) is greater than this by an order of magnitude, and 
the difference cannot be accounted for by uncertainties in factors entering the 
calculation. All of the required parameters have been measured to a reasonable 
degree of accuracy, and the overall uncertainty in the calculated value of P is 
hardly likely to be out by as much as a factor of two. ‘Thus we conclude that 
there is some additional process taking place underground which leads to the 
production of secondary penetrating particles over and above the production of 
nuclear disintegration ‘stars’ emitting showers of z-mesons as observed in 
nuclear emulsions. ‘This conclusion lends some support to previous reports by 
other authors of the anomalous production of secondary penetrating particles 
underground (George and ‘Trent 1949, Braddick, Nash and Wolfendale 1951). 


(vi) Comparison with Other Workers 
Associated penetrating particles have been observed recently at a depth of 
1600 m water equivalent by Barrett et al. (1952, private communication) and at 
50m water equivalent by Amaldi et al. (1952, private communication) using 
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hodoscoped banks of counters separated by lead absorbers. Both local and 
extensive events were studied by Barrett et al., whereas the events of Amaldi et al. 
were mostly of a local nature. Barrett et al. find a similar anomalous rise in the 
decoherence curve for D less than 3m, which they attribute to local events. 
Their twofold decoherence curve falls substantially to zero at 25m, which may 
be understood in terms of the greatly increased energy the u-mesons must have to 
reach their depth of observation (3 x 10! ev compared with 1-2 x 10!ev in our 
case). For the exponent y of the power law expressing the number-—frequency 
distribution, Barrett e¢ al. find y=3-4+0-1, and our value (3-2+0-2) is not 
inconsistent with this. As regards the local events, while we both find the same 
frequency of associated penetrating particles (~ 1/300 of the frequency of single 
particles) their conclusions differ from ours in one important respect, in that they 
argue that the local events can be adequately explained in terms of the 
photonuclear excitation produced by the virtual quanta of the hard component. 
In order to do this they have to assume a photonuclear cross section of 
10-*’ cm?/nucleon at hv > 5 kev, a value ten times greater than the value measured 
at lower energy (Miller 1951). While such an increase of the cross section cannot 
be excluded on a priori grounds, we are informed by Evans (1952, private com- 
munication) that it would appear to be inconsistent with the number of large 
stars observed in nuclear emulsions exposed below ground. In any case, the 
discrepancy in our observations is between a measured frequency of shower 
production and a measured frequency of associated particles, and the discrepancy 
remains whatever value one assumes for the photonuclear cross section. 

Amaldi et al. have identified certain of their hodoscope records as examples 
of the production of penetrating secondary radiation in lead and, assuming the 
events to be produced by the pu-mesons of the hard component, have deduced a 
value for the cross section of the order of 1-3 x 10-2®cm? per nucleon for this 
process. ‘This again is larger than that allowed by the nuclear emulsion obser- 
vations, and is closer to the figure of 5 x 10-?®cm?/nucleon given by George and 
Trent and by Braddick, Nash and Wolfendale. Assuming that u-mesons at 
this depth do produce penetrating secondary particles with this cross section, 
there would be no difficulty in accounting for the frequency of associated 
penetrating particles which we observe at close separations. 

The local events could also be understood if the underground showers 
contained a significant number of particles which decay into p-mesons with a 
lifetime appreciably shorter than that of the 7-meson (O’Ceallaigh 1951). 


§5. CONCLUSIONS 


From the observations described in this paper we have drawn the following 
conclusions concerning the showers at 60m water equivalent depth: 
(i) 90°% of the particles in the underground extensive showers are x-mesons 
and the remainder secondary electrons; 
(ii) the frequency of showers containing N particles is proportional to N~ 
(iii) the showers certainly cover an extent of 320m and are probably even 
greater, although their properties can be understood if it is assumed that the 
showers have a uniform density over a circle of radius of approximately 60m; 
(iv) in the events recorded with three- and fourfold counter systems the average 
density of y-mesons is of order 3m, indicating the simultaneous passage of 
3 x 10* particles at 60 m water equivalent ; 


3°2420°2 . 
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(v) the energy of these events is greater than 10! ev, and the flux of primary 
particles capable of producing them is 1-7 x 10-°cm™* sec? sterad ; 
(vi) at close separation of the counter trays additional events containing two 
or more particles are recorded which originate locally in the earth overhead ; 

(vii) the frequency of these local events is higher by an order of magnitude 
than that calculated in terms of the nuclear showers observed below ground in 
nuclear emulsions ; 

(viii) the frequency of local events is not inconsistent with that calculated 
assuming single secondary penetrating particles to be produced by fast »-mesons 
with a cross section of the order of 5 x 10-*®; such a process has been previously 
reported by other workers. 
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The Free Energy of the Double Layer of a Colloidal Particle and the 
Charging Process 
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Abstract. A detailed analysis is given of the alternative charging processes used 
by Verwey and Overbeek and the author to determine the free energy associated 
with the electric double layer of a colloidal particle. A general statistical proof 
of the equivalence of these methods is obtained. It is shown that the use of the 
different charging processes is equivalent to assuming an additional, hypo- 
thetical, thermodynamic variable to describe the colloidal system; this can be 
simply interpreted as an arbitrary ‘chemical’ potential of the ions adsorbed on 
the particle surface. The expression for the free energy derived by Verwey and 
Overbeek is extended to apply to more general cases, and the treatment by these 
authors of the so-called chemical energy is clarified. 


§ 1. INTRODUCTION 


layers of colloidal particles will be examined by employing classical statistical 

mechanics and thermodynamics. It will be sufficient to examine the model 
of a single particle with a uniform density of surface ions, immersed in a large 
volume of electrolyte. Also, for simplicity, we shall neglect the (small) contri- 
bution to the free energy of our system from the coulomb interaction of the ions 
in the interior of the dispersion medium (see Levine 1946, 1951a,b). Two 
main results will be obtained. (i) In one of the methods of finding the free 
energy we introduce an extra, hypothetical, thermodynamic variable to describe 
the colloidal system at equilibrium. ‘The new variable may be visualized as an 
arbitrary adsorption potential. Consequently two fictitious processes are 
applied, namely, the familiar Debye-Huckel charging process of the ions and 
the variation of the adsorption (chemical ) potential. (ii) Casimir (see Verwey 
and Overbeek 1948, p.63) proved that the charging method of Verwey and 
Overbeek (1948) (hereafter referred to as V.O.) is equivalent to the use of a 
Lippmann equation. A generalization of this equivalence theorem will be 
derived without appealing to the Poisson—Boltzmann equation. ‘The above 
results lead to a clarification of the charging process of V.O. and of their treatment 
of the so-called chemical energy of the surface ions (V.O., p. 58). 

Since this paper was written, a treatment by Overbeek (see Kruyt 1952) of 
the same problems has appeared in which different lines of argument are used. 
For example, in one of the models employed by Overbeek a variable adsorption 
potential is achieved by changing the electrolyte concentration, as in a completely 
reversible electrode. However, since the charging process is usually visualized 
as occurring at constant total electrolyte content, such a process seems to introduce 
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complications which are avoided in the present paper. Furthermore, the 
emphasis will be on the derivation of general formulae for the free energy 
which can be used with a corrected Poisson—Boltzmann equation. This will 
be illustrated in the following paper (Levine 1953). 


§ 2. CHARGING Metuop I 


In previous papers (Levine 1946, 1948, 1950, 1951 a), the author derived the 
Helmholtz free energy of the double layers by charging at constant temperature 
and volume and under the condition that the number of surface ions remains 
constant. ‘This method is valid if classical statistical mechanics is assumed and 
the electrolyte dispersion medium is macroscopic, since we then have a (two- 
phase) macroscopic system with regard to the ion components. 

Suppose that all the ions carry the fraction A of the normal charge. The 
charge on the particle is assumed to be due to the adsorption of m ions of type 1, 
(full) charge e,, 7 being arbitrary. For an instantaneous configuration of the 
ions the electrostatic interaction energy of all the ions is 


a 
Be, | f(A) ad, 
4 0 


where ¢4,(A) is the potential at ion z due to all the other ions, and we sum over all 
the ions; ¢,(A) includes image terms. Differentiating this energy with respect 
to A and then averaging over all configurations of the ions (subject to fixed 7), we 
introduce the quantity 


SEC) =ZlBO-FO, ees (1 
where ¢,°(A) is the mean potential at an ion z far removed from the particle. To 
simplify the notation the bar, which denotes the statistical average, will be 
omitted except in the Appendix. Now let (A, m) be the difference between the 
average (surface) potential due to other ions at an adsorbed ion and that at a 
1 ion in the bulk of the solution; %,; will be the corresponding potential at an ion 
of type j, located at any point in the diffuse outer layer of the particle and p, the 
charge density of j ions. ‘Then we may write (Levine 1951 a) 


EQlae=iale nena | e ips) do = (2) 


where the integral is taken over the volume of the diffuse layer, and we now sum 
over the s ion types. If there is no dielectric saturation in the diffuse layer, ¢, (A) is 
proportional to A and E(A,n) is the average electrostatic energy of the double 
layer. Otherwise H(A, 2) cannot be interpreted in this way. 

The part of the free energy of our system which depends on 7 is now 


FA, n) =fo(n) —nAy,(A)+ FA.) eee (3) 


where f,() is the free energy in the completely discharged state, — Ay,(X) is the 
change in the electrical self-energy when a 1 ion is adsorbed, and 


Fn) =2| SEQ, OL ee (4) 


is the so-called electrical term (Levine 1951 a). Let ®(A, 2) be the potential of the 
mean force (per unit charge) due to the coulomb interaction and acting on an 
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adsorbed ion (see Appendix) ; the zero of this potential is taken in the bulk of the 
solution. Then 


FX n) =e, | i Doar eee ee (5) 


which, like (4), is still valid if there is dielectric saturation. 

We now suppose that at each stage A thermodynamic equilibrium can be 
attained, and shall refer to such a system as ‘normal’, hereafter to be abbreviated 
to N.S. The equilibrium value of m, which we denote by 7(A), is derived from 
the condition of minimum free energy, 

OF (A, 2) 
On 


making use of (3) and(5). Analternative derivation of (6) is given in the Appendix. 
A particularly simple form is obtained for f,(m) if the adsorbed ions are identical 
with one of the lattice ion types of the colloidal particle. We now imagine all the 
lattice ions of the particles and the ions in the dispersion medium are completely 
discharged and we charge at a uniform rate (at constant volume of each phase). 
Then F(a) Sonne eka tate bia, ASE (7) 
where y,° and , are the chemical potentials of a discharged ion in the dispersion 
medium and in the particle respectively. However, in a previous paper (Levine 
1951 c), the author has shown that if (7) applies, then the assumption that equili- 
brium exists at A=0 (and presumably in the vicinity of A=0) is contradicted by 
experiment. 


=O or Ax,(0) = 2) 5 r6,0(0,n), aie (6) 


§ 3. CHARGING MetuHop II. INTRODUCTION OF GENERALIZED SYSTEM 


When f, (7) has a more complicated form than (7), the N.S. may exist, in which 
case we shall imagine that during the charging process n takes on its equilibrium 
value 7(A). Since 7(A) is defined by (6), the change in the free energy during an 
infinitesimal step A to A + dA can be written as 

dF (A, n) ne OF (A, n) 
da Oo 
to be evaluated at n=n(A). Substituting (3) for eu n) integration of (8) yields 


FIA, A(A)] = foli(0)] + [e | - ee a 5 EIR, 7 01 | Die nie ho (9) 


The inverse process of deriving (3) and (4) from (6) and (9) is not possible unless 
our N.S. is replaced by a fictitious generalized system to be designated as the G.S. 
We shall increase the number of independent thermodynamic variables by one 
and regard both A and m as among such variables. Any path in the (A, 7) plane 
which passes through fixed end points, say A [0,7(0)| and B [A,7(A)], will now 
yield the same change in the free energy. A simple way of choosing the G.S. 
is to replace Ay,(A) bya unique energy term which we shall denote by M(A, 7) and 
which has the following properties : 


Dae. eae (8) 


PAPA |) A Serta ig tu slipce Ghme nae (10) 

SEN ACI a Se CNY Ct | TI Se re (11) 
(iii) the imexact differential Ay,(A)dn+(2/A)E(A,n) dA is replaced by the 

peace cit erential AVEMOn)dnt(2P)EQn)dA nese (12) 
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This means (Ince 1927) that a function V = V(A, 2) can be found so that 


a a 2 
ZV,n)=MOAn), 5 VOAM)=FEAM, oe (13) 
and if we choose V[0, 7(0)] =0 
A n 
Va,n)=2 | +B ny ane. | M(O; ny dae Re, (14) 
0 70) 


If we now write (9) as 


FIA, A(A)1=folHCO)1— AOAC) + f° | aera, may) SP + 51a, m0] | ar 
ae (15) 
then the integral expression on the right is precisely 
V[A, n(A)] = [ Ea n(r)] nt + SED, n) | aN) ee (16) 


and is independent of the path =n (A) none in the (A, 2) plane, the end points A 
and B being fixed. Making use of (10), (11) and (14), it follows that (15) may be 


written as FTA, a(A)] =fol#O)] — AA) MIA, MA] + FDA) veers (17) 
which is identical with (3) atn=7(A). The function F,(A, ) exists and is defined 
by (4). Also the first relation in (13) defines M(A, 2), namely 
dfn) OF (A,n) df,(n 
M(, n) = oe) + ss = sh + Aég D(A, 72): se" steele (18) 


Up to now we have placed the end points of our arbitrary path on the curve 
n=7(X). However, having introduced the function M(A,n), we may choose 
these two points anywhere in the first quadrant (A > 0, 2 > 0) of the (A, 2) plane and 
repeat the preceding argument; also the N.S. need not exist. Then the free 
energy of our G.S. is simply 

FA, 2) =f)(%)—2 MQ, 2) + EO); 9 eee (19) 
and the expression (9) is replaced by 


Fy nO) =eln(0)]+ f | — ney SAO 


where the path m =7/(A) is quite arbitrary, mee where 


g(n) =fo(n) — M(0,n) =fy(n)—ndfo(n)idn, esa (21) 


ps < EIN n) | aoa (20) 


substituting (11). 


§ 4. MODEL OF THE GENERALIZED SYSTEM 

A physical interpretation of M(A, n) is provided by a mechanism which is 
based on the methods of statistical mechanics. It will be sufficient to consider the 
case where the adsorbed ion is different from the lattice ion types constituting the 
particle. We shall replace Up, the energy of adsorption of a discharged ion of 
type 1 on the particle surface, by € Uy where € is a fictitious ‘coupling’ parameter 
(cf. Kirkwood 1935) which can be chosen independently of A. Then the free 
energy of our system can be written as 


FiAsn) = FO, n)-enlé=1)U eo a oe (22) 


Since we are considering 4 and € as among the variables defining the equilibrium 
state of the G.S., m is a function of A and €, say n=n(A,€). Suppose now that an 
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ion of type | is transported from the solution phase to the particle surface phase 
under the condition of fixed €. The free energy change is zero, i.e. the function 
F(A, n) isa minimum (with respect tom) for givenAand&. Hence n(A, €) is defined 
by 


¥ 


Aa) lee 2, een +e, (A, n)= MA, n),  .. 0. (23) 


making use of (3), (5), (18) and (22). It readily follows that the formulae (19) and 
(22) are identical. In the case of the N.S., €=1 and (23) is equivalent to (6). 

An alternative mechanism was considered by the author in earlier papers 
(Levine 1948, 1951 a) and more recently by Overbeek (see Kruyt 1952). It is 
imagined that an external potential, s* say, is impressed between the interior of the 
solution and the particle surface, so that the particle behaves as a completely 
polarized electrode and equilibrium can be attained for any A and n. If the 
potential at the particle be taken as the zero, then the term n(€—1) Us, in (22) is 
replaced by —7Ae,%s*, making use of the condition of electrical neutrality. Thus 
there is complete equivalance between the parameters € and #*. 


§ 5. GENERALIZATION OF CASIMIR EQUIVALENCE ‘THEOREM 


To prove this theorem we derive two equivalent forms for the free energy of the 
G.S. Substituting (18) and (5) into (19) we readily obtain 


F,[A, n(A)] =e[n(A)] —Ae,n(A)LA, n (A)] + Ae, | OO an eee (24) 


OLA, n(4)] 
= gln(X)]—Ae, | 
(4,0 


where n =n(A, ®) is the inverse relation to D = (A, n); (A, 0) 40 because of the 
image forces. If we substitute into (20) the expression (2) for E(A,m) and the 
second form in (18) for M(A, ), then it can be verified that 


Fy(A,n(AY] =elm()]+ ef m(A) -H OMHIA, m(A)] —AOLA, nQ)] 
een aCe 
“ys | “An oo d+ I, <| (2H ) age ee (26) 


7 
n=n(A) 


RD) IO ae = = pee (25) 


The right-hand sides of (25) and (26) must be identical, and this yields a generali- 
zation of the formula derived by Casimir (1948). A further generalization which is 
relevant to the case of spherical particles (Levine 1950) is obtained by replacing the 
path m =n(A) by the path ACB in the figure, defined by n=m)(e),0 <A<e; n=n,(A), 
A>e, where the function ,(A) > as A0 and € is small. The range of integration 
(0, A) on the right of (26) is now divided into two parts (0, €) and (e, A), and we may 
equate the contributions from (0, <) to the second term on the right of (25), after 
replacing A by < inthe latter. If now e—0, it follows that we must add the term 


Oe, mo(€)] 
| J CAOIV : Vamecemmiaalleett ell (27) 


TA lim € 
e—>0 D(e, 0) 

to the right-hand side of (26). This may be described as a ‘ residual’ free energy in 

the state A=0, which is introduced for mathematical convenience and has no real 

physical meaning. (We assume that the improper integrals in (26) converge.) 

The required generalization is obtained on equating (25) to the sum of (26) and 


(27), with n(A) replaced by (A) (cf. Levine 1951 d). 
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If we ignore a small correction due to short-range forces between the ions then, 
according to equation (A 10),* 
exD(A,n)= | “f(,n) de, or 2,2) Yn) = ree (28) 
Thus the electrical work of bringing a 1 ion from the solution to the particle surface 
equals the work of discharging the ion in the solution and then charging it again at 
the surface. Let #9 (A, m) be the mean potential due to the ions at any position on 
the surface. Adopting the method of Loeb (1951), we write 
UA, 2) = Ant) A OCB) ba. do teehee (29) 
where 7’ (A, 7) is the difference between the ‘perturbation’ potential due to the 
self-atmosphere and image of an adsorbed ion and the corresponding potential in 


A axis 


the interior of thesolution. Since f(A, 2) is very nearly independent of e,, we obtain 
from (28) and (29) 1% 
(A, 2) — WA, n)= —| Wn) de,. pean: (30) 
1/0 


If we now use Loeb’s approximate result, ¢’(A, 2) is proportional to e, and then the 
integral on the right of (30) is equal in magnitude but opposite in sign to the 
right-hand side of the second equation in (28). ‘This means that the absolute 
error in the approximation (A, 7)=%°(A,) on which the Poisson—Boltzmann 
equation is based approximately equals that in the assumption ®(A, 2) =<(A, 7). 
This result is rather significant for, although (A, 2) and 24(A, 2) are not identical, 
they both allow for the ‘perturbation’ potential :s’(A, 2), whereas (A, 2) does 
not. It suggests that the ‘fluctuation’ and image terms neglected in the Poisson— 
Boltzmann equation are small (cf. Casimir 1944). 

Finally we comment on the charging method employed by V.O. These 
authors employ the Poisson—Boltzmann equation which implies the approximation 
b'(A, n) =0, and hence, according to (28), (29) and (30), B(A, 7) =2(A, n) =#(A, 2). 
Identifying the latter quantity with the ‘surface potential’, % say, they charge at 
constant #. ‘Then they assume Ayw+Ae,%9=0, where Aw is the ‘chemical 
potential difference’ between the surface phase and the solution phase. In the ~ 
light of our analysis, the argument of V.O. should be modified as follows. The 
path of constant surface potential can be chosen for the charging process, but to 
maintain thermodynamic equilibrium it is necessary to apply some fictitious 


* In (28) and (30) A does not vary and strictly e, should be replaced by de,. 
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mechanism which is equivalent to increasing the degree of freedom of our system 
by one. The path of constant yj, in the (A, ) plane is then given by n=n,(A), 
which is derived from the equilibrium condition (23) which we write as 


[dfo(m)/4m]n—ngay — Axa(A) — [1 — E{A, mo(A)}] Uy = — Alyy, «+ (31) 
where the function €=€(A,m) is the inverse to n=n(A,£). Thus Ap is to be 
identified with the left-hand side of (31) and it is automatically increased at the 
same rate as the ionic charges. Also the second and third terms on the right of 
(26) will vanish. V.O. obtained the last term only on the right of (26), ignoring 
the first term and the correction (27). 


ALP PLEEN: D TX 


In deriving (6) and (28) we shall consider a spherical particle and assume that 
A= 1 and that the adsorbed ions differ from the lattice ion types of the particle. If 
we treat the Gibbs’ phase integrals associated with the adsorbed phase and the 
solution phase for the ions as. one integral, then the condition that there are n 
adsorbed ions is accounted for by properly choosing the configurational sub-space 
forallions. Let W=W,+ W, be the mutual potential energy for all the ions for an 
instantaneous configuration ; W, is due to the coulomb interaction and W, to the 
short-range van der Waals forces. Suppose that a chosen ion of type 1 is fixed at 
some distance r from the centre of the particle in the solvent or on the particle 
surface and m— 1 adsorbed ions are present on the surface. Let w be the potential 
of the mean force at the specified 1on and wy the corresponding potential in the 
completely discharged state. Then 


Oexp(—wkT)=| exp(—WikT) dr, Qyexp(—wo/RT) = | exp (—WykT) dr, 
Piitess i (A 1) 
where the integrals are taken over the configurations of all the ions except the fixed 


one at r, with n—1 ions on the particle; QO and Qp» are constants independent 
of r, R is Boltzmann’s constant and 7 the absolute temperature. We may write 


exp [{F(1, n) — F(0,n)— F(1,n—1)+ F(0,n—1)+Ayx,(1)}/RT] 
[exp (—w/RT) do | pp XP (— ol RT) dv 
[exp (—m/RT) do [gy XP (BIRT) do 


where dv is a volume element specifying the position of the chosen ion, V the 
volume available to this ion in the dispersion medium and AV the corresponding 
volume in the adsorbed phase. Since w=wy=0 in the bulk of the solution, the 
ratio of the two integrals over V on the right of (A 2) is very nearly equal to unity if 
V is sufficiently large. ‘Then if we ignore the amplitude of vibration of an 
adsorbed ion normal to the particle surface, the right-hand side of (A 2) may be 
equated to exp[{w(n)—w,(n)}/RT], where w(n) and w,(n) are the values of w and 
W, respectively, when the specified ion is on the surface. Since 


F(0, n) — F(0,n— 1) =fo() — fol — 1) 
and at equilibrium F(1,7)=F(1,n—1) it follows that (A2) becomes 

Axi(1) =fo(7) —fo(n — 1) + o(n) — w (2), Peas, (A 3) 
and this is practically identical with (6) at A=1, if we put e, B(1, 7) = zw(m) — wo(n). 


hei (A 2) 
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Let ¢& be the potential at the given 1 ion, position 7, due to the coulomb inter- 
action; for an instantaneous configuration of all the ions. Then, making use of 


(Al), - Op=exp (wikT) { pexp(— WIRT VET tomar oes (A4) 
where Ow OW an’ (A5) 


an — oar. =r ae ruler eA 
writing w=e,®’. The bar denotes a statistical average taken over the same 
configurational sub-space as in (Ai). Differentiating (A4) with respect to r 
and substituting (A 5), we readily find that 


ob Of 1f,0eW -a 
ee er A6 

Or © Ortvker [elon I |- oo 
We may treat both and e, as parameters of external forces and apply a fluctuation 
formula for quantities involving external forces as obtained by Gibbs (1928). 
Since  =0W/de, the right-hand side of (A 6) can be written as 


1[ QW pw ww) FT aW yy 
RTL \de. 4)  0e0 J \cOrmu Cfoje|s order. dc. cae 
Then making use of (A 5) and (A 7), the relation (A 6) becomes 


Os = 
4 => arde, (e,D ys Ss 8 (A 8) 


On integrating (A 8) first with respect to r(®’+0, b—>0 as r->oo) and then with 
respect to e,, we readily derive a formula already obtained by Kirkwood (1934), 
namely, 


w=e,0' = [ Pade, + 2.0 Soe (A9) 
0 


Here w, _» is the potential of the mean force acting on a discharged 1 ion at the 

position 7, when all the other ions carry their full charge. Now if we introduce 

e, D =e, D'—w_, where ® =O(1,z) when the given 1 ion is on the surface, then 

(A 9) becomes a 

@,0 =) pide igo <5 t5. es Sales Pate (A 10) 
0 


The ditference w,,_, — wp is quite small for ally. The above results are still valid 
in the case of dielectric saturation in the diffuse layer. 
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Abstract. ‘The application of the general formula for the free energy obtained in 
the preceding paper is illustrated in the case of two parallel plates by introducing a 
number of corrections to the Poisson—Boltzmann equation and solving the resulting 
equation at small potentials. When the surface potential is 50 mv, the total 
correction to the interaction energy due to the deviations from the Poisson— 
Boltzmann equation is about 5% or less, except at small separations. 


§ 1. INTRODUCTION 


The general formulae for the free energy of a single colloidal particle obtained 
in the preceding paper (Levine 1953), to be referred to as I, can be readily extended 
to the case of two or more interacting particles with general distribution of surface 
charge. By way of illustration we have applied the formulae (J, 24) and (J, 25), 
which are probably the most convenient at small potentials, to the case of two 
parallel plates (for surface potentials of about 50 mv or less). We have introduced 
the modifications in the Poisson—Boltzmann (to be abbreviated to P.B.) equation 
which are due to the fluctuation and image effects, dielectric saturation, electro- 
striction and finite size of hydrated ions. ‘The first two corrections are treated 
according to the recent theory of the double layer by Loeb (1951). However, it is 
demonstrated that in the case of small potentials Loeb’s formula for the force 
between the two plates disagrees with the basic result (I, 25). All undefined 
symbols have the same meaning as in I. 


§ 2. POTENTIAL OF THE MEAN FORCE AT A SURFACE ION 


Consider the two plates in the fully charged state A=1 and in the presence of a 
1-1 electrolyte; the adsorbed ion, charge e,, is univalent. Let each plate be of 
unit area, R the separation of the plates, x the distance measured from the median 
plane, D the dielectric constant of the bulk of the electrolyte, « the Debye—Huckel 
parameter for the electrolyte and 4~=y%(@) where 6=«x, the mean potential at 
position x; if © =4xR then in the present notation /°(1,”)=%(@). We proceed 
to set up a modified form for the P.B. equation and then solve it to derive (@) for 
small. As a first approximation the ‘linear’ solution 


47ne, coshé 
I as) Ve tarry (1) 
will be chosen. 
In his theory of the double layer, Loeb (1951) considers the fluctuation terms 
neglected in the P.B. equation, and, in fact, his basic equations embody the 


366 S. Levine 


relation (I, 28). He then develops an approximate but practicable method of 


evaluating the quantities in (I, 28), neglecting the dielectric saturation and 


short-range forces between the ions. Since he examines the limiting case of 
two interacting plates where the surface potential is very high, we cannot apply 
(1, 24) to his results. However, it is quite easy to employ his ‘intuitive’ method 
(A) at small potentials. Let « be the Debye—Huckel parameter at position «, 
given as a first approximation by 


ae cosh (77 in) mat E a 3(er) | ee (2) 


neglecting terms of order n*. Then according to Loeb’s method (A) the correction 
to , due to the Sie bien of an ion of charge e, 1s 


iis et ee a on(gr) st aS a eae (3) 


Loeb also treats the image effect and, using his results for the case of perfectly 
insulating walls (of infinite thickness), we shall retain only the first four of the 
infinite set of images associated with an ion at point x between the two walls. 
This yields an additional correction to 4, which is given approximately by 


sp [8(8) +08), 


exp 20a ea 0) exp[—2(0+6)]  exp(—40) 
ES Orgd—p ee 


The form chosen for g,(@) allows for the fact that when the ion is at the wall 
its nearest image is at a distance 2a, where a is the ionic radius. ‘This correction 
has been omitted in g.(@) since it is not important for the other images provided 
© is not too small. ‘To obtain the corresponding correction in the Boltzmann 
distribution law, we must integrate (3) and (4) with respect to e, (keeping K—K 
fixed), divide by RT and so introduce the quantities 


7 = —20(e~/RT)*, = 0819), 2=82(9), ++ (5) 
where w =e,7«/4DRT. 

At low electric fields in the diffuse layers, we may account for dielectric 
saturation by expressing the dielectric constant at position x in the form 
D1 — bx?(ds/d0)?], where the constant 6 has been determined experimentally 
by Malsch (1928) and theoretically by Booth (1951a,b) and O’Dwyer (1951). 
Also we may correct for the hydration shells around each ion by modifying the 
Boltzmann distribution law in the manner proposed by Grimley and Mott (1947) 
and Grimley (1950). The final form of the corrected P.B. equation is 


e * | P41 -52(Gh) | 3\- 87 Noe exp {= (9 +m +72) }sinh (e4/RT) 
aa db} J dé [1 —2pe+2pecosh(eyp/RT)2 


where Np is the density of ion pairs in the bulk of the electrolyte, p the number of 
water molecules in the coordination shell of a hydrated ion (assumed to be the same 
for the two ion types) and c= N,/N,,, where N,, is the density of water molecules. 
Expanding the right-hand side of (6) in powers of % and writing 


exp [—(n'+7)|~1—7'— np, 


| 
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(6) can be expressed as 


a? 
aie Be {1 —exp (—7,)}¢— caus a 
dh (drs 
+ 3b? alga) +: Oar age bites oe aoc authes (7) 


noting that «?=87Noe,?/DRT; terms of higher order are neglected. 

The solution (1) is obtained if the right-hand side of (7) is equated to zero. 
Substituting (1) into the right-hand side of (7) and denoting the resulting 
expression for the latter by 4(?), we obtain an approximate solution of (7) which 


at 0=© reads 
H(0)=¥"0) - = axel” (ebsh wh) dist ie es (8) 


This iteration method, if continued, is equivalent to the use of the Green’s 
function* originally applied in the theory of electrolytes by Gronwall, La Mer 
and Sandved (1928) and more recently in the theory of colloids by Booth (1951 c). 
Applying (I, 28), the potential of the mean force at an adsorbed ion (denoted in 
I by ®(1, 2)) is 


(0) =4(0) a (Open Omica)en (Ol ee (9) 


where we have corrected for the ionic radius when considering the nearest image 
of the adsorbed ion at distance 2a. If we now integrate (8) and make use of 
(4) and (5), (9) can be written as 


0(@) — A,(©) = 4,(O)n — A,(0)n? — A,(O)n? —...., (10) 
Phere (8) = 3 ee $3 wr Ed tee (11) 
A,(®) = a [coth@+P(0)+O(@)],  —. eee (12) 
Oars xp(—22 

'P(@) = sao). (cosh? u)4(© +«a—u) du, (2)=1-exp| —o : - ] 
ie (13) 


Q(0) = Fano | 2(Bi29) — Fi(40)} + exp (20){Ei(4@) — Ei(8@)} 


exp (—20)In2+2 exp(-40)(1+ “S5") |, Gye { Spe 


20 : 

ee (14) 
PAC seen eed ent (15) 

AO) = pF De) CothtO, sees 

4re,\3 f a elter7 

A,(@) = Dr cotht@ | (1—3pc+3w) RT * R(Q) + 3bx2S(0) basen (16) 
R(O) = [30 secht*O +(2+3sech?@)tanhO], —...... (17) 
S(@)=(2—sech?@)tanhO®—@sech*®.  —...... (18) 


The contributions P(@) and Q(@) are obtained from the first and second terms 
respectively on the right of (7); we integrate in (13) from u=0 to u=0~—ka to 
account for the ionic radius, but this correction is ignored elsewhere. We note 
cosh (@—®) cosh @ 


real Cm - cosh(u—®), A<u<®. 
Sake coshu, 0<u<6; aah °° (u—®), u 


* This function is — 
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that both (@) and ®(@) are odd functions of e, and, therefore, of the surface 
charge ne,; this must be so in the case of a 1-1 electrolyte since these potentials. 
change sign with the surface charge. 


§ 3. FREE ENERGY EXPRESSION 


Suppose that the ions are charged under the condition of constant external 
pressure Py, say, rather than constant volume. ‘Then the work of charging up 
will be the Gibbs’ free energy if the pressure is uniform throughout the dispersion 
medium and the work done by the external pressure is omitted. But owing to 
the electrostrictive effect, the internal pressure p at a point x in the double layers — 
is different from py. Consequently, during an infinitesimal increment in the 
charge on the ions, there is an additional compression work done per unit volume 
at x. According to Webb (1926), this work is Bp’ dp’, where p’=p— py and 
is the isothermal compressibility at x. For small electric fields 8 is assumed 
independent of pressure and we may put 


i (ey. ee (19) 


8a 


Integrating over the volume between the two plates and making use of (1) and ~ 
(19), the compression work is 


R/2 i 2 
28 | dx| dpa (Ee , aa) B (=) (cotht @)7(@) =e,n*B(O), say, 
0 0 
Bare: (20) 
where T(@) =(2—5sech?@)tanhO+3@sech*@. —...... (21) 


If we consider the form (I, 7), the Gibbs’ free energy is conveniently written 


as n 
Gein aie: | (0) dn + e,n*B(O) 
0 
=|g Ay re, Aarne: i yada ee (22) 
where W = A,(@)n — Ay(O)n? +[4B(O)— A,(O)B+..0. ceases (23) 


The energy (22) is an even function of e,, and thus is independent of the sign 
of the surface charge. ‘The equilibrium value of 7 is defined by 


dG 36,7K ex 40 
AB =) Sor ey Y=e, — =p — 3. | be we lelaterens (24) 
6,2 ex 2a 
where €, = Ay, (1) — oR, 0(-2) 
Then the free energy at equilibrium is 
— ME 
G0) = ~e,[ nis ~ Soe ieee (25) 
0 


where 7 is expressed as a function of ‘’ by inverting the series (23), and the upper 
limit of integration in (25) is specified by the relation (24). The energy expres- 
sion (25) is readily expressed as a power series in V’ and, for our present purposes, 
it is sufficient to put ‘I’=y%) and P(@)=QO(@)=0 in the terms in 3 and W4. 
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Making use of (12)-(16) and of (20), this yields the result 
, | tanh © {1 —38w Seo 
rey ee. a a DUS ape te, 
Sx 1 +tanh O{P(0) + Q(0)} ENP bey 
4: Atal {(1=Spe+30)R(®) + vo( “) S() 


B(D—1)? (RT«\2 w® tanh @ 
Vea aes eae) }s 


‘The limiting form of (26) at infinite separation is readily obtained. For large 
©, the interaction energy is 


AG(®) = G(O) — G(») 
SE exp (— 20)| ap (Gert) + 2( ar) {BO 30e +30) 


+35(*) — FO (=) rorhen], Be oe (27) 
since P(O)~ P(c0)+2vexp(—20), P( co) =exp (2xa) ee exp (— 2v)d(v) dv, 


ge {_#) i Sele 


If we ignore the electrostrictive effect and the various corrections to the P.B. 
equation considered above, then the interaction energy is 


= Drs? ey 
AG,(@) = = E —tanh© + 8 a(R) {1—24R(O)}+.. ‘| <a een (28) 
and the energy at infinite separation is 
et ey5o\* 
G,( 0) =— [1+ a5(G9 +], Senta (29) 


which has already been nee in an earlier paper by Levine and Suddaby 
(1951). (Strictly the potential ) in (28) differs from that in (27) by an image 
term.) The higher terms in the expansion (28) contribute less than 5°% of the 
energy if %=50 mv, and will not be considered here. 

Now Verwey and Overbeek (1948) have shown the equivalence of Langmuir’s 
(1938) force equation to (I, 24) if the P.B. equation is used, and Loeb (1951) 
attempts to extend this force method. Let ,,=y%)sech® be the potential at 
the median plane between the plates. ‘hen applying the formulae of Langmuir 
and Loeb, the force between the eee is given by 


C1%m my ioe jo: = te ie 4 2 Oe F 
2NgRT| cosh (3) 1 |+ = ; 42x? — 1) dx exc x 1) ds 


Dre?y59” S4ARTKE (eb\2 
Scag seta CSG oN AAS) aia (30) 
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We have substituted (2) for « with 4 =, cosh«x/cosh © and expanded in powers 
of %; © is assumed large. ‘The first term on the right of (20) is obtained from 
Langmuir’s force equation and the second term is the correction according to 
Loeb’s theory. However, the force is derived by differentiating (27) partially 
with respect to R under the condition of constant %, and then changing sign. 
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Ignoring the image force, the first two terms on the right of (27) contribute 


24.2 RT:2 (eh\3 
Sete exp (—20) — (Ga ae Tees (31) 
to the force so that, on the basis of the form (3) for ¢b’, Loeb’s extension is not 
valid for small yp. 

As a numerical example we choose 7 =291°x, the electrolyte concentration 
y=0:0102 mol/l. and ex%/RT=2 (%250mv), so that D=81-1, w=0-0586, 
«= V/y/3-06 x 10-8 =3-31 x 106andc=18 x 10-°. Also, we shall put 3b =10-8 e.s.u. 
(the experimental value of Malsch 1928), B=48-5x10-¥ c.g.s. units, p=6 
and consider two values of the ionic radius, given by ca=0-05 and 0-1. The 
integral in the expression for P(®) is evaluated numerically. ‘The quantities 
AG,(®) and G,(«) (divided by Dxysy?/87) and their corrections are given for 
various © in the table. The following properties may be noted: (i) the total 
correction to. the energy due to the deviations from the P.B. equation is about 
5% or less except at small ©; (ii) the image and fluctuation corrections are the 
main ones: these differ in sign in G)(0o), but not in AG(@); (iii) the saturation 
and hydration effects are of the same order of magnitude for © > 1 and have opposite 
signs in G,(0o), but the same sign in AG(Q), also they are approximately pro- 
portional to y, whereas the fluctuation term varies roughly as 1/y; (iv) the electro- _ 
strictive effect is very small. 


Energy at o sep. 


Interaction energy ( 87/Dkifo”) (x 8ar/ Dey?) 
6 0:5 1-0 1-5 2:0 > 1( x e29) 

Equation (28) 0:4896 0:1962 0:07609 0:02921 1-6667 —1-0833* 
(P.B. equation) 
Total Ka=0:05 0:0423 0-0105 0-02323 0-07120 0-0716 —0-0164 
correction | ca=0-1 0-0433 0-0298 0-0?287 0-07105 0-0632 —0-0349 
Separate contributions 
Texte xa=0-05 0:0259 0-074 0:0?236 0-0°81 0:0427 0-0392 

8 xa=0-1 0:0269 0-0767 0:07199 0-067 0-0343 0:0207 
Fluctuations 0:0160 0:0?27 0-0875 0-0834 0:0264 —0-0554 
Saturation 0-034 0-0319 0:0477 0-0429 0-0715 —0-0°38 
Hydration shell 0:0713 0:0914 0-060 0:0422 0:0711 0-0°27 
Electrostriction —0-0423 —0-0718 —0-0710 —0-0°45 —0-0914 —0:0412 


* Equation (29). 


§ 4. Discussion 


The above properties apply to small potentials. A preliminary investigation 
shows that the radius of convergence of the expansion (27) is given approximately 
(for O<7/2) by 4)=92, 80 and 78 mv at ©=0-5, 1-0 and 1:5 respectively. 
Although we cannot use (28), and presumably (26), at larger potentials, the form 
of (26) does suggest that the relative magnitudes of the correction terms will 
change with y% in the following manner. ‘The saturation, hydration shell and 
electrostrictive effects should increase rapidly with j, being proportional to x, 
at small %, whereas the fluctuation term does not change so much. The image 
correction becomes less important at large %. Finally, we may expect the overall 
relative correction to AG)(@) to increase with yp. 

Since the corrections in the expansion (26) are only a first approximation, even 
at small potentials, further investigations are desirable. For example, the effect 
of the short-range forces between the ions is only partly accounted for by the 
hydration shell, and the fluctuation terms should be treated more accurately. 
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Thus a better approximation than the form (3) is = —(e,/D)(fe—«) where 
f=f(9) is a factor which corrects for the fact that when an ion is taken to the 
vicinity of the plate surface from the interior of the solution its atmosphere is 
distorted, and consequently x should be replaced by fx. For a single unchanged 
boundary f= § when the ion is at the surface and f=1 at large distances from the 
surface (Loeb 1950, 1951). The determination of f(@) is equivalent to solving 
Loeb’s equation for ¥’, but this will not be attempted here. 

A promising method of deriving alternative expressions to (I, 24) for the 
free energy suitable for computations at any value of :/, is the following. In an 
earlier paper (Levine 1951, eqn. 14)) the author integrated the expression (I, 4) 
for F(A, 2) with respect to A, assuming the P.B. equation. Thus in the particular 
case of a 1-1 electrolyte at A=1 and of the single particle model considered in I, 
we obtain 

D (kT\2 
F(A, n) =e,ns(1, n) — 3, (=) ju grad d|?+2«?(cosh¢—1)]dv, ...... (32) 

where ¢=e,y/RT; % is the mean potential at any point in the diffuse layer over 
which we integrate. The volume integral in (32) has been used by Verwey 
and Overbeek (1948) in the case of two parallel plates. Now if we turn to the 
calculus of variations and start from a variational principle, then the expression 
(32) is precisely the quantity to be made stationary by proper choice of the 
function %. ‘This yields the P.B. equation as the Euler differential equation and 
also the appropriate boundary conditions at the surface. This suggests that 
we can arrive at the same generalization of (32) when the modified P.B. equation 
is used in two ways: (i) the integration of (I, 4) is carried out, (ii) the modified 
P.B. equation is first set up and then the equivalent variational principle is 
obtained. It is hoped to consider these problems in later papers. 
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Abstract. In this paper, a method developed by Loeb to correct the Poisson—_ 
Boltzmann equation for the self-atmosphere effect of the ions is applied to the 
case of a charged plane surface immersed in a binary symmetrical electrolyte. 
'l'‘he two limiting cases of a perfectly conducting and a perfectly insulating wall 
are treated. Numerical values of the correction to the average potential for 
various distances from the wall are obtained. ‘This correction term is 5% near 
the wall for a conducting wall and 3° for an insulating one when the wall 
potential is 100 mv and is larger for higher potentials. 


§ 1. INTRODUCTION 


RITICISM has been made of the Debye—Huckel (1923) theory of strong 
electrolytes on the grounds that certain physical assumptions are made 
in the derivation of the Poisson—Boltzmann equation which do not agree 
with the principles of statistical mechanics. Consider, for example, the case of 
a plate immersed in a large volume of electrolyte. It is assumed that the average 
potential at an ion near the plate is not affected by the presence of the ion itself, 
whereas in fact the ion will induce a space charge of opposite sign nearby, with 
which it interacts, and hence the potential energy is decreased. ‘This decrease 
may be appreciable near a charged plate owing to the increased ionic concentration. 
Kirkwood (1934) has analysed the assumptions made in the Debye—Huckel 
theory and although he derives a corrected form of the Poisson—Boltzmann 
equation no practical solution has been obtained. An approximate but practical 
method of accounting for the self-atmosphere effect of an ion in the neighbourhood 
of a colloidal particle has been proposed by Loeb (1951), who considers the 
case of an electrolyte between two parallel plates. Loeb treats the potential at 
a point as the sum of two terms, one the average potential which is dependent 
only on the coordinates of the point, and the other a perturbation potential due 
to the presence of an ion near the point concerned. In the present work the same 
method is applied to the case of one plate in contact with an electrolyte. In view 
of the mathematical difficulties which arise in the case of two plates it is certainly 
desirable to solve the case of one plate. For simplicity Loeb makes Langmuir’s 
(1938) approximation of neglecting all ions whose charge has the same sign as 
that of the wall; the value of the average potential thus obtained is then used 
to set up an approximate equation for the perturbation potential and_ this 
equation is then solved, although only approximately. Here the case is treated 
of a binary symmetrical electrolyte and both ion types will be taken into account. 
The resulting approximate equation for the perturbation potential can be solved 
exactly for a single plate. 
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The method used is briefly as follows: (i) two equations are set up, one for 
the average potential and the other for the perturbation potential; (ii) as a first 
approximation the perturbation potential is neglected and an expression obtained 
for the average potential; (iii) the latter expression is introduced into the equation 
for the perturbation potential which is then solved; (iv) making use of the 
perturbation potential a more exact equation is set up for the average potential, 
and this equation is then solved numerically. 


§ 2. "THE DERIVATION OF THE EQUATION FOR THE PERTURBATION POTENTIAL 


The following is the notation used: e charge on an ion, « dielectric constant, 
Rk Boltzmann’s constant, T absolute temperature, 2 bulk concentration of each 
kind of ion, x distance from the plate, xp coordinate of the central ion, #5°(x) average 
potential at the point «x, ¢’(x, xp) perturbation potential at x due to the presence 
of the ion at P; u(x, xp) =$(«) +(x, xp). Loeb’s equations for % and /° are: 


MES sie exp 7 sinh ae ron (2.1) 
dy mh Ate? 
Pata ore sinh FF etree (2A) 


respectively, where 7’ is given by 


“ifs - ar). {tim (w " <) —lim (w z ee eae A (2.3) 


It is assumed that (i) 7’ is the same function for both types of ions, (ii) the 
ionic radius is neglected. It is noted that 7’ is finite since the infinite self-potential 
cancels in the integrand of (2.3). The physical significance of the above integral 
is that it represents the work done, against its own atmosphere, in bringing an 
ion from infinity to the point x. ‘The equations (2.1)-(2.3) can be derived from 
Kirkwood’s analysis. 

Following Loeb it will be assumed that yw’ is small. Hence on subtracting 
(2.2) from (2.1) and retaining only the first order terms in ’ we obtain 


V2 = K ‘cosh CE 2.4 
wi = Kexp 7-COs RT Sal a heel he Biol’ (2:4) 
where K?=8ze?n/ckT. 


Equation (2.4) is similar to the one solved by Debye and Huckel, the difference 
being that here the coefficient of ~’ is not a constant. We first assume 7’ =0, so 
that (2.2) becomes d2n?/dz? =sinh 7), 


where z=Kx and 7°=e%°/RT. ‘The solution of (2.5) which vanishes as x > 00 
is known (Verwey and Overbeek 1948) and will be denoted by 

L=4arctanh {exp (— Kx) tanh 3} 
where 7, is the first approximation to 7° at the wall. ‘The equation for %’ now 
becomes V2’ = K* cosh [4 arctanh {exp(— Kx)tanh}y}].p’. ...... (2.6) 
If we introduce cylindrical polar coordinates x, p then (2.6) becomes 


Saale ree aaa Ny «Ry 
wat ie) hae 7S Steet ka) anh? ba, ks 


The azimuthal angle need not be considered because of symmetry. 
PROC. PHYS. SOC. LXVI, 4—A 25 
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§ 3. THE SOLUTION FOR THE PERTURBATION POTENTIAL 
IN THE CasE OF A METALLIC WALL 


The boundary conditions are : (i) %’=0 when x=0, (ii) #’>0 as x> m, © 
(iii) (x’ —e/er) is everywhere smooth and continuous. Using the method a 
separation of variables it is easily seen that the most general solution of (2.7) — 
which is finite on p=0 for all x is given by 


fi | : X(s,x)F (Spe ds... 9 ee ree (3.1) 


where J,(sp) is the Bessel function of the first kind, of order zero, and X satisfies 4 


= ; 8 exp (—2Kx) tanh? iy | 
==[K {1+ + 7] —exp (—2Kx) tanh? Jn} cP S XG soe eee (3 a) 


Since ’ ~exp(— Kr) as roo, {¥'(x,p)dp from 0 to oo is absolutely con- 
vergent and hence Hankel’s inversion theorem (Titchmarsh 1937) may be applied 


to (3.1). This gives 
X(s,x) =| WG.) isis eee (3.3) 


X being the Hankel transform of 4’. Using the fact that the Hankel transform 
of 1/r is (1/s)exp(—s|x—wxp|) it may be verified from (3.3) that the boundary 
conditions on yw’ give the following boundary conditions on X: (i) X(s,0)=0, 
(ii) lim, ,..X(s,x#)=0, (it) (dX/dx),_2,49— (dX/dx),_2,-9= —2e/e and X is 
continuous everywhere. From inspection of (3.2) it is seen that as x oo there 
are two solutions X,, X, behaving as exp { + x(K?+s?)"?} and thus X=AX,, 
x>xXp, X = BX,+ CX, x<xp, where A, B and C are arbitrary constants. 

The boundary condition at x=0 gives B/C=A say, and on applying the 
boundary conditions at x =xp we obtain 


2e 


ge xy | heat 
ee = x) L= Xp 


where the prime denotes differentiation with respect to x. If the substitution 
4y =exp (—2Kx) tanh? 4, is made then (3.2) becomes 

GX aX, (S Z ) 

=o 4+->—=(3t+——G) Xen en eee 335 

dy Say NV he yl ~ 
where «=(1 +5?/K?)"?/2. Equation (3.5) is of the hypergeometric type and it 
is easily verified that the solutions are 


=y"(1—y)N2a+1—(2a—1)y},  X_,=y-%(1 —y)-1{20— 1 — (204 1)y}. 


These solutions are independent except when « = 1/2, i.e. s?=0. This corresponds 
to the lower limit of integration in the integral for %’, and hence the range of « 
considered will be from $+ 46 to co, where 6>0 and the limit as @ tends to zero 
will be taken. Using the well-known property of the Wronskian (Copson 1935) 


it is easily found that 5 Xa +AXy pop 
~ Ke2a(2x—1)(20+1)’ 


and also 


2s pale 26)idaeed setibetlsstanh! tn) ee aaah 4 
~~ tanh® dn, 2a. sech? }y)+(1+tanh?4y,)}° °°" (3.6) 
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Hence for x>xp we obtain (after some rearrangement) 


, 2Ke,. (® 
= lim | exp {—2Ku(x— ap) }Jo(sp) da 


€ o->0/ $+0 


2Ke 2yp 
© rycen || ant ~ ae Jexp (-2K oe ae) lon 


2Ke : co ; a 2(1+tanh? 47) 
eh i a | | §_2Kal(x+ E _ alsin in) 9 
II 9e) oral gro et ett FE) | 35 sech® fy (1+ tanb® F,) 

» 2, 
x la —y)(1 —Yp) =r Aye a 0) 4 J (sp) Ga weer Ute (3.7) 


where yp=exp(—2Kxp)tanh?4). We require 7’ and therefore 
lim,9(’ —e/er) =¢, Say. 

The limit as 60 may be taken immediately in the first integral in (3.7), its 
value being exp(—Kr)/2Kr (Stratton 1941); hence the contribution of this 
part to d is —Ke/e. The second integral is uniformly convergent for x >xp>0; 
when x=wp the exponential term in the integrand becomes unity, but since 
y=yp this integrand is O(a?) as «+00; hence the integral is uniformly 
convergent for x >xp>0. Clearly this is also true of the third integral. The 
coefficient of (2«—1)~1 in the integrands of (3.7) is 

2 exp (—2Kax) tanh? dy) [exp (—2Kaxp) — exp {2Kxp(«— 1)}]. 
As «+4 this coefficient tends to zero and therefore the integral for (y’ —e/er) 
exists and is uniformly convergent for x >xp>0. We need to evaluate 


co 
lim lim F(x, «, p) da 
U>Xp 0-04 $+0 
o—0 


where f(x, «,p) is the integrand from the last two terms of (3.7), and because of 
the existence and uniform convergence of the integral it is permissible to 
interchange limits and take the limits with respect to x, p inside the integral. 
Therefore if the whole integrand is expanded in partial fractions, we obtain 
Ke 2Ke lim —2 Z 
z ae eo (1—y)? 
© ((1+tanh? dy)[(1 —y)? — sech? 4n, + y? cosech? 379] 
i (ses 2a sech? 47) + (1 + tanh? 47) 


tanh? dy) ee ee) + } exp (—4Kx«) dx | 


2a+1 2%—1 
_, 2Ke I yl at ye mall dn © &P (—2Kx) 
€ ea Ty Nee 2a+ 1 2a—1 __€ 2x 
where the ee on yp has been dropped and the identity J)(0) =1 has been used. 
The limit as 60 may be taken immediately for the first integral in (3.8) and there 
remains to consider 


2 a 1 1 exp (—4Kx«) 
ay ale Neen e rai) ex? (-2Kx) a ae 


BAG) 


= iF lim [ —log (2 +20) + log 20 — Ei(—4Kx6)] 
oe 6—>0 


= apply + log4Ka), on (3.9) 


where — Ei(—x) =| “Shee dt and y is Euler’s constant. 


25-2 


376 W. E. Williams 


‘The last identity in (3.9) is obtained by using the following relation (Jeffreys 


and Jeffreys 1946) lim [ — Ei(—x) + log x] = — 
x0 


“Thus 7’ is given by 


‘ e Ke 
y =~ 357| $+ =|, a ee (3.10) 
where 
2Ke 
d= af epee 4Kx)—(y+log4K«x)} 
— {(1 —y)? — sech? 49 + y? cosech? 479} (cosh }y9) exp (Kx cosh $79) 
x Ei(—4Kx cosh? }n9)] — = = 5 exp (=2Kx). 74) apace (3.11) 


There are three types of terms in (3.11): (a) — Ke/e the contribution from the | 
ordinary Debye—Huckel potential, (b) —(e/2ex) exp (—2K«) the term due to the | 
image of the ion in the plane x=0, (c) the remainder, due to the self-atmosphere | 
effect. 


§4. "THE SOLUTION FOR THE PERTURBATION POTENTIAL 
IN THE CASE OF AN INSULATING WALL 


The only difference in the boundary conditions for this case 1s that dx’ /dx =0 
for x=0, since here the surface charge density is assumed constant (immobile). 
This gives a new value for 4, namely 


a 
BY] AY Jegcihiwm Asoo tk) cle del te a eee (4.1) 
ie 1 ipa 2a(1 + coth? 479) 
tanh* 4% 2a cosech? tn) + «(1 + coth? 4) + 2 cosh? dy, 


Hence for x>xp 


a @ fi 2Ke 

Ser Tye) 
[o) eh 

é lim | E ae es 2a(1 + coth? 47) ] 

60) 440 2a? cosech? 37 + «(1 + coth? 49) + 2 cosh? dy, 


2 2 
x | hyd 0) + gery — GE | exp {2K ale + ap)} Jol) de 


ate See fis Es wali 4 exp {—2Ko(x— x yp, (sp) as 
«(1 ay) —Yp) 0>0/4+0 2a+1 al i oP ia . . 


It may be verified as before that the integral for ¢ is uniformly convergent and 
exists at «=}, and that the contributions from the terms involving (2«+1)-1, 
(2% —1) are exactly the same as in (3.8). The last term in (3.8) is replaced by 
(e/2ex) exp (—2Kx) and on expanding in partial fractions it is seen that the first 


term of the second integral is replaced by 


* {[(1 —y)*(1 + coth? 449) — (sech? 4 + y2 cosech? dy) cosech? 1y5]« 
2Ke +2 cosh? }79 (sech? 479 — y? cosech? 4y9)} exp (— 4 Kx) da 
ye e(1—y)? J; a.” cosech? in + 4a(1 + coth? 49) + cosh? 4m, 


OO 


Modified Potsson—Boltzmann Equation 377 


After some algebraic manipulation it is found that the final value of ¢ is given 
by* 


Ke 2Ke 
toe * ay 


2Ke 
~ Zp a aPeNP (Kx cosh Jn) sinh® Jyo{(1 + coth? 4,)(1 —y) 


— (sech? 37) + y? cosech? 47) cosech? dy}, 


y{E1( —4Kx) —(y + log4Kx)} + om exp (—2Kx) 


_ 8Keexp (Kx cosh 379) sinh? $79 
«(1 —¥y)?(2 cosh? $y + 1) 
+ cosh $y q{(1 + coth? 4))(1 —y)? — (sech? 4, + y? cosech? 479) cosech? 4 }] J, 


[2 (sech? dy) — y? cosech? 47) cosh? 479 


ee ee a Noe et iiwd Birney oT a ah Blue (4.3) 
te eerie eee ef Sree earns 
ays u*+ a a uP + a® 
and 16 sinh? 47, 
o_ __ OSINA" aN 2 2oinh2 1 
2 (2 cosh? 47, + 1)? 3 (cosh” $779 — 73 (1 + coth? 49)” sinh? 479). 


The evaluation of J,, J, will be considered in the Appendix. It is convenient to 
introduce the dimensionless quantity 7* =(2<ek7)/Ke?)y’ and in table 1 this is 
computed for various values of Kx when 7) =4 (%) = 100 mv at room temperature) 
for both insulating and conducting walls; 7* is written as 7;* +7y* where 
ny* represents the image term. 


§5. AN APPROXIMATE METHOD OF OBTAINING THE PERTURBATION POTENTIAL 
Loeb suggested that a fairly accurate solution could be obtained quite easily 
by assuming that the coefficient of %’ on the right-hand side of (2.4) is constant 
and equal to its value at x=xp. In the present case of a single plate, this implies 
that we replace the function of x, K?(x) in (2.7) by K?(xp). The solution of 
(2.7) now becomes 


~~ 


mere (1) rae pe : 
b =f {exp { Rlxp)r} # exp {—Klmp)r"}s ne (5.1) 


where 7? =(x— xp)? + ?, r'2?=(x+xp)?+p? and the plus and minus signs refer to 
insulating and metallic walls, respectively. ‘Table 2 gives the values of 7* for 
nNo=4+ when the expressions (5.1) are used. Comparison of tables 1 and 2 
indicates that the approximate method is better for a conducting wall than for 
an insulating one, the maximum error in the former case being about 10%, 
whereas in the latter case it is about 40%. For lower potentials the accuracy 
of (5.1) improves, for example when 7, =1 the error is about 5% for a conducting 
wall. In view of the laborious numerical work required for the insulating wall, 
in this case we only estimated the accuracy for 7) =1 and found it to be about 20%. 
These results seem to indicate that the approximate method does not have the 
same accuracy for one plate as Loeb claims it to have for two. 


*In the limiting case of yy)= 2%, the formulae (3.11) and (4.3) for ¢ become identical 
and are given by the first three terms on the right of (4.3). The author is indebted to 
Prof. A. S. Coolidge of Harvard University for pointing out that this is to be expected on 
physical grounds. Consequently, the solutions for the conducting and insulating walls 
should not differ much when 7) =8. 
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§6. THE SOLUTION FOR THE AVERAGE POTENTIAL 
It is convenient to write the solution of (2.2) in the form 7°=e//RT=L +6. 
If we neglect powers of 8 greater than the first, then subtraction of (2.5) from 
(2.2) yields the following equation for 6: 


2, 


& =exp(n’)(cosh L)é + {exp (y’) — 1} sinh L. 


When z-> c, 7’>0 and therefore 5+0. The question of the boundary 
condition at the plate is more difficult. Firstly we observe that the image term 
in both (3.11) and (4.3) becomes infinite when x =0, and this is due to the neglect 
of the ionic radius. The expression for %’, and therefore 7’ however is a reasonable 
approximation provided 7'<1, say, so that it seems necessary to impose some 
lower bound x,>0 on x. ‘Two possible boundary conditions for 6 at x =x, are 


Table 1 
Conducting wall, 7)=4 Insulating wall, 7>=+4 
2Kx * es é * ny 7" 3 
0-3 B80 2:469 1-066 —0:19 0-901 —2:469 3-370 —0-113 
0:5 2:240 NOUNS SAO) 7 —0:18 1-434 —1:213 2-647 —Q-111 
O27 1-619 0-709 0-910 —0:176 1255 —0-709 1-962 —0-106 
0-9 WoDSa 0-452 0-785 —0:15 1-051 —0-452 1-503 —0-099 
1-1 0:972 0:303 0-669 —0-14 0-868 —0-303 1-171 —0-092 7 
1S 0:778 0:210 0-568 —0-12 0-709 —0:210 0-919 —0-084 
5 0-629 0:149 0-480 —0-11 0-582 —0-149 0-731 —0-077 
i 7/ 0:513 0-108 0-403 —0-10 0-489 —0:108 0-597 —0-070 
1-9 0-421 0-079 0-342 —0-090 0-404 —0:079 0-482 —0-064 
DA 0-346 0:058 0-288 —0-081 0-337 —0:058 0-395 —0-058 
2-3 0-179 0:022 0-157 —0-057 0-175 —0:022 0-197 —(0-040 
BES 0-122 0-011 0111 —0-044 0-111 —0:011 0-122 —0-031 
3°8 0:0703 0-0759 0:0644 —0-035 0:0695 —0-0959 0:0754 —0-025 
4-3 0:0441 0-0732 0-:0409 —0-027 0:0437 —0-0732 0-:0468 —0-020 
5:3 0:0172 0-0°91 0-0163 —0O-016 0:0172 —0-0391 00-0181 —0-012 
6:3 0-07667 0-0°29 0-07638 —0-0299 0:07661 —0-0°29 0-:07693 —0-0273 
TS 0:07256 0:09 0-0?247 —0-0760 0:07256 —0-079 0-02265 —0-0744 
8:3 0:0°980 0-043 0-0°950 —0-0237 0-0°978 —0-043 0-:02101 —0-0225 
93 0:08372 0:041 0-08362 —0-0222 0:0°371 —0-041 0-0°8381 —0-0716 
OLS 0:09141 0-083 0-09138 —0-0714 0-07141 —0-0°3 0-08144 —0-0899 
when z>5:15 S5=—0-236’ when z>5:15 6=—0-170’ 
Table 2 
Conducting wall, 7)>=4 Insulating wall, y)>=4 

2Kx de ™* Mn" * mm" mn 

0:3 3-603 1-202 2-401 1-199 —1-202 2-401 

0°5 2:274 0-499 1-773 1:276 —(0-499 1-75 

0-9 1-231 0-174 1-057 0-883 —0-174 1-057 

123 0-757 0-088 0-669 0-581 —0-088 0-669 

1:7 0-486 0:051 0-435 0-384 —0-051 0-435 

Pei 0-320 0-032 0-288 0-256 —0-032 0-288 


(1) dé/dz =O and (2) 5=0. Now L is a function of 7) and x and thus the first 
boundary condition implies that 7) is so chosen that L has the same slope as 
the correct potential at «=x». Similarly the second condition means that 7 is 
such that LZ is equal to the real potential at ~=xy. Thus the two boundary 
conditions imply different values of m9, and in principle it should be possible, 
using either condition, to obtain the same final value for 7° by means of an 
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iterative process. 
= Xp 
The general solution of (6.1) is given by 5=8,+CS,+D8, where 5, is a 
particular integral, 5,, 5, are independent solutions of the homogeneous equation 
: d*8/dz" =6 exp 7’ cosh £ 
and C and D are constants. ‘The solutions 5,, 8, may be chosen so that only one 
of them, 5, say, will vanish as s-> oo and thus the constant D must be zero. 
The ratio of the second term to the first on the right-hand side of (6.1) is easily 
verified to be O(exp—2s) as x 00, and thus the error in assuming that for 
2 sufficiently large the solution will be given by C8, is negligible. For large gz, 
Wwe may put exp7’ =1 and then the solution of (6.2) which vanishes as z—> 00 


becomes C8! = Ce~*/{1 — exp (— 28) tanh? 419}. 


This represents the solution of (6.2) for :>5 with an accuracy of at least four 
figures, and the values of z=5, 5-15 were used to integrate (6.2) by means of the 
Gauss—Jackson method (Jeffreys and Jeffreys 1946). Since it is required that 6 
be smooth and continuous and we have assumed that for z>5-15, 6 is given by 
C8’, it follows that the boundary conditions 5, =4d6,/dz=0 must be imposed on 
5, at z=5-15. Using these conditions (6.1) is then integrated numerically, again 
by the Gauss—Jackson method. In table 1 the values of 6 as a function of 2Kx 
are given for 7) =4 for both insulating and conducting walls, and the values for a 
conducting wall with 7, =8 are given in table 3. 


We shall choose here the boundary condition d3/dz=0 for 


fables 
The image term is the same as for Table 1. 


Conducting wall y)=8 


2Kx he "n* 5 2Kx ae “" a) 

0°5 4-272 3-039 —0:32 2°8 0:276 0-254 —0-090 

0-7 2:927 2:218 —0:29 3°33 0-173 0-162 —0-068 

0-9 2-142 1-690 —(0-26 3°8 0-0845 0-0786 —0-053 

1:1 1-631 1-298 —0:22 4-3 0-:0681 0-0649 —0-:041 

1:3 1-274 1-064 —0-20 D53 0:0268 0:0259 —0-:025 

ites 1-013 0-864 —0-18 6:3 0:0104 0:0101 —0-015 

1-7 0-816 0-708 —0-16 7:3 0:07402 0:0?393 —0-0791 
1:9 0-662 0-583 —0-14 8:3 0:07154 0-07151 —0-0253 
2-1 0-542 0-484 —0:13 9:3 0:03587 0:03577 —0-0733 
2:3 0-443 0-401 —0-11 10-3 0:03222 0:03219 —0-0718 

when z>5:15 6=—0-326’ 


§ 7. CONCLUSIONS 

When solving eqn. (2.2) in the case of two parallel plates, Loeb introduced 
a function 5,, say, defined by 7°=L+8,-— 7’ and then proceeded to neglect 
powers of 5, greater than the first. The error in neglecting the higher powers 
of 5, will be greatest near the plate since 5, takes its maximum value there. 
In our notation 6, =6+7/' and we find that for 7) =4 when « is small 5; is greater 
than 6 in the ratio of about 3:2, whilst for 7)=8, 5 is greater than 5, in the ratio 
of 2:1. The reason for this is that 7’ and 6 are of opposite sign and that, near 
the plate, as the potential increases, the ratio |y’+6|/|6| decreases. Hence 
it appears that it is more accurate to solve for 6 than for 6, when 4)=4 whilst 
the converse is true for 7)=8. ‘The solution for 5, in the latter case has not 
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been obtained because the complexity of the calculations is greatly increased by 
the introduction of a term d?y’/dx? in the equation for 6;. Since both 6 and 6;, 
decrease rapidly with increasing x, for our present purposes we considered it 
sufficient to work with the simpler method. 

We shall now consider the significance of the lower bound x. If for 
simplicity we identify x) with the ionic radius a, say, then for the value Kx) =0-15 
chosen in the case of 7)=4, and an electrolyte concentration y=0-01 mole/litre, 
we have that at 291°K 

a=0-15 x 3-06 x 10-8y-¥? cm = 4-5 x 10-8 cm. 

This value of a is greater than the usual ionic radius of about 1-5 x 10°§ cm, and 
hence it appears that except for large ions we cannot assume that x, is a correction 
for the ionic radius. For small ions the value of 6 will be regarded as a correction 
to an approximate expression for the average potential, which has the correct 
slope at x=x,. It would have been more satisfactory to have obtained a 
correction at the wall, but this is much more difficult since we cannot assume 
the equation for w’ to be linear for «<xp. 

It should be noted that the ratio |6/L| increases slowly with x and has a 
limiting value as x oo of +Ctanh4n)=o, say. In table 4, the values of this 


Table 4. Values of —6/L 


2Kx Crijo=4: oso I,jo=8 
0-3 0-06 0-033 — 
0-5 0-065 0-040 0-083 
O37/ 0-073 0-044 0-086 
ies 0-073 0-050 0:09 
S156) 0-074 0-051 0-091 
73 0-075 0-052 0-092 
oe) 0-077 0-053 0-093 


C=conducting wall; I=insulating wall. 


ratio for various values of x are given for the three cases considered in tables 1 
and 3. Loeb obtains similar results in the case of two parallel plates, i.e. his 
value for |5/L| is a maximum at the median plane. This result is rather 
significant in that it shows that the relative correction to the solution of the 
Poisson—Boltzmann equation for the average potential is roughly of the same 
order for all x. For large x, the solution L can be written L=4e** tanh }y, ° 
and the corrected form reads L=4(1+o)e**tanhiny. Extrapolation of the 
ratio |6/L| to x=0 suggests that the correction to the average potential at the 
wall due to the self-atmosphere effect of the ions is not very large. Thus for 
no =4 this correction is 5°% for a conducting wall and 3% for an insulating one, 
and when 7) =8 the correction is 7% for a conducting wall. Such a correction 
would eventually have to be considered in the equations used when calculating 
the electrokinetic potential from electrophoretic experiments (Booth 1950), or 
in the theory of stability of colloidal particles. It should be pointed out that 
there are other effects which modify the Poisson—Boltzmann equation, such as 
those of dielectric saturation (Booth 1951) and the hydration shell of an ion 
(Grimley 1950). Nevertheless in view of the complexity of the problem of 
obtaining simultaneously all the modifications to the Poisson—Boltzmann 
equation, particularly at high potentials, the present calculations should be of 
value in indicating the magnitude of two of these, namely the image and 
self-atmosphere (or fluctuation) effects. 
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APPENDIX 
The Evaluation of the Integrals I,, 1, 

We require J,, J, for different valtes of x. When Kx>1-9 partial integration 
in the usual manner gave asymptotic expansions for these integrals which were 
correct to four figures. In the range 0<Kx<1, these integrals were written 
as he — ie the part from 0 to 1 was integrated using a modified form of 
Simpson’s rule (Tranter 1951), which is as follows : If the range (a, 6) of the 
integral jhe IL e— Pu fy) du 
is divided into 2” equal parts with an interval h, and f(w) is fitted by parabolic 
arcs over ranges of width 2h then 

T=hl{ f(b) e—™ — fla) eM} + wEys + 8Eps-1], 
where EF, is the sum of all the even ordinates of the integrand less half the frst 
and last ordinates, and F,, , is the sum of all the odd ordinates. ‘The coefficients. 
a, #, 0 are given by 
— #z =6? + 46 sinh 20+ 1 — cosh 20, 63 = 2 sinh 20 — 6(3 + cosh 28), 
635 =4@cosh6—4sinh@ and 6=f8h. 
The integrals from 0 to oo are given by (Fletcher, Miller and Rosenhead 1946). 
pee die | 
ev™du _1,. oy 
i era =n BaCi(Ba) — cos BaSi(Ba)} 
| ee udu 
Nee Sixes 
aie 
where Si(x) = | = dt and Ci) = | 

When 1<Kx<1-9 the above method does not give the required accuracy 
and hence for these values of x the range of integration is split up into 1 to 2 
and 2 to «©. ‘The modified Simpson’s rule was used for the first range, and an 
asymptotic expansion obtained for the second. 


= — {sin BaSi(Ba) + cos BaCi(Ba)} 


me COSIE 
ae dt. 


io) 
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Abstract. Accurate measurements have been made of the absorption coefficients 
of gamma-rays covering the range of quantum energy from 0-3 to 1-5 Mev and of 
atomicnumberfrom6to92. | 

The results verify the Klein—Nishina formula over the whole range of quantum 
energy. ‘They confirm the calculations of Hulme and co-workers for the photo- 
electric coefficient at 0-3 Mev, but disagree with them at higher energies. 

Some improvements have been made in the method of measuring absorption 
coefficients, and certain errors, previously overlooked, have been noted and 
corrected. 


§1. INTRODUCTION 


ARLY measurements of the absorption coefficients of gamma-rays were 
hampered by the difficulty of producing sources of monochromatic 
radiation. (A full list of references to early work is given in a review 

article by Davisson and Evans 1952.) This difficulty has recently been overcome 
by the use of radioactive isotopes, and several workers have made accurate measure- 
ments in this way. Cowan (1948) and Davisson and Evans (1951) have published 
comprehensive measurements which cover a wide range of quantum energy and 
of atomic number with an accuracy to within 2 or 3%. Most of the measured 
values of the absorption coefficients agree with the theoretical values within the 
limits of the experimental errors, but Davisson and Evans reported differences of 
about 5% in the case of tantalum both at 1-1 and at 1-25 Mev. The recent measure- 
ments of Shimizu, Hanaiand Okanoto (1952) at 1-25 Mev differed from the theoreti- 
cal values in the case of elements with atomic numbers between 73 and 83 by from 
ito. 

In the present work, measurements of absorption coefficients have been made 
as accurately as possible over a wide range of quantum energy and atomic number, 
using radioactive isotopes as sources of monochromatic radiation. "The measure- 
ments have then been used to check the values of the absorption coefficients 
calculated from theory. 


A preliminary note on this work was published earlier (Wyard 1952). 


§2. EXPERIMENTAL 


The standard apparatus for measuring absorption coefficients consists 
essentially of the source of monochromatic radiation, the detector and the 
absorbers. ‘The chief problem in arranging the apparatus is that of preventing 
‘scattered radiation from affecting the measurements. It is convenient to classify 


* This work formed part of a thesis submitted for a Ph.D. degree at the University of 
London. 
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the scattered radiation as (i) radiation scattered from the source and its immediate 
neighbourhood, (ii) radiation scattered from the absorber and (iii) radiation 
scattered from surrounding objects. The first two classes of radiation will be 
considered in the next section. The usual method of reducing the effect of 
radiation scattered from surrounding objects has been to canalize the radiation from 
the source by means of a lead tunnel. This arrangement has the disadvantage, 
which in most cases seems to have been overlooked, that scattered radiation from 
the walls of the tunnel, being softer than the primary radiation, will affect the 
measurements. Cowan avoided most of the effects of scattered radiation by 
suspending the whole apparatus in mid-air, as far as possible from any solid objects ; 
but with this arrangement the scatter from the air was sufficient to interfere with 
the measurements when thick absorbers were being used. In the arrangement 
shown in the figure, where a lead tunnel is placed after the absorber, the effect of 
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scatter is reduced to a minimum. With no absorber the counter receives the 
direct radiation from the source Jj, plus a small amount of radiation scattered 
from the tunnel AJ). ‘The absorber reduces the intensity of the direct radiation 
falling on the counter by a factor e-“4 and reduces that falling on the walls of the 
tunnel by the same factor. In addition it scatters on to the counter a small 
amount of radiation which can be corrected for by the method described in the 
next section, and scatters on to the walls of the tunnel radiation of which some 
is scattered back into the counter. ‘The intensity of this doubly scattered 
radiation will be small, and the resulting error in the measured value of the 
absorption coefficient is estimated as 1 or 2 parts in 1000 at most. Neglecting 
the doubly scattered radiation and assuming that a correction has been made for 
that scattered from the absorber into the counter, the intensity of radiation at the 
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counter is Jje"7-+Al,e““, compared with J,+A/, with no absorber; so that no 
error is introduced by singly-scattered radiation from the walls of the tunnel. 

Shimizu, Hanai and Okanoto used an.arrangement of apparatus similar to that 
shown in the figure. 

The sources used in the present measurements were irradiated in the pile at 
Harwell. ‘Spectroscopically pure’ material was used in most cases. In some 
preliminary experiments where ‘chemically pure’ materials were used anomalous. 
results were obtained, due to contamination by other radioactive isotopes. In 
order to reduce the intensity of radiation scattered from the source and its immediate 
neighbourhood the source and its holder (see figure) were both kept as light as. 
possible. The mass of the source averaged about one gramme. ‘The activity was 
generally a few millicuries. 

The absorbers were manufactured from the purest materials which were 
commercially available. They were carefully weighed and measured and shown 
to be of uniform composition and freefromholes. Thecarbon, aluminium, copper, 
silver and lead absorbers were spectroscopically tested, and the impurities shown 
to be negligible. The errors due to impurities in the other absorbers are believed 
to be very small also. 

The intensity of radiation was measured with a small end-window Geiger 
counter. ‘The end-window faced the source of radiation and was covered with an | 
aluminium plate to absorb beta-rays. ‘The aluminium plate was usually backed 
by a few millimetres of lead in order to reduce the sensitivity of the counter to 
soft X- or gamma-radiation. The correction for the dead-time of the counter was 
determined empirically by the method of Kohman (1949). Because of the 
large mass of lead surrounding the counter the background counting rate was small 
and constant, averaging about seven counts per minute. ‘The uranium absorbers, 
when placed in position at the top of the tunnel, added about three counts per minute 
to the background. 

With each source of radiation and each absorbing material the intensity of 
radiation was measured with no absorber and with a series of absorbers of different 
thicknesses. The logarithm of the intensity plotted against the thickness of the 
absorber usually gave a good straight line whose slope was calculated by the method 
of least squares, and the value of the absorption coefficient was calculated from the 
slope of this absorption line. ‘This method has the advantage over the use of a single 
thickness of absorber that inhomogeneity in the radiation will be revealed by 
curvature in the absorption line. ‘The maximum thickness of absorber was chosen 
so that the transmission ratio was about i to 12, since Rose and Shapiro (1948) 
have shown that, for a given time spent in counting, the error in the measured 
value of the absorption coefhcient due to statistical fluctuations in the counting 
rate is at a minimum for this thickness of absorber. 


§3. CORRECTIONS 


The value of the absorption coefficient, as calculated directly from the slope of 
the absorption line, must be corrected for two effects: radiation scattered from the 
absorber, and all x- or gamma-radiation, other than the primary monochromatic 
radiation, which comes from the source. ‘The latter will be called ‘unwanted 
radiation’. 

Tarrant (1932) has calculated the correction due to scatter from the absorber, 
and has shown how to arrange the apparatus so that the correction is reduced to a 
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minimum. ‘The value of the correction, 5,4, to the electronic absorption 
coefficient given by ‘Tarrant is 


Set’ = oltre — eHobs — K(4%) STOIC (1) 


where K ()) is the fraction of incident energy scattered per electron within a cone 
of semi-angle 6, and 6 is the maximum angle of scattering for radiation entering 
the centre of the counter. In order to obtain eqn. (1) Tarrant made several 
simplifying assumptions which, however, do not introduce an error exceeding 5%. 
‘Tarrant’s formula was checked by measuring absorption coefficients (a) under the 
conditions shown in the figure where the scatter angle 0) is 5°, and (6) with a shorter 
tunnel giving a scatter angle of 10°. Measurements were made at 1-51 Mev and 
at 0-325 Mev, and with several different absorbing materials. It was found that 
eqn. (1) was verified within an experimental error of about 20°% provided both 
Compton and Rayleigh scatter were taken into account when calculating the 
function K(@)). With the scatter angle of 5° the value of 5, given by eqn. (1) 
was generally about 0:5 % of the value of ,u, so that an error of 20% in 6,u meant an 
error of only one part in 1000 in ,u. 

Unwanted radiation which comes from the source consists of bremsstrahlung 
produced by beta-rays, scattered radiation and, in some cases, soft X- or gamma- 
radiation emitted by the disintegrating nuclei. In order to correct for this 
radiation it is necessary to know both its total intensity relative to that of the primary 
radiation and also its intensity distribution as a function of quantumenergy. The 
fraction of the recorded counts which are due to unwanted radiation can then be 
calculated for each thickness of absorber, taking into account also the absorption 
in the cover plates on the counter and the variation of counter sensitivity with 
quantum energy (Renard 1948, down to 0-1 Mev, Saurer 1950, below 0-1 Mev). 

The total intensity of bremsstrahlung was calculated for each source from the 
theory given by Heitler (1944), and the calculation was checked by a preliminary 
measurement on each source. ‘The intensity distribution of the bremsstrahlung 
was also calculated from theory, and was checked by means of an absorption 
measurement using **P as a source (Wyard 1952b). Most of the bremsstrahlung 
is very soft and is filtered out by the lead cover plate on the counter. 

The intensity and the intensity distribution of the radiation scattered from the 
source were calculated from the Klein—Nishina formula. These calculations were 
also checked by experiment. 

The error in the correction for all the unwanted radiation was estimated at 
not more than 20%, while the value of the correction varied from 0-1 to 1:0% of 
the value of the absorption coefhcient. ‘Thus the error introduced by the correction 
was never more than two parts in 1000 of the value of the absorption coefficient, 
and was often negligible. 


$4. NOTES ON SOME OF THE ISOTOPES USED AS SOURCES 


Mercury 203 (gamma-ray energy 0-279 Mev, half life 45-9 days). 

The source was allowed to decay for 70 days before absorption measurements 
were made in order that the isotope !°’Hg (half life 64 hours), which is also produced 
by pile irradiation of mercury, should decay to a negligible amount. ‘The 70 key 
characteristic x-radiation which accompanies the disintegration of ?°°Hg was nearly 
all filtered out by the lead cover plate on the counter. 
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Chromium 51 (gamma-ray energy 0-325 Mev, half life 26-5 days). 
According to Bradt et al. (1945) two gamma-rays are emitted at 0-325 and at 
0:-26mev, but the lower energy gamma-ray appears to be totally internally 


converted. From the published data it is only possible to say that the intensity of | 


the lower energy ray is not more than 10% of the intensity of the other, but in the 
present work it has been assumed that the 0-325 Mev gamma-ray is emitted alone. 


Ruthenium 103 (gamma-ray energy 0-4979 Mev, half life 42 days). 

The source was allowed to decay for two weeks before absorption méasurements 
were made, so that the isotopes 1% Ru, Rh, ®7Ruand ®’Tc, which are also produced 
by pile irradiation of ruthenium, should decay to negligible proportions. 

Cobalt 60 (gamma-ray energies 1-:1715 and 1-3316 Mev, half life 5-3 years). 

This isotope emits two gamma-rays of slightly different energies, but with the 
thickness of absorber and accuracy of measurement of the present work the 
curvature of the absorption line is far too slight to be detected, so that the radiation 
is effectively monochromatic. ‘The theoretical value of the linear absorption 
coefficient is given by the formula 


Mee= —>— > _— o(H1—Me)?+terms of higher orders ...... 


where p, and py are the linear absorption coefficients for the two gamma-rays 
respectively, J, and J, are the separate counting rates from the two gamma-rays and 
dis the thickness of the absorber. For very thin absorbers eqn. (2) reduces to the 
formula used by Shimizu, Hanaiand Okanoto. Forthe counter used in the present 
work J, and J, are proportional to the quantum energies of the two gamma-rays. 


§5. EXPERIMENTAL RESULTS 


‘Table 1 gives the measured values of the electronic absorption coefficients when 
all the corrections have been made. The standard deviations were calculated from 
the least squares analyses of the slopes of the absorption lines, and include an allow- 
ance of 20° error in the corrections for scatter from the absorber and for unwanted 
radiation from the source. ‘The chief source of error was statistical fluctuation in 
the counting rate. Most of the values of table 1 are the weighted means of two 
or three separate measurements which agreed within the limits of the experimental 
errors. ‘The values of the quantum energy assigned to the isotopes are the most 
likely values taken from the recently published spectroscopic measurements. 


§ 6. "THEORETICAL VALUES OF THE ABSORPTION COEFFICIENTS 


The theoretical values of the absorption coefficients have been calculated as the 
sum of the Compton effect, the photoelectric effect and pair production. The 
absorption coefficients for the Compton effect were calculated from the Klein— 
Nishina formula (1929), using the values of atomic constants given by DuMond and 
Cohen (1949). ‘The absorption coefficients for the photoelectric effect were 
obtained by interpolation and extrapolation from the values given by Hulme et al. 
(1935). Extrapolation was required in the case of uranium and also for values at 
0-279 and 0:325mev. ‘The absorption coefficients for pair production were 
obtained from the calculations of Bethe and Heitler (1934), with alternative values 
for tungsten, lead and uranium from the calculations of Jaeger and Hulme (1936). 
The theoretical values of the total electronic absorption coefficients are given in 
table 1. ‘The errors correspond to the errors of measurement in the values of the 
energies of the gamma-rays. 
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Other processes of absorption which were considered were Rayleigh scatter, the 
effect of nuclear binding on Compton scatter, higher order corrections to the Klein— 
Nishina formula from the new radiation theory, the double Compton effect, 
nuclear Thomson scatter, resonant nuclear scatter, pair production in the field of _ 
the electron and photodisintegration of the nucleus. However, for the range of _ 
energy covered by the present work the first and second and the third and fourth 
approximately balance each other (Franz 1935, Brown and Feynman 1952), and 
the last four are zero or negligible (Moon 1950, Levinger 1951, Watson 1947, 
Sker, Halpern and Mann 1951). The combined effect of all the processes of 
absorption considered in this paragraph is only one or two parts in 1000 of the 
value of the total absorption coefficient, and the values given in table 1 should be 
correct to within these limits. 


§7. COMPARISON BETWEEN EXPERIMENT AND ‘THEORY 


A detailed comparison of the experimental and theoretical values of the total 
absorption coefficients given in table 1 shows that for light elements at all energies 
and for heavy elements at low energies there is agreement within the experimental 
errors of about 0-5°%. For heavy elements at the higher energies, however, the 
experimental values are consistently and significantly smaller than the theoretical 
values, the maximum difference being about 3%. 


§8. Discussion 
(i) The Klein—Nishina Formula 


For elements of low atomic number the Compton effect accounts for more than 
99° of the theoretical value of the total absorption coefficient between 0-25 and 
1:5mev. If we make the reasonable assumption that the theoretical values of the 
photoelectric and pair production coefficients are not very greatly in error, then by 
subtracting these theoretical values from the measured values of the total absorption 
coefficients we obtain experimental values for the Compton coefficient: it is found 
that at each quantum energy the values of the Compton coefficient per electron 
obtained with the different absorbers agree within the limits of the experimental 
errors. (‘This is additional evidence for the reliability of the values given for the 
errors of measurement in table 1.) It is therefore reasonable to calculate the 
weighted mean of the experimental values of the Compton coefficient at each value 
of the quantumenergy. ‘These mean values are given in table 2, and are compared 
with the values calculated from the Klein—Nishina formula. The differences of 
about 1-5 %, at the lowest energies, shown in table 2, are not regarded as significant, 
especially in view of the uncertainty about the gamma radiation emitted by *!Cr. 
Thus the present work confirms the Klein—Nishina formula, at least to within 
1:5°% at 0-3 Mev, to within 0-5°% between 0-5 and 1-5 Mev, and to within 0-2°% at 
1-25 Mev. 

(11) The Photoelectric Coefficient 


If we assume that the Klein—Nishina formula, which has been verified for 
elements of low atomic number, also holds for elements of high atomic number, then 
the differences between the experimental and theoretical values of the total 
absorption coefficients for these elements between 0-5 and 1:5mev must be 
ascribed to errors in the photoelectric or pair production coefficients; the differences 
are too large to be due to errors in the pair production coefficient (which in any 


Absorption Coefficients of y-Rays with Energies between 0:3 and1:5 MeV 389 


case is zero below 1-02 Mev), so we must conclude that the theoretical values of the 
photoelectric coefficient are in error. 

Now in order to obtain experimental values of the chereeetar coefficient 
above 1 Mev from the measured values of the total absorption coefficient it is 
necessary to know the values of the pair production coefficients. A difficulty 
arises here, since there appears to be no published experimental evidence which will 
decide conclusively between the values of Bethe and Heitler and those of Jaeger 
and Hulme. Lawson (1949) has pointed out that between 11 and 88 Mev the 
measured values of the pair production coefficients for heavy elements are in every 
case about 10% Jess than those calculated by Bethe and Heitler, so that it is 
surprising that the calculations of Jaeger and Hulme at 1-5 and 2-6Mev give 
values greater than those of Bethe and Heitler. Measurements of the total 
absorption coefficient at 2-62 Mev by Gentner and Starkiewicz (1935) and by Ageno, 
Chiozzotto and Querzoli (1949) support Bethe and Heitler’s values rather than those 
of Jaeger and Hulme. On the other hand measurements by Hahn, Baldinger and 
Huber (1951) of the dependence of the pair production coefficient upon atomic 
number support Jaeger and Hulme’s calculations (only relative values of the pair 
production coefficient were measured). In view of this uncertainty, both Bethe 
and Heitler’s and Jaeger and Hulme’s values of the pair production coefficient have 
been used to obtain alternative experimental values of the photoelectric coefficient. 


Table 2. Comparison of Experimental and Theoretical Values of the Electronic 
Absorption Coefficient corresponding to the Compton Effect ,o (all values 
have been multiplied by 10?°) 


Quantum energy eo(exp) eo(K.N.) “aye 
(Mev) (weighted mean) /o difference 
0-279+0-002 3-685 +0-033 3-629 + 0-005 41:54+0-9 
0-325 + 0-005 3-47840-014 3-428+0-011 4144055 
0-4979+0-0008  2-887+0-011 2-897 + 0-002 0.3704 
1-076+0-003  2-05040-007 —-2-037 +. 0-003 +0-6+ 0-4 
1 gsie p£0-001 1-884+0-003  1-884+ 0-002 0-040-2 
1-514+0-01 1-698+0-007 1-710 + 0-006 ~0-7+0°5 


it was found that at each quantum energy the percentage differences between 
the experimental and the theoretical values of the photoelectric coefficient were the 
same for all absorbers, within the limits of experimental error. Accordingly the 
weighted mean values of the percentage differences were calculated; these are 
given in table 3. The calculations of Hulme et al. are confirmed at 0-3 Mev with 
an accuracy of within 2%, but at higher energies the measured values are signifi- 
cantly smaller than the theoretical ones. ‘The differences increase with quantum 
energy, up to 7% at 1:51 Mev if Bethe and Heitler’s values for the pair production 
coefficient are correct, or 15°% 1f Jaeger and Hulme’s values are correct. 


(iii) Comparison with the Measurements of Other Workers 


The measured values of the total absorption coefficient, which are given in 
table 1, agree with all the values of Davisson and Evans and of Shimizu, Hanai and 
Okanoto if the measurements of these workers are assumed to contain experimental 
errors of about 2%. 

The most accurate measurements of absorption coefficients at energies below 
0-3 Mev appear to be those of Cuykendall (1936) for light elements and Jones (1936) 
for heavy elements; in both cases the accuracy of measurement was within about 
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Table 3. Comparison of Experimental and Theoretical Values of the 
Photoelectric Absorption Coefficient 


Quantum energy = 9.979 «9-325. = «04979 ~—Ss«‘1076 neeiees 1-51 


(Mev) 1-3316 
% difierence —1-541-8 +1:942:1 —2:0+0-7 —3-541:5 —5-:040:8 —684+2:3 
(weighted mean) 


% difference* = — — —4-0+1-5 —8:34+0°8 —15:14+2:3 
* Using Jaeger and Hulme’s values of the pair production coefficient, otherwise Bethe 
and Heitler’s values were used. 


2%. The measurements of the present work agree with those of Cuykendall in 
confirming the Klein—Nishina formula within the limits of the experimental errors. 
In the case of the heavy elements the values of the present work agree well with those 
of Jones, as can be seen from a logarithmic graph of photoelectric coefficient for 
each absorber plotted against quantum energy. 
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The Polarization of y-Radiation from Aligned Nuclei 


By N. R. STEENBERG 
The Clarendon Laboratory, Oxford 


MS. received 10th June 1952, and in final form 22nd December 1952 


Abstract. Formulae are derived giving the degree of polarization and its 
angular dependence of y-radiation anisotropically emitted from nuclei aligned 
at low temperatures. ‘These are in the form of Legendre series limited by the 
multipole order or nuclear spin. It is shown how the polarization determines 
the character of the radiation and the sign of the magnetic moment of the 
oriented nucleus. 


§1. INTRODUCTION 


at low temperature (Daniels et al. 1951). Such radiation can be expected 

to show some degree of polarization. In this paper the magnitude of this 
effect is given for both the plane and circular components in terms of the 
polarization vector introduced by Fano (1949). The results are applicable 
to y-ray emission of arbitrary multipole order either emitted directly from the 
oriented nucleus or following a B-emission from the oriented nucleus. 

The formulae obtained have a simple form similar to that in which the 
angular distribution was given in a previous paper, i.e. a series of Legendre 
functions (Steenberg 1952, to be referred to as I: knowledge of this paper will 
be assumed). ‘The number of terms in the series is limited by the multipole 
order or the nuclear spins. 

It is shown how the formulae are applicable to any of the four suggested 
methods (Simon e¢ al. 1951) of aligning nuclei. Simple approximate formulae, 
valid for low degrees of alignment, are also given. 

The information of greatest interest which can be gained from a measurement 
of polarization effects is the character, electric or magnetic, of the radiation and 
the sign of the magnetic moment of the oriented nucleus. Other information 
is of the same nature as that derivable from a measurement of the angular 
distribution, that is, nuclear spins, multipole order and magnitude of the magnetic 


I: is known that y-radiation is emitted anisotropically from nuclei aligned 


moment. 
§2. THE POLARIZATION VECTOR 


Fano (1949) discusses partially polarized radiation in terms of a vector 
P=(P,,Po,P3); P; and p, represent the degree of plane polarization and p, the 
degree of circular polarization, 1.e. the excess of right-handed over left-handed 
circularly polarized radiation. P*=1 or<1 according as the polarization state 
is pure or partial. For unpolarized radiation P’ =0. 

Consider a radiating quantum system at the origin of a set of spherical polar 
coordinates. Unit vectors 8,~andk are introduced. k is in the direction of 
propagation, 9 and ¢ are perpendicular to k and in the directions of increasing 


@ and ¢. 


26-2 
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Each individual quantum is characterized by a total angular momentum L 


(the multipole order) and a x component m, and is emitted in a state of pure 
polarization, i.e. (P”)2=1, where P” is the polarization vector associated with the 
quantum. The photon is elliptically polarized, with the axes of the ellipse 9 
along @ and y. The components of P” then have the following form: | 
PT = (Li, —In) Tint Lin)> 
Pe = sd “os ee BRON See Di eer ee ee (1) 
PS = + 2 Tn)? (Tn + Im) 
where J%, and J’, are the intensities of the radiation polarized in the g and 6 
directions and the plus or minus refers to right or left circular polarization. 

I?, 1°, pr and p% are obviously functions of the polar angle 0, although 
this will not generally be indicated. J,,(0) is the total intensity irrespective of 
polarization, /,,(0) =1¢,+ I?,. 

Photons with all possible z-components m must now be superposed to form 
a single polarization vector. To do this the transition in which the photon is 
emitted must be considered. Let us assume that a nucleus of spin J and z 


component M decays to a nucleus of spin J,, (Tiere 1): The probability that 
the emitted photon will be characterized by m is proportional to |C¥p 4m, AP. | 
Fano shows that two polarization vectors P’ and P” are superposed incoherently 
to form a single polarization vector P as follows, JP=J'P’+J”P”, where I’ 
and /” are the intensities associated with the first and second vectors and 
I=I'+I". ‘Thus we can form a polarization vector for all the quanta emitted 
by nuclei with J,= M as follows: 


TyP™ = 2a | Ch, = A spn sia 
Then if Wy is the relative population of the initial nuclear sub-state M, the 
complete polarization vector for radiation from all initial sub-states is 
IiP=> Wylye = »y Wy |Ci, tm AEN ce cece ee (3) 
M Mm 


For such a transition as (J. pata geet where a f-emission from the oriented 
nucleus precedes the y-emission, 
IP= ee Wat |C ie, ie—m, Bt, CU, H,—m nl? DP”. 
j is the total angular momentum of the B—v system assumed to have one value 
only. 
In I certain functions II,,(m, Ll) were introduced with the property that 


D|CHt_ mel? My (m L) = Sy (FJ, L) 1, (M, J). 


S;, is independent of M and. is related to the Racah coefficient (Racah 1943 see 
also Biedenharn 1952 for a résumé of formulae) as follows: 


2J —k)1(2L+k+1) "2 
Sey L)=OF+1) | rape Wh Lladie Lal eee te (6) 


I1,,(mL), which is related to CZ4\”, has the general form 


mom 
k (= 1)(L+m) | (Lm) 1k 
Ugml)= S32 ee eee 
u(mL) sao [(R—v) tv! ]{L+m—v)!(L—-m—k+y)b (7) 
It is evident that eqns. (3) and (4) could be simplified if J,,p% and J,,p3, 
could be expressed in terms of these functions. Furthermore, a series in 
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ascending values of k would be cut off by the fact that II,(mL)=0 for k>2L, 
which requires that k satisfy k <2L, 2J (and 2./, in the case of eqn. (4)). 

Four methods of nuclear alignment have been discussed by Simon, Rose | 
and Jauch (1951). These are referred to here as (a) direct coupling, (6) Pound’s 
method, (c) Bleaney’s method, and (d) the Rose—Gorter method. The relative 
population W), for each of these methods is given in another paper by the author 
(Steenberg 1953, to be referred to as II). It is shown below that in cases. 
(6) and (c) since Wy,=W_,, these methods can yield no circularly polarized 
radiation. 


§3. ‘THE PLANE POLARIZED COMPONENT /, 


We now wish to obtain an expression for J,,pi/’ in terms of the functions. 
I1,(m, L). In §2 it was given that 


LPT = Lf, — In = 218, — 1,,(8). ccc eee (8) 
T,,(@) was given in this form in I, that is 
fe (0) tea, { 11a), (cos) | 4 een (9) 
k 


irrespective of the character of the radiation. 

The intensities of the electric field components in the ¢ and 6 directions. 
are proportional to |A”|? and |A%|?, where A” and Aj are the » and 6 
components of the vector potential. Thus 

Lape = const (APP =| Agr he eo = Maint (10) 

The difference between electric and magnetic radiation is, in effect, that the 
directions of E and H (and so the labels ¢ and @ in eqn. (10)) are interchanged. 
Thus p' (el) = — pit (mag). 

Furthermore, it follows that we can write for electric radiation 

Tee =| Ae mae) |2=| A. (mae) |*isin20. 5a) | eet re. (11) 
Using for A’’(mag) the expression given by Heitler (1936), the following 
expression is derived in the Appendix: 


1% (el) = : EG — sin? a2 ORES: P(cos A) | mee te (12) 

where b,(L) = ar eee 11, (0 oar. (13) 
11,(0L) =(— 1)? AT at > eva) (14) 

P(z)= S je ed en a (15) 


It is easily verified that this leads to the expressions for 1% (el) and J},(el) given 
by Hamilton (1948) for the dipole and quadrupole cases. 

We can now give the desired expression for J,,pi' from eqns. (8) and (12): 
b,(L) I ,.(mL) 
(k+2)(k—1) 
a is+1 according as the radiation is electric or magnetic. For the dipole and 
quadrupole cases this yields 

L=1, L,, piv =a 3sin?é II1,(m1), c 


1 AD be i’ =ax sin? 6 [I1,(m2) —(7 cos* 6 — 1)11,(m2)]. 


I,p™ = — asin? 6d, PL(coe bye? Oe (16) 


394 N. R. Steenberg 


Finally, performing the summations indicated in eqns. (3) and (4), we obtain 


: b,(L)11,(MJ)R, _, 
_y Wel oM= w,, > e#LT(MA Rie 
Ip, = 3 ui uP = asin26 & m> (k 2)(k— 1) (CO s 6). Sei eeys 


If the radiation is observed in the equatorial plane (0 = 37), 
Px(0) = —(—1)*®R(R + 1)k!/2*(R/2) ! ?. 
R, takes one of the following forms according to the indicated transition: 
. La 
(1) (J—+J,), R= SF ,Ar, L), 
Gi ey R= seo ee 


If two y-rays are emitted in cascade separate polarization vectors describing 
each y-ray are required. Jp, for either is given by eqn. (17), but if R, and R;’ 
refer to the first and second y-tays respectively these will differ in form. Consider 
the EUOAE S transitions in which one y- aye Land L” are emitteas 
(iii) (J.J, ) and (iv) fi ay please) © ay 3). For (111) and (iv) R;, has 
the forms given above, eqn. (18) (i) and (ii), for single emission, that is the first 
y-ray is unaffected by the emission of the second. ,; has the forms 


(ii) Ry =S;,(SLI,)S;(J,72L'), 
(iv) R;’= SFI) Sx (Ai LI 2) Sx ( Sods ba i 


The problem of the simultaneous observation of the polarization of both 
y-rays by a scattering experiment involves their energies. If the energies are 
sufficiently different it should be possible to measure p, and p,’ separately. 


It should be noted here that if J, =J,—L and J,=J,—L then R,=R,,’, and if 


2+ 2+ 
further the energies are nearly the same, as in the case of the (4—>2 ——>0) 


cascade in ®Ni, the two emissions can be treated as a single one. 

It is not itwenh to derive a connection which exists between p,($7) and the 
anisotropy, « = 1 —1(0)/Z(47), discussedin I. This is, that for L=1, p,(47) = —ae 
and for L=2, p,(7)=ae. ‘This is true for all degrees of nuclear alignment, 
all types of transitions and all methods of nuclear alignment. 

In the case of direct coupling (and the Bleaney method where B/A is small, 
see II) eqn. (17) can be simplified somewhat. Noting that J_yp;>!=Iyp™, 
eqn. (17) can be written 


Ip, =(y,cosh BM)! Sy, cosh BM Lyp™, 
and since I(6) =(Xy cosh 8M)! Xy, cosh BM Iy,(8), 
pi =Cay cosh BM yey ]/[2y, cosh BM Iy,(6)]. society e (20) 


No such simplification can be made for the other methods of nuclear alignment. 


§4. ‘THE CIRCULAR COMPONENT, ps3 
It was shown previously that 
Lope sarc: DUT 07e Wha) [uh os eee (21) 
and that for electric radiation, 
[7s, (el) #2 = |A™ (mag) |/|sin 8]. 
Now for electric radiation 


[1,(el)}¥2=|A™(el)|/Jsind}, — . vse (23) 


| 
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where A?(el) is the vector potential for electric multipole radiation given by 


Heitler (1936). Thus 
Lpt=+ 2— a Lael ama) ns oe (24) 


which is obviously independent 2 the character of the radiation. 
The following expression is given without proof * : 


2E—-1 
Pept hee GC MIE, (cos 6) mL alae uaa de (25) 


(k')?(2L-+ 1)(2k-+1)(2L—k)'(L+ $k—})! 
[3(kR—1)]!? L(L+1)(2L+k)!(L—4k-})! 
For the dipole and quadrupole cases this reduces to 
L=1,J,, p3 = 2U,(m1) P, (cos 6) = — 3mcos 9, 
L=2,1,,p3 =4P,(cos 6)11,(m2) — £P,(cos 0)11,(m2). 
Finally, recalling eqns. (3) and (4), : 
Ip; = 2 Wyly pt = = Wy X C,(L)R,I],(M/)P,(cosé) ...... (26) 


b=1,8, 


where C,(L) =(—1)*-»" 


where R,, has one of the forms given in eqn. (18). 

k takes the odd values 1, 3,...2L—1, or 2J (or 2/,), whichever is smallest. 
This permits a finite value for p, when the oriented nucleus has J=4. This 
is in contrast to the previous results that for J =} both p, and « vanish. 

It was stated earlier that only the direct coupling and R-G methods of 
nuclear alignment can yield circularly polarized radiation. ‘This is evident 
from the fact that for the Bleaney and Pound methods Wy,=W_y, and since 
Ly ps" =—Iy ps, Ly Wyly py =0. 

For direct coupling eqn. (26) can be written 

Ip, =(Zycosh BM) 2X, sinh BM Iy, p™. 


Thus, recalling eqn. (19), 


f3> Raye cosh BMIy4(8) i eee! Fs 8 Meco (27) 
For J =} and arbitrary multipole order this reduces to 
3Ry 
= 2 
p3=1p,= — Bee tt Pecos. abt tab aedice 153 (28) 


p3;=Ip, in this case since the intensity is isotropically distributed, /(@)=1. 
No such simplifications can be made for nuclear alignment by the R-G 
method. 
§5. APPROXIMATIONS 


Two approximate forms for Wy were given in II: (a) that giving a finite 
value for XyWy,M, and (b) that giving a finite value for XyWyM?. ‘These were 


1 
(a) Wy= II+1 {1 = Lo ll,(M/)}, pueielonels (29) 


aT i tee eD Ll o(ed )iieee = ante Cals (30) 
where the forms of the parameters « and f? were given for the four methods of 
nuclear alignment. 

* The derivation of this expression is along the same lines as that of eqn. (15), but 
lengthy and tedious. 


(6) Wy= 
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p, and p, can be approximated by using the fact that UylI,(M/)Iy( MJ) =0 
unless R=k’. Thus 
J (J + 1)(2J + 3)(2J — 1) 
Pi= Tei =e sr eso Ee 1) 
J(J+1 
p3=I1p3 = -o te ; Ri COSCs 0's t--  eeecee (32) 
To this order of approximation p, = Jp, since /(@) =1+ term in f?. 


Rysin’e, ke ceee (31) 


§6. DIscuUSssION 


It is useful to review the general behaviour of p, and p, and to see what 
information may be derived from their measurement. 

Let us first deal with the plane polarized component p, as observed in the 
equatorial plane, 6=47. It can be seen that the sign of p, at once determines 
the character of the radiation. For electric radiation p,(47)>0 for all degrees 
of nuclear alignment, i.e. there is an excess of radiation plane polarized in the 
~ direction. For magnetic radiation the excess is in the @ direction, p($7) <0. 
The behaviour of p,(47) as the degree of nuclear alignment increases from zero 
gives information similar to that given by a measurement of «. It was stated 
earlier that |p,($7)| =e for the dipole and quadrupole cases. 

For higher multipoles the behaviour is similar. Thus the slope of the curve 
of |p,(477)| against (1/R7)? at the origin will involve the multipole order, nuclear 
spins and the magnetic moment of the oriented nucleus. In general the magnetic 
moment can only be determined if the transition is known or vice versa. 

As T->0, p;(47) tends monotonically to a saturation value. For direct coupling 
(or the Heo method for B/A a this value is readily predictable. Thus 


for (ERE L) or Ge clegretees cpate j—L) transitions p, ($7) >a as T+0. 


La 5, aga 
For transitions of the type Ca) |p, (47)| at saturation is less than 1; 
for example, 


ea SBI) 
for (J Fi1) p; (4x) —-a Som aeh aes 
fora I 20) Per eemaier cm CSN CREPE 


(J +1)(433 + 2432+ 35J +24) ° 

Let us consider the circular component as observed on the polar axis @=0. 
The first feature to note is the sign of p,(0). p3(0) is greater or less than zero 
according as there is an excess of right Oe left circularly a Se soe It 


can be seen from eqn. (32) that for Gao L) or (J—>J — ap tal —j—-L) 
transitions, for which R,=L/J, that p,(0) depends on the sign of the magnetic 
moment of the oriented nucleus, thus p,(0) <0 for a positive moment (« positive), 


p3(0)>0 for a negative moment. For Gay + L) transitions R, = — L/(J +1) 
and p,(0) has the opposite sign dependence on moment. It should be noted that 
this is true at the ‘north’ pole (@=0), with the opposite holding at the ‘south’ 
(=n). 

Other information which might be obtained is of the same nature as that given 
by a measurement of the anisotropy « except that some information concerning 
multipole order and magnetic moment can be obtained for emission from nuclei 
of spin $ which is not obtainable from a measurement of e. 

Less interest is attached to values of p,(0) for high degrees of nuclear 
alignment since they are unlikely to be obtained by direct coupling, and the 
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behaviour in the R-G case is complex. It can be said however that, in general, 
for increasing nuclear alignment /,(0) approaches a saturation value mono- 
tonically and rather more rapidly than in the case of € or pj. 
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AL PIN DX 


The Derivation of Equation (12) 
It was given in §3 that 
Oa (G es ae tag)| sine) eet ate. (A 1) 
Heitler (1936) gives, in effect, the following expression for | A?’(mag)|?: 


g 7™m™ m m 
| Ar(mag) |? =|ChM3|#1 VE (8)? = rep cy VE) 


CE nee (A2) 
It was shown in I, Appendix I, that 
2L 
LYr(Gd) 2=1- > 9d OU Dll nL) P),(Cos0). ances (A3) 
ee ay 
‘Thus 
pay = eae Sep ING [I 
I? (el) geen! S dgllaPe | a\eiske take (A4) 
We write 
maa (mi Vaal (Let lhe 9 9 ee Faeereee (A) 


and note that II,,(mL) is the matrix element of an operator which behaves under 
rotation according to the D;, group of space rotations. ‘Thus an expression 


of the form 
I1,(mL)I1,,(mL) = »S TPL), A(mL) fea ie (A 6) 


k’ =k+2,h, k—2 
exists. The invariants J? are as follows: 
2k 3(k+2)%k+1)? 

k+2 “" 4(2k+3)(2k+1)’ 
_ R(R+1)4L(L + 1)— 3k(k +1) +3] 
a 2(2k + 3)(2k—1) 
2k 3(2L+k+1)(2L+k)(2L—k+2)(2L—k+1) 

ao 4(2k + 1)(2k—1) 
To prove the correctness of these invariants it is only necessary to demonstrate: 
the identity 


2k 
Ti 


’ 


InCeE My EL oye (LU, (LL), 


(—1)«(2L)! 


where IT,(LL) = RI(2L—k)! 
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From eqns. (A4), (A5) and (A 6) it follows that 


1 
y Boe ae Bio Fd 2kyT_, [I : 
Tel) 3L(L+ Taare {e+ « bP > Ty Uy + L(L+1)4+L(L+ 1) oe b,P a 


Gathering terms, the coefficient of II;, is found to be 
by iol E” (Ppa Px) ~Opnel bt Pum Eee) ae (A8) 
From the recurrence relations 
Pyal®) — Pryi(z) = (1 — 2°)(2k + 1) Px'(2), | 
Py4(8) =2 Px +(R +1) Pilz) 
and Legendre’s equation 
23P,(2) =kk+ 1) Ps) =(1— 2) Pz (2) © Sees (A 10) 
the coefficient of Il, becomes 


in? in? 
2. 2 {222 +1) —A(k+1)]P_ (cos 6) — oD Py" (cos a} 


whence eqn. (15) follows. 
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Population Distribution of Nuclei Aligned at Low Temperatures 


By N. R. STEENBERG 
The Clarendon Laboratory, Oxford 


MS. received 1st August 1952, and in final form 22nd December 1952 


Abstract. Population distribution functions are given for four suggested 
methods of nuclear alignment at low temperatures. They are given for arbitrary 
temperature and in approximate form valid at high temperatures. It is shown 
how the approximation is related to the approximate angular distribution of 
y-radiation. 


§1. INTRODUCTION 


HE alignment of nuclei at low temperatures involves altering the relative 
populations of the magnetic substates of the nucleus from their normal 
equilibrium value of 1/(2 +1), where J is the nuclear spin. The angular 
distribution of y-radiation from nuclei so aligned has been given in a previous 
paper by the author (Steenberg 1952, to be referred to as I). This was in the form 
LO) = Wal (0) HOE? eee (1) 
where Wy, was the temperature dependent relative population of that nuclear 
substate for which J,= M and Jy(@) is the angular distribution of the radiation 
originating from that state. It has also been shown (Steenberg 1953) that the 
polarization distribution of the emitted radiation has a form involving Wy, in 
the same way. 

The purpose of this paper is to give Wy for the four methods of nuclear 
alignment so far suggested. ‘They are given for arbitrary temperature and also 
for high temperatures in a simple approximate form. The approximate form 
can be used to obtain simple approximations for the angular distribution and 
polarization distribution. 

§2. GENERAL 


Four methods of nuclear alignment are discussed by Simon, Rose and 
Jauch (1951), whose notation is followed here. ‘These are: (a) direct coupling 
of an external field to the nuclear magnetic moment, (b) coupling of the 
crystalline electric field to the quadrupole moment (Pound), (c) anisotropic 
hyperfine structure coupling (Bleaney), (d) hyperfine structure combined with an 
external field (Rose—Gorter). 

In methods (4) and (c) the nuclear spins are aligned in equal numbers along 
the +z and —z directions, i.e. they are aligned in direction only, Wy=W_y. 
In (a) and (d) the nuclei are aligned in both sense and direction, WyA~AW_y. 

In the two simplest cases (a) and (6) the Hamiltonian is diagonal in MW; thus 
for direct coupling 


and for Pound’s method 
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where g, = nuclear g-factor, j, = nuclear magneton, O = egq(dE,/dz)/4J(2J —1), and 
q is the nuclear quadrupole moment. 

It is the other two methods however which are of principal interest. These 
depend on the hyperfine structure interaction between the nucleus and its. 
electronic structure in paramagnetic salts. It is assumed that the lowest ionic 
state is a Kramers doublet, and is the only one occupied at the experimental 
temperature. Thus the ionic spin is effectively S=}. The Hamilton for this. 
interaction is not diagonal in M and the states of-the system are, in general, 
mixtures of nuclear substates.* 


§3. BLEANEY’s METHOD 

Bleaney’s method, which is the first to be experimentally successful (Daniels,. 
Grace and Robinson 1951), depends on hyperfine structure which is anisotropic 
with respect to some crystal axis. ‘The Hamiltonian for this interaction is. 
AS,J,+ BUS ,J,+S,J,). For B=0 there are 2J +1 uniformly spaced hyperfine 
doublets, each containing equal numbers of nuclear states with J,= + M. 
Wy is therefore proportional to cosh(AM/2kRT). Since Iy,(@)=I_y(0) this. 
leads to an angular distribution identical to that given in I for the direct coupling 
method. 


For B>0 but B<A the energy levels are altered and the states of the system _ 


are mixtures of neighbouring nuclear states (Bleaney 1951). A straightforward 
perturbation calculation yields 


Wy = W_y=D exp{y(1+q)}+D" exp{y(1—q')} + Eexp{y(1 —9)} 
SEs expt (lagi) tie Ge. > Vir ae eee (4) 


where pm) =. D'(M)=D(M +1) 
TM Le Noel oe eee 
E(M) = gay > -E'(M) = EM + 1) 


q(M) =[(2M—1)* +48 + M)(J—M+1)P, g(M)=q(M+1) 
x=B/A, y=A/A4RT. 
It is easily confirmed that Wy, cosh (AM/2RT) as x+0. 


$4. THe Rose-GortTer METHOD 


The R-G method depends on an external field to align the electronic system 
which then, through the hyperfine coupling, orients the nucleus. The 
Hamiltonian in this case is guH + AS.J, where g is the ionic g-factor and where 
we have assumed isotropic hyperfine structure, d=B. This leads to 


Wy =D exp{y(1+9)} + D! exp(y(1 —q') + Bexp{y(1—q)} +E’ exp{y(1+q)} 


where D(M) = 


2y+2M—1+4+ 
aa mae D'(M)=D(M+1), y=A/4kRT 


_ (J+ M\J- M41) 
~ “g(2y+2M—1+44q)’ 
q( M) =[4y? + 4y(2M — 1) + (27 + 1)?}?, g'(M)=q(M +1), 


* Interference effects in the angular distribution or polarization distribution are- 
eliminated by the orthonormality of the ionic states. 


E(M) E(M)=E(M+1), y=guH/A 
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It is to be noted here that eqns. (2)-(5) do not give population functions which 
are normalized in the sense that ,,Wy,=1. An approximation to a given order 
in 1/RT, however, must be so normalized. 


§5. APPROXIMATIONS 


For high temperatures where the degree of nuclear alignment is small 
eqns. (2)-(5) can be approximated by expanding the exponentials and retaining 
only the relevant terms. 

For approximating the angular distribution, since I,,(0)=I_y(0), only 
the term in M? enters. This is also true for the plane polarization. If 
Wy = Wy/XyWy, Wy, is approximately 


Wi, ayayll tM J+) ae (6) 
where the parameter 8? depends on the method of alignment as follows: 
direct coupling, B?=(g,4,H/RT)* 

Pound’s method, B?= —60O/RT, 
Bleaney’s method, §2=(A/2kT)*(1 —B?/A?), 
Rose—Gorter method, Be =; (Sen) (sex) 


All results to order f§? given in I can now be used if the proper parameter 
is substituted for 8? according to the method of alignment. Equation (6) leads 
to an anisotropy which is within 10% of the exact anisotropy as long as 
B?<1/J(J +1). 

It was suggested in I that the angular distribution for the direct coupling 
method given there approximated that to be expected for Bleaney’s method if 
B/A was small. In fact, for Bleaney’s method the anisotropy «= 1—J(0)/J(4z) 
is given by « =«’(1 — B?/A*) where «’ is the anisotropy given in I. ‘This is true 
exactly for low degrees of alignment for all values of B/A, and if B?/A?<1 it is 
very nearly true for all degrees of alignment. ‘Thus, in the experiment on ®Co 
discussed in I for which B/A~} the anisotropy given there is reduced by 


1/3628. 
The distribution of circularly polarized radiation has the form LyW),Fy, 
where F_y=—Fy. Evidently here it is the term in M/RT from the expansion 


whichis required. ‘To this order of approximation 


Wu= p74, (1 te™), aia a (7) 
where « has the forms 
direct coupling, ee ae 
Pound’s method “=O, 
Bleaney’s method, AMS 


A 
Rose—Gorter method, c= (Se) (er): 
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The results obtained by Simon, Rose and Jauch (1951) for the parameters. 
fy=(2ZyWyM)/J and A=[3LyWyM?—J(J +1)]/3J? expressing the degree of 
nuclear alignment are obtained from eqns. (6) and (7) with the appropriate forms 
of « and f, recalling that here S=4 and G’(S) =0. 
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Neumann Bands in Pure Iron 


BY AS KELLY 
Crystallographic Laboratory, Cavendish Laboratory, Cambridge 


Communicated by W. H. Taylor; MS. received 26th Fune 1952 


Abstract. An examination has been made, using an x-ray microbeam method, 
of Neumann bands in a crystal of pure iron. The lattice in the bands is shown 
to be twinned with respect to the matrix about a (112) pole. 


at low temperatures, leads to the appearance of narrow lamellae on 

the surfaces of the crystals of coarse-grained specimens of iron and 
alloyed ferrites. ‘These are called Neumann bands, and in pure iron are seldom 
more than 5 wide. ‘Their orientations are such that they correspond to traces 
of planes of form (112). ‘The narrowness of the bands makes optical examination 
difficult, and at one time their nature was the subject of considerable controversy. 
Most of the work on Neumann bands has been confined to those appearing in 
alloyed ferrites, where they are usually wider than in pure iron, and for these 
materials investigations by Mathewson and Edmunds (1928) and McKeehan 
(1928) showed them to be twins of the parent lattice in planes of the form (112). 
The former authors obtained x-ray reflections on Laue photographs which 
they could attribute to the material occurring within the bands if this were 
twinned with respect to the matrix. However, the reflections obtained from 
the twins were extremely weak, and it was only possible to reproduce one spot 
due to a single twin reflection on the best photograph obtained. Mathewson 
and Edmunds used silicon ferrite in their experiments, and a proof of the twin 
nature of the bands has not been given for pure iron. ‘The present note describes 
the use of the recently developed x-ray microbeam technique (Hirsch and 
Kellar 1951) to obtain reproducible Laue diagrams from Neumann bands in 
pure iron, and the determination of the orientation of the material in the bands. 
The iron single crystal used contained 0-3°% Mn, 0-05% S and 0:05% P. 

It was strained slowly by approximately 0-1°% at the temperature of liquid air, 
and the bands, which were about 5y wide, were made visible by electrolytic 
polishing. Four sets of Neumann bands were visible, and one of these sets 
was selected for examination. ‘he specimen was mounted on the recently 
described specimen holder (Gay and Kelly 1952), for use with the microbeam 
camera, which allows for the precision setting of a particular area of a solid 
specimen in the x-ray beam. A Laue back-reflection photograph was then 
taken of an area of the specimen where no bands were visible, using a beam of 
diameter 150. White radiation from an iron target was used and two films 
were placed in the film holder—the first film served as a very efficient screen 
to filter out the fluorescent FeK« radiation from the specimen. ‘The beam was 
caused to straddle four parallel Neumann bands of the same family, occurring 
close together, and a second exposure was made. ‘The bands examined are 


po by impact at room temperature, or slow deformation 
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shown in fig. 1 (Plate) at a magnification of 625. About 14% of the irradiated 
occurred in the bands. 

On comparing the two photographs many extra spots could be seen on that 
taken of a volume containing the bands. Some of the extra spots are indicated _ 
by arrows on fig. 2 (Plate) *. : 

From the photograph obtained from the matrix crystal alone the orientations 
of the zones giving the strongest reflections were determined using a Greninger 
chart (Greninger 1935); these zones were [111], [010] and [011]. A stereogram 
giving the matrix orientation is shown in fig. 3. From the second photo- 
graph another stereogram was constructed, by the same method, of the orientation 
of the lattice giving rise to the extra reflections. Only the extra spots were used, 
and the stereogram is shown in fig. 4. All the extra spots were found to be due 
to reflections from a single lattice, indicating that the orientation of the lattice 
in the four bands examined was the same. The main zones identified were of 


form [111], [100] and [110]. 


iige 3s Orientation of matrix crystal. Fig. 4. Orientation of material occurring 
Underlined indices and dotted zones in the bands. 
show orientation of simple 180° twin 
about 112. The arrowed zone is the 
projection of a fiducial mark made on 
the film. 


The orientation of the material within the bands, found from the second 
photograph, may be slightly less accurate than the determination of the matrix 
orientation, due to the asterism found in reflections from material in and around 
the bands. Asterism is not found in reflections from material far from the bands. 
The radial length of the asterism streaks indicated a range in orientation of the 
order of 5°. However, the main error in each orientation determination is due 
to the graphical construction and to the measurement of the specimen to film 
distance. Within the error of the measurements there is exact coincidence 
between the orientation of a twin obtained from the matrix by a rotation of 
180° about the (112) pole and that of the lattice in the bands. The Neumann 
bands occurring both in alloyed ferrites and in pure iron are thus of a similar 
nature, though the twins found in the latter are of smaller dimensions. 


* These spots have been retouched in order to make reproduction possible.—Ep. 
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RESEARCH NOTES 


Calculation of the 1s—2s Electron Excitation Cross Section of Hydrogen ~ 
by a Variational Method 


By H. S. W. MASSEY* anp B. L. MOISEIWITSCH f 
* University College, London. + Queen’s University, Belfast 


MS received 13th Fanuary 1953 


have been applied with considerable success to several atomic elastic 

scattering problems. A procedure for extending the methods to inelastic 
collisions has been given by Moiseiwitsch (1951). In order to examine the 
practicability of this method it has been applied to the calculation of the cross 
section for the excitation of the 2s level of atomic hydrogen from the ground state 
by electronimpact. Apart from being the simplest inelastic collision which can be 
examined this choice has the advantage that the results obtained may be compared | 
not only with those given by the Born—Oppenheimer approximation but also by the 
distorted wave modification of this approximation (Erskine and Massey 1952). 

The total wave function “ of the system of hydrogen atom and electron 

satisfies the equation (H — FE) ‘t’=0 where the Hamiltonian H in atomic units is 
given by ea ee, 


Ho vViaYer ae 7 oe (1) 


Ti variational methods introduced by Hulthén (1944) and by Kohn (1948) 


11, 72, Ty being the distances of the electrons from the nucleus and from each other 
respectively. 

In order to describe slow collisions in which 1s—2s excitation of a hydrogen 
atom occurs, it is sufficient to write the total wave function of the system inthe form 


E (1572) =o" fo (72) bo (71) +A (72) 4 (71)} 
+717 {fo* (71) Ho (72) +Ai* (71) ba (Ta)}, wee (2) 

the alternate signs depending on whether the electron spins are antiparallel or 
parallel respectively. J, 4, are the wave functions of the 1s and 2s states of a 
hydrogen atom respectively, and f)* (r) and f,*(r) proper functions vanishing at 
vy =(0 which have the asymptotic forms 

fo* (r)~sin kr + a* cos kr, 

fi (1) ~a# exp (thy). 
In atomic units k? is the kinetic energy of the incident electron and k,? of the 
inelastically scattered electron. 

If a+ =x* +7y*, then the principle of conservation of charge (Mott and Massey 


9 


1949) requires that y+ =(k,/k)|d*|?. Hence the cross section for excitation of the 


2s level is given b 
: : On =} {Qoi* as 3Qor}; meas ae (4) 
a 47 Ry a PS cals 5 
where O,,> = Bk |a* |?/|1 —ca* |? = Fed ee? + (1 Bd at alors lt (5) 
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To apply the variational procedure of Moiseiwitsch, trial functions /y,*, fi, are 
introduced which vanish at r=0, are proper functions and have the <symptotic 
forms (3). The corresponding function ‘’, can then be regarded as a function not 
only of r,, 72, a and d but also of m parameters ¢,. The n+ 2 unknowns a, d and c, 
are complex numbers which are determined from the equations 


eee ie 
Byes, aq 12 E 4 Pie Aiea ae carer (6) 
where Fee ESB) Saad th nominee (7) 


With this procedure the approximate cross section Qp, obtained will automatically 
satisfy the condition imposed by conservation of charge. 
A correction to the parameter a can be obtained by using the relation 


NseG ce EGA Aaniesd at oat yi Bier heres Sted (8) 
where Ee =[[P.(4-2£) ¥idr az, 


and A is the corrected value of the parameter a. This results in a new value for the 
cross section Qo, . 


Comparison of Cross Sections for Excitation of the 2s level 
calculated by Different Methods 


Exchange included 


ergy of Exchange Symmetrical Anti-symmetrical Oo 

cident neglected Qo,° Qon* Qo. =4(Qo1t + 3Q017) 
ectron maths Z A =) - A 5 a a = 
(ev) Borne Do\Vea es Vi HOS IDEWiclBKO! OW = IO). IDE WO, OW KOR ID AW ABO! NY 
10-2 0 0 0 0 0 0 0 0 0 0 0 0 
13°5 0-193 0'-23950-0:76 5 0-287 2077145 0-107 2-025 5 0:03 5m OL0028 159 OF1 780-043. 
19-4 0-127 0-118 0-041 0-011 0-344 0-124 0-668 0-010 0-041 0:503 0-094 0-035 
30-4 0-058, 0-045; 0-020 0-014 0-127 0-057 0:134 0-010 0-007 0-104 0-035 0-020 
54 0-019, 0-014, 0-008 0-018 0-025, 0:016 0-020 0-006 0-005 0-020 0-011 0-008 


B.O.=Born—Oppenheimer, D.W.B.O.=full distorted wave approximation, 


V =variational method. 


Cross sections in units 7d" 


The great difficulty in applying a procedure of this kind is the complexity of 


the calculations involved even when using the simplest trial functions. For this 

reason detailed numerical work was confined to trial functions of the form 
fo=sinkr+(at+be*)(l—e*)coskr, saa (9) 
ieee eee CERO R Rican te fe eed gers en. (10 


b being the additional variable parameter. 


‘These wave functions suffer from the 


defect that they do not allow for mixing between the incident and scattered waves 
but it was considered that, in a first application, their relative simplicity was an 
important advantage. Even so the analysis involved, though elementary, was 
- very extensive, and the determination of a from the equation (6) involved much 
complex arithmetic. ‘The results obtained for the corrected values of the cross 
sections Qo,*+, Qo, and Qo, are given in the table which also includes, for purposes 
of comparison, the corresponding results obtained using the Born—-Oppenheimer 
approximation and the full distorted wave (D.W.B.O.) approximation. ‘The cross 
292 
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section Qo,° appearing in the table is the one obtained if exchange effects are 
completely ignored. 

It will be seen that the cross section Qo,+ obtained for the symmetrical case is 
much greater than Qy, for the antisymmetrical case. This agrees with the results 
obtained from the D.W.B.O. approximation and is the reverse of that given 
by the Born-Oppenheimer approximation. On the other hand, at the lower 
electron energies the present method gives cross sections considerably smaller than 
those obtained by the D.W.B.O. method. As the electron energy increases the 
discrepancy decreases. Because the trial wave function (10) can only be expected 
to represent the true wave function very crudely, particularly as it does not allow 
for mixing of elastic and inelastically scattered waves, it is uncertain whether the 
true cross section is so much less than that given by the D.W.B.O. method at low 
electron energies. It is to be expected, however, that at these energies the 
D.W.B.O. results would be somewhat too large ‘This is because the cross section 
Qo, * which it gives for electrons of 13-5 ev energy is already 0-7 of the maximum 
possible inelastic cross section for such electrons. Such a high value indicates 
relatively strong coupling between the two states and over-estimation of the cross 
section by the D.W.B.O. method which assumes this coupling to be small (Massey 
and Mohr 1952). As it is the cross section near the threshold which is important 
in most applications more work is clearly required using trial functions of a more ~ 
elaborate form than those used in the present work. Before undertaking such an 
extensive calculation it is desirable to examine the effectiveness of the variational 
formulae (6) or some simpler model equations and this is now being undertaken. 
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LETTERS TO. THE EDITOR 


X-Ray Scattering from Liquid Helium 


We have recently concluded an experimental investigation on the structure 
of liquid helium as deduced from the x-ray scattering. Observations have been 
made between 4:2°K and 1-36°K, and since the complete reduction of the angular 
intensity distributions into atomic distribution functions is a lengthy process 
we wish to comment briefly on the results at the present time. 

The method employed was essentially the same as that adopted in our earlier 
experiments (Reekie 1940), but, in addition to having an increased resolution, 
the present camera was circular and able to cover scattering angles up to a 
2 value of nearly 155°. This constituted the major improvement over the 
previous experimental arrangement and, in addition, allowed-considerably more 
accurate measurements of scattering angles to be made than hitherto. Figure 1 


a6 30 60 90 120 150° 


ea lice clea lite 


Fig.1. The x-ray beam enters 
through the nickel foil at the 
head of the cryostat and is 
scattered at the centre of the Fig. 2. X-ray diffraction patterns from liquid 
camera. hela 


T= 2730 % 


illustrates the principle of the method. ‘The x-radiation from a copper target, 
after passing into the cryostat through a nickel foil, was collimated into a beam 
approximately 2mm square. It then traversed the camera and, as shown, was. 
scattered by a small volume of liquid helium at the centre of the camera. ‘The 
scattering volume remains approximately the same irrespective of the angle of 
scattering, so that with appropriate small corrections the photographic density 
recorded on the film can be converted into scattered radiation intensity. In the 
present experiments exposure times of about 2 hours were adequate when 
using Kodak No-screen X-ray film and operating the tube at 35 kv and 20 ma. 
The diameter of the camera was 5:33 cm. It will be noted that the camera remains. 
filled with liquid helium during exposures; this must result in a certain amount 
of secondary scattering, with consequent additional blackening of the film. 
However, owing to the very small absorption of x-radiation by liquid helium, 
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it is easily shown that neglect of this secondary scattering produces an altogether 
inappreciable error. 

Three photographs are shown in fig. 2, taken at temperatures of 1:36°K, — 
2:06°K and 2:30°k. These latter two temperatures are close to, and on either 
side of, the A-point, while the low-temperature exposure corresponds to a 7/T, 
value of about 0-6 and was the lowest available with the present arrangement. 

It will be evident that these results confirm the qualitative findings of the 
previous experiments, namely, that both helium I and helium II give a typical 
‘liquid-ring’ type diffraction picture, and that there is no outstanding difference 
between the structure above and below the A-point (Keesom and Taconis 1938, 
Reekie 1940, 1947). The angular diameter observed for the main ring (which is 
much more accurately determined in the present experiments than previously) 
corresponds to a 26 value of about 28-5°. This is close to the value obtained by 
Keesom and Taconis, and does not differ appreciably from that observed by 
Reekie after applying small geometrical corrections which were omitted in the 
latter experiments. 

Exposures have been made at eight temperatures in all, and microphotometer 
traces of the films show that, in addition to the main maximum at 28-5°, a 
subsidiary maximum appears at an angle of about 55° at all temperatures. The 
traces suggest that this second maximum may be less well-marked in the four ~ 
exposures made above the A-point. We are at present reducing the results so 
as to obtain the atomic distribution function for the liquid over the temperature 
range from 4:2°K down to 1:36°K. Full details of the calculations and results will 
be published elsewhere. 


Department of Physics, J. REEKIE. 
Royal Military College of Canada, T. S. HUTCHISON. 
Kingston, Ontario. C. F.-A. BEAUMONT. 


21st January 1953. 
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The Nuclear Electric Quadrupole Moments of Copper 63, 65 


The hyperfine structure of the paramagnetic resonance spectrum of 
CuK,(SO,),.6D,0 has been studied by Bleaney, Bowers and Ingram (1951), 
and values of the nuclear electric quadrupole moments of the stable isotopes 63, 
65 were deduced using the theory of Abragam and Pryce (1951). Further work 
on this salt has revealed considerable departures from axial symmetry and a 
study of the rhombic component of the anisotropy has been made. The results 
are interpreted in terms of the spin Hamiltonian 


HA =BH.g.S+S8.4.1.4+P—-41(14+ 1)}+ P(,2—-1,2)—yBwH.b. ...... (1) 
Here g and A are tensors, each with three principal values in directions not 
a priori related to the crystal axes; P is the component of the nuclear electric 


quadrupole interaction with axial symmetry, while P’ represents the departure 
from this symmetry. 
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The results for copper potassium sulphate with dilution Zn: Cu=300:1 at 
20°K are given in the table. ‘The relative signs obtained experimentally agree 
with those given by the theory of Abragam and Pryce (1951), which has been 
extended by Pryce (private communication) to cover a rhombic component; 
the theoretical signs are given in the table. 


Salt Isotope g, 8x ey AL Ane tiaay IP? ed 
Copper 63 ‘ ; ; — 97 7p 00) sea US a ca 
Siwsiam 65 “<= 210 204 104 18 +64 +104 10 
Sulphate 
Copper 63 F : : SWNINO) sie tesy == ile se dlakedh: — Oe) 
Beatie 65 TO 2097 2-097 211s eeeto es +105 0-3 


Nitrate 
A and P values to be multiplied by 10-* cm=}. 


The spectrum is very anisotropic close to the x-axis, and the sign of A, could 
not be established. ‘The value of P’ has been determined from the spectrum 
along the y-axis. ‘The ratio of P for the two isotopes agrees with the more 
accurate ratio obtained from the quadrupole splitting in nuclear resonance 
(Kriiger and Meyer-Berkhout 1952). 

In view of the considerable departure from axial symmetry in the suiphare 
it was felt desirable to make measurements on another type of copper salt, 
preferably one where the principal axes could be located with greater certainty. 
It was found by Trenam (1953) that copper bismuth nitrate (whose crystals have 
trigonal symmetry) shows at low temperatures three Cu?* spectra, each with 
axial symmetry (cf. Bleaney and Bowers 1952). ‘The most suitable salt of this 
type when narrow lines are required was found to be La,Cus(NOs),..24D,0, 
with dilution Mg:Cu~500:1. This gives lines with a half-width at half 
intensity of 2 gauss, and the spectrum was examined at 20°K using radiation of 
wave numbers 0-3 and 0:8cm~!. It was checked that the three Cu?* spectra are 
identical in behaviour, but a small rhombic component in the hyperfine structure 
was found. ‘The principal axes of the three ions appear to be identical, but 
interchanged so that the z-axis of one is the x-axis of the second and the y-axis 
of the third. The spectrum is described by the Hamiltonian (1) with the 
constants given in the table. ‘The signs given are theoretical, but their relative 
values are checked experimentally. ‘The probable accuracy is +0-:5 and +1 in 
the values of P for the nitrate and sulphate respectively. 

Application of the theory of Abragam and Pryce (1951) to calculate the 
electric field gradient at the nucleus requires an estimate of the mean value of 
r~%, where r is the distance from nucleus to electron. From a comparison of the 
value calculated from Hartree wave functions for Cut 3d!° with that obtained 
from the 3d%4s?*D term in the Cul spectrum, Abragam and Pryce adopted the 
value r ?=7-2 atomic units. A more accurate fit between theory and experiment 
for the magnetic hyperfine structure of the paramagnetic resonance spectrum 
is obtained, however, if we take the rather lower value of 6-4 atomic units. 
If there is a difference between the apparent value of r* for the Cu?* ion in the 
bound and free states, it may be due either to a real change in r *, requiring a 
change in the radial distribution of the 3d wave function, or to a migration of 
the hole from the 3d® copper ion to a position on a water molecule where its 
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contribution to r-° is negligible. In either case the electric field gradient at the 
copper nucleus would be correspondingly reduced, and we shall accordingly 
use our empirical value of 7-® to evaluate the quadrupole moments. This gives 
—0-15, and —0-14, x 10-24 cm? respectively for the isotopes 63 and 65. Though 
these values must be regarded as provisional until a full theoretical treatment of 
the cupric ion in its water complex is available, they are probably correct within 
about 20%. The difference between these values and those given by Bleaney, 
Bowers and Ingram is mainly due to the change in the assumed value of r* 


Clarendon Laboratory, B. BLEANEY. 
Oxford. K. D. Bowers. 
23rd January 1953. R. S. 'TRENAM. 
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Paramagnetic Resonance in some Manganese Salts 


The paramagnetic absorption spectra of two salts of manganese were 
investigated in detail by Bleaney and Ingram (1951) and an analysis made of 
the five groups of six hyperfine structure lines in terms of the electronic splittings 
and crystalline field symmetries. Some measurements are reported here on 
three other salts, and it is hoped to make a systematic survey of various manganese 
salts as the electronic splittings obtained throw considerable light on the 
magnitude and symmetry of the crystalline fields. 

The Hamiltonian employed in the analysis of the spectra and notation used 
is the same as that in Bleaney and Ingram (1951). All the measurements were 
made at room temperature and at a wavelength of 1:25 cm, the standard 
technique of field modulation and display being used. ‘The magnetic field 
measurements were made by means of proton resonance, and the cavity wave- 
meter employed was calibrated against the ammonia inversion spectrum. 

The first salt investigated was (Mn—Mg) (CH;COO),.4H,O. The tetra- 
hydrates of magnesium and manganese acetate are both monoclinic prismatic 
with very nearly equal axial angle 8=95° 37’ and B=94° 58’ for the two salts 
respectively (Groth 1910). ‘They have two ions per unit cell and the magnesium 
salt has dimensions a=8-5 A, b=11:7A and c=4-7A (Padmanabhan 1952), 
The crystal was diluted in a ratio of about one to a hundred, and grows in a 
form in which the (110) (110) (111) and (111) faces are the most prominent. 

The crystal was first rotated in the xz (or ac) plane, where the spectra of 
the two ions coincide, and a maximum separation of the hyperfine groups was 
obtained at 47° to the x axis, this determining K,. ‘The subsidiary maxima at 
K, was slightly smaller than this. Rotation in the K,K, plane (K, = y = bd) 
then determined the direction of crystalline field axis as at 29° to K,, the spectra 
being symmetrical on either side of K;. Rotation in the K,K, plane showed 
that the spectra of the two ions nearly coincided in all directions in this plane and 
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the maximum splitting reached was never large (in contrast to the case of 
(Mn—Mg) (NH,), (SO,)..6H,O below). 

The electronic splittings obtained in the different directions are summarized 
in table 1. Here the separation between the successive groups of hyperfine 
structure is given, in gauss. ‘The spectra are very collapsed along all three of 
the crystallographic axes as these make an angle of about 60° with the crystalline 
field axis. 


Table 1 
Direction Separations of groups (gauss) 
Axis 898 855 862 907 
Ky 590 53D 547 589 
x 368 229 ¥Al 0 
y 98 86 7 —28 
z 306 171 Tl —41 


A comparison of the spectra obtained perpendicular to the axis in different 
planes shows that there is a rhombic component present in the field, the separa- 
tion between extreme centres being 2197, 1240 and 1266 gauss in the xz, xy 
and K,K, planes respectively. 

The hyperfine splitting remains isotropic with a separation between successive 
lines of 93 gauss. ‘The g value was calculated from the lines in the central 
group, with the second-order corrections applied, and equals 2-001 + 0-01. 

From the spectrum along the axis one obtains for the usual Hamiltonian 
Eoeticients, iv iunits.of 10-* cm, A=B=87;.D=412, E=66, a=8. It may 
be noted that the electronic splitting obtained in this salt is considerably greater 
than that previously observed in any other manganese salt; that obtained in 
the trihydrate being much smaller (Kumagai et al. 1952). 

The spectra of (Zn—Mn) (HCOO),.2H,O is also being investigated. ‘This 
is a monoclinic prismatic crystal with two ions per unit cell, and appears to 
have an even larger electronic splitting than the tetrahydrate acetate. The g 
value is 2-01 +0-02, and the hyperfine splitting is equal to 98 gauss. 

The spectra obtained from (Mn—Mg) (NH,).(5O,)..6H,O has also been 
analysed in order to see what difference dilution by magnesium instead of zinc 
ions would have on the spectra. The results are quoted here briefly. Maxima 
of splitting are obtained in the xz plane at f= +60° and 150°. These two 
directions are labelled K, and Ky respectively, as the maxima are of nearly 
equal size (the separation between centres of extreme groups being 1087 and 
1396 gauss respectively) and it is not possible to determine directly which is 
K, and which is Ky. 

Rotation in the K,K, plane gives a maximum splitting at an angle of 30° to 
K,, and rotation in the K,K,, plane gives a maximum splitting at an angle of 
32° to Ky. ‘The fact that in neither planes do the two spectra coincide and 
that the maximum splittings obtained are of the same order was found previously 
in the salt diluted with zinc, and shows that there must be a large rhombic 
component present. ‘This is confirmed by the fact that the maximum separation 
obtained in the xy plane occurs at 35° to w and is only half that obtained in the 
other two planes through y. The different splittings along directions per- 
pendicular to the axis are 627, 500 and 1087 gauss in the wy, A,,K, and wz planes 
respectively. 
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Table 2 gives the successive separations of the hyperfine groups along the 
maxima obtained in the K,K, and KK, planes. From these and the perpendi- 
cular measurements one determines for the coefficients of the Hamiltonian, 


Table 2 
Plane Separations of Groups 
K;K, 471 403 434 489 
K;Kg 505 497 481 502 


in units of 10-* cm, A=B=90 [91], D=231 [243], a=3'[5], E=60.) Fae 
figures in brackets are those for the similar salt diluted with zinc, and it is seen 
that the electronic splitting is slightly reduced in this case. ‘The accuracies 
are to within +2 in the last digit for the constants A, B and D, but that of E is 
only about 20%. 


University of Southampton. D. J. E. INGRAM. 
14th February 1953. 
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The Nuclear Magnetic Moment of °’Fe 


The paramagnetic resonance spectrum of iron with the isotope °‘Fe enhanced 
to about 40° has been examined at 90°K, using ferric potassium selenate alum. 
A crystal, grown from heavy water, and containing 0-1°% of iron (enhanced in 
°’Fe) as an impurity in aluminium potassium selenate, gave a spectrum in which 
the half width at half intensity of the M=+41/2+M= —1/2 transition was 2:5 
gauss. The differential of this line was plotted using a narrow band phase 
sensitive detector. Similar line shapes were obtained from five measurements, 
the maximum variation in shape being +4°% of the line width. A measurement 
on a similar crystal containing unenhanced iron (2:2°% °’Fe) gave the same line 
shape within the experimental error. ‘The nuclear shell model suggests the 
value 3/2 for the nuclear spin of 5’Fe and the spin is unlikely to exceed 5/2. 
Therefore, using the line shape of the unenhanced iron, curves were constructed 
showing the expected line shape for the enhanced iron, assuming various 
hyperfine spacings and the values 1/2, 3/2 and 5/2 for the spin. A comparison 
of these curves with the experimental line shape enabled an upper limit of six 
gauss to be set on the overall hyperfine structure of 5’Fe. 

An estimate of an upper limit for the nuclear magnetic moment of °7Fe may be 
obtained by comparison with the spectrum of the isoelectronic ion (3d° . §S)Mn2+ 
(Bleaney and Ingram 1951). Abragam and Pryce (1951) have shown that the 
main cause of the hyperfine splitting in Mn?*+ is the configurational interaction 
with a state in which a 3s electron has been promoted to a 4s state. This 
admixture produces a magnetic field at the nucleus which is found to be constant 
to within 20°% in the hydrated salts of the ions V2+, Mn?+, Co2+ and Cu?+. 
Using this empirical fact, Bleaney and Bowers (1951) estimated the nuclear 
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magnetic moment of *8Cr by comparison with *!V; and a similar comparison may 
be made between *’Fe and Mn. The overall hyperfine structure splitting of the 
spectrum of °°Mn?* is about 500 gauss, and the nuclear magnetic moment is 
3-47 nuclear magnetons (Sheriff and Williams 1951). Thus an upper limit of 
0-05 nuclear magneton may be ascribed to the nuclear magnetic moment of *’Fe. 

Schawlow and ‘Townes (1951) predict a nuclear magnetic moment of 0-66 
nuclear magneton for °’Fe. However, previous examinations of iron with the 
isotope 57 enhanced (Gurevitch and Teasdale 1949, Brossel 1949) have shown no 
structure, broadening or asymmetry of the optical spectral lines. An overall 
splitting greater than 0-025 cm~! could have been detected, but no upper limit 
for w was given. 

The author wishes to record his gratitude to Dr. B. Bleaney for generous 
help and advice, and to the Electromagnetic Separator Group of the Atomic 
Energy Research Establishment, Harwell, who supplied the iron enhanced in 
PrP e. 


Clarendon Laboratory, R. S. TRENAM. 
Oxford. 
16th February 1953. 
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Separation of the Intramolecular and Intermolecular Contributions to 
the Second Moment of the Nuclear Magnetic Resonance Spectrum 


The evaluation of molecular structural parameters from the second moment 
(mean square width) of the nuclear magnetic resonance spectrum is sometimes 
impeded by a lack of exact knowledge of the crystal structure at the temperature 
at which the spectrum is measured. A knowledge of the crystal structure 
enables the intermolecular contribution to the second moment to be calculated, 
so that by difference from the measured second moment the intramolecular 
contribution may be found. The present note describes a method by which 
in certain cases the intramolecular contribution may be found without the necessity 
of knowing the crystal structure at all. 

The method consists in measuring the second moment for two isotopic 
species of the same compound; in one species some of the nuclei at resonance 
are replaced by an isotope of much smaller magnetic moment. ‘T"hus in hydrogen 
compounds some of the protons may be replaced by deuterons. For convenience 
of discussion it will be assumed that we are in fact dealing with the proton 
resonance of a hydrogen compound, although the method is in principle capable 
of wider application. Suppose the second moment of the non-deuterated 
species is S,, and that of the partially deuterated species is Sj. Suppose also 
that the deuteration reduces the intramolecular contribution by a factor o, (<1) 
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and the intermolecular contribution by a factor o,. The intramolecular con- 
tribution s, for the non-deuterated species is therefore (o,S,—Sp)/(¢2— 9). 
The successful evaluation of s, from the measured values of S, and Sj, thus. 
requires that o, and oy be known and that o,— 0, be as large as possible. 

The method has been applied to benzene. Second moment measurements. 
must be carried out below 100° since it is known (Andrew 1950) that above 
this temperature the spectrum is modified by molecular reorientation within 
the crystal. The crystal structure of benzene has been determined by Cox 
(1932) at 251°k. In order to calculate the intermolecular contribution at 
80°x, it is necessary to guess what contraction of unit cell dimensions accompanies 
the decrease in temperature from 251°K to 80°K. Since the thermal expansivity 
of solid benzene is rather large the calculation is subject to considerable 
uncertainty. This is particularly unfortunate since for this compound the 
intermolecular contribution is the greater contribution. 

The second moment was therefore measured for pure samples of ordinary 
benzene C,H, and 1.3.5 trideuterobenzene C,H,D;. The alternation of protons 
and deuterons round the benzene ring results in a very small o,. Assuming 
the hydrogen nuclei are located on the corners of a regular hexagon of side a, 
o, is found by calculation to be 0:0354. On the other hand oy is 0-5 since it may 
be assumed that the neighbour of a given proton on a given site in another ~ 
molecule may equally well be either a proton or a deuteron. ‘The mean value 
of nine determinations in the range 75—-85°K of the rigid second moment S, 
for C,H, was 9-72 gauss”, and of eleven determinations of S, for 1.3.5 C,H,D, 
was 3-39 gauss? after a small correction had been made for the contribution of the 
deuterons. The calculated probable error of both means was 0-07 gauss”. ‘The 
intramolecular contribution s, for C,H, was thus found to be 3-16 +0-17 gauss?. 
The only unknown molecular parameter is the hexagon side a, which was 
found from s, to be 2:487+0-022A. The geometry of the molecule is such 
that this distance is the sum of the C-C bond length and the C-H bond 
length. Our value of this distance is in satisfactory agreement with estimates. 
based on x-ray, electron diffraction and spectroscopic data. 

Above 100°K the benzene molecules reorient themselves in the crystal lattice 
about their hexad axes with sufficient frequency to cause a reduction in the second 
moment (Andrew 1950). ‘The axis of reorientation is thus perpendicular to the 
line joining every intramolecular nuclear pair. The contribution of each of these 
pairs to the second moment is thus reduced by the same factor. It follows then 
that deuteration should reduce the intramolecular contribution by the same 
factor o, as in the rigid crystal lattice. , still has the value 0-5. The separation 
procedure can therefore also be applied to the spectra of the reorienting system 
of molecules with the same values of o, and oy. 

The mean value of the second moment S, for C,H, above 130°x, where 
a steady value has again been reached, was found to be 1:61 gauss?; for 
1.3.5 C,H;D, S, was found to be 0-41 gauss®. Hence using the formula given 
above the intramolecular contribution for the reorienting benzine molecule is 
found to be 0-85 gauss?, with a calculated probable error of 0-07 gauss?. The ratio 
of this reduced intramolecular contribution to the value for the rigid lattice is 
thus 0-27 + 0-03. Gutowsky and Pake (1950) have shown theoretically that if 
the angle between the axis of reorientation and each intramolecular nuclear 
pair is 90°, the ratio should be exactly 0-25. Thus, within the limits of experi- 
mental error, this reduction factor receives a direct confirmation. 
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The separation method described here is not restricted in application to 
‘benzene and may in principle be applied to all compounds in which all the protons 
of the non-deuterated molecule are equivalent. In such cases oy can be evaluated 
directly by statistical argument. Thus, to quote a few examples, the method 
could be applied to ethylene, cyclopropane, p-dichlorobenzene and ammonia. 

Full details of the second moment measurements of the benzenes will be 
published later, together with measurements of spin-lattice relaxation time 
between 80°k and the melting point, 278-5°K. . 

We wish to express our thanks to Professor D. H. Everett of University 
College, Dundee, who supplied the pure sample of C,H,, and to Professor C. K. 
Ingold and Dr. H. G. Poole of University College, London, who lent us the pure 
sample of 1.3.5 C,;H,D3. 


Department of Natural Philosophy, E. R. ANDREW. 
The University, R. G. EApEs. 
St. Andrews, Scotland. 
9th December 1952. 
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REVIEWS OF BOOKS 


Sir Fames Feans—a Biography, by the late E. A. MILNE, with a Memoir by 
S. C. Roperts. Pp. xvi+176. (Cambridge: University Press, 1952.) 
ZAs, 


To praise famous men is a pleasant thing, and the biography of James Jeans 
by the late E. A. Milne is a pleasant book to read. ‘The reviewer in his present 
capacity praises two great men, for Milne has written a book in spirited, at times 
sprightly, style, most readable and, as becomes a biography, both revealing and 
informative. 

No more suitable biographer than Professor Milne could have been chosen, 
for he was himself a great mathematical physicist and, like Jeans, was a reliable 
contributor to astronomy and astrophysics; moreover, the twain had on more than 
one occasion crossed swords and fought battles of moment in their time. 

Long before Jeans became the interpreter of the Universe to the masses he 
was, of course, a distinguished scientist, a leader in the first rank, and the manner 
of his entry—or was it enticement ?—into popular exposition is well outlined by 
Mr. S. C. Roberts of the Cambridge University Press, in a quite delightful 
‘ Memoir ’ which, in the nature of a preface, precedes chapter 1 of the book. 

This Memoir is packed with detail which reveals the man rather than the 
scientist in Jeans and no one reading these all too few seven pages can doubt that 
Mr. Roberts was the only man to write them. Jeans was so shy and retiring that 
few knew him or could pass, or have wished to pass, the barriers which extreme 
shyness raise’. Many will learn for the first time the circumstances of his second 
romance in later life which led to his second happy marriage to Susi Hoch a 
young Viennese musician. A charming story well told. 
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Professor Milne in twelve well-arranged chapters told the story of Jeans’ 
life: from the more personal angle in the first six chapters, and summarizing 
the contributions to knowledge in fascinating style in the second six. 

Jeans was a precocious child, we are told, and could tell the time at the age of 
three and could read at four; he got full encouragement from his journalist 
father. The child factorized cab numbers, learned columns of mysterious 
logarithms by heart, was exercised prodigiously by perpetual motion and wrote a 
book (bound prophetically in light blue) entitled Clocks, by f. feans. It is 
interesting to learn that his contemporaries at Merchant Taylors’ School were 
afterwards astonished at Jeans’ vogue as a popular writer in view of his school 
reputation that “ he could never see that anything needed explaining ”’. 

The chapter on Cambridge will interest all lovers of that great place of 
learning, reminding the reader of the old days of the Senior Wrangler and the 
amount of daily work—in Jeans’ estimation—required to win the title ! 

He—with other distinguished names—took the first part of the Tripos in 
two years (1898), and after a further two years, interrupted by illness, took 
Part? LI. 

A Smith’s Prize came to him in 1901 for an essay entitled ‘The Distribution of 
Molecular Energy’. Thus early did his genius proclaim itself and its trend. 

In 1904 his famous book Dynamical Theory of Gases appeared—written 
incidentally during enforced leisure at sanatoria. 

1905 saw publication of his definitive solution of the problem of the partition 
of energy between matter and radiation; his solution was in utter contradiction 
to experiment, and so led the way to the acceptance of Planck’s quantum theory. 
Jeans’ re-derivation of the Rayleigh formula revealed an error in the constant, so 
that the formula (8aRTA~4dA) became known as the Rayleigh—Jeans formula. 

Few know how it came about that Jeans went to Princeton in 1905. The 
manner of his going, the works he published while there, and his marriage to a 
charming American woman have all been duly recounted in this very full 
biography. 

It was during his four years in the States that Jeans, at the early age of 28, 
was elected a Fellow of the Royal Society, to the pleasure of his friends and the 
delight of the students, who lightly sang : 


Here’s to Jimmy Hopwood Jeans, 
He tries to make us Math-Machines, 
A young and brilliant F.R.S., 

That’s going some, we all confess. 


Returning to England, Jeans stayed in Cambridge for a few years as Stokes 
Lecturer but retired in 1912, and at Guildford rapidly made Physical History. 

In 1914 appeared his famous Report on Radiation and the Quantum Theory 
(Physical Society) which, after the war, when people had time to read it, did much 
to establish the theory and help Bohr, in his unorthodoxy, to establish his epoch- 
making views. A number of pages are devoted to a quite fascinating summary of 
the Eddington—Jeans controversy—into which Milne himself entered—on the 
role of radiation pressure in star equilibrium. It is well worth reading. An 
important decade of Jeans’ life was his ten years’ tenure of the Secretaryship of the 
Royal Society, 1919-29, a most influential and time consuming post, but one 
which did not stop Jeans working and taking interest in atomicity and quanta 
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(Rouse Bell Lecture 1925) and in general cosmogony (Adams Prize Essay : 
Problems of Cosmogony and Stellar Dynamics (1919) and Astronomy and 
Cosmogony (1928)). 

It is curious to reflect that this last work in 1928 was his last, or nearly his last, 
technical contribution, since its final chapter contained such striking sentences as 
the following, which arrested instantly Mr. Roberts’ alert attention :—‘‘ Let us, 
however, reflect that mankind is at the very beginning of its existence ; on the 
astronomical time-scale it has lived for only.a few brief moments and has only 
just begun to notice the cosmos outside itself. It is perhaps hardly likely to 
interpret its surroundings aright in the first few moments its eyes are open.” 

An exciting ‘ popular book’ appeared in 1929, the famous The Universe 
Around Us, followed in 1930 by The Mysterious Universe, in the nature of a sequel 
—books which one hopes are still read! They are products of a great mind 
which was no longer concerned with technical detail but preferred to stand back 
and survey what “ he himself and others had accomplished and interpret it for 
the benefit of the intelligent non-specialist ”’. 

Some 50 pages of the biography are devoted, very suitably, to sketches in 
“as non-technical language as possible of the topics to which Jeans, as a mathe- 
matical physicist, had, in his earlier, productive years, devoted himself ”’. 

Suffice it to say that the biographer, with his special knowledge, has made a 
very good and entrancingly interesting job of it! It would be a mistake to do 
more than mention the chapter headings: Rotating fluid masses, Star clusters, 
The equilibrium of the stars, and the last chapter entitled Jeans and Philosophy. 

Professor Milne was never one to accept ex cathedra statements quiescently ; 
his was a critical mind constantly in mesh, so that it is not surprising that the 
gently critical vein of some of his earlier pages should mount to something like a 
crescendo in this last chapter on Jeans’ philosophy. ‘There are few physicists and, 
I imagine, no theoretical or mathematical physicists who have never crossed that 
nebulous and exciting frontier between physics and philosophy. Most return 
as quickly as may be or say little of their thoughts or feelings. It was otherwise 
with Jeans, and also, in a different way, Milne. These are some of the things 
said in the last chapter of the biography: “... Jeans’ use of philosophy is 
disappointing ” ; “‘ He never brought his critical powers to bear on the theory of 
relativity’; ‘“‘ he wrote facilely of expanding space when it was the fashion... 
without enquiring what in the world this could mean ’’; “ he wrote of the nebulae 
as ‘ straws showing which way the streams of space were following ’, a metaphor 
which, however poetical, is more calculated to darken counsel than to enlighten 
our minds”’; “ his innate reverence for mathematics led him to consider the 
Creator of the Universe as in essence a mathematician ”’. 

There is a most excellent bibliography, including all Jeans’ published scientific 
papers, books and lectures, and a very helpful index. 

No one reading this outstandingly well written biography can fail to have his 
attention gripped and his interests aroused. ‘here is a good deal of criticism 
interspersed in its 166 pages, but it is nowhere so bitter as to call to the reader’s 
mind de mortuis nil nist bonum. R. WHIDDINGTON. 
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CORRIGENDUM 


Photoelectric Absorption in Lithium Vapour, by J. 'TUNSTEAD (Proc. Phys. Soc. A, 
1953, 66, 304). i 
P. 304. The present address of the author of this Research Note should have been 
given as the Royal Naval Scientific Service and not as the Physics Research Laboratory, 
University of Reading. 
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Fig. 1. Area of specimen examined. x 625 


Fig. 2. X-ray Laue photograph of volume of crystal containing bands, 


taken with a beam of 150 uw diameter. 
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The Application of Kirkwood’s Approximation to the Calculation of 
Intrinsic Magnetization 


By R:-H. TREDGOLD 
University of Nottingham 


Communicated by L. F. Bates; MS. received 9th December 1952 


Abstract. ‘The limitations of Opechowski’s method of calculating the variation of 
intrinsic magnetization with temperature are pointed out. An alternative method, 
based on Kirkwood’s treatment of crystallographic ordering, is proposed. It is 
shown that this method is equivalent to Heisenberg’s treatment in the first and 
second approximations. ‘The third approximation leads to two Curie tempera- 
tures which are separated by a smaller interval than in the case of the Heisenberg 
second approximation. ‘This result is discussed in the light of previous work and 
the suggestion is put forward that a model in which the exchange interaction is 
limited to nearest neighbours is incapable of explaining the behaviour of the 
known ferromagnetic materials. 


$1. INTRODUCTION 


N view of the remarkable empirical success of the molecular field treatment 

of ferromagnetism and ferrimagnetism (Néel 1948) it is surprising that a 

quantum-mechanical justification of this approach has not been forthcoming. 
The failure of Heisenberg’s (1928) treatment of the problem when taken to the 
second approximation has been attributed to the arbitrary assumption of the 
gaussian distribution of energy states and it is therefore of interest to attempt to 
obtain higher approximations based on the same model. 

That the application of the Heitler—-London approach to solid state phenomena 
is somewhat artificial is only too apparent. On the other hand the collective 
electron treatment is unfortunately incapable of giving information as to the 
effective range of exchange forces. 


§2. OPECHOWSKI’S ‘TREATMENT OF THE PROBLEM 


The essential physical assumptions involved in Heisenberg’s first approxima- 


tion are that (S,.S;) for nearest neighbours (where S;=30,, the Pauli spin matrix, 


and the bar denotes the mean) is the same as (S;. S;) for any two unpaired electrons 
chosen at random from the lattice and that only nearest neighbour interactions 
need be considered. The second approximation is an attempt to correct for the 
error implicit in the first of these assumptions. Higher order approximations 
have been calculated by Opechowski (1937) for the case of a face-centred cubic 
lattice having one unpaired electron per lattice site. When an error pointed out 
by Zehler (1950) has been taken into account, Opechowski’s treatment appears 
to lead to the following conclusions. As successively higher approximations are 
employed the value of the Curie temperature (in terms of J/R, where J is the 
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exchange integral) predicted by the theory appears to converge towards a value 
given approximately by 7,=4:25J/k. An examination of the final stage of the 
calculation indicates however that little significance can be attached to these 
results. ‘The expression for the susceptibility above the Curie point is obtained 
in the form (Opechowski 1937, eqn. (54)) 


pip) 30) 138 y 1493 4) 
RES bs eh an ge pg aie Me PSICONG O 


Here ¢ is the reduced temperature and is given by 
C= RDM ie oy 6 ee eee (2) 


The last term in (1) has since been revised by Zehler but this does not affect the 
present argument. To find the Curie temperature it is now necessary to find the 
value of t for which y= oo. ‘To do this Opechowski neglects the appropriate 
number of terms in (1) for the approximation under consideration and then 
inverts the resultant expression and expands to the highest power in 1/t previously 
retained. ‘The expression for 1/y so obtained is equated to zero and a solution 
obtained for t. Since, however, the coefficients of the various powers of 1/t in 
(1) are all positive real constants it is quite evident that the right-hand side of (1) 
will remain finite for all positive real values of t. Hence the true solution of | 
(1) for x= 0 1s t=0 irrespective of how many terms are taken into account. 
Thus even the claim made by Opechowski that the theory agrees with that of 
Heisenberg as far as the term in 1/f? is ill-founded. Bearing this in mind the 
present writer has attempted to obtain an expression for y which does not suffer 
from the defects pointed out above but which can, with sufficient labour, be 
evaluated to any desired degree of approximation. 


§3. THE KrrKwoop APPROXIMATION 


The method used here is based on a method devised by Kirkwood (1938) 
for treating the problem of crystallographic ordering. ‘The advantage of this 
method is that it leads directly to an expression for x, the denominator of which 
is a polynomial in 1/7. ‘This denominator can then be equated to zero and solved 
for the Curie temperature. 

It is assumed that there is one unpaired.electron per lattice site and that 
the spin dependent energy of the crystal under consideration may be written 


B= “23S So (3) 
N,Z 


where the summation is taken over all pairs of nearest neighbours. Here Z is 
the coordination number, N is the number of atoms in the crystal, J is the 
exchange integral and $,= 30; where 9; is the Pauli vector matrix representing 
the spin of the electron located on the ith lattice site. Equation (3) may be 
written in the form 

E(p) = —2Jp 


where p is the reduced energy and is proportional to the amount of ‘short range 
order’ for the configuration under consideration. 

It is assumed that the probability of the total spin of the crystal under 
consideration coinciding with the direction of an applied magnetic field is 
overwhelming as compared with the probability of other arrangements. Since 
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this assumption is implicit in Heisenberg’s treatment of the problem it is 
convenient to introduce it at this stage. Thus for a particular overall crystalline 
spin having a quantum number S the partition function becomes 


(PF) 5=exp Ca Ae ite Py EXpwon ae tele ee (5) 


where £ is the Bohr magneton, H is the applied magnetic field, x=2J/KT and 
co(s, p) is the statistical weight. This expression may be written: 


(PF), =exp (GRE S HST 203) 2.0(°) exp vo." Ok eee (6) 

Niche 
Where gS) = CRESS he tee a (7) 
and DIC 7 5d a > ee EE Mi eo (8) 
Now put ~ 4(p) exp xp =exp (= dex ir ) Rc NOE Re: (9) 


It may then be shown that the 1’s can be expressed in terms of the moments 
of the reduced energy p. The Ath moment is defined as 


Mg== aI, Peale cpehiitls Yelees (10) 


and is the mean Ath power of the reduced energy for all states characterized by 
the quantum number S. It is possible to obtain a general relationship between 
the A’s and the moments (see Kirkwood 1938) but for the present purposes only 
the first few A’s are required. 


eal 
A=, 

mek 11) 
’,=M,—- M2 el 


A; = M,-3M,M,+2M,°. 
Thus using (6) and the relation 
F=-Riiog(PE),  .§ = jAatone (12) 
where F is the configurational free energy, we have 


F Lal = JaeN oS) 
ify ype sel ee 
RT log alse Te ee | ee ee (13) 


2(S) being defined by (7). 

We now make use of Stirling’s formula for large factorials, differentiate with 
respect to S and equate to zero to find the equilibrium value of S. We then 
arrive, on rearrangement, at the pair of equations 


2S INGE SAVES adage § 
es) eee pre nce 
= N tanh y, y Dep rl a ee ee (14) 


where / is the relative intrinsic magnetization. ‘The problem is then reduced 
to the evaluation of the moments as functions of S. ‘hese may be obtained in 
a convenient form to a very good degree of approximation if it is assumed that 
N is very large. Bearing in mind the number of atoms known to be involved 
in one ferromagnetic domain (of the order of 101%) this appears to be a reasonable 
assumption. 


28-2 
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$4. "THE CALCULATION OF THE MOMENTS 


The essential difference between the method used here and the one employed 
by Opechowski is that in the present method it is the a priori moments which are 
calculated whereas in his method the ‘ Boltzmann weighted’ moments are used. 

The method of evaluating the moments is based on the technique employed 
by Van Vleck (1932) in his treatment of Heisenberg’s theory of ferromagnetism. 
From (3) and (4) 

pe 2cSyi Sea thie CAN) | eee (15) 
N,Z 
It is required to find p, p?, p* (the bar denoting the mean values) in terms of S. 
‘To do this it is necessary to find the mean values of such typical terms as (S; . S;), 
(S;.$;)(S;.$,) etc. obtained on raising p to the first, second or third powers and 
to count the number of times each such term appears in the moment under . 
consideration. 

It is not proposed to give the derivation of the first and second moments as 
these have been given in full by Van Vleck (1932). The derivation of the third 
moment follows exactly the same method and is given in the Appendix. (The 
case considered is that of the face-centred cubic lattice having one unpaired 
electron per lattice site.) Substituting the values obtained for the moments 
into (11) and neglecting terms which do not increase with the first power of NV 
or S, since these will not contribute to the final result, we arrive at the following 
expression for the ’s: 


M=1 
2 

4% 

Aes Daw toe |2 a (16) 


where Z = 12. 


Substituting these values into (14) and writing 2S/N=I and JZ/KT=y we 
arrive at the equations for the magnetization: 


I=tanhy 
_-BH 41 ..,[. St Ta SR 1s 
y= a +7 +? |-m+a5| +? | - p+ oe oe ra (17) 


‘The terms in y and y” are identical respectively with the terms of the first and 
second approximations of the Heisenberg theory for the case Z=12. To determine 
the Curie temperature we require the expression for the susceptibility above the 
Curie point. Since in this region J and hence y are both much less than one 
we can write /=tanhy~y and retain only the terms in the first power of J 
in (17). Hence in this region 


iBT. OD. 304.) 28K Seas, tate (18) 
giving for the susceptibility per atom 


duds, ey ea 
x Ep} 1-3 +3 See) tea Metoes (19) 
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Equating the denominator of the right-hand side of (19) to zero and solving 
for y the reduced Curie temperature is obtained. 

For the three approximations we have: 

(1) y.=2, Heisenberg’s first approximation. 

(2) ye =6+ 1/12, Heisenberg’s second approximation. 

(3) y,=2°816, 5-192. 

Thus to this degree of approximation the model in question fails to predict 
ferromagnetism. 

$5. Discussion 


In view of the fact that the more exact methods of Bloch (1930) and Weiss 
(1948), which are, however, applicable to limited temperature ranges only, predict 
behaviour which in the low and high temperature regions respectively is in 
reasonable agreement with the observed behaviour of actual materials, it seems 
evident that the present treatment would lead to better agreement if taken 
to a sufficiently high approximation. Nevertheless the fact that the first 
approximation gives very good agreement with experimental results, the 
second approximation gives poor agreement, and the agreement in the case 
of the third approximation is even worse seems to indicate that this model 
would never lead to anything approaching the agreement with observation 
obtained from the molecular field hypothesis. 

It is to be noted that in the limiting case of every electron having an equal 
exchange interaction with every other electron in the crystal the molecular field 
treatment would be reproduced exactly. Therefore in order to obtain agreement 
with experimental results it is necessary to invoke some mechanism which will 
allow each electron to interact with a far larger number of other electrons than 
are provided by the crystallographic nearest neighbours. ‘That this number 
should not be as great as the total numbers of unpaired electrons in the crystal 
seems evident since this result would not be arrived at even from the collective 
electron approach if the correlation correction was taken into account. Moreover, 
Néel (1934) using an approximation based on the Ising model (wherein the 
off-diagonal elements of the spin matrices are ignored) has shown that the 
interaction of each electron with 750 ‘magnetic nearest neighbours’ together 
with a weaker long range interaction would account very well for observed 
phenomena in the case of nickel. Although, as Néel himself has pointed out, 
the number 750 should only be taken as an order of magnitude, these results 
together with those of the present work seem to indicate that nearest neighbour 
interactions alone are incapable of explaining the behaviour of known ferromagnetic 
materials. 

An examination of a model involving a compromise between the Heitler— 
London and collective electron treatments is now being made and it is hoped 
to publish the results at a later date. 


BP PEN DIX 


The Calculation of the Third Moment 
On cubing the right-hand side of (15) it is found that eight different kinds 
of terms are obtained. These have different mean values. ‘These terms, their 
mean values and the number of times each term appears in Mz are listed in 
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table 1 (for the method of obtaining the number of times each term appears 
see Opechowski 1937). 

With the exception of the term (S;.S$,)(S,.$,)(Sp-Sq) all the terms may be 
expressed as functions of 


(S,;.S;) =a, (S;.S,)(Sp.Sq) =f. ele) 9 ohpite (Al) 
‘These terms may be expressed as functions of S (see Van Vleck 1932) as follows: 
eee S2 


OP SAF GT ae 4 1 6 
(5. S)Sp-Sa)=P=[1+ 5 + ys pat al 


1 Z 
+a| yn yet qe 


Seek 5 
Se ee ee er A2 
8 ie + yt sre 
neglecting higher order terms in 1/N. 
Table 1 
Number of Mean 
Typical Term Occurrences in 
Value 
M, 
ZN ; ocr it3 
-. $,\e shail ecieah Ss 
(Sie) 2 Lore se: 
; a 
(S; . S;)? (S; . Sx) 33ZN a 
69NZ 3N?2Z? 3a. B 
.. S)2 pay sh cet Se ial dete ts 
(Sj . Sj)? (Sp . Sa) pol ae ie 
3 ro 
(Sj . Sj) (Sj. Sx) (S_ - Si) 4ZN Tae 
(S; . $;) (S; . Sk) (S; . $)) 110 ZN 18 
(S;:. S)) (S; «Si (Sis S) 351 ZN 3 
(S;'. S).(S;, S,), (Spo Sa) —1110 ZN-+4.33Z2N2 } 
69Z22N?  Z°N® See 
(Sj . Sj) (Sx. S}) (Sp . Sq) 646ZN Ta Re: ko 


Three further relations, which are readily obtained from the properties of 
the spin matrices, are required. 


(S;.$,)? + ela = os 20 a fe eee (A3) 
[(S;.$;) +(S;.S,) +(S,. $2 = a Lies (A4) 
4(S;.S,)(S,. Sx) + 4(S;. Sy)(S; . $}) = (Sj. S,) +(Sy.$)). 2... (A5) 


We now multiply (A 3) by (S;.S;), (§;.$,) and (Sp.Sg) in turn. On taking mean 
values we obtain the first three terms listed in table 1. In a similar manner we 


multiply (A 4) by (S,.S;), (Sp.Sq) and (S,;.Sq) and (A5) by (S,;.§,). On taking 
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mean values, collecting similar terms and using the values of the first three terms 
the next four terms may be obtained. 

Unfortunately it is not possible to evaluate the term (S;.$;)(S, .S,)(Sp . Sq) 
by any direct means. 

‘To obtain this term we note that 


| y (S,.8) | 25,515 411 Vea Nebulae eee (A6) 
crystal 

The mean values of the terms obtained by expanding the left-hand side of this 

equation are all known with the exception of (S;.$;)(S,.$,)(Sp-Sq). On counting 

the number of times the various terms appear it is thus possible to obtain the 


value of this particular term. ‘These numbers are listed in table 2. 


‘Fable 2 
Number of Occurrences in 

Typical Term [X(S; . $;)]? 
(S; . S;)* 4N(N—1) 
(S; . S;)? (S; . S,) 24N(N—1)(N—2) 
(S; . Sj)? (Sp . Sq) 6N(N—1)(N—2)(N—3) 
(S; . S;) (Sj « Sx) (SK - Si) 8N(N—1)(N—2) 
(S; . Sj) (Si. Sx) (Sj. Si) 8N(N—1)(N—2)(N—3) 
(Sj. Sj) (Sj - Sx) (SK. Si) 24N(N—1)(N—2)(N—3) 
(S; . S;) (Sj. Sx) (Sp . Sq) 12N(N—1)(N—2)(N—3)(N—4) 
(Sj. Sj) (Sk - $1) (Sp - Sa) N(N—1)(N—2)(N-3)(N—4)(N'—5) 


Using the information listed in the two tables together with the values of the 
first and second moments it is now a straightforward though somewhat laborious 
task to obtain the value of A; to the degree of approximation discussed in the 
main part of this paper. 
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Abstract. It is shown that the effects of finite nuclear size and radiative 
correction cause considerable modifications to the Mott formula for the cross 
sections. An exact calculation of the phase shifts is carried through for a 
simple nuclear model and 20 Mev positrons scattered by gold nuclei. ‘Two 
approximate phase shift calculations are made and the singularity occurring in 
the radial wave equation is investigated. The radiative correction for scattering 
from light nuclei is found to be the same as for electron scattering. 


§1. INTRODUCTION 


HE object of this paper is to investigate the effects of finite nuclear size 
| and radiative correction on the scattering of very high energy positrons 
by atomic nuclei. All the experimental investigations so far have been at 
comparatively low energies (less than 2 Mev), and at those energies the results 
of Lasich (1948), Howatson and Atkinson (1951), Lipkin (1952), Cusack (1952) 
and Roy and Groven (1952) give fair agreement with the theory of Massey (1942) 
for point nuclei. At high energies the calculations of Yadav (1952) and 
Feshbach (1952) give results for point nuclei. Since positron beams of high 
energy will probably soon be available, it is important now to investigate the 
effects of finite nuclear size and of the radiative correction, which at the lower 
energies are negligible. ‘These effects may be expected to furnish information 
on charge distribution within the nucleus and to indicate a possible experimental 
test of the new quantum electrodynamics, especially if the results are combined 
with similar results for electron scattering. 

The scattering of fast electrons has been investigated experimentally at 
15-7 Mev by Lyman, Hanson and Scott (1951) who obtained fair agreement with 
the theoretical work, in which the effect of finite nuclear size has been considered 
by Rose (1948, 1951), Elton (1950), Parzen (1950b), Acheson (1951) and 
Feshbach (1951), and that due to the radiative correction by Schwinger (1949). 
Here we use methods similar to those developed for electrons by Elton (1950), 
Elton and Robertson (1952) and Elton (1952). These papers will be referrred 
to as I, I] and III respectively and the notation used in them will be followed here. 


§2. THe PHASE SHIFT 


(i) Exact Calculation 
The magnitude of the effect of nuclear structure on the scattering can be 
obtained from a calculation of the phase shifts. The treatment is similar to 
that of I for electrons. It is shown there that for electrons of energy 40 mc? 
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scattered by gold nuclei only the first phase shifts, i.e. Cj and ¢_,, are significant 
and that &=€ ,. ‘This latter fact has been proved to be true quite generally at 
high energies by Feshbach (1951). For positrons, for which the potential is. 
repulsive, the effect of the finite nucleus is certainly smaller and is, therefore, 
given entirely by ¢, and ¢_,, and @ can be taken equal to ¢_,. This means that, 
in the notation of I, 8 and v can in general be replaced by « and uw. 

The present calculation was carried out for positrons of total energy 
W=40 mc? scattered by gold nuclei, on the assumption that the charge is. 
distributed uniformly over the surface of the nucleus (model C of I). Following I, 
we have to solve the equation 


PS, 
Pao oe ea (2.1) 


nnel) nple 3a? Tat 


Te to 4a De 

and p=(W+me?)/he, v=(W— me?) /he, X= Ze*/he, «=u—A/r, B=v—A/r. For 
the electron case the regular and irregular solutions, Y and #, respectively, 
may be computed by solving the differential equation (2.1) numerically, i.e. by 
expanding the solutions about the origin and extending them outwards by 
means of a differencing method. ‘This is impossible in the present case, because 
of the existence of a singularity lying inside the nuclear radius and given by 
a=. However, following Mott and Massey (1949a), we have 


G =u PN, (2kr)Pr+l er f(n + 1 — ty’) F( —ty + pyay +1, 2pn4, +1, 2tkr) 
+ (Poa tty) F(Pnsa—Y 2Pnyi tl, 2tkr)},  ...... (2.2) 


1 |D(pnsat1—#)| 
2: V(2pqeacal) 


pn =(n2—X2)H2, y=Ze2/hiv, y' =y(1—v2/e2)12, k= (pv)! 


where in =—ap 


where = N,= 2{( ty ++ 1)(Pagi tty}, 


and vz is the velocity of the positron. #,, is obtained from &, by replacing 
Pn+i DY —Pn4, throughout. Hence Y% and #, were evaluated by direct 
summation of the hypergeometric series at the nuclear radius r=R. ‘The 
values of Y, and #, were checked by (a) substitution of the hypergeometric 
functions in their corresponding hypergeometric equations and (6) calculation 
of Y,"(R) and #,"(R) and substitution in (2.1). 

The numerical value of the phase shift thus obtained was ¢,=0-024, while 
the phase for the case of the point nucleus was 7) =0-160. 


(ii) Variational Method 


As a first check on the calculation an approximate evaluation of Cy) was made 
by a variational method due to Parzen (1950 a). ‘The second radial function &,, 
satisfies the equations 


B,=2( w,- 55 P,-S,'), 
ack (2.3) 
hrs sUELE Aiea: 
F,=3/ r Ry, 9) A+ By!) 


Here of course we have more generally «=y—V/(r)/he and B=v—V(r)/he. 
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Parzen’s notation differs from that followed here, but his method is 
essentially to consider the variation of the integral 


ee Tae n+1 
=f ado | - BY +R, +5 <8, + “ta, | 
-A,| oF .+, ee — \ ar, ath: (2.4) 


which leads to the a ey to the phase 


1 Ot 
hes == Pace keh } ice V,) (A up Re + a,vor? ) ar, 6» ole Lele (2.5) 
where 7, is the true phase due to the potential V and 7, is the phase due to a 
trial potential V, with radial wave functions A, and c%,. In order to get an 
approximation to ¢, we take V;, to be the potential for the extended nucleus and V 
that for the point nucleus. Thus 


2 2 2 
~o ah (“= a = Ae + aS?) pans. AE (2.6) 


since outside the nuclear radius the potentials V and V, are identical. Here 
#, and of, are the regular solutions for the extended nucleus. Solving the 
radial equations for this case we find 


&Y =A sinkxr, #,=A(sin cr —xr cos xr) /ur 


where x? =(w~—A/R)(v—A/R) and A is a normalizing factor which ensures that 
#,and of, have the correct asymptotic form. It is obtained in the course of the 
numerical calculations in §2(i). After simplification we find 


DACA (; 1 ) {° —cos x—x sin x 


x2 


0= x WR 


Rva, 0 
il v0,” 77 
+4(1+cos x)+ mse Fe you od Dae = im Rel Gary 


‘This integral was evaluated by taking the integral between « and 2«R and 
letting «0, using the formula (Magnus and Oberhettinger 1948) 


Ci(x) = { a dy Corina OGn) At ke (2.8) 
valid for x small and positive; C is Euler’s constant. The value obtained was 
Cy =0-026, which checks very satisfactorily with the exact calculation, although 
this method cannot be relied upon to give such good agreement on all occasions, 
as is shown by the results of Parzen (1950 a). 


(111) Perturbed Wave Method 


Another method for evaluating ¢y is the perturbed wave method developed 
in IIf. ‘This has to be modified in the present case because of the singularity 
at r=A/u=a, say. It is first necessary to solve the equation 


v" + 2py' +qv=f. Pere (28) 
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The procedure is analogous to that of Mott and Massey (1949b). If y, and 
2 are two independent solutions of eqn. (2.9) with f=0, and if P=exp {|p dx}, 
then the general solution of (2.9) is 


z zz 
yay: | f Py, fdz— Vs Fs Peyv ah dahee We sal wens (2.10) 


where y, and y, are so normalized that 


IGE a Oss ns eee ee care (2.11) 


which is always possible; C, and C, are any contours in the complex plane which 
do not pass through any point at which the integrand has a singularity. 

We next investigate the behaviour of the functions G) and Hy at the 
singularity r=a. We must use these functions since the corresponding functions 
GY, and #, are clearly infinite at the singularity. For that purpose we transform 
the equation satisfied by G, and A), (1(7)), 


Sn € = =) Sere) =e aoe eee ee (2.12) 
Ta a 


by putting s=r—a and solve it by putting S=s°Xc,s”. 
The general solution is then 
Vie 2s, 3s? 
S=o(1- Kets...) +ae(1- 24 zo): Mee: (2.13) 
‘Thus all solutions of (2.12) are finite and have zero derivatives at the singularity 
xy=a. It can easily be shown that the expansion (2.13) is valid for |s|<a. A good 
approximation to (2.13) can be obtained by neglecting terms involving 42”, since 
the coefficients of these terms will be small. For |s|<a the expression then 
reduces to 
SS Cae Coats) (Se 2) © ee epee (2214) 
It is now possible to find Gy and H, in the form (2.14) by evaluating them and 
their second derivatives exactly, using (2.2), for r=a. ‘These expressions can 
then be compared with the expansions for Gy and Ho, when expanded about 
r=0, the latter expansions being obtained with slight modifications from I, 


$3 (i). This gives a valuable check. 
We now want to find the general solution of the inhomogeneous equation 


Ky"+ (; zs =) Ki eke iam, 4 Lute (2.15) 


where F = —(a'/x)K,o’ +(a?—«?)K, for r<R, and F=0 forr>R. Using (2.10), 
this solution is 


ees {= 2S) Faves if © 8,F ds, a Wand (2.16) 


where S, and S, are linearly independent oniene of7(2.12) that obey the 
normalization condition (2.11). ‘They are chosen so that when z=0, 2S, =0, and 
when Re(z) =7r— o, Im(z)—0, 

S\>(1/r) sin (kr +y In 2kr +19), Se (pu /kr) exp{i(kr+y In 2kr + n)}; 
ie. S,;=G,. Further, K, satisfies the boundary conditions zKy=0 when 
z=0; K,-const. (kr)expfi(kr+y1n2kr)}, when Re(z)=r— 00, Im(z)—0. 
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Therefore C, must start at the origin and C, must start at + 00 on the real axis. 
In that case, when Re(z)=r— 00, Im(z)—0, 


1 223 
Kyw- Ip XP fa(kr +y In 2kr + 9)} i pa Gok dz. 


C, is now further restricted by the requirement that the integral must be 
real. ‘This is necessary since, in the same Di as in III, it follows that 


sin fy = — ap EGE Gz, 6 ff Fer he es (2.17) 


and the phase shift must be real for een collisions. Now Gy, Ky and K,’ are 
finite at the singular point, and hence the integrand has a second order pole there. 
Clearly C, is given by either of the two basic paths C,’ or C,”, which run along the 
real axis from 0 to o and go round the singularity in a semicircle either above or 
below the axis. If the average over the two paths is taken, the imaginary 
contributions arising from the residue at the singularity cancel. ‘Thus the reality 
requirement determines the integral ug aot LC: 


sin = Say. acne Pdae ae ee (2.18) 


An approximate formula for ¢, is obtained by replacing Ky in F by G). The 
integral cannot be evaluated numerically because of the existence of the 
singularity, but if the closed formula (2.14) is used for Gy in the neighbourhood. 
of r=a, then the integral can be evaluated algebraically in the usual way, the 
existence of the singularity being simply ignored. 

It is not to be expected that this approximation should be very good, since 
in fact two approximations have been made and, furthermore, over the most 
important part of the range of integration G)’ >0, while K,’<0. However, if 
(2.14) is used for the range a— R<s<R-—a (this range is really rather too large 
for the approximation (2.14) to be good) and a numerical method is used for 
the remaining range, (2.18) gives ¢,=0-020, which gives a good check on the 
exact calculation, while the approximate formula obtained by replacing Ky by Go, 
gives C,=0-0015. 


§3. THE DIFFERENTIAL CROSS SECTION 
(1) Method of Calculation 


In calculating the differential cross section use was made of the results of 
Feshbach (1952). It is shown there that the differential cross section for the 
point nucleus is 

BO) =y? |} Pi cosec? (0/2) 1G P sec? (0/2). | acces (3.1) 
where F and G are complex functions of Z, W and 6. For energies greater than 
9me? the functions Ff and G are approximately independent of W and are 
tabulated for both electron and positron scattering over a range of angles and 
for Z=13, 29, 47, 62, 80. ‘The cross sections for gold nuclei (see table) were 
obtained by interpolation for Z=79 and use of the appropriate value of y’. 
Additional values for 6 = 15° were obtained directly from the results for electrons. 
by Bartlett and Watson (1940) by the method first used by Massey (1942). 
In the process of this calculation a check was made of Massey’s graph for- 
positron scattering, and it was found that this graph was given incorrectly by 
Massey (1942), but correctly by Mott and Massey (1949 a). 


a er oe 
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The differential cross section for the extended nucleus is 


Fo(8)Sl7o(8) Pref ee (3.2) 


where, using the known properties of the phase shifts, we may write, as in I, 


S(O) =F (8) + = {Lexp (2ing) — exp (2ing})] Po(cos 8) 


+lexp (2ej-4)—exp.(2i7*o)|P, (Cos 8), Sb Pi G3) 
1 | 
Sc) =Sa(8) + see exp (2inZ 2) — exp (2iy42)] Py (cos 4), | 
with 
kf, =G+iy’'F, 5.4) 
kg, ={G(1—cos 0)—iy'(l+cos 6)F}cosec6@. | = ee 


(ii) Numerical Results 

The results of the calculations are summarized in the table and also in fig. 1, 
where J,(@)/Z,(@) is plotted against @ for both electrons and positrons. The 
Born approximation is also shown in the figure and, as is easily seen from I §2, 
this latter gives identical results for electrons and positrons. In fig. 2 the ratio 
of electron to positron scattering is shown for the cases of the point nucleus and 
the extended nucleus. ‘To obtain this ratio for very small scattering angles 
use is made of the formula (Bartlett and Watson 1940, eqn. (8)), valid for small 6, 


It (0)=4 cot* (0/2)[y? — mA? y sin (0/2) cos y], ss... se. (325) 
where yx =2[arg I'(1 —zy) —arg ['($—7y)], and the cross section for electrons is 


obtained by changing the sign of y. To this approximation the extended nucleus 
cross section can easily be shown to be the same. Thus we have for small 0, 


Tx, (9)/Ik (01 + (27A2/y) sin (6/2) cosy. vee (3.6) 


Table 


Differential cross sections for the cases of the point nucleus 
and the extended nucleus for electrons and positrons 
of energy 40 mc? being scattered by gold nuclei 


6 (deg.) 15 30 45 60 80 90 100 PAO) SASS 150 
jelaeaes 20-0. O49. 2:54 5107945) 06389) 0-412) -0:186s 0:0897 50-0377 
Electrons 
pelea lean ee 7, 202081 450) 03330) 071754 0-090 0-031 90-0125 m0 -0052 
ign 20smn tae 59 0579 0:204 (O17 0-069.) 0:025°) 0-01 10.70.0044 
Positrons 


Rig 209) 1 14:25 92:47. °0-68, 0-172" 0-095 -0-054 0:018 0-0075: 0-0029 


§4. RADIATIVE CORRECTION TO POSITRON SCATTERING 


The radiative correction to positron scattering in the case of light nuclei can 
be obtained by slightly modifying the calculations for the corresponding 
correction to electron scattering. ‘The latter was first evaluated by Schwinger 
(1949) and later re-calculated on the basis of the Feynman approach in II. ‘This 
method will again be employed in the present paper. 
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The first order correction to the matrix element for scattering due to the 
radiative correction and vacuum polarization is obtained from Feynman (1949 b, 
eqns. (22) and (33)), on substituting for the scattering potential a the coulomb 
potential in momentum space. Thus the matrix element to this order ts 


M= Myyy+ Mag ypya— viv t By tae (4.1) 
where 
Mie en ladeoth 24-2 <a tenn s Seetn le ene 
1 2p? sin? 40 ¢ coth 26—2~¢ tanh $--4 co # [tan x dx 
—2(4 coth? d—1)(4 coth 6-1) +3} 
and 


Lex 
 4mp* sin? 46 
Here ¢=sinh!{(p/m) sin (@/2)}, i.e. Feynman’s 6 is 7, p, and p, are the four-vector 
momenta before and after scattering, q=p,—Pp, and p=| p; —f~y,]=| P2—Paa| is 


M,= ¢ cosech 2¢. 


Point nucleus 


Uniformly 
charged nucleus 


Le (6)/14(0) 


Charged shell nucleus 


sracel eee 
60 90 120 150 


0 30 
Angle of Scattering (degrees) 


0 30 60 90 120 150 


Fig. 1. Angular distribution for the Angle of Scattering (degrees) 


ratio of the differential cross section 
for the case oftheextendednucleus Fig. 2. Angular distribution of the 


to that for the case of the point ratio of electron scattering to 
nucleus, for electrons and _ posi- positron scattering for the case 
trons of energy 40 mc? being scat- of the point nucleus and two 
tered by gold nuclei. cases of the extended nucleus. 


the magnitude of the three-vector momentum, which is unchanged in elastic 
scattering. Our @ is of course the scattering angle. ‘The infra-red divergence 
terms which eventually cancel against the bremsstrahlung contribution have been 
omitted. The rest of the matrix element for scattering to’this order is due to the 
first and second Born approximations. It is easily shown that this is of the 
form By,, where B does not contain any y-matrices. The total scattering 
cross section is then obtained from the formula (Feynman 1949 a, eqn. (36)) 


[=(3277)1 Sp(py+m)M(ppt+m)M,  _.......... (4.2) 
where M is M with the operators written in opposite order and explicit 
appearance of 7 changed to —1. 

Now the change from electrons to positrons merely involves the replace- 


ment of Z, p,, Pp by —Z, —p,, —p, (Feynman 1949 a, after eqn. (35)). 
Of these the change in Z is trivial and, in fact, only changes the sign of the 
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contribution due to the second Born approximation. Because of the 
other changes we must now evaluate Sp(—p, +m)y,(—p.+m)y, and 


Spi(— Pit M)ya(— P2+ M)(yy¥a— Va¥n) + (— Pi + M)(Ya¥u— Yu¥a)(— P2 + M)y4} 
instead of the corresponding spurs with positive p,, p,. Since p=p,y,, and spurs 
of odd numbers of y-matrices vanish, it is clear that the first spur is unchanged 
and the second spur is unchanged in magnitude but changed in sign. If the 
bremsstrahlung term is investigated in the same way it is found that the only 
spur needed is the first of the above, so that this term is unchanged. 

Making use of the formula for electrons given in II we thus obtain the 
radiative correction for positrons: 
e? 463 sin? 40 
a 1—f? sin? 46 
where 8 =v/c. However, the last term is quite negligible, being about one per cent 
of 5p unless @ is nearly equal to 180°. ‘Thus the table for dp given in II applies 
to positrons as well as to electrons. 


dp(positron) = dp(electron) — 


@iCOSeCh dina. cs (4.3) 


$5. CONCLUSIONS 


Our results show that both finite nuclear size and the radiative correction 
have an appreciable effect on the scattering of high energy positrons by nuclei. 
As was to be expected, the nuclear size effect is smaller than for electrons, but 
it is still larger than the radiative correction. ‘Thus any hope that, because of 
the repulsion of positrons by the nucleus, it might be possible to obtain a pure 
radiative correction free from any nuclear size effects by using positrons instead 
of electrons must be abandoned. 

More promising conclusions can be reached about the investigation of finite 
nuclear size. Figure 2 shows that the ratio of the cross sections for electron and 
positron scattering is particularly sensitive to this effect. In view of this result 
it seemed worth while to estimate this ratio also for a nucleus with a uniform 
charge distribution (model B of I), and this has been done by means of an 
interpolation in the table of cross sections. ‘This is permissible since the ratio 
is not very sensitive to small errors in the positron cross sections, provided the 
electron cross sections are correct, and these are known exactly from I. 
Further, since the radiative correction is the same for positron and electrons—at 
least this is so for light nuclei, and for heavy nuclei the corrections are likely to 
be in the same direction and of the same order of magnitude—its effect is much 
reduced in the ratio of the cross sections, so that here we shall have an almost 
pure finite nucleus effect. Also, as Lipkin (1952) has shown, it may often be 
easier to measure the ratio of the cross sections than the cross sections themselves. 

Lastly, the calculations show up the danger of the use of approximate 
methods. The perturbed wave approximation, which gave such good results 
for electrons in III, gives a value of the phase shift more than ten times too small 
for positrons, while the variation approximation, which one would expect to be 
inferior, gives on this occasion almost perfect agreement with the exact 
calculation. Approximate methods are in fact rarely as good as one thinks they are. 


ACKNOWLEDGMENT 


Our thanks are due to Professor H. S. W. Massey for many helpful 
discussions. 


436 L. R. B. Elton and K. Parker 


REFERENCES 


ACHESON, L. K., 1951, Phys. Rev., 82, 488. 

Bart Lett, J. H., and Watson, R. E., 1940, Proc. Amer. Acad. Arts Sci., 74, 53. 

Cusack, N., 1952, Phil. Mag., 43, 671. 

Eton, L. R. B., 1950, Proc. Phys. Soc. A, 63, 1115; 1952, Ibid., 65, 481. 

Eton, L. R. B., and Ropertson, H. H., 1952, Proc. Phys. Soc. A, 65, 145. 

Fesupacy, H., 1951, Phys. Rev., 84, 1206; 1952, Ibid., 88, 295. 

FEYNMAN, R. P., 1949 a, Phys. Rev., 76, 749; 1949 b, Ibid., 76, 769. 

Howatson, A. F., and ATKINSON, J. R., 1951, Phil. Mag., 42, 1136. 

LasicH, W. B., 1948, Aust. 7. Sci. Res. A, 1, 249. 

Lipkin, H. J., 1952, Phys. Rev., 85, 517. 

Lyman, E. M., Hanson, O. A., and Scott, M. B., 1951, Phys. Rev., 84, 626. 

Macnus, W., and OBERHETTINGER, F., 1948, Formeln und Sdatze fiir die speziellen Funktionen 
der mathematischen Phystk (Berlin: Springer-Verlag), 2nd edn., ch. VI, §4. 

Massey, H. S. W., 1942, Proc. Roy. Soc. A, 181, 14. 

Mott, N. F., and Massey, H. S. W., 1949 a, The Theory of Atomic Collisions (Oxtord : 
University Press), 2nd edn., ch. IV, §4; 1949 b, Ibid., ch. VII, §1. 

ParZEN, G., 1950 a, Phys. Rev., 80, 261; 1950 b, Ibid., 80, 355. 

Rose, M..E., 1948, Phys. Rev., 73, 279; 1951, Ibid., 82, 389. 

Roy, R. R., and Groven, L., 1952, Phys. Rev., 87, 619. 

SCHWINGER, J., 1949, Phys. Rev., 76, 790. 

Yapav, H. N., 1952, Proc. Phys. Soc. A, 65, 672. 


437 


The Band-Spectrum of Aluminium Monofluoride 


By H. C. ROWLINSON anp R. F. BARROW 
Physical Chemistry Laboratory, Oxford University 


MS. received 6th October 1952 


Abstract. ‘The spectrum of AIF in emission has been examined with moderate 
dispersion in the range 2000-75004. Four systems have been found: (1) the 
system AtII—x'X* at 2190-23604, already known in absorption, (2) a system 
of violet-degraded bands, probably *X—3IT at 3450-3720 A, (3) a complex system 
at 5450-60504, and (4) a system of violet-degraded double-headed bands at 
6670-72504. The original vibrational analysis of system (1) has been amended 
and an analysis of system (2) has been completed. It has so far proved impossible 
to analyse systems (3) and (4), and it is not certain that AIF is the emitter of 
these systems. Emission bands previously ascribed to AIF by Yuasa have not 
been observed: it is suggested that these bands are in fact due to S,. 

The dissociation energy of AIF is briefly considered: a comparison of the 
thermochemical and spectroscopic values suggests that there may be a potential 
maximum in the state alll of AIF. 


§1. INTRODUCTION 


HE present work was prompted by the need for better information about 

the dissociation energy of AIF. The band spectrum of this molecule was 
investigated by Rochester (1939) who discovered a system in absorption 

at 2200-2400 A. The system was designated alll —x'X* by analogy with AICI 
and AlBr. A linear entrapolation of the ground-state vibrational levels using 
Rochester’s constants gives D)’~2-5ev. However, the results of thermochemical 
work by Gross et al. (1948) lead to D)’~6-35 ev. Although it is known (Gaydon 
1947) that the Birge-Sponer extrapolation gives dissociation energies which, 
in the case of molecules possessing appreciable ionic character, may be too low, 
it seemed that this measure of disagreement was exceptional, and that Rochester’s 
value of x,”@,” was perhaps too high. ‘This view was confirmed by a consideration 


of the values of x,”1/? (u is the reduced mass) for the members of this group of 


halides. It has been pointed out (Vago and Barrow 1948) that »,"1? is often 
fairly constant among a set of similar molecules, and indeed varies rather little 
from group to group. For BF, AIF, GaF, InF and TIF, x,y =2-7,, 4:2,, 2:7., 
2-4, and 2-1, respectively. ‘Thus Rochester’s value of x,"w,” although based 
on measurements of Q_ heads, is unexpectedly large, suggesting that his 
vibrational analysis may not be quite correct. We therefore decided to examine 
the system again, this time in emission. 

An emission system in the region 3180-41804 has been ascribed to AIF by 
Yuasa (1938). The bands were produced by a discharge at 12 000v in a silica 


-discharge tube, with neon as carrier gas. ‘The source of AIF was AIF3, heated to 


700°c in a side-arm. It seems very doubtful that these bands arise from AIF, 
for the following reasons: (i) as already noted by Pearse and Gaydon (1950), 
the vibrational analysis given by Yuasa is quite unconvincing (notably, w’~w” 


and yet the bands are fitted into a scheme with a wide Condon parabola); 


PROC. PHYS. SOC. LXVI, 5—A 29 


438 H. C. Rowlinson and R. F. Barrow 


(ii) our source of AIF bands, although emitting the 2200-2400 A system with high 
intensity, is quite free from the Yuasa bands: instead there appears in this region 
a new, violet-degraded system with its 0, 0 sequence at about 36004 which 
appears to be a 2X —*II system of AIF; (iii) it seems surprising that Yuasa did 
not observe the 2200-2400 A system of AIF despite exposures of 4-5 hours on a 
Hilger E.1 instrument. It is, moreover, possible to suggest the identity of the 
emitter of Yuasa’s bands. A check of their wavelengths against those of other 
published band-heads gives no agreement except in one case, that of the 
3y- — E> system of S,. Of the twenty-eight heads of S, listed by Fowler and 
Vaidya (1931) in the appropriate region, all but four (one of intensity 2, the 
others of intensity 1) appear on Yuasa’s reproduction, while of the fifty-nine 
bands given by Yuasa, all those of intensity greater than 3, and eight of those of 
intensity 2 or 1, coincide in wavelength as well as can be expected with S, bands, 
It is suggested, therefore, that Yuasa’s bands arise, not from AIF, but from S,, 

In addition to the new system at 36004 ascribed to AIF, two other systems, 
not apparently hitherto recorded, have been photographed, one in the green, 
and one in the red region of the spectrum. It has not yet proved possible to 
establish the vibrational analysis or the emitters of these systems, 


§2. EXPERIMENTAL 


The emission spectrum of AIF was excited in hollow-cathode discharges 
using 1000-2000v d.c. In the first tube (of Pyrex) the cathode, which was made 
of high-temperature steel, was horizontal and a mixture of Al and AIF, was 
placed in small copper-foil boats inside the cathode. It was necessary to run 
the tube for some time (using H, as carrier gas) until the cathode became hot 
enough to vaporize sufficient AIF to carry the discharge. This AIF discharge 
lasted only a short time because of scattering of the powder from the cathode. 
The spectrograms of the 'Il—1X system were however taken with this tube. 
In an improved design of tube the cathode is vertical; the main tube is of silica, 
and the cathode can be pre-heated by an external furnace. 

The spectrograms of the I] —1 system were taken on a Hilger E.478 prism 
instrument with interchangeable glass and quartz optics. The reciprocal 
dispersion at 2200 A is about 2A/mm. Exposure times were about 10-20 minutes 
on Ilford Process plates. 

Examination of the spectrum at longer wavelengths revealed first a 
violet-degraded system at 3450-37204. This system was then photographed 
in first and second orders of a 2:4m concave grating (Eagle mounting: 
15000 lines/inch) giving about 3-:7A/mm in a second order, with the vertical 
tube as source; Ilford Process plates were used. 

Other bands were photographed in a first order of the grating at 5600A on 
ford H.P.3 plates and at 7000 A on hyper-sensitized Ilford Special Long Range 
Panchromatic plates. 


§3. THE System alll —xtt+ 
The bands (Plate (a), (4)) fall into four sequences, of which by far the most 
intense has its origin at 2275A. ‘The sequence at shorter wavelengths has its 
bands degraded to the red. ‘The appearance of the system in emission is quite 
similar to that in the high-temperature absorption spectrum, but Rochester 
observed in addition a fifth sequence at shorter wavelengths. The frequencies 
of the band-heads (table 1) were obtained from measurements against Cu arc 


Table 1. System alll—x!%+: Band-Heads and Intensities 


A (A) Fyas (ct) Degradation Ue ou O.-C.(cm-") Intensity . 
2360-47 42351-5 Vv ite haa RO poll 
59-49 368-8 V ih orisha 2. 
59-24 373-7 Vv OF a 2ekO + 0:2 3 
58-70 383-2 V 2 tee 2 
58-22 391-8 Vv Le LO) +03 4 
58-12 393-7 V overlapped Sor P Z 
57-82 3991 Vv on Ook 1 
57-39 406-9 Vi 2) 4c QO +0:5 2 
56-70 419-2 line a Sy ®) +1-4 1 
56-30 426-4 diffuse AS MS OresO) +1-2 0 
18-30 43121°8 V Oy a dee 8 
17-92 129-5 V Cee2 AP 8. 
17-24 141-4 overlapped oe 3) 12 3 
16-44 156-3 V Ojai © 0-0 10: 
15-97 165-1 V i © 0-0 10 
15-67 AOR, overlapped a) 0-0 4 
04-81 374-2 R is 15 © —1:9 0 
04-24 385-0 R iS) iG AR 0 
2299 -39 476°8 R 14 14 Q +03 0 
98-75 488-5 R 14 14 R 0 
94-71 565-2 R ig ales @ +0:9 1 
94-02 578-1 R ig) Gls} AR 0: 
90-87 638-0 R 12 12 © +0:2 1 
89-93 656-1 R 12RD: 1 
87-54 701-6 R ig ih, © +0:2 2 
86-38 724-7 R Hil Gl TR 1 
84-76 754-8 R 10 10 @ —0°3 pe 
83-26 Thsxes R i@ @ TR 1 
82-42 797-8 Re LX DY © —0°6 3 
80-75 831-8 R ) 9 Ik 1 
80-48 836-9 R Se=81'O —0:7 3 
78-85 868-3 R 2 Fe AO +0:1 4 
78:77 869-7 R Sas aR 2 
77-59 892-4 R 6 “© © —0-4 Uy 
76:57 912-1 line ay Ew TO) 0-0 8 
75-80 927-0 V 4 4 Q +0:2 8 
95-25 937-7 Vv BB &@) +0-1 8 
74-90 944-6 V 2 sO —0-1 8 
74-67 948-8 V overlapped 1s ; 5 } of 10 
41-20 44605 R Zi 6 © —0-3 
39-50 639 R o & € —0-1 
38-10 666°9 R Be) Zt) —0°5 0 
36-92 690-6 R AMS aa© —0:6 1 
35-89 744-2 R ape Oe ® +0:2 2, 
SOR! 724-2 R not classified (0) 
: 35-08 P72 R Deal 0-0 Q 
: 34-38 741-3 R WAM L®) +1:3 4 
09-64 45242 R oN 7 RR 
06-67 303 R Sk ©) 0-0 
05-70 323 R Saou ke 
04-40 350 R ys &@) —2-0 
03-27 Bs: R Ome 
02-24 394 R or eee eed, 
01-03 419 R 6 4 R 
00-45 431 R SaerserO —0°8 
2199-05 460 R Spee SiR: 
97-36 495 R ge = 10) 
95-76 528 R sae lee. 
94-27 559 R DO 18 


Intensities in tables 1, 3 and 4 are estimated visually on a scale of ten, independently 


for each system. 7 
In this table the band heads for which no intensities are given are those observed only 


by Rochester. 
29-2 
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lines: they agree well with those of Rochester. However, on the basis of the 
new spectrograms it is possible to derive an alternative vibrational analysis which 
is believed to be correct. The main features of the present analysis can be 
summarized as follows. 


(i) The Position of the 0, 0 Band 


The identification of this band is unequivocal, for on all spectrograms taken 
while the cathode was hot, it appears self-reversed, and at 800°k; with 
w~800cm-!, fewer than 20°, of the molecules are in vibrational levels other 
than the lowest. 


(ii) The 0, 1 Sequence 


This sequence appears on the plate as four violet-degraded heads arranged 
in two pairs, of which the shorter wavelength, or inner pair, are the most intense. 
In fact, the inner pair constitute the Q heads, and the outer pair, the P heads, 
of the 0, 1 and 1, 2 bands, i.e. the P—Q head separation is here greater than the 
sequence interval. 


(iii) Comparison of Observed and Calculated Band-Head Frequencies 
The frequencies of the heads follow the equation 
Vq= 43 947-6 + [803-95u' — 6-14,u'? — 3-9, x 10-Fu'4] 
—[801-5,u” —4-79u"? + 0-01,u"3], where u=v+3. 
‘The agreement between observed and calculated frequencies for these heads 
(Table 1) is better than it was on the basis of the previous analysis. In addition, 


all our measured heads but one (2235-23 A), and the great majority of Rochester’s 
bands, can be assigned plausible values of v’, v”. 


(iv) Rotational Constants 


The consideration of head—head separations decided the allocation of the 
heads in the 0, 1 sequence and enabled the bands of the 2, 0 sequence, which 
only Rochester observed, to be assigned. From the sixteen bands for which this 
separation has been measured it is not possible to calculate absolutely the 
constants B,’, B,", «,’ and «,”._ However, by assuming a value for 7,” it is possible 
to calculate B,”, and from this the other constants with good relative accuracy. 


‘The value 7,” = 1-67 A was obtained by considering similar molecules ; 


AES (1°67) AICS 20s AlBr 2-304 
Dian L2G BCIE 1372 BBr_ 1-89 
difference (0-41) 0-41 0-41 


This gives B," =0-540 cm“, and the best values to fit the observed separations are : 
B,," =0-540-0-0037 (v” + 3), B,’ =0-548-0-0054 (v’ +4). Values of the observed 
and calculated head—head separations are given in table 2. It can be calculated 
that the separation of the P and Q heads for the 0, 0 band would be about 50cm, 
and the P head might be unobservable. In the 1,0 sequence bands, the calculated 
separations are even larger, around 250cm™, and again only Q heads are seen. 
However, for the 2,0 band the separation should be about 40cm~1, and the 
separation decreases for later members of this sequence. Rochester’s measure- 
ments on this sequence are seen to fit with this very well (tables 1 and 2). 
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Table 2. System alll—x!X: Observed and Calculated Band-Head 
Separations, P-Q or R-Q 


Av (cm~*) Av (cm~) 

wv vu" obs calc uv’ v" obs calc 
0 2 —22-2 —20°8 11 11 +231 +20:1 
1 3 —23-0 — 22-0 12 12 +18:1 +18:2 
2 4 —23:-7 —25:-4 13 13 +12:9 +15:5 
5 5 — 26-4 —27-0 14 14 +11:3 +13-4 
o 6 —27°5 —29°-8 15 tS +10°8 +11:2 
0 1 —34°5 — 32:5 3 il +33 +40-2 
1 2 —35-1 — 33-0 5 3 +29 +30°-3 
2, 3 —29-3* —35-0 6 4 +25 -+25°6 
8 8 +32°8 +36:4 ll 5 +24 +22-0 
9 9 +35-0 +31-3 8 6 +20 +19°8 
10 10 +28-2 + 24:7 


* Heavily overlapped. 


$4. "THE 3600 A SYSTEM 


This system appears in emission between 3450 and 37204, and forms three 
well-defined sequences, which are all degraded to the violet both in rotational 
and in vibrational structure (Plate (c)). The wavelengths, determined by 
comparison against internal standards, principally Fe and Mn lines from the 
hot cathode, and frequencies. of the measured bands are given in table 3. 

The short-wavelength sequence is the only one to show any obvious 
regularity of structure: the heads can be arranged in overlapping groups ot five 
with a moderately constant separation of about 92cm™!. Assuming that this is 
the sequence difference and that the values of x,w, are about 5cm™, then the 
sequence differences in the 0,0 and 0,1 sequences should be about 102 and 
112cm! respectively. The central, most intense, sequence is taken as the 0, 0, 
and here, as in the 0, 1 sequence, groups of five heads can be arranged with 
differences of the magnitude expected. Thus the outline of the vibrational 
analysis is fairly clear, but the rough values of AG), so derived, namely 920 cm 
for the upper state and 820cm~ for the lower, show that the transition is not 
31] —x1X~ as at one time seemed possible, for AG), for xtX* is only 794cm™. 
(That this is not the intercombination system is further suggested by its moderate 
intensity : the system is excited quite strongly in InF, is much less strong in GaF, 
has not been observed in BF, and might therefore be expected to be very weak 
in AIF.) By analogy with BF and AICI, it seems most likely that the system is 
3’— 811: a definite decision cannot, however, be made without a rotational 
analysis, which 1s likely to need very high resolving power. 

We may now proceed to examine the conclusions which follow from the 
suggestion that the system is 9X —3I1. It is apparent both from table 3 and from 
Plate (c) that the five heads of each band do not give any constant separations as 
one might expect in a triplet transition. However, this can be interpreted as 
arising from the near equality of B’ and B” resulting in head-origin separations 
of about the same size as the multiplet splitting A in °I1. A would be expected 
to be about 20-40 cm“, between A =64cm~! for AIC] and A = —2cm‘ for BF. 
This would give Y=A/B~40-80, indicating that the *II state in AIF is 
probably intermediate in coupling, somewhere between Hund’s cases (a) and (6). 
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‘Table 3. Measurements of Band-Heads of 3X —3II System 


X (A) 
3717-91 
197 
14°57 
10-94 
06-76 
04:11 


02-42 
00-61 
3699 -06 
95-54 
91:43 
88°78 


87-11 
84-49 
83-50 
80°33 
73°70 


G2 16 
69-00 
65:28 
58°75 


08-17 
05-94 
01-41 
3597-74 
94-86 


O27 
88-21 
84-68 
81:59 


3492-22 
89-71 
85°55 
82:36 
19°31 


80:82 
78:40 
74-22 
70-95 
68-06 


69°55 
67-15 
62-96 
ie, 
37:05 


58°58 
DEO 
SH) 


Vyac (cm) 
26889 -2 
903-3 
13-4 
39-7 
70:1 
89-4 


27001-7 
14-9 
26:2 
52:0 
82-1 

101-7 


Pa NIBIRe% 4 
33:1 
40-4 
63:7 

PAD ois 


27224-2* 
47-7* 
Gauss 

3240" 


27707-0 
24-1 
SOFA 
87-4 

809-6 


27826 :2 
61:5 
88-6 

912-6 


28626:9 
47°5 
81-7 

708-0 
Sh 


28720°7 
40-7 
7583 
802 +3 
26-4 


288139 
33°8 
68:8 
O58 

918-1 
28905°5 
Pf 
60-7 


* Indicates a measurement on the 1st order plate only 
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In a transition, $X—*II (a), 27 branches are expected: if the spin-splitting 
in the *& state is neglected, there appear 15 branches. The rotational energies 
are to a first approximation: 


F,'(J) =B’K'(K' +1) =B(J'— 1)" 
8S: 4 FJ) =B’K (K' +1) =B'(J' +1) 
P= 2 RK +1) eB Pe DU 42} 
31] : PF’) = Beg’ I" (I" + 1) 
where Beg’ (21Iy) = B® = B,(1 —2B,/A) 
Beg’ (PU1,) = Be = B, 
Byg"(@M1,) = B® = B,(1+2B,/ A). 


For B’>B’", the following are head-forming branches: 
319, Q-form. Qj), Po). v=vo)—(B’ + BO")T + (BY — BO") J? 
P-form. Py. v=vo+ 2B — (3B + BO") + (B’ — BY”) J? 


“IT, P-form. Po», Qh. eS vy”) 7 (B’ “i BOM) S =e (B’ — Bem) 2 
O-form. Py. v=v@+ 2B’ — (3B! + BO") J +(B’ — BO”)? 


cil. O-form. Oi P55: v= V9”) Bess (B’ aie Be") a (B’ — Be")? 
N-form. yg. v=») +2B" — (3B' + BO") + (BY — BO") 


As the *II state approaches case (4), the branches with AK = +3 will disappear, 
and here the P,3 head is not observed: it cannot be far from case (a) for heads 
apparently corresponding to AJ-AK are observed, although the PP,,, °Q,, 
and PP,, are always the strongest. A plausible allocation of the five observed 
heads in each band to their respective branches may be made following a 
consideration of head—origin separations. It can easily be shown that when 
B’ and B" are nearly equal the separation of the longer wavelength head of any 
sub-band from the origin of the sub-band is four times that of the shorter- 
wavelength head: e.g. in *IIy, Av(P,,)/Av(Q,,;)~4. Thus by subtracting the 
frequency of the outer head from that of the inner, and adding one-third of the 
difference to the frequency of the inner head, the position of the sub-band origin 
is obtained. ‘Thus the *II,—#II, origin separation can be found, and if this is 
constant from band to band, then the allocation of heads should be correct. 
In fact only the allocation given in table 3 results in constant separations. In 
this way, the following equation for the band-origins was obtained : 


27 766:8 
v= 719-3 + +[933-5u' — 4-9 u’?] —[830-9u" — 45,02], 
671-8 
where u=v+4. ‘The observed—calculated values given in table 3 have been 
obtained from these band-origins by subtracting the frequencies of the heads 


and comparing these differences with those adjusted so that Av(P,,)/Av(Q,,) =4 
and the two O.—C. values are at a minimum. 
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The O.—C. values for the II, heads cannot be obtained in this way as only 
the Qi;+P.3; head is observed. However the head-origin separations in *II, 
can be obtained as follows: let x, y, z, be the head—origin separations of the 


(Q,;+ Poi), (Poo + Qi) and (Py; + Q,3) heads respectively. Then 
x= —(B’ + B®”)2/4(B’ — B’ + B’/24); y= —(B’ + B”)?/4(B’ — B"); 
z= —(B' + B®”)?/4(B’ — B” — B”/24). 


We may take the numerators as constant, since 2B/AA ~ B/24 affects the 
terms in B’— Bg” much more than those in (B’+ Byg”)?. It is then easy to 
show that s=xy/(2x—y), and so from the head-origin separations in the *II, 
and 3I1, sub-bands, those for 3II, can be calculated: O.—C. values may then 
be determined for the #II, heads from their calculated origins. ‘These results 
are also included in table 3. 

The rather detailed agreement between the heads observed and those expected 
for a °X—II(a) transition, and the values derived of A,.w,” and w,’ combine to 
suggest strongly that this system is in fact the 2X — II system of AIF, analogous to 
those already known in BF (Paul and Knauss 1938) and AICI (Sharma 1951). 


$5. OTHER BANDS 


Two other band-systems which do not appear to have been recorded before 
are emitted in the hollow-cathode source, one in the region 5450-60504, the 
other consisting of violet-degraded double-headed bands at 6670-72504. 
Measurements of the main heads are given in table 4. The analysis of neither 
system is obvious. In the case of the yellow-green bands, B’~ B”, and the 
structure is that of a very complex 0, 0 sequence with weak 1, 0 and 0, 1 sequences. 
Observations on the red bands are incomplete, for it has not so far proved possible 
to bring them up with sufficient intensity for a vibrational analysis. Work on these 
systems is still in progress. 


$6. THE DiIssocIATION ENERGY OF AIF 


With the new and smaller value of x,w, for x!1X+ the linear extrapdlation of 
the vibrational levels now gives D)"~4-4ev. A comparison with the figures 
for other molecules of this group (see, for example, Welti and Barrow 1952) 
suggests that this represents about two-thirds of the true value of D,”. A better 
value of Dy” can be obtained from an extrapolation of the levels in the #II state, 
whose atomic products of dissociation are most probably Al(?Ps.) + F(?Py,). 
The excitation energy of the fluorine atom to ?P4j. is small (407 cm!) and may 
be neglected: that of Al to ?P3. is only 112 cm-!. The graphical extrapolation 
of the levels in the 1II state is fairly short, and we derive D)”=7:2+0-3ev. It 
may be remarked here that no pre-dissociation has been observed in the #I1 state 
of AIF as, for example, happens for AICI. A lower limit is obtained through 
the observation of levels up to v’=15 in "II. This gives Dy” >6-51ev. 

The picture is, however, still a little obscure, for the thermochemical value 
is Do” =6:3,ev or 147kcal. This depends upon (i) the heat of formation of 
gaseous Alf, —49-7kcal determined by Gross et al. (1948), (ii) the heat of 
dissociation of fluorine, 38kcal (Evans, Warhurst and Whittle 1950, 
Doescher 1951), and (iii) on the latent heat of sublimation of aluminium, 
77 kcal (from the measurements of Farkas 1931, and of Bauer and Brunner 


The Band-Spectrum of Aluminium Monofluoride 445, 


1934, with specific heat data from Kelley 1949). It seems unlikely that these 
thermochemical figures are much in error. Gross (private communication) has 
additional measurements supporting the published figure for the heat of 
formation of AIF; the value for the heat of dissociation of fluorine appears now 
to be firmly established; perhaps the least certain is the value of the latent heat 
of sublimation of aluminium, but it may be noted that the thermochemical and 
spectroscopic dissociation energies of AICI are in very fair agreement, supporting 
Ly,)~77 kcal.* The only way out of the present difficulty seems to be to. 


Table 4. Other Bands Possibly due to AIF 
(a) Yellow-Green System 


A (A) Vyae Intensity Degradation A (A) Vyae Intensity Degradation 
(cm) (cm-?) 

6052-43 16517-7 0 ? 5758-48 17360:9 + line 
49-83 524-8 2 Vv Sill) Says? 5 R 
47:90 530-1 1 line ? 41:57 412-0 4 Vv 
45-91 D525 2 V 37/595) 424-8 + V 
42:77 544-1 2 line 30°68 445-1 6 line 
41-16 548 -4 0 line 21233 455-3 4 R 
37-82 559-5 0 V 10:99 505:3 10 R 
35°37 564-4 0 WwW) 09-18 510°8 3 R 
28:84 582-4 0 Vv? 05-30 52277 10 Vv 
09-83 = 634-9 1 Vv 5696:23 550-6 10 V 
05-94 645-6 1 Vv? 87°53 577-4 10 V 

5988-58 693-8 i! R? 80°18 600-2 q V 
70-39 744-7 0 V 5492-75 18190°5 2 V 

5774-04 17314-1 10 Vv 88:16 216-0 2 V 
70-04 326-1 8 V 67:15 286-0 2 V 

62°83 300°5 1 V 
(6) Red System 

A (A) Ten CM—) Intensity Degradation 
7245-94 13797 -2 3 Vv 

40-81 806°8 2 Vv 
6790-07 14723 -3 10 V 

84-98 734-4 8 V 

32-44 849-4 10 Vv 

27-53 860-2 8 V 
6678-03 970-3 8 V 

74:66 977°9 6 Vv 


postulate a potential maximum in the !Il state of AIF. ‘This may happen elsewhere 
in this group of molecules, e.g. in AlCl, where it is not easy to give a detailed 
interpretation of the data without the assumption of a similar, but lower, 
maximum in the analogous !II state. 
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The Average Number of Neutrons Emitted in the Spontaneous Fission 
of Cm 
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Atomic Energy Research Establishment, Harwell, Didcot, Berks. 
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Abstract. ‘Vhe average number of neutrons v emitted in the spontaneous fission 
of *47Cm has been measured by a method depending on the device of counting 
only those neutrons which are detected after the occurrence of a fission. In this 
way the effect of neutrons from sources other than spontaneous fission is 
eliminated. ‘The value found for v is 3-0 neutrons per fission. The estimated 
standard error is 10-15%. 


§ 1. INTRODUCTION 


OON after the discovery of spontaneous fission by Petrzhak and Flerov 

(1940) the neutrons emitted from natural uranium were detected and 

quite accurate measurements of the average number per fission (v) were 
made. In some experiments the neutrons from kilogramme quantities of 
uranium were detected by sensitive methods such as boron counters, or 
absorption in manganese solutions followed by separation of the active °*Mn by 
the Szilard—Chalmers reaction. The most accurate results are, however, derived 
by a method initiated by Fermi, which depends upon measurements of the 
neutron flux in a non-divergent pile. The best value is probably that of Littler 
(1952), who gives (1:65 + 0-1) x 10? neutrons per gramme per second. _Littler’s 
measurement depends upon a comparison with a neutron source which he had 
calibrated himself (Littler 1951) and which is also used as the standard in the 
present experiments. The neutron emission from thorium was more difficult 
to measure because the spontaneous fission rate is so much lower and the early 
experiments gave erroneous results. However, Barclay, Galbraith and 
Whitehouse (1952) compared the rate of emission of neutrons from several 
kilograms of pure uranium and thorium metals, and found a ratio of 153 + 10. 
Virtually all the spontaneous fission in natural uranium occurs in the isotope 
2381]. We may therefore combine the results mentioned above with Segreé’s 
(1952) values for the spontaneous fission rates, and deduce that v(??°U) = 2-4 + 0-2* 
and v(?Th) =2-6 + 0-3. 

All these experiments relied for their accuracy upon the availability of large 
quantities of pure material and upon the fact that no neutrons are emitted except 
during the process of fission. Experiments with artificial transuranic elements, such 
as curium, appear at first sight to be much more difficult. In the first place not 
more than a few microgrammes of the element are available, the number of 


neutrons emitted is therefore small, and fluctuations in the background could 


* Littler used another value for the spontaneous fission rate (Whitehouse and Galbraith 


1950) and therefore finds v(?°8U)=2:5+ 0:2. 
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introduce large errors. A more serious difficulty arises from the intense «-particle 
activity. The energetic particles produce neutrons from minute quantities of 
impurities of low atomic weight, by («, n) reactions (Roberts 1944), and there 
is no simple way of deciding what proportion of the neutrons comes from 
spontaneous fission. 

The method described here overcomes both these difficulties. An ionization 
chamber, containing sufficient curium to give a few spontaneous fissions per 
minute, is surrounded by a paraffin block containing °BF; counters. Neutrons 
are only counted if detected within about a millisecond of the occurrence of a 
fission. Since the average time required for a neutron to be slowed down and 
captured is only about 200 sec, the sensitivity of the arrangement to neutrons. 
originating in fission is not reduced at all. On the other hand the background 
of neutrons from all causes, including («, n) reactions, although large compared 
with the effect which is being measured, gives rise to a negligibly small coincidence 
rate. 

The efficiency of the system of boron counters is necessarily low, and the 
true neutron counting rate is correspondingly small. It is therefore necessary 
to count for long periods when using this method (over 200 hours in the present — 
instance). However, as all the apparatus is automatic, and as it had been developed 
for other purposes, the labour involved in the experiment was not excessive. 


62) THE CURIUM SOURCE 


The curium used in the experiment was prepared by pile irradiation of ?41Am 
which was believed to be isotopically pure. The irradiation was comparatively 
short, and only about 2 x 10~° of the ?41Am was converted. Of this about one third 
eventually appears in the form of a long-lived isomer *4Am (7). >100y). 
The short-lived isomer *47Am* (7\;.=16h) decays mainly to Cm, but also: 
to *42Pu. Very small amounts of ?48Am may be formed in the original irradiation. 

The separation of curtum from americium and plutonium was carried out 
in an ion exchange column, and was not complete. Analysis of the product 
showed that 99-2-99-7°% of its «particle activity was due to *42Cm, but this 
does not exclude the possibility that, in terms of mass, the material may have 
contained 10 times as much americium as curium. ‘The question therefore 
arises, whether all the fissions observed came from *#Cm. ‘The spontaneous. 
fission rates of the relevant nuclides are: 


oP 2214107 est sec? Segré (1952) 

NO ~10 g-1 sec + Estimated from Z?/A, see Whitehouse 
and Galbraith (1952) 

41 Am 4-6 g + sect Segre 

42m = 10" g-"'sece* Upper limit estimated from Z?/A 

seein 8 x 10® g— sec Hanna et al. (1951). 


The orders of magnitude of the percentages of the various nuclides which 
are present may be calculated from the cross sections and decay schemes given 
in the documents AECU 2040 and NBS 499. From these figures it is found 
that although the source may contain as much as 90°% by weight of americium, 
the proportions of fissions originating from this element will be negligibly small. 
(~0-01%). The fission rate from ?8Pu, which accumulates as the 242Cm decays. 
is also negligible. ‘The presence of these impurities therefore has no effect upon. 
either the fission rate or the measured value of v. 


: 
; 
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Owing to the small concentration of americium and curium the final source 
‘contained a considerable amount of impurity. The film used in the ionization 
chamber, which was prepared by evaporation on a platinum disc 2 cm in diameter, 
was thicker than could be desired. Special precautions were therefore taken 
($3 (1)) to ensure that nearly all the fission fragments were detected. 

The «-particle emission of the specimen was not measured until after the 
experiment, and no attempt was made to check the published value of the 
spontaneous fission half-life. However, using this value, the measured 
spontaneous fission rate and the «-particle count agree within about 5%, 


§ 3. EXPERIMENTAL DETAILS 


(i) General Arrangement 


The arrangement of the apparatus, which was set up under a concrete roof 
3 ft. thick, is shown in fig. 1. The specimen was mounted in a simple parallel 
plate ionization chamber, through which passed a slow stream of hydrogen 
from a cylinder.* Electron collection was possible in the unpurified gas, though 
it is doubtless incomplete, and the amplifier operated with a time constant of 
1-Oyusec. ‘The chance of spurious pulses due to fluctuations in the «-particle 
background was negligible. The separation of the plates in the ionization 
chamber is about 1-5 cm while the range of the fission fragments in hydrogen is 
of the order of 10 cm. Thus only the beginnings of the tracks were measured, 
and this gives additional discrimination against the «-particles, because the 
fission fragments ionize most intensely at the beginning of their tracks, while 
specific ionization of the «-particles is greatest near the end. A denser gas could, 
of course, have been used at reduced pressure, but this would have complicated 
the apparatus. he ionization chamber was at the centre of a cube of paraffin, 
26 in. across, in which was embedded a ring of eight standard !°BF, counters, 
connected to a common h.t. supply, and feeding their pulses to the same amplifier. 

A block diagram of the electronic apparatus is shown in fig. 2. It was composed 
of standard units (the A.E.R.E. reference numbers are quoted under the diagram), 
with the exception that the coincidence unit was modified so that the fission 
channel had a long resolving time. ‘This resolving time could be measured by 
placing a small source in the paraffin to increase the neutron counting rate R,, 
and feeding artificial pulses through a small condenser into the head amplifier 
of the fission channel at such a rate R, that the accidental coincidence rate R, 
was measurable. ‘The equation R,=7R,R, then gives the resolving time,t 
which remained constant at 0:98 msec. (The same equation can be used to show 
that the background of accidental coincidences in the main experiment is 
negligible.) ‘The effect is that all the fission pulses and all the neutron pulses 
are counted by their respective scalers. In addition any neutron pulses which 
arrive within approximately 1 msec after a fission pulse are counted by the 
coincidence scaler. 

In an experiment of this type it is necessary to take precautions against 
counting spurious pulses due to electrical breakdown or other causes. For this 

* The out-going hydrogen passed through a gas-mask filter, to reduce the risk of 
contamination by small amounts of americium or curium which might be carried away 
in the gas. 

+ The symbol 7 really represents the sum of the resolving times of the two channels. 


However the resolving time of the neutron channel (~1 psec) is smaller than the error 
in measurement of that of the fission channel, and may therefore be ignored. 
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reason the triggered oscilloscope and camera were used from time to time to 
photograph a number of fission pulses in order to ensure that they were the 
expected shape and that there were no spurious discharges among them. Every 
coincidence pulse, every tenth neutron pulse and every hundredth fission pulse 
was recorded by pen recorder, in order to ensure that the apparatus was running 
correctly. 


to Neutron 
Head Amplifier 


to Fission 
Head Amplifier 


ea a Ea) 
(0) I 2 Inches 
cae Sensitive Volume of Counters Paraffin Wax 


Fig. 1. Arrangement of fission chamber and neutron counters, 


(ul) Efficiency of Detection of Fission Fragments 
By measuring a number of the photographs of the fission pulses it was possible 
to construct the differential bias curve shown in fig. 3. This curve is considerably 
worse than that from a uniform plutonium oxide film of surface density 
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0-15 mgcm™, shown for comparison. It is evident, however, that the majority, 
probably about 88°, of the fission fragments from the curium film were detected, 
and also that no «-particles were counted as fission fragments. ‘The fact that 
some fissions were missed does not matter, since this does not affect the measured. 
value of v. Moreover, it has been shown by Fraser and Milton (1952) that the 
value of v varies very little with the total kinetic energy of the fragments, 
Therefore, even if there were any discrimination in the present experiment 
against fragments with less than the average kinetic energy, we should not expect 
the result to be affected. 


(iii) Calibration of the Neutron Counters 


The sensitivity of the counter system was checked daily by inserting a 1 mc 
Ra-x—Be source, contained in a chamber identical with the one in use, and 
remained constant during the greater part of the experiment at 1:10%. ‘Towards 
the end it became necessary to replace one of the counters and after this the 
sensitivity was 1-28°%. The final result is therefore the statistically weighted 
mean of the two parts. 


Number of Pulses 


Scaler 
(Coincidences) 


0 ipo haem ag Page comn Tz 
fa} Pulse Height (mm) 

Fig. 2. Block diagram of electronic apparatus. Fig. 3. Differential bias curve of the 
(H.T. supplied by batteries; fission amplifier ionization chamber. (Results 
type 1217; neutron amplifier type 1008; with a uniform Pu _ source of 
discriminators type 1028; coincidence unit 0-15 mg cm are shown for 
type 1036A modified; scalers type 200; pen comparison. ) 


recorders Evershed and Vignoles milli- 
ammeter; pulse generator type 1013B; 
recording oscilloscope type 1102A.) 


The neutron emission of the source was determined by direct comparison 
(in the paraffin block, after removing the chamber) with a 215 mc source previously 
calibrated by Littler, and found to be (6-8 +0-4) x 10° neutrons per second. 
A previous comparison of the same | mc source with another calibrated source, 
using the method of activating indium foils, had yielded a result of (6-7 + 0-7) x 10° 
neutrons per second. 

Two other experiments had been carried out to ensure that the response of 
the counter system was independent of the neutron energy. (a) It had been 
shown that the counting efficiency was constant, within + 10°, to photoneutrons 
from various sources having energies between 30 kev and 1 Mev. (4) By placing 
a uranium bar, surrounded by cadmium sheet, in the central cavity it had been 
shown that the response to neutrons from spontaneous fission of *88U and 
Ra—x—Be neutrons was the same within +9%,. 
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§4. RESULTS 


The observed fission rate decreased gradually during the experiment, 
approximately in accordance with the known half-life of *4Cm. The mean _ 
value was approximately 150 per hour. It had previously been shown that 
the fission rate in this apparatus is the same whether the chamber is surrounded 
with cadmium or not, and this proves that no significant proportion of the 
emitted neutrons can be re-absorbed, giving rise to further fissions. Moreover, 
it had also been shown that the fission counting rate was the same on two scalers, 
one of which accepted all the pulses, while the other had a dead time of about 
20 msec. Any neutron-induced fissions, caused by the re-absorption of neutrons 
would have occurred within a few hundred microseconds. 

The background counting rate in the group of eight counters was about 
60. per hour when the curium source was removed from the paraffin castle, and 
was nearly constant. When the curium source was present the neutron counting 
rate was about 70 per hour. The difficulties of a straightforward measurement 
of the neutron emission in spontaneous fission are emphasized by the fact that 
these rates, in conjunction with the fission rate, would indicate that about six 
neutrons were emitted per fission. ‘The additional neutrons may, presumably, 
be ascribed to («, n) reactions. 

The average coincidence rate was about five per hour. A simple statistical 
test showed that the distribution of time intervals between pulses was consistent 
with random occurrence.* Several control experiments were made, in which 
the ionization chamber was removed from the paraffin, and it was found that, 
in these conditions, no coincidences between a fission and the capture of a 
neutron occurred in a total of 22 hours. ‘This is to be expected, since the 
calculated rate of chance coincidences is about 0-003 per hour, but the control 
experiments served to show that no spurious coincidence pulses were being 
observed. 

The results of the experiment may be summed up as follows 


Total hours of counting 157-5 68-7 
Number of fissions observed F 24026 9525 
Number of neutron-fission 

coincidences observed N 783 376 
Efficiency of counter system «€ (°%) 1-10 1-28 


We have N= Fve, from which we obtain v =3-0. 

The standard error on the emission from the neutron source used for calibration 
of the counter system is approximately 6°. The statistical error on the number 
of coincidences is 3%. It is more difficult to assess the effect of varying 
sensitivity of the counter system to neutrons of different energies. ‘There is no 
proof that this effect exists, and, if it does, the experiments mentioned in §3 
indicate that the error introduced is less than 10°. The standard error of the 
value of v is therefore of the order of 10-15°%. 


* The effect of radioactive decay was ignored in this test. 
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Abstract. A liquid scintillation counter, of area 1000cm? and depth 15cm has 
been developed for experiments on the delayed particles in extensive air showers. 
The scintillator was used in conjunction with two trays of Geiger counters to 
select showers of average density 10/m?; the prompt and delayed particles 
traversing the scintillator were recorded photographically in an arrangement in 
which possible sources of spurious delays were eliminated. 

The existence of delayed particles has been confirmed and the delay distribution 
obtained over the range (3-70)x10-8second. This distribution could be 
represented by an exponential function with half of the delayed particles arriving 
within (10+2)x10-8second. The total fraction of shower particles that suffer 
delays in the above range was found to be (0-85 + 0-05) %. 

There is evidence that showers with delayed events do not differ in average 
density from those without such events. 

A control experiment was carried out to investigate any spurious effects; 
this revealed u—e decay events in the scintillator at approximately the expected rate. 


§ 1. INTRODUCTION 


T has been known for some time (Broadbent and Janossy 1948, Cocconi et al. 
if 1949, McCusker 1950, Mitra and Rosser 1949) that between 1 and 2% of 
the particles in extensive air showers are penetrating, and further, that of 
this about three-quarters can be attributed to a non-interacting component 
(presumed to be y.-mesons) and the remaining quarter'to an interacting component 
(McCusker 1950). We shall henceforward denote the electronic, total penetrating, 
nucleonic and mesonic components by the symbols e, p, N and , respectively. 
As soon as the presence of the p-component in the showers was demonstrated, 
it was realized by several workers that the particles composing it might be delayed 
with respect to the e-component. For if each type of particle has approximately 
the same average energy, the velocity of the lightest particles will approximate 
most closely to that of light. If, moreover, a distance of several kilometres, from 
the higher atmosphere to sea level, is traversed, the difference in time of arrival 
of electrons and nucleons, or even mesons, can be shown to be measurable.* 
The e-component itself might arrive over a measurable period of time owing to 
varying path-lengths due to multiple coulomb scattering and to the fact that 
it may be secondary to the N or « components. 


* A simple numerical integration showed that a p«-meson which could penetrate 20 cm 
of lead at sea level would be delayed by ~0-7 psec with respect to a photon if both were 
created simultaneously in the first 100 gcm~® of the atmosphere. In this calculation 
only ionization losses were assumed, scattering being neglected. A proton would be 
delayed by ~4:5 usec but its interaction mean free path of only ~70 g cm-? would 
normally prevent it from traversing more than a small fraction of the atmosphere. 
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A determination of the delay distribution is of interest in throwing light on 
the theory of the nucleon cascade, which is one of the sources of the normally 
observed e-component (e.g. Green and Messel 1952). In earlier theories (e.g. 
Janossy 1948) it had been assumed that the air showers originated from a single 
electron at the top of the atmosphere. However, since the discovery of the 
7°-meson in cosmic radiation by Carlson et al. (1950) and work on star production 
(Brown et al. 1949), it is necessary (as discussed by Messel) to include nucleon 
cascades in a rigorous treatment of the air showers. 

Previous experimental work on the problem of delayed particles, by McCusker 
et al. (1950), Mezzetti et al. (1951) and Officer (1951), has been carried out using 
Geiger counter detectors.* There are two disadvantages arising from the use 
of such detectors: (i) because of the rarity of the delayed particles some of the 
observed effects might be attributed to large fluctuations in the firing times of 
the counters (e.g. due to negative ion formation) and (ii) owing to the long paralysis 
time (~10-*sec) of Geiger—Miiller counters, an unknown fraction of the 
detector trays is inoperative after the prompt front of the shower has passed 
through it. Apart from these objections Geiger counters could only give precise 
determinations for delays greater than a few times 10-7 second at best. 

In view of these points it was decided to carry out an experiment using a 
high efficiency fast liquid scintillation counter of large area, developed for the 
purpose. If we denote the three detectors used to define the showers by A, B 
and C, it has been customary to select showers and trigger electronic apparatus 
by a double coincidence of the type (BC) and to observe the delayed particles 
in the A-detector, recording events of the type [(BC).A gq]. This system has 
the merit that it is possible to place lead over the A-detector (to eliminate the 
e-component) if desired, without disturbing the shower selection; it has 
however the disadvantage that the observed delays must include any electronic 
delays and their fluctuations in the delay measurements. 

In the experiment described here it was considered of paramount importance 
to observe the prompt and delayed particles simultaneously zm one and the same 
detector; it was realized nevertheless that the advantageous feature of the other 
arrangement was lost. In these experiments the detectors B and C are still 
composed of Geiger counters and A alone is the scintillator; the showers were 
detected by triple coincidences of the type (ABC) and the events observed were 
of the type (AA4q,)). 


§2. THE Liquip SCINTILLATION COUNTER AND MEASUREMENTS 
OF ITS EFFICIENCY 


Figure 1 shows the essential features of the scintillation detector. ‘The brass 
cylindrical container had a cross-sectional area of 1000 cm? and depth 15 cm 
which corresponded to an energy loss of 23 Mev for a vertically incident singly 
charged relativistic particle. ‘The container was filled with a solution of 
para-terphenyl in pure benzenef (of ‘Analar’ quality), 2 g/litre, and sealed by 


* At the time of writing work is being carried out at Manchester University using 
spark counters. With these a time resolution considerably better than that in the present 
experiments is achieved but their small size results in a much lower counting rate. 

+ Benzene was chosen for it was possible to obtain this in a pure form in this laboratory 
in the necessary quantity, while xylene of the desired purity was only available in small 
quantities. 
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a glass plate } inch thick, using a polythene gasket } inch in diameter. The 
light from the scintillator was collected by a photomultiplier (EMI type 5311) 
which was operated throughout the experiment at the low value of h.t. of 1-12 kv 
to minimize the possibility of ‘satellite’ pulses (see below). 


Light -Integratin 
8 Cones 8 


44 in. Thick Plate Glass 


Brass Container, Silver -plated on Inside Thermal Expansion 
Reservoir 


Fig. 1. The liquid scintillation counter. 


It was necessary to measure the efficiency of the detector in order to ascertain 
that the effective area of sensitivity corresponded to the geometrical area. For 
this purpose the detector was mounted between two trays of counters as shown 
in fig. 2(a). The incident cosmic-ray particles (predominantly .-mesons) were 
selected by the trays B and C and counted in triple coincidence with the detector A. 
The ratio of coincidences (ABC/BC) was measured at various settings of bias 
on a discriminator connected to a Type 201 amplifier on the A-channel. The 
resulting bias curve, shown in fig. 2(4), reveals that the detector has an efficiency 
in the central region of the container of (98 + 2)°% over a range of 0-18 v on the 
particular bias scale. The bias curve for the scintillator alone is shown in fig. 2 (c) 
from which it is seen that the plateau in the coincidence curve corresponds to a 
range in the detector’s single rate of from >10* per minute to 900 per minute. 
By a similar procedure the efficiency at the edge of the scintillator was also 
measured. In this test the trays B and C were replaced by two small single 
counters, each of effective length 5 cm, placed one above and one below the 
container, as shown in fig. 2(d). Values of the efficiency, obtained in the same 
way as before, were (91 +6)% and (91 +7)% at the two bias levels of 12-5 and 
5-0 volts respectively, corresponding to single rates in the detector, of 1100 per 
minute and 2400 per minute respectively. 

In order to ensure that the detector was operated in a condition of high 
efficiency the bias was always set so that the single counting rate never fell below 
3000 per minute ; under these conditions the efficiency was always known to 
be greater than about 90%, even at the edge of the detector. The single rate 
often went considerably higher than 3000 per minute for the detector was partially 
sensitive to local sources of radiation even when the energy of these radiations 
was much lower than that of approximately 20 Mev spent by the cosmic-ray 
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particles. At no time, however, did the rate go high enough to produce an 
undesirable contribution to chance triple coincidences in the main experiment. 
In order to obtain some idea of the pulse-size distribution from the detector, 

it was connected up in the coincidence system shown in fig. 2(a) and a recording 
oscilloscope was triggered by double coincidences AB, with low bias on the 
amplifier which is connected to A. The resulting pulse-size distribution is shown 
as a histogram in fig. 3 in which, for comparison, is included the theoretical 
distribution (Landau 1944) calculated for minimum ionizing p-mesons and 
normalized at its maximum to the experimental curve. It will be seen that the 
general shape of the distribution is similar to the Landau curve in that it has 
a long ‘tail’ on the high energy side. That the observed width is greater than 
(c) 
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Fig. 2. Bias curves and method of measuring efficiency of scintillator. 


the theoretical is expected, and results from the variations in efficiency of 
gathering the light and from the wide range of energies in the u-meson spectrum ; 
there is a further contribution from electrons, some of which will come to rest 
in the liquid. It should be pointed out that in the actual experiment a still greater 
spread in the distribution is expected, for there is then no collimation of the 
particles. There is, however, some compensation here, for it is generally accepted 
that the angular distribution of shower particles varies steeply with the zenith 
angle 0, being probably cos®@. 

From this curve we can obtain some idea of the overall efficiency of the 
recording system as it is used, in conjunction with a microfilm reader, in the 
main experiment. In fig. 3 the abscissa represents the deflection in a microfilm 
reader measured in millimetres where 18 corresponds to the saturation level of 
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the amplifier. As will be described later all pulses of amplitude less than 5% 
of saturation are ignored. From this curve it is seen that of the 606 pulses two 
fall within the first 1 mm which represents an overall loss of approximately 0:3% 
of all pulses photographed. ‘Taking the energy spectrum for electrons in air 


showers from the work of Mitra and Rosser (1949) it is found that approximately 


606 Pulses; Sea Level 
Je-Mesons and Electrons 


120 


Landau Distribution 
80 


40 


Pulses per mm Channel 


0 4 8 2 16 


Pulse Height 
(mm in microfilm reader) 
23Mev 


Fig. 3. Pulse-height distribution for sea-level particles selected by a simple telescope. 


3% of the particles will not be able to penetrate the glass cover plate of the 
scintillator, and that of those electrons that do penetrate the plate a further 15% 
will come to rest in the solution, thus spending less than the maximum 
transferable energy. 


§3. ARRANGEMENT OF DETECTORS AND THE ELECTRONIC APPARATUS 


A block diagram of the apparatus appears in fig. 4. The detectors, which 
lie in a horizontal plane, are enclosed in thermostatically controlled housings, 
situated on a flat roof about 30 metres from the rest of the apparatus in the 
laboratory; the location is 130 metres above sea level. The counters are standard 
Cintel units with copper cathodes and an argon—alcohol filling. In the earlier 
period of the experiment the counter trays had areas of 560 and 1050 cm? 
respectively while at a later period both trays were of the same area, each 
1260 cm?. 

For purposes of description we will group the various parts of the electronic 
circuits under two headings: (i) the slow group, operating the trigger mechanism 
of the recording oscillograph, and (ii) the fast group, serving the deflector plates 
of the oscillograph, this group comprising the time-delay measuring system. 
The head amplifier attached to the scintillator had two channels, one slow and 
one fast. 

(i) The Slow Circuits 


The output from the slow channel of the head amplifier on the scintillator, 
a simple cathode follower, is fed along a 100 Q line to a Type 201 amplifier and 
thence through a discriminator to one channel of a threefold coincidence unit. 
This amplifier, which has a maximum gain of approximately 104, has gain 
stabilization and a bandwidth of 5 Mc/s; it was operated with nominal integration 
and differentiation time constants of 0-032 and 1:6usec respectively. The 
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outputs of the tray detectors B and C feed the two other channels of the 
coincidence unit via simple two-stage amplifiers of gain about 300 with blocking- 
oscillator output stages. ‘The coincidence unit is of simple design employing 
diode mixers; its resolving time was 0-75 psec. 

The single rate of the scintillator was monitored continuously on a pen 
recorder in conjunction with a ratemeter. The single rates of trays B and C 
were taken twice daily and the coincidence rate ABC was recorded on a 
mechanical register and another pen recorder. 


(11) Fast Circuits 
The fast channel of the head-amplifier on the scintillator has been described 
elsewhere (Wells 1952). The output pulse from this was led along a low-loss 
100 cable to a distributed-line amplifier with 23 stages, of gain 200 and a 
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Fig. 4. Arrangement of electronic units. 


frequency response sensibly flat to 100 Mc/s; with this amplifier an adequate 
saturation level, of approximately 35, was available for the deflection circuits 
of the oscilloscope. 

The recording oscilloscope was of conventional design. Each time the 
1 sec time-base was fired by the trigger-pulse a second sweep was made on 
which was displayed a 10 Mc/s calibration waveform. A small watch was 
illuminated and photographed for purposes of identification, and the film moved 
forward one frame after each photograph. 


§ 4. RESULTS 
Before presenting the results of the experiment it is necessary to mention 
the method of measuring the delays and pulse amplitudes, and to define and 
discuss the limiting criteria. The prompt and delayed particles in the A-detector 
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were displayed on 16 mm film. The measurements were carried out using a 
microfilm reader with a magnification of 12-5. Of the total length of time-base 
of 1psec, only 0:7 usec was on the average available, for 0-3 usec was allowed 
(in the delay circuits) at the start of the time-base for fluctuations as already 
mentioned. With a pulse-width of the order of 10-7 sec at the ‘base’ of the 
pulses, the limiting resolution was 3 x 10-8 second. ‘The delay intervals were 
measured between the peaks of the pulses, in terms of the 10 Mc/s calibration 
pips present on the frame in question. Pulse amplitudes were also measured in 
the microfilm reader. 

It should here be mentioned that the majority of the recordings showed only 
a single pulse. 

The following criteria of selection of the events were adopted: (i) All showers 
which had their prompt pulses above saturation were eliminated from the 
results. (ii) Prompt or delayed pulses of amplitude less than 5°% of saturation 
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Fig. 5. ‘Time-delay distributions. 


were also eliminated. (iii) The counting of the showers which were not followed 
by delayed events included all pictures in which the prompt pulse was invisible. 

We will now briefly discuss these criteria and give estimates of the errors 
involved through their adoption. Criterion (i) was introduced because large 
saturating pulses had subsequent ripples on the time-base owing to limits in 
the fidelity of the fast amplifier. Only about 2°% of the showers had their prompt 
pulses above saturation. This criterion introduces a bias against all showers 
whose density is very great near A. Criterion (ii) was introduced because this 
was the smallest deflection that could be reliably read in the microfilm reader. 
Criterion (iii) was introduced because the slow amplifier channel had a much 
higher gain than the fast and it was possible for a shower particle to trigger the 
scintillation detector A by a relatively soft electron (and hence record the shower) 
though the resulting pulse would be invisible on the oscilloscope trace. 
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Approximately 10°, of the shower photographs had their prompt pulses below 
5% of saturation. As a result, it would be possible to mistake the delayed pulse 
for the prompt, if the initiation of the prompt pulse were a low-energy electron. 
This effect is unlikely to change the form of the delay distribution curve but will 
cause some error in the absolute number of delayed events relative to the number 
of showers; a correction is made for this effect. 

With the above criteria, a total of 322 delayed events were recorded in the 
selected time range in a total recording of 55500 showers. Figure 5 (a) shows 
a histogram of the delay distribution for these events. The low number of pulses 
in the first histogram interval is unlikely to be a real effect, but is almost certain 
to be due to losses arising through the finite time resolution, particularly when 
the prompt pulse is large and the delayed one small. Assuming the distribution 
to be exponential, see fig. 5(5), the number of events in this first interval is 
estimated to be 105, from which it is deduced that half the delayed events fall 
within (0-10 + 0-02) usec and half outside this figure. 
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Fig. 6. Pulse-height distributions. 


To obtain the true fraction of showers that have associated delayed particles 
three corrections have to be applied: (a) Correction for the loss of particles in 
the first interval in the time-delay distribution yields a figure, for the number of 
delayed events, of (322—7+105)=420. (This is the total observed number 
less the observed number in the first interval plus the extrapolated number 
in this interval.) (6) As 10° of the recorded showers have their prompt pulses 
below the threshold (criterion (11) above), 10% of the observed single pulses 
should have been interpreted as delayed pulses, their corresponding prompt 
pulses being invisible, raising the number, for this correction, to 467. 
(c) A further 2°% is added for those showers having saturating prompt pulses, 
(criterion (i)), bringing the total number of delayed events up to 476. ‘The 
corrected figure for the fraction of showers with associated delays is thus 
(476 + 26)/55 500, i.e. (0-85 +0-05)%. The errors quoted (standard deviations) 
are only the statistical parts. 
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In figs. 6(a) and 6(b) are shown the pulse height distributions for the prompt 
and delayed particles associated with the 322 observed events while fig. 6(c) 
shows the distribution for 1007 prompt pulses not accompanied by delayed 
pulses; these will be considered in § 6. 


There was found to be no significant correlation between pulse height and | 


delay. 
§ 5. CONTROL EXPERIMENT; CASUAL RATES 


In order to be certain that these delayed events were genuinely associated 
with the air showers, a control experiment was carried out in which the output 
of the A-detector was photographed when it was operating on particles not 
associated with showers, the phototube h.t. voltage, fast-amplifier gain and 
recording arrangements being unchanged. For this experiment the oscilloscope 
was triggered directly from the A-channel input to the coincidence unit; the 
Geiger counter h.t. voltage was removed and the gain of the slow amplifier on 
the A-channel was very considerably reduced (by about 20db) so that the 
oscilloscope was triggering at a reasonable speed and the prompt pulses appeared 
at an average height corresponding to the average height of those in the 
air-shower experiment, thus simulating as nearly as possible the normal 
conditions. Under these conditions of gain the majority of prompt pulses 
photographed will be due to u-mesons. In this control experiment the film was ~ 
run through the camera continuously and in about 10 minutes 9000 time-base 
traces were recorded, this rate corresponding approximately to the total cosmic-ray 
flux through the scintillator over the upper hemisphere. Control runs were 
carried out from time to time and sandwiched between the air-shower runs. 
The results of this experiment, grouping all the runs together, are summarized 
in the delay distribution of fig. 5(c). In a total of 33400 recordings there 
were 65 delayed events. It will be seen at once that the absolute rate is much 
lower in the control experiment than in the air-shower experiment and 
furthermore that the delay distribution is essentially flat over the time region 
selected. Owing to the absence of Geiger counter delays in the triggering of 
the oscilloscope in this experiment only 0-5 usec of the time-base is on the average 
useful. Correcting for a loss of particles in the first channel, as in the shower 
experiment, a figure of 69 is obtained, and normalizing to a 0-7 usec time-base 
for comparison with the shower experiment raises this further to 97. The 
resulting fraction 97/33400, i.e. (0-29+0-04)%, is seen to be about 0-3 of 
that obtained in the shower experiment. 


$6. DiIscussIoN 
(1) Origin of the Background 

There are three possible sources of the double pulses in the control experiment : 
(i) casual rate, (ii) satellite pulses from the phototube and (iii) u-e decay events in 
the scintillator. ‘Taking the value quoted by Rossi (1948) for the u-meson flux at 
sea level arriving from the upper hemisphere, i.e. 1:27 x 10-2 particles cm™? sec, 
the calculated rate for casual pulses arriving within 0-7 usec of each other is one 
double event in approximately 1-1 x 10° single events. From the figure of 
(0-29 + 0-04)% obtained above, the observed number of double pulses is 
1 in (340 +50) single events, which is thus about 300 times that calculated on 
the basis of chance coincidences. From this it is seen that none of the observed 
double events in the control experiment can be attributed to a casual rate. 


———— 
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There is good evidence that the delayed pulses are not satellite pulses from 
the phototube because Wells (1952) has shown that, with a tube of the same 
type as used in the present experiments, there are no observable satellite pulses 
below an h.t. value of 1-5 kv while in our case we have an h.t. of 1:12kv. Also 
it has recently been reported, Miiller et al. (1952) that satellite pulses correspond 
in amplitude to the emission of single photo-electrons from the photocathode 
while we know that in our case the observed pulse heights from the cosmic-ray 
particles are at least two orders of magnitude larger than noise pulses. Referring 
to the pulse-height distributions for the prompt and delayed pulses in the control 
experiment, figs. 6 (d) and (e), we see that the average height of the prompt pulses 
is approximately 3-5 mm (extrapolating to zero height) while that for the delayed 
pulses is approximately 1-5 mm. As the height of the delayed pulses is thus about 
0-4 times that of the main pulses (~ 20 Mev) the possibility of satellite pulses can 
be completely eliminated. 

The contribution of double events that can be attributed to -e decays was 
calculated from the differential range spectrum of .-mesons at sea level given by 
Rossi (1948, fig. 6). Assuming (i) that the rate at which u-mesons were stopped 
in the solution was 5-0 x 10-* g-! sec"! sterad“, (ii) a cos* @ distribution (Kraushaar 
1949) where @ is the zenith angle, and (iii) the u-meson spectrum to be the same 
at all angles, we obtain after integrating over the upper hemisphere a total rate 
of 6-1 per minute brought to rest in the 13 kg of benzene. With a mean life of 
2-1 sec for x-mesons in carbon, 0-28 of these events would occur within the 


- 0-7 sec time-base in use. The resultant rate of .-e decays, i.e. 1-7 per minute, 


is then compared with the total calculated flux of u-mesons arriving through the 
scintillator which is approximately 750 per minute. On this basis the frequency 
of double events would be 1 in ~ 440 which is consistent within the errors of 
the above calculation with the experimental figure of 1 in (340450). On the 
basis that all the double pulses observed in the control experiment arise from 
p-e decays, it is reasonable to assume that the only background existing in the 
air-shower experiment, fig. 5(a), is that due to the casual rate, which would be 
imperceptible on this figure. 


(ii) Pulse-Height Distributions 


The pulse-height distributions shown in fig. 6 are re-plotted in fig. 7 on a 
logarithmic scale. Curves a and 5b refer, respectively, to the distributions for 
the delayed and the prompt pulses associated with these delayed particles, for 
the 322 shower events, while curve c refers to the 1007 randomly selected prompt 
pulses having no associated delayed pulses. 

The similarity between the slopes of curves b and c suggests that the showers 
with associated delayed events do not differ in average density from those which 
have no delayed events. 

It will be noticed that the size distribution of the delayed pulses, curve a, 
is markedly steeper than that for the prompt pulses. ‘This is easily explained 
in terms of the relative numbers of prompt and delayed particles. 

The delayed particles form such a small proportion of the total number of 
shower particles that, if they were distributed in a truly random manner, we 
should not have expected more than about one accidental coincidence between 
them. In fact, in addition to the 309 cases* in which a single delayed particle 


* The figure of 322 quoted earlier includes the cases in which multiple delays were 
observed. 
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appeared on the time-base, there were 12 in which two appeared, and one in 
which three appeared. These figures point to some form of association between 
the delayed events, but not one which could easily be investigated with the 
present apparatus. However, it is justifiable to assume that virtually all the 
delayed pulses are caused by the passage of a single particle into or through the 
scintillator, and this conclusion is strengthened by the fact that the ‘tail’ of the 
distribution for single mesons (fig. 3) is approximately parallel to curve a of 
fig. 7. 

The prompt pulses, on the other hand, being associated in fairly dense 
showers, quite frequently enter the scintillator in groups. A calculation of the 
relative probabilities of groups of two or more prompt particles is presented in 
the Appendix. If we take curve a of fig. 7 as representing the experimentally 
determined size distribution of the pulses due to single shower pulses, and 
calculate the distribution for the prompt particles, allowing for multiple events, 
we obtain the curve d whose slope is much nearer to that of the-observed 
distributions 6 and ce. Since the difference in the slopes of the size distributions 
of prompt and delayed events can be satisfactorily explained on statistical grounds, 
it cannot provide any evidence about the nature of the delayed particles. 


Pulse Amplitudes (mm) 
0 2 4 6 8 10 12 4 16 18 


Pulses per Unit Amplitude (arbitrary absolute scale) 


Fig. 7. Logarithmic plot of pulse-height distributions. 


It is seen from fig. 6, (d) and (e), that there is less difference between the 
distributions for the prompt and delayed events in the control experiment than 
in the shower experiment. Assuming the p—e decay process to explain these 
events this is what would be expected because a -meson that stops, say, half-way 
through the scintillator will spend about 30 Mev which is also of the same order 
of magnitude as the average energy of the decay electrons. 


§7. CONCLUSIONS 


‘The existence of delayed particles in extensive air showers has been confirmed, 
using a scintillation detector in an arrangement in which electronic and counter 
delays, and possible sources of spurious pulses, have been eliminated. The 
time-delay distribution could be represented by an exponential function with 
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half of the delayed particles arriving within (0-10 + 0-02) usec. ‘The total fraction 
of shower particles that suffer delays in the range (3—70) x 10-8 sec was found to 
be (0-85 + 0-05)%. ) 

There is evidence that showers having associated delayed events do not 
differ in average density from those without such events. 
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APPENDIX 
The Distribution in Height of the Pulses caused by Showers 


The probability P,, of m particles entering the scintillator was calculated by 
numerical integration of a function similar to that introduced by Cocconi, Loverdo 
and Tongiorgi (1946), namely 


Pee | w-¥(1 —e-%2)2(9"e-# /n!) div 
0 

where x is the product of the shower density and the scintillator area and c is 
a cconstant. The first term takes account of the probability of occurrence of a 
shower of given density; the value of y used was 2:5. ‘The second term represents 
the probability of the two Geiger trays being discharged; the symbol « stands 
for the ratio of the area of the Geiger trays and the scintillator. The third term 
represents the probability that m particles from the shower will enter the 
scintillator in coincidence. The relative numbers of multiple prompt events are 
as follows: 


n 1 2 3 4 5 6 7 8 
Bs 1 0-41 01 ORs Ol 2a): 5) 0) Se Ol ee O-00:7 


The calculations showed, incidentally, that the density of showers which were 
most likely to be registered was of the order of 4 particles/m? while the mean 
density selected by the array was of the order of 10 particles/m?. 

Now, if the size distribution of pulses from single particles is taken from 
curve (a) of fig. 7 to be H,(h) dh=be~”" dh where h is the pulse height and 4 is 
an empirical constant, it can be shown that the size distribution of pulses caused 
by n particles is 


Pat chases hihteBh, 


(n—1) 
The size distribution of the pulses from all the showers is accordingly 

S(h) dh==P.,H,,(h) dh. 
This, which is plotted in fig. 7 and gives the distribution (d), is discussed in the 
latter part of the paper. 
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Ill: Results for 7*Si and **S 
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Abstract. Angular distribution measurements have been carried out on a number 
of proton groups emitted as a result of the bombardment by 8 Mev deuterons of 
targets of natural SiO, and sulphur. Using the theory of the stripping process 
spins and parities have been assigned to the resulting states of 7°Si and °3S. 
Certain of these states in both nuclei are thought to be produced by simple 
excitation of the odd neutron. One of the low states in each case probably 
involves the first excited state of the nuclear core. In the following list the 
excitation energy of each state in Mev is given, together with the suggested shell 
model term or the possible spin values and parity. 

2951: ground state (2s,/.), 1:28(1d,.), 2-03(1d~1,/.2s?,/2), 3-07(5/2, 3/2+), 

3-62(1f7/2), 4:93(2psi2), 6-38(2py)2). 
335: ground state: (1d,,.), 0-85(2s 1,,.1d*3.), 2-90(1f,/2), 3-26(2paz), 
4-21(3/2, 1/2 —), 4-89(3/2, 1/2—), 5-72(2py.), 6-48(3/2, 1/2—). 


§1. INTRODUCTION 

HE apparatus and method of procedure described in Papers I and II of this 
| series (Holt and Marsham 1953 a, b) have been used to study the angular 
distributions of various groups of protons emitted from targets containing 
28Si and 32S under bombardment by 8 Mey deuterons. Further comparisons have 
been made of the theories of the stripping process with experiment, and spins 
and parities assigned to some of the states of ?°Si and °8S. ‘The choice of target 
nuclei was determined partly by the fact that both have spin zero, which reduces toa 
minimum the ambiguity in the assignment of spin values to the states produced 
in the stripping process. Also, both nuclei have equal numbers of protons and 
neutrons, each group completely filling a sub-shell of the Mayer shell model. 
States produced solely by the addition of a neutron with little disturbance of the 

nuclear core might be expected to be prominent in such nuclei. 

The spectra of the (d, p) reactions with separated isotopes of silicon have been 
examined with magnetic analysis by Van Patter and Buechner (1952) at a deuteron 
energy of 2 Mev and we have used these results in the interpretation of the range 
spectrum from the natural isotopic mixture used in our experiments. Previous 
work on the (d, p) reaction with sulphur has been carried out mainly by Davison 
(1949) using the absorption method and deuterons of 3-2 Mev. 


§2, "TARGET PREPARATION 
Silicon was bombarded in the form of silica, SiO,, containing the natural 
isotopic mixture *°Si, ?°Si and °°Si in the proportions 92:3: 4-7: 3-0. A self- 
supporting target was prepared by blowing a thin bubble of silica from a tube of 
pure fused quartz in an oxy-hydrogen flame. A suitable flake having a thickness 
of 1:3cm air equivalent was broken off from the bubble. ‘The proton groups 
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emitted from the oxygen in the target did not interfere seriously with the 
measurements on the groups from silicon. The possibility of contributions to 
the proton groups from the abundant isotope of silicon by groups from the rare | 
isotopes is considered during the discussion of the angular distributions. 

A target of sulphur was prepared by boiling the pure element in a test tube and 
allowing the vapour to condense on a gold foil stretched across a circular aperture in 
a brass sheet. During the initial experiments it was found that the sulphur was 
gradually vaporized during the course of the bombardment. To prevent this a 
second gold leaf was placed over the target and the temperature raised to the melting 
point of sulphur. The gold leaf was then drawn into contact with the sulphur by 
surface tension and a sandwich of sulphur between gold leaves was formed, the 
air being excluded. 


§3. RESULTS 


(i) Spectra of Proton Ranges 


The differential range spectrum of the protons from the silica target is shown in 
fig. 1 for an angle of observation of 31°. The horizontal scale indicates the total 
range of the emitted protons in aluminium and the vertical scale shows the proton 


Number of Counts 


30S) 


Thickness of Absorber (mg cm-?Al) 


Fig. 1. Range spectrum of protons at an angle of observation of 31° from the deuteron 
bombardment of a target of natural SiO,. 


count. ‘The arrows at the bottom of the figure show the expected positions of 
proton groups as calculated from the Q-values given by Van Patter and Buechner 
for the reaction *$Si(d, p)?°Si. Also indicated are the expected positions of proton 
groups from the reactions *°Si(d, p)?°Si and *°Si(d, p)*4Si. The energy of the 
bombarding deuterons was 8-21 Mev as derived from the measured range and known 
Q-value of the proton group py. ‘The expected positions of the groups due to 
oxygen are indicated by the lines marked O. Angular distribution measurements 
were made on the peaks po, Py; Pay Pz, Pas Ps» Pp ANd Pyo. ‘The group pg was of small 
intensity and could be observed only at large angles when the intensity of the 
neighbouring groups was reduced. 

The differential range spectrum of the protons from the sulphur target is shown 
in fig. 2 for an angle of observation of 16°. The inset shows the region of short 
ranges at an angle of observation of 26°. ‘The deuteron energy was determined 
as 8-18 mey from the measured range of the proton group py and the corresponding 
Q-value of 6-422 Mev (Strait et al. 1951). Our range spectrum agrees in the main 
features with that obtained by Davison. The region in our spectrum covering 
ranges of 230 to 270mg cm~ Al is that expected for groups corresponding to the 
formation of the second and third excited states of *°5 given by Davison. The 
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intensity and resolving power in our case was not sufficient to verify this, but we 
have assumed that his analysis is correct and similarly analysed this region into two 
groups. We did not observe a proton group corresponding to the formation of the 
eighth excited state of 8S reported by Davison. There was evidence of a proton 
group corresponding to the formation of the tenth excited state given by Davison, 
but we were unable to determine its range. The half-width of the peak py, is 30% 
greater than that of the neighbouring peak p,,, suggesting that the former is an 
unresolved doublet. The peaks p,; and p,, are outside the range of Davison’s 
observations. Our values for the excitation of the various states, calculated from 
the mean ranges of the proton peaks indicated by the arrows at the bottom of 
fig. 2, are collected in table 2, together with the results of Davison. Angular distri- 
bution measurements were made on the groups pp, Pi, Pas Ps» Pz» Py» Pur aNd Pyp- 


22(d,p) 336 


Number of Counts 


Thickness of Absorber (mg cm Al) 
Fig. 2. Range spectrum of protons at an angle of observation of 16° from the deuteron 
bombardment of a target of natural sulphur. The inset shows a portion of the 
spectrum at 26°. 


(ii) Angular Distributions 


The angular distributions of the various groups of protons were obtained from 
the range spectra as decribedinI. ‘The resulting angular distributions are shown 
in figs. 3 to 12 in which the coordinates refer to the centre-of-mass system. The 
errors shown on the experimental points include the statistical counting error, 
together with an allowance for any drifts in the apparatus and, where necessary, 
for the uncertainty introduced by the overlapping of neighbouring peaks. ‘The 
curves drawn in each case have been calculated using the theory of the stripping 
process given by Butler (1951) with a radius of interaction given by the formula 
(1-7 +1-22A") x 10-43 cm, namely 5-4 x 10-18 cm for silicon and 5-6 x 10-48 cm for 
sulphur. Comparisons were also made with the theory of Bhatia et al. (1952). 


The Reaction ** Si(d, p)?9St. 

The angular distribution of the proton group py resulting from the formation 
of the ground state of ?°Siis shown infig.3. ‘The theoretical curve was drawn using 
the value 0 for the amount of orbital angular momentum /h, taken into the nucleus 
by the captured neutron. Figure 4 shows the angular distribution of the proton 
group p,, witha theoretical curve for/=2. ‘The distributions of the groups p, and 
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ps are shown in fig. 5, the vertical scale being the same for both. The theoretical 
curve giving the best fit with the experimental points for p, is one having /=2. 
The distribution of the group p; does not show the pronounced peak characteristic 
of stripping reactions. At small angles this group was obscured by the rapid 
increase of a group of slightly shorter range. Van Patter and Buechner report a 


group of protons from the reaction #°Si(d, p)?!Si corresponding to an excitation of — 


31Si of 0-757 Mev which could be responsible for this if the /-value for the transition 
were 0. The angular distribution of the protons in peak p, is shown in fig. 6. 
The experimental points could be fitted only by combining together two curves, 
one having /=0 and the other having /=2, with their maxima in the ratio 1-4: 1. 
This must mean that the peak p, consists of two unresolved groups of protons. 
According to the magnetic analysis of Van Patter and Buechner the level in *Si 


T 
i 286} (d.p)°3Si | 


Differential Cross Section (arbitrary units) 


Degrees 


Degrees 


Angular distributions of proton groups. 
Rigas. poiromeoi(d. (pest: Fig. 4. p, from *8Si(d, p)?°Si. 


corresponding to this proton peak is single. However, these workers find some 
evidence for a proton group from the reaction *°Si(d, p)®°Si associated with 
a Q-value close to that for the transition in the reaction ?8Si(d, p)?°Si. From 
consideration of the relative intensities of the two components of the measured 
angular distribution the component having /=2 must be due to the group from 
*8Si(d, p) Si. The component having /=0 is probably due to a proton group 
from *’Si(d,p)7?s1. 

The angular distribution of peak p, is shown in fig. 7. The best fit with the 
experimental points was obtained with a theoretical curve constructed by combining 
a curve having /=3 with one having /=0. ‘The argument of the previous para- 
graph can also be applied to this case. ‘The component having /=3 must be 
associated with the transition in **Si(d, p)?°Si. The component having /=0 
could be due to a transition in *°Si(d, p)®°Si or ®°Si(d, p)#4Si. A better fit with the 
experimental angular distribution could be obtained by including a small com- 
ponent having /=2, so both the rare isotopes may contribute to this proton peak. 
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The angular distribution of the prominent peak at a mean range of 147 mg cm™ 


is shown in fig. 8 (a), together with a theoretical curve having /=1. The position 
of this peak is approximately that expected for the three close groups of protons 
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Angular distributions of proton groups. 
Fig. 5. p. and pg, from **Si(d, p)?°Si. Fig. 6. p, from *8Si(d, p)?°Si. 


associated with the seventh, eighth and ninth excited states of 2°Si. The mean 
range corresponds well with that expected for the group py and it seems likely that 
this group corresponds to a transition with /=1. 

The position and half-width of the peak at a mean range of 108 mg cm? 
indicate that it is almost entirely due to the proton group py. The groups pyy 
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Fig. 7. p; from **Si(d, p)?°Si. Fig. 8. (a) py from °8Si(d, p)?°Si. 
(b) Pyz from *8Si(d, p)?*Si. 


and p,, are much weaker than p,, at all angles in the range 10° to 70°. ‘The angular 
distribution of the group pj, is shown in fig. 8 () together with a theoretical curve 
having /=1. 
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The Reaction *2,S(d, p)*S. 


The angular distributions of the proton groups py and p, are shown in figs. 9 
and 10 respectively, the theoretical curves being drawn with /=2 and/=0. 

The region of the spectrum between ranges of 230 and 270 mg cm ® including 
the proton groups p, and ps, was measured at a number of angles between 0° and 
70°. ‘The shape of the spectrum showed little change and the intensity varied by 
less than 30 °% within this angular region. 

The proton groups p, and p, overlapped in the range spectrum and their 
contributions at each angle were determined graphically by separating the com- 
bined peak into two components, each having the known half-width of a single 
proton peak. The two angular distributions are shown in fig. 11, the vertical 
scale being the same for both. The points for group p, are fitted by a theoretical 
curve having /=1. The errors on the points for group p, are rather large, but it 
appears that a theoretical curve having /=3 provides the best fit. 

The small intensity of the group p, and its proximity to the group p; made it 
impossible to measure the angular distribution. 
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Angular distributions of proton groups. 
Fig. 9. po from **S(d, p)*8S. Fig.10. p, from **S(d, p)**S. Fig. 11. p,and p; from 2°S(d, p)83S. 


The angular distributions of the groups p,, Py Py, and py. are shown in 
fig. 12. In the case of the first three groups the best fit is obtained with theoretical 
curves having /=1. ‘The points for py. lie between the curves for 7=1 and /=2. 
This is probably due to the doublet structure of the group with one component 
having /= 1 and the other having /=2. 


Measurement of Cross Sections 


The relative differential cross sections at the maxima of the angular distributions 
were obtained by comparing the areas beneath the peaks inthe rangespectrum. In | 
the case of silicon these were converted to the absolute scale by comparison with | 
the differential cross section for the transition to the ground state in the reaction _ 
16O(d, p)!’O using the known proportion of oxygen inthe target. The differential 
cross section for this transition at an angle of 21° was taken to be 4x 10-26cm2 
from the previous work with targets of MgO (II).* This figure could be in error 


* Owing to a mistake the values of the absolute cross sections quoted in I and II are 
all too great by a factor of 4. 
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by +50°%, but the relative cross sections for the transitions in 8Si(d, p)2°Si 
should be accurate to +10°%. In the case of sulphur no such conversion to the 
absolute scale could be made and the numbers given in table 1 are proportional 
to the differential cross sections at the maxima of the angular distributions. 


32$ (d,p)33S 


Differential Cross Section (arbitrary units) 


Degrees 


Fig. 12. Angular distributions of the proton groups p;, py, Pir and py. from **S(d,p)*S. 


§4, DiscussION 


By comparing the experimental angular distributions with theoretical curves 
calculated from Butler’s theory it has been possible in every case where the measured 
points were of sufficient accuracy to determine the value of / unambiguously by 
using a radius of interaction given by the formula (1-7 + 1:22A1*) x 10-¥cm. 
Comparisons with the theory of Bhatia et al. showed that the best agreement could 
be obtained by using a value for the radius of interaction which was greater than 
that given by the above formula by 2 10-!° cm in the case of curves having /=0 
and greater by 1 x 10-#* cm in the case of curves having /=1 or /=2. 

The measured points for the sulphur group p,, (fig. 12) with a Q-value of 
0-72 mev and /=1 indicate a slight dip in the forward direction not shown by the 
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theoretical curve. This effect has been observed by Evans et al. (1953) in angular 
distributions for (d, n) transitions with /= 1 and small Q-values. 

In considering the detailed fitting of the experimental curves it was evident that 
a better fit could be obtained in all cases by subtracting a constant background from 
the experimental points. This confirms the impression gained from the previous 
work (II). We have estimated the magnitude of this background in the case of all 
suitable distributions for which absolute differential cross sections were known. 
Estimates were made for 15 distributions taken from the work with targets of 
*4Mig, 2>Meg and *8Si. 

Although the maximum differential cross section for the various groups of 
protons varied by a factor of 100, all the values of the differential cross section of 
the estimated backgrounds lay within the range 4 to 18 x 10-*8 cm? and 12 of the 
values lay within the range 6 to 12 x 10-*8cm*. Included in these results were 
those for isotropic angular distributions and others for transitions having /-values 
from 0 to 3... The small range of variation of the differential cross section of the 
background lends weight to the suggestion that this is due to the competing process 
in which the transitions take place through the formation of a compound nucleus. 
All the results relate to nuclei having similar atomic numbers and protons having 
energies within the range 8 to 15mev. Since the energy of excitation of the 
compound nucleus is more than 20 Mev there will be many overlapping states and ” 
it is reasonable to expect that transitions within the above energy range will have 
similar probabilities. 

The results of the present experiments are collected in tables 1 and 2. The 
alternative spin values and the parities of the various final states are given using the 
value 0 for the spin and even parity for both target nuclei. ‘The numbers propor- 
tional to the neutron capture probabilities (I1) were calculated from the measured 
differential cross sections after subtracting the estimated cross section of the 
background. ‘This background is relatively small except for those distributions 
having /=3. Since absolute values of the differential cross sections were obtained 
only for silicon, the numbers representing the neutron capture probabilities in the 
two tables are unrelated. 

The /-value 0 for the transition to the ground state of 2°Si is the same as that 
found previously for the ground state transition in 2*>Mg(d, p)?7Mg and both 
indicate that the fifteenth neutron goes into the 2s,/. level of the Mayer shell model. 
The /-value 2 for the neutron captured into the ground state of 33S indicates that 
the seventeenth neutron goes into a d-orbit, again in agreement with the shell 
model. ‘The spin values 1/2 and 3/2 for ?°Si and 38S were obtained by Townes 
et al. (1948, 1949) from hyperfine structure measurements. 

The values of the neutron capture probability shown in tables 1 and 2 vary 
by a factor of about 10 in each case. It may be expected that this capture 
probability will be greatest when the neutron is captured directly into an 
orbit, that is, into a state of single-particle excitation. In such cases it has been 
suggested by Bhatia et al. that the relative values of the capture probability are 
governed mainly by a statistical factor 2j;+ 1 where j; is the spin of the final state. 

In the reaction **S(d, p)°3S (table 1) the sequence of /-values of the transitions 
having the greatest values of capture probability is 2, 3, 1, 1 where the first belongs 
to the transition to the ground state. In the ground state of 33S the odd neutron 
is in the 1dgj. level of the shell model, and according to this model the higher 
unfilled levels follow the sequence 1f;/2, 2ps/o, 1f52, 2py2. We suggest that the 
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excited states of *°S corresponding to the proton groups py, ps, p,; and having 
L-values 3, 1, 1 are states produced by simple excitation of the odd neutron into 
the levels 1f,., 2p./2, 2p, while the core, consisting of the nucleus 32S, remains 
unexcited. 


Table 1. Reaction 28(d, p)33S 

(1) (2) (3) (4) (5) COE es (8) (9) (10) 

Po 0 0 2 B23 12. Keven — 7124 80 2:0 dso 

Pi 0:85+0-03 0-79 0 1/2 Even 39 1:5 0°75 (28/2) (1d3/2)* 

Pe 1-86+0-10 1-90 Isotropic — —_— 0-8 — = aS 

Ps 2:28+0-08 2:17 Isotropic _ — — ibs) — — = 

Pa 2:90+0-08 2-85 3 ily peat dd mer 140220) 25 1f;/> 

Ds 3:26+0-04 3-15 1 S22 eo OG Ramos mak 3 ore 2Ps/2 

Pe 3°91 = 0-10 3°88 — — — 5 — — = 

P; 4-21+0-05 4-15 1 3/25 192: ,Odd 15 1:6 0:8 —- 
or 0-4 

Ps — 4-42 oe _ — — = — — 

Po 4-894+0:-05 4-70 1 3/2,1/2 Odd 94 08 0-4 — 
or 0-2 

Pio 7 5-11 = 7 er eng Se Ss Sai 7 

Doe e205 95-63" qe 1 3/2, 1/2.) Odd" 5100" > 29 4-5 2Pij2 

1 SD te mOodae 41 2-4 iho — 
Passe 0-40 7- 0-10" 6°30 or 0-6 
2 5/2, 3/2 Even = 
Pi3 7444007 — — = == 
Dre 2 ae/oceise Oe? a 


(1) Proton group; (2) excitation (Mev), present work; (3) excitation (Mev), Davison 

(error +0-05); (4) /-value; (5) spin; (6) parity; (7) relative differential cross section at 

- maximum; (8) relative neutron capture probability; (9) (N.C.P.)/(2jp+1); (10) suggested 
shell model term. 


Vable 2. Reaction *Si(d,'p)??Si 

Ba)! 12) (3) (4) (5) (6) (7 (8) (9) 

po 0 0 1/2 Even 62xX10-% 9:0 | 455 281)0 

p, 1-278 2 5/2, 3/2 Even 6-2x10-% 15 Be] (ane 

Pp. 2-027 2 5/2, 3/2 Even. 2-4x10-?7 5:7 0:8 — (1dg/s)*(2sy)s)* 

p; 2-426 Isotropic a ee Oe a le ee 

Pp, 3-070 2 5/2, 3/2 Even .4:2x1027 1-9 * 045 = 
or 0:3 

mae 3-623 3 7/2, 5/2 Odd 40x10- 19 2-4 1fy/9 

Pp» 4-934 1 3/2,1/2 Odd 5:5x10-* 16 4-0 Se 

Piz 6380 1 3/0 10" Odd 32x10 een s-7 2px)/o? 
or 1:3 


(1) Proton group; (2) Excitation* (Mev); (3) /-value; (4) spin; (5) parity; (6) maximum 
differential cross section (cm?); (7) neutron capture probabiltiy (arbitrary units); 
(8) (N.C.P.)/(2je+1); (9) suggested shell model term. 


* According to Van Patter and Buechner (1952). 


If we assume that the spins of the states mentioned above are those given by 
the shell model and remove the factor 2j,+1 from the relative values of the 
neutron capture probability, the values of the latter become more nearly equal 
while remaining larger than the alternative values for the intervening states. 
These values are given in column (9) of table 1. ‘The fact that no transition 
having /=3 was observed corresponding to the formation of the If; level might 
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possibly be due to the difficulty of observing a group with such an /-value when 
there are adjacent groups with smaller values of /. 

We suggest that the proton groups associated with low values of the neutron 
capture probability correspond to states requiring the excitation of one or more 
particles of the nuclear core. In particular the first excited state having spin 1/2 
and /-value 0 is probably produced by a neutron from the 2s,/. level being raised 
to the 1daj level. Here, together with the captured neutron, it forms a pair 
having a resultant spin 0 in accordance with the usual assumption of the shell 
model. The spin of this excited state is then due solely to the hole in the 2sy/ 
level and has the value 1/2. In support of this suggestion we note that the first 
excited state of 32S has an energy of 0:5 +0-1 Mev (Snowdon 1952) not far from 
the value 0-85 + 0-03 Mev for this state of 93S. In the last column of table 1 are 
the shell model terms proposed in the above discussion. 

Similar observations can be made concerning the reaction **Si(d, p)??Si 
(table 2). The sequence of /-values associated with the largest values of the 
neutron capture probability is 0, 2, 3, 1. In the ground state of °Si the odd 
neutron is in the 2s,/. level and the sequence of unfilled levels according to the 
shell model is 1ds/p, 1fz2, 2ps/2, 1fs/e, 2pijo. We suggest as before that the excited 
states of ?°Si corresponding to the proton groups pj, p;, Py and having /-values 
2, 3, 1 are states produced by simple excitation of the odd neutron into the levels 
Idyjo, 1f2/2, 2psio. Also the second excited state, having /-value 2 and spin 5/2 
or 3/2 is probably produced by a neutron from the 1d;). level being lifted to the 
2s,/2 level to form a pair with the captured neutron, the resultant spin being due 
to the hole in the 1d,). level. As before we observe that the energy of the first 
excited state of the 7°Si core (1:8 + 0-2 Mev, Peck 1949) is close to that (2-027 Mev) 
of this state of ?°Si. The spins of the various states determined on the above 
assumptions have been again used to remove the factor 2j,+1 from the values 
of the neutron capture probability and these amended values are given in 
column (8) of table 2. Comparison of these values makes it appear likely that the 
twelfth excited state is the 2p,/, single-particle state. 
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Abstract. ‘The particles emitted from (d, p) and (d,n) reactions are shown to be 
polarized in a plane perpendicular to the plane of scattering. The direction of 
polarization is shown to be related to the spin changes involved in the reaction. 
An estimate of the magnitude of the polarization and the angle at which the maxi- 
mum occurs is made. ‘The effect of the polarization on the angular correlation 
of the y-rays emitted from the product nucleus when measured in coincidence 
with the outgoing particle is discussed and a comparison made with the result 
of Satchelor and Spiers. 


§ 1. INTRODUCTION 


HE angular distribution of particles emitted from (d, p) and (d,n) reactions 

has been studied theoretically (Butler 1951, Bhatia et al. 1952, to be referred 

to as BH), and in general there is good agreement with the angular distribu- 
tions obtained experimentally and those predicted by the theory. ‘These treat- 
ments show that the spins of the initial and final nuclei (J, and J, respectively) 
are related by the selection rule J, =J, +j, wheres is the total angular momentum 
of the neutron* entering the nucleus : j7=/+4 where / is the orbital angular 
momentum of the neutron as it enters the nucleus. There is also the parity 
selection rule that /is even or odd according as the initial and final nuclei have the 
same parity or not. Fitting the theoretical curves to the experimental angular 
distributions determines the value of / which has taken part in the reaction. 
However, except in the cases where J, and / are both zero, the spin of the final 
nucleus is not determined uniquely, there being at best two possibilities for the 
spin. If, however,7 could be determined as well as /, the number of possible values 
for J;, would be reduced and very often a unique result could be obtained. 

It is shown here that the protons emitted from a (d, p) reaction are partially 
polarized, and that if the direction of polarization is measured the value of 7 is 
determined if / is known. 

The usual treatments of the (d, p) reaction give zero for the polarization. This 
is due to the fact that the proton is supposed not to interact with the nucleus, and 
can therefore pass through it without hindrance. In the present calculation 
protons which would have to pass through the nucleus to reach the observer are 
assumed to be captured and lost from the beam. _ It is this screening of some of the 
protons by the nucleus which is directly responsible for the polarization. 

The direction of polarization depends on the value of the total angular 
momentum j of the neutron as it is captured by the nucleus. It is found that if 
only one value of j and / can contribute to the reaction, then the outgoing particles 


* We assume that we are dealing with a (d, p) reaction throughout this paper. For a 
(d, n) reaction one simply interchanges the roles of the neutron and proton. 
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are partially polarized in the direction of k, x kg if only 7 =/+4 is permitted, and 
in the opposite direction if only 7 =/— 41s permitted. For /=( the polarization is 
zero. 

If the product nucleus of a (d, p) reaction is formed in an excited state it will _ 
emit a y-ray in falling to the ground state. ‘The angular correlation of these y-rays 
with the emitted protons can also lead to information about the spins of the nuclear 
states involved. The correlation function has been worked out by Biedenharn 
et al. (1952) and Satchelor and Spiers (1952). Both these treatments, however, 
neglect the interaction of the proton with the nucleus which leads to the polarization. 
Due to the partial polarization of the nucleus which results, these results will only 
be strictly correct when the y-rays are measured in coincidence with protons 
emitted in the forward direction. 


§2. A SIMPLE CLASSICAL PICTURE FOR THE POLARIZATION 


A simple classical picture can be given to show that one expects protons emitted 
in (d, p) reactions to be polarized. ‘The reaction can be pictured as follows. We 
imagine the deuteron to be incident upon the initial nucleus with momentum k,; 
this can break up into a free proton and neutron with conservation of momentum so 
that k;=k,+k,, and the requirement is imposed that the direction of k, must - 
be such as to allow the neutron to be captured. ‘The neutron is then captured with 
a certain orbital angular momentum / and the proton emerges, energy being con- 
served over the whole reaction. 


We assume that all the particles are co-planar and suppose that the angular 
momentum / is the only one with which the neutron is permitted to be captured ; 
let us also suppose that only j =/+ 4 is allowed. Then, referring to the figure, in 
region (i) the neutron is captured with its angular momentum about an axis in the 
direction of k,, x kg (i.e. into the paper). ‘Thus to form 7 =/+ 4 the neutron spin 
must be in this direction, and so therefore must the proton spin, since in a deuteron 
the neutron and proton have their spins parallel (we neglect for the time being the 
spin function of the deuteron having zero component along the axis of quantization). 
Now consider region (ii). The direction of the neutron angular momentum is now 
in the opposite direction to k, x Kg, i.e. out of the paper. So the neutron and proton 
spins must both point out of the paper. If the protons are observed at a particular 
angle of scattering, those liberated by neutrons captured in region (1) will have 
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their spins in the direction k, x ky and the protons liberated by neutrons captured 
in region (ii) have their spins in the opposite direction. If the interaction of the 
proton with the nucleus is ignored as in the usual treatments of this reaction, the 
numbers of protons coming from the two regions will be equal and the net 
polarization is zero. 

Let us now impose the condition that if the proton has to pass through the 
nucleus to reach the observer, it is captured and lost from the beam. If we 
bear in mind that an emergent proton originates in the vicinity of its companion 
neutron, then, for neutrons captured in region (i), most of the protons can emerge 
without interacting with the nucleus, but, for neutrons captured in region (ii), 
a number of protons would have to pass through the nucleus in order to reach 
the observer, and these we suppose are captured and lost from the beam. Thus 

_ there will be a predominance of protons with spin in the direction of k, x kg 
over those with spin in the opposite direction. This will result in a net 
polarization of the proton beam in the direction of k,x ky. It is obvious 
that if the selection rules allowed only j =/— 4, there would be a net polarization 
in the direction opposite to k, x kg. 

The above picture has been described in only two dimensions and has 
neglected the spin state of the deuteron which has zero component along the 
axis of quantization. However, if these limitations are removed, the conclusions 
reached above are still true, namely, that protons emitted from these reactions 
are polarized, and that the polarization is in the direction of k, x kg if the 
selection rules only allow neutrons to be captured with 7=/+4, and in the 
opposite direction if the neutrons can be captured only with 7 =/— 3. 

Further consideration of the model shows that the polarization is zero for 
protons emitted in the forward or backward directions. It is a maximum if the 
proton is emitted at an angle such that k, and k, are perpendicular. ‘This is 
most easily seen if it is assumed that the deuteron is small compared with the 
nucleus. In this case, for k,.k,=0, the protons emerging from region (il) 
will be completely screened from the observer by the nucleus, whereas those 
from region (i) can emerge unimpeded. At any other angle of scattering of the 
proton the screening of region (ii) will not be complete, and the polarization 
will consequently be reduced. 


§3. QuaNTUM MECHANICAL TREATMENT OF THE POLARIZATION 


The Born approximation treatment of BH is used although similar results 
would be obtained if Butler’s (1951) methods were followed. 

The differential cross section for the (d, p) reaction for a proton having a 
given spin direction is given by 

o(9)=A » XP, J, My|V|D,J4, M4) lee 
My, Mg, mq 

where |J,, M,) and |J,, M,,) represent the initial and final nuclei having 
spin J, with component M,, and spin J, with component Mj, respectively. 
The kets | P) and |D) represent the proton and deuteron wave functions. We 
average over the spin directions of the initial nucleus and deuteron, and sum 
over those of the final nucleus but not of the proton since we are interested in 
its spin directions. A is a general constant into which we absorb all quantities 
not directly related to the problem. 
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The matrix element (Jy, Mp|V|J,, Mx) is a function of the neutron 
coordinates, and this is expressed in a series of eigenfunctions of the total angular 
momentum j of the neutron, having component p, 


Jr, Mg|V |J,, My) =: x (Jp, Mz|V|J 4, Ma, J; pb, + DAY: by = |, 
I, By E 


where + denotes the parity of 7. It is also assumed as in BH that the neutron 
is captured on a shell of radius a so that (Jp, Mg|V|J4, Ma,j, 4, +) 8 
independent of the neutron coordinates. 

The bra ¢j, u, + | is further expanded into a sum of eigenfunctions of the 
orbital and spin angular momenta of the neutron 

Gi py t]= = CEE mma CL, m, m,|, 
, M, My 

where m is the component of the orbital angular momentum /, and m, is the 
component of the spin angular momentum, and the designation of the parity 
can now be omitted since a particular value of 7 with a particular parity determines 
only one value of J. 

The remainder of the treatment closely follows BH. Both the deuteron and 
proton wave functions are resolved into products of space and spin parts, and 
the summations over M, and My, can be performed. One finally obtains 


a(O) =i Syd PihCi ears <p, 1, m| dy, 


: J,45M, My ~1,mq; Mp, My 
MqsI,- 
l,m, My, 
where m, and mg are components of the proton and deuteron spins respectively. 


We now consider in more detail the space matrix element ¢p, /, m|d) which 
can be written as in BH 


(p, 1, m|d) =| exp (—iky - Ry). ¥""(Og, ®y) exp {Biky « (Ry +Ry)} 
xW([Ry—R,|)dR,do,,f ...... (1) 


where the axis is now in the direction k, x kg. This has to be evaluated using 
the condition that the proton must not pass through the nucleus to reach the 
observer. ‘This cannot be done in general. If we assume, however, that the 
deuteron is small compared with the nucleus, i.e. we replace ¥(|R,—R,|) by 
6(R,—R,), it has been shown by Huby (see Appendix) that the condition that 
protons are not allowed to pass through the nucleus becomes a restriction on the 
values of m (relative to the direction of k, x kg as principal axis) for which the 
matrix element (1) has a non-negligible value. In particular, if the proton is 
observed at an angle such that k,. k,=0, then the integral is much larger for 
positive values of m than for negative. ‘This is essentially the classical result 
that more of the protons liberated by neutrons captured with a positive component 
of angular momentum about the axis k, x kg are observed than are observed 
from neutrons captured with a negative component of angular momentum about 
this axis, since some of the latter are screened from the observer by the nucleus. 
In fact, the calculation given in the Appendix essentially only demonstrates the 
well-known fact that quantum mechanics reduces to classical mechanics for 
large values of the quantum number. 


t+ The spherical harmonics Y/"(@y, ®,) used in this paper are those with the phases. 
defined by Condon and Shortley (1951, chap. 3). 


a Kk 
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The polarization P is defined as (N,—N_)/(N,+N_), where N, and N_ 
denote the number of protons having m,= +4 and m,=—¥4 respectively. If 
the relative contributions of each value of m to the matrix element ¢p, /, m|d) 
could be calculated, the magnitude of the polarization could be obtained. This 
it has not yet been possible to do. However, an upper limit can be obtained 
if we assume that for m>0 the Born approximation result holds, and for m<0 
the matrix element is zero (these assumptions will evidently be most nearly 
correct when the proton is scattered through an angle such that k,.k,=0). 
If this is assumed, then for only one value of 7 and / contributing to scattering, 


the polarization is given by 
(l—m) ! ( 24/a ) 
” +m)! \ PT —m) + 10 [s0 —1— m)] 
(l—m)! 2” 4/ a 2° 
D[3(2—m) + 1]P[3(1 —1—m)] 
where the positive sign is taken if 7 =/+ 4, and the negative sign if 7 =/—4. For 
particular values of 7 and / we obtain the polarizations listed in the table. 


ar 
P = m>0 


3(j+2) % 


m>o(l+m) ! 


1 0 ie, w 3 
j=l4+4 0 16:67 BBS 18-75 
j=Il—4 0 eS) — 20-00 ——2 500 


§4. ANGULAR CORRELATION OF Decay y-RAYS WITH EMITTED PARTICLES 


Let us suppose that the product nucleus of a (d, p) reaction is formed in an 
excited state. This state of the nucleus we now designate by the letter C and 
we suppose that it has a unique spin J, and it decays by emitting a y-ray of 
multipolarity L to the ground state having spin J,. The nucleus C will be 
partially polarized as we have shown, and, therefore, if the y-rays emitted by C 
on its decay to the ground state B are measured in coincidence with the outgoing 
protons, effects due to this partial polarization should be observed. 

The axis to which the angular distribution is to be referred, however, is not, 
as is usually the case in angular correlations, the direction of the outgoing particle, 
but the chosen axis of quantization, namely k, x kg. So the angle © for the 
y-ray is measured from this axis, which is perpendicular to the plane of the 
scattering, and the angle ® is in the plane of scattering, ® =0 being the direction 
u The y-rays are measured in coincidence with the proton simply to ensure 
a particular direction of polarization. 

The correlation cannot be calculated exactly since the relative contributions 
of the various matrix elements (1) are not known. However, if we take the 
extreme case which leads to the result (2) for the polarization, the correlation 
function can be calculated and is found to be 


WO, ®) = 
Jz, L a, 3" L, 4* Al; y ) 
p> > . Jo,Mg; Mz, M Cy, Mo; My, 4 Cea mM, My AWE L, l, 0)Gy, u(, ®) 
M,, Mz| Mol m 
tty, » |5,4, L, M, 


: Se Tm) a 
(+m)!) Ti3d—m)+1Tga-l-m]| > 
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where v can take the values +1. The functions Gj},(@, ®) and Gz iy(O, ®) 
refer to different directions of polarization of the y-ray, and are given by 


wv 0 


: a B} 1/2, 9 a <a Me om 
Gy, u(O, ©) =7 “| rsersy | E Y,"(0, ®)— 76 ap Yz © ) |, 


where «=O for electric multipoles, and «=v for magnetic multipoles. “The 
y-rays are measured in coincidence with the proton simply to ensure a certain 


energy and direction of polarization. 
The result of Satchelor and Spiers (1952) is the same as this when referred 
to the axis k, x ky except that negative values of m are included in the summation. 


Thus the correlations predicted by the two results are rather different. For | 


example, if the neutron is captured with certain angular momentum /=1, 7 =3/2 
and only one value of L is significant, only m=1 contributes to (3) and there is 
no correlation in the plane of scattering. In the case of Satchelor and Spiers, 
the interference between m=1 and m=—1 does give a correlation. Thus the 
experimental correlation should be more isotropic than they predict, and thus 
affords a means of detecting polarization. Further, for unique J, j, and L, 
Satchelor and Spiers always obtain complete isotropy in their azimuthal angle ¢, 
while for ® =7/2 eqn. (3) often gives a correlation in © which is now the same 
angle as the ¢ of Satchelor and Spiers. This again would be an indication of 
the presence of polarization. 


§5. Discussion 


The treatment described in this paper differs from the usual treatment of 
the (d, p) reaction only in the assumption that protons emitted in this reaction 
cannot pass through the nucleus without being captured and lost from the 
outgoing beam of particles. If this is granted, polarization of the outgoing 
particles follows as a direct consequence. ‘The relation between the direction 
of polarization and the angular momentum of the neutron as it is captured is 
also dependent only on this assumption, and these results can be relied upon. 

The magnitude of the polarization cannot be estimated, but for the purpose 
of obtaining information about the spins of the nuclear states involved in the 
reaction it is sufficient to know the direction of polarization only. 

The angular correlation, however, depends on the relative contributions of 
the various values of m to the nuclear matrix element (1), which it has not so far 
been possible to estimate. It is therefore useless at the moment for the 
determination of spins and parities. It can serve, however, as a means of 
detecting the polarization since eqn. (3) indicates the way one would expect 
the experimental results to deviate from those of Satchelor and Spiers due to 
the presence of polarization. 
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APPENDIX 
Relation of the Quantum Matrix Element to Classical Conditions 
By R. Husy 


We shall show that the matrix element (1), in the correspondence limit of 
large quantum number m, behaves in the same way as would be expected from 
the classical arguments of § 2. 

It is necessary first to modify the factor exp(—zk,R,) belonging to the 
emergent protons so as to represent the screening effect of the nucleus on the 
protons. In principle one ought to use a ‘distorted wave’ representing a plane 
wave of wave number k,, as scattered by a sphere assumed to be either, say, 
perfectly absorbing or perfectly reflecting. Asa crude geometrical approximation 
to this, for the case of small wavelength (large quantum numbers), we may assume 
that on the surface of the sphere of radius a the wave has the undistorted value 
exp (—zk, . R,) for k, . R, >0, and is zero for k,.R,<0. If further we assume 
that the deuteron is small, replacing ¥(|R,—R,|) by 5(|R,—R,]|), then the 
matrix element (1) reduces to 


<p, l, m,|d) = | exp(—ik,. R,). Y,”*(O,, ®,) exp (ikg. Ry) dw,, ...... (4) 


where dw, is to be taken only over the hemisphere for which k, . R,>0. 
‘Taking the direction of k, x ka as principal axis, let us separate out from 
this the integration over d®,: 


iba key t 7/2 


exp [7k,asin ©, cos(®, —®,)—im®,]d®,. ...... (5) 
Okp—al2 m 


In the limit of large m, the major contribution to this integral will come from 
a small range of angles near the region where the exponent is stationary, i.e. where 


kasin@,sin(®,,—O,)=m. sae (6) 


This is the classical condition that the particle at the point (a, ©,, ®,) should 
have angular momentum hm about the principal axis. Within the range of 
integration of (4) this can only be satisfied for certain values of m : values of m 
for which there is no solution will yield small matrix elements. If®z,—Ox,=7/2, 
then all the values of m which satisfy (6) are positive. For other values of 


p=0 or a, 


both positive and negative values of m are equally important, and polarization 


will vanish. Although the above criterion for distinguishing between large 
and small matrix elements has been derived only for large m, it seems reasonable 
to assume that the same trend will obtain also for smaller m. In the present 
approximation, the matrix element (4), for those values of m which do satisfy (6), 
will not be materially altered if we extend the integration over all solid angles, 
i.e. if we use the same value as when neglecting screening of the protons. 


REFERENCES 
BuatTia, A. B., Huanc, K., Husy, R., and Newns, H. C., (BH), 1952, Phil. Mag., 43, 485. 
BIEDENHARN, L. C., Boyer, K., and Cuarpig, R. A., 1952, Phys. Rev., 88, 517. 
Butter, S. T., 1951, Proc. Roy. Soc. A, 208, 559. 
Conpon, E. U., and SHortLey, G. H., 1951, Theory of Atomic Spectra (Cambridge : 
University Press). 
SaTCHELOR, G. R., and Spiers, J. A., 1952, Proc. Phys. Soc. A, 65, 980. 


434 


The Atomic Position and Size of the Thallium Ions in KCI(T1) Phosphors 


By W. A. RUNCIMAN anp E. G. STEWARD 
Research Laboratories, The General Electric Company, Wembley, Middx. 


MS. received 25th November 1952 


Abstract. A new x-ray investigation has been made of the KCl(T1) phosphor in 
view of the discrepancy between the early theory of Fromherz involving formation 
of complexes in the KCl(T1) phosphor and the recent theoretical work of Williams, 
in which substitutional entry of the thallium ions is assumed. ‘The present study 
has now shown (a) that the expansion of the potassium chloride structure due to the 
incorporation of thallium is in agreement with Vegard’s law and (4) that Tl~ ions 
enter the structure substitutionally. The present results differ from those 
obtained by Stasiw and Saur in a less detailed x-ray study. 

The intensities of x-ray reflections have also been used to establish the atomic 
position of the activator atoms in the phosphor and the results fully confirm the 
interpretation of the observed lattice expansions. 

A new value of 1-42,A has been obtained for the ionic radius of the Tl~ ion ~ 
in six-fold coordination with Cl ions. This is of importance in the detailed 
calculations of the luminescence of KCI(Tl) which have been made by 
Williams and others. 


§ 1. INTRODUCTION 


emission spectra consist of one or more broad bands. Because of their 

relative simplicity, the alkali halides activated by heavy metals have been 
studied with a view to gaining insight into the mechanism of this type of 
luminescence. In particular, potassium chloride activated by thallium and 
denoted KCI(Tl) has been investigated extensively both experimentally and 
theoretically. 

Following the earlier theory (Seitz 1938) in which a single average configuration 
coordinate was used to describe the state of a luminescent centre, a detailed 
theory has been developed to account for the emission and absorption spectra 
of KCI(Tl) on the assumption that the thallium enters the lattice substitutionally 
(Williams 1951, Williams and Hebb 1951, Johnson and Williams 1950, 1952). 
The absorption spectrum of KCl(Tl) has been measured at 4°, 77° and 298°K 
(Johnson and Studer 1951) and there is good agreement between the experimental 
and theoretical half-widths of the absorption band. 

Others have taken a different view and have proposed that thallium ions or 
ions of other heavy metallic activators form complex negative ions with the 
halides and that these complexes are incorporated at points of lattice defects 
(Fromherz and Menschick 1929, Fromherz 1931, Pringsheim 1942, 1949). 
In support of this theory it was observed that the absorption band of aqueous 
solutions of the phosphors is very similar to the long wavelength absorption 
band of the solid phosphors (Fromherz and Ku-Hu-Li 1929). In contrast, 
the emission spectra of the aqueous solution (Pringsheim and Vogels 1940) and 
of the solid phosphor KCI(Tl) do not exhibit close similarity and this seems a 


I: most impurity activated solid inorganic phosphors the absorption and 


The Atomic Position and Size of the Tl+ lons in KCK(T1) Phosphors 485 


weak feature of the theory, but it has often been used (e.g. Hilsch 1937 and 
Antonov-Romanoyskii 1943) in the discussion of the properties of KCI('Tl) and 
other phosphors. Furthermore the theory has had support from an x-ray study 
of the KCI(‘Tl) phosphor (Stasiw and Saur 1938) where it was claimed that 
the expansion of the KCl lattice is only about half the amount predicted on the 
assumption that the thallium enters the lattice substitutionally. 

As the KCI(Tl) phosphor represents the only example of a quantitative 
theoretical interpretation of an impurity activated phosphor, it is of considerable 
importance to resolve the discrepancy between the above two theories. The 
crystal structure of the phosphor has therefore been re-studied. 

Where a continuous solid solution range exists between two isomorphous 
compounds it is comparatively easy to prove by x-ray diffraction that substitutional 
replacement has taken place. For example, both zinc sulphide and cadmium 
sulphide can have the hexagonal zinc oxide type structure and it is possible to 
form the complete solid solution range ZnS—Cd5 (Kroger 1940, Rooksby 1941). 
The changes in the structure cell dimensions are found to be closely proportional 
to the replacement of zinc ions by cadmium ions and Vegard’s law therefore 
operates with reasonable accuracy in such instances. 

Potassium chloride has a rock salt face-centred cubic crystal structure whilst 
thallium chloride has a caesium chloride body-centred cubic structure. A complete 
solid solution range cannot exist therefore between the two since the end members 
are not structurally isomorphous. If limited solid solubility of thallium chloride 
in potassium chloride is possible, however, Vegard’s law may be applied over 
that range, by calculating a theoretical structure cell dimension for thallium 
chloride having a hypothetical face-centred cubic structure. 

Preparations of potassium chloride containing 5, 10 and 15°, (molecular) 
of thallium chloride have been prepared and examined by x-ray diffraction in 
order to test the correlation between composition and structure cell dimension. 

In addition to changes in lattice dimensions of the crystal structure, 
replacement of potassium ions by thallium ions would also modify the intensities 
of x-ray reflections. This approach has been used to establish the lattice position 
of the thallium atoms which have entered the potassium chloride structure. 


§ 2. PREPARATION OF SAMPLES 


The chemicals used were ‘Specpure’ potassium and thallous chlorides. 

Preliminary experiments were made in which ground mixtures of potassium 
and thallium chlorides in various proportions were heated in sealed evacuated 
clear quartz tubes at temperatures in the range 550—750°c. It was considered 
necessary to seal the tubes to prevent a relative loss of 'T1Cl, which has a melting 
point of 430°c and a high vapour pressure in the above temperature range. 
KCl has a melting point of 790°c and a relatively low vapour pressure and the 
substantial differences in the melting points and vapour pressures are largely 
responsible for the difficulties in preparing uniform samples. 

Regrinding and reheating were included in attempts to produce homogeneous 
products free from excess thallium chloride. ‘These experiments were not 
completely successful at higher concentrations of thallium chloride. Entry of 
the thallium was not fully homogeneous and some free thallium chloride was 
observed. A sample containing 10°%, (molecular) TICI, however, was quite 
uniform and was included in the x-ray examination described in $3 
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Although the solubilities of potassium and thallium chlorides in water are 
very different an aqueous solution of the two chlorides was evaporated to dryness 
and the residue ground and subjected to a homogenizing heat treatment. ‘This 


proved to be successful and solutions of potassium chloride containing 5 and ~ 


15% (molecular) TICl were prepared and evaporated to dryness on a steam 
bath. The powders obtained were then carefully ground in an agate mortar, 
sealed in evacuated clear quartz tubes and heated for over 12 hours at 425°c, 
this temperature being just below the melting point of pure TICI. 

In view of the great difference in vapour pressures of potassium and thallium 
chlorides, the volume of quartz tube not occupied by the powder sample was 
reduced to a minimum by inserting a length of solid quartz rod above the powder. 
Sealing-off under vacuum was then accomplished over the section of the tube 
containing the quartz rod. This technique also avoided excessive heating of the 
actual powder sample during the sealing-off operation. 


§3. X-Ray EXAMINATION 
A 19 cm diameter Unicam powder camera was used with copper Kz radiation, 
and reflections were recorded over a Bragg angle Fange 65°-85°; the photographs 
obtained are shown in fig. 1, Plate. 


(i) Structure Cell Dimensions 


With increasing concentration of thallium chloride, an expansion of the 
potassium chloride structure was observed. This is revealed by the shift of the 
x-ray reflections, particularly those at high @ values. 

Measurements of the shifts of the 622, 640, 642 and 800 reflections énable 
the structure cell dimension to be determined for each sample including the 
‘“Specpure’ KCl sample. The values obtained after correction (Nelson and 
Riley 1945) for various camera factors are given in table 1. 


Table 1. Observed and Calculated Structure Cell Dimension 
for KCLTICI 


Molecular % TIC1 0 5 10 15 
Cell dimension (A) Obs.* 6:2922 6-2997 6:3085 6°3164 
Calc. (6:2922) 63007 6-3091 6-3176 


* All values +0-0003. 


The value of a) obtained for the ‘Specpure’ KCl is in good agreement with 
the recorded value of a) = 6-291 + 0-002 A* (Strukturbericht 1913-1928). 
If thallium ions replace potassium ions substitutionally and at random, a 


change in the dimensions of the potassium chloride structure will result, and if 


Vegard’s law giving a linear relationship is assumed, the change with composition 
can be calculated. 

Because different values have been reported (Goldschmidt 1929, Pauling 
1927) for the ionic radius for Tl+, it was decided to determine a value from the 
known lattice parameter of thallium chloride of body-centred cubic structure. 
Using the value of a)=3-8417A (Wyckoff 1951), the ionic separation denoted 
TI-Cl in the caesium chloride structure is given by $4/3 x 38417 =3-327, A 

* This cell dimension and the various ionic radii given in the literature, though described 


as angstrém units, are really kx units (Bragg 1947). A factor of 1:00202 has been used 
where necessary to correct to angstr6m unit. 
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In deducing the 'TI-Cl distance in a rock salt type structure from this, the 
usual correction for coordination number has to be made (Pauling 1945). This. 


correction is 
Reser ca E= Sua" 


Ryaci By, acl Acsci 


where B denotes the appropriate repulsive coefhcient, A the appropriate 
Madelung constant and 7 the Born exponent. 

The value of in this expression is always in the region of 9 but depends. 
upon the ion type. K* and Cl both have the value of »=9 and the value for 
Tl is approximately 12. In a crystal of mixed ion type, an average value for n 
is used (Pauling 1945). For TICl a value of n=10-5 is therefore indicated, and 
the above expression gives a co-ordination number correction of 1-029,. 

The 'TI-Cl interionic distance in a rock salt structure therefore becomes. 
3-327,/1-029, =3-230,A. The lattice constant a) is therefore 6-461, A. 

A theoretical relation can now be calculated using Vegard’s law, between 
the cell dimension and the molecular concentration of thallium chloride. This 
is shown together with the experimental points in fig. 2, and a comparison between 
observed and calculated values is given in table 1. The slight deviation of the 
points from the theoretical line may be partly accounted for by small concentrations. 
of free thallium chloride which are detectable in the original x-ray photographs. 
For example approximately 0-2°% (molecular) was detectable in the 15% 
preparation. 
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Fig. 2. Structure cell dimensions for KCI-TICI. 


These results show that the observed expansion of the potassium chloride 
structure is in close agreement with the expansion expected from direct 
substitutional replacement of K+ ions by 'Tl* ions. Further confirmation of 
this is to be expected from an examination of the changes with composition in 

x-ray line intensities. 
(ii) Intensities of X-Ray Reflections 

In the potassium chloride structure it is well known that those reflections 
for which h, k and / are all odd, such as 111, 311 and 331 (fig. 1) are very weak 


on account of the closely similar values of the atomic scattering factors of 
32-2 
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potassium and chlorine. The atomic scattering factor for thallium is of course 
very much greater than that for potassium and if, therefore, thallium ions are 
situated at the positions normally occupied by potassium ions, the intensities 
of these reflections are considerably enhanced. This effect is clearly shown 
by the x-ray photographs in fig. 1. 

The intensities of the 111, 311, 331 and 400 reflections have been calculated 
using a scattering factor which is the appropriate linear combination of the 
separate scattering factors for K+ and Tl* (International ‘Tables for the Deter- 
mination of Crystal Structure 1935). Using the 400 reflection as a reference 
level (unity), the intensities were calculated in the usual way from the expression 
Teaie= F?p(LP) where F denotes the crystal structure factor, p denotes the 
multiplicity of the x-ray reflection concerned, and (LP) denotes the appropriate 
Lorentz-polarization factor. 

Table 2 lists the observed intensities [,,, against the calculated values J.) 
for the various compositions used. ‘The observed intensities of the 311 and 
331 reflections were determined from microdensitometer records of the X-ray 
powder photographs, corrections being made for ‘ background’ and other factors. 
Only visual estimates are given for the 111 reflections since undiluted x-ray 
specimens were used to show clearly the line shifts at high @ values, and the 
consequent absorption at low @ values makes quantitative measurement of the 
intensity of the 111 reflection unreliable. 


Table 2. KCI-TICI: Calculated and Observed Intensities of x-ray 


Reflections 

: Composition Intensities* 
Befoceion mol.%, TICI pe RE 
331 0 <0-1 0-01 
5 0-1 0-08 
10 0-2 0-18 
1S 0:3 0-29 
311 0 <0-1 0-04 
5 0-2 0:22 
10 0:5 0-48 
115 0:7 0-75 
ects 0 very weak 0-05 
5 weak 0-36 
10 weak—medium 0-80 
15 medium 1-29 


* Intensities relative to the 400 reflection. 


t The observed intensities given for this reflection are visual estimates, high absorption 
at low angles making quantitative measurements unreliable. 


Within the limits of experimental error, the observed and calculated 
intensities are in complete agreement, and it should be noted that this proof of 
the location of the T'l* ions is independent of any consideration of either the 
validity of Vegard’s law or the values of the ionic radii. 


(ii) The Size of the TI+ Ion 
A value of the size of the 'T1* ion in sixfold co-ordination in a chloride structure 


can be calculated from the inter-ionic distance which has received substantial 
confirmation by the x-ray results. 
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Using the hypothetical cell dimension of a)=6-461 A determined above and 
an ionic radius of 1-810A for Cl in sixfold co-ordination (Pauling 1945) the 
ionic radius for Tl*+ may be calculated, allowance being made for the radius 
ratio effect (Pauling 1945). 

Using a provisional radius for 'Tl+ and approximating successively to self- 
consistency, a value of 1:-42,A has been obtained. The final calculation was as. 
follows : 

Assume Ry =1-42,4 
Radius ratio = 1-42,/1-810 =0-788 
Correction factor F(p) =0-998. 

Therefore in the rock salt type chloride, 
6-461, 
et 99 8 
With Ray =1-8104, the value of Ry+=1-42,A. 

The size of the thallium ion would vary, of course, with the particular halogen 
on account of the high polarizability of the thallium ion. The above value, 
however, would appear to be an accurate assessment for a Tl* ion in sixfold 
co-ordination with CI. 

A useful confirmation of the above calculation is provided by determining 
the value of the ionic radius of K* in potassium chloride (a) =6:292 A) from the 
value used above for Cl-. The result of 1:333A is in exact agreement with the 
size given by Pauling (1945). 


Roy Si Ro- = = S23 Ts me 


§4. Discussion 


If substitutional entry in KCl(Tl) phosphors is assumed, it is known that 
there is good agreement between the theoretical and experimental luminescent 
properties for thallium concentrations of less than 0-1%, (Cornell Symposium 
1948, p. 14). Since the experiments described here have established that 
substitutional entry does occur at higher concentrations of thallium, it is reasonable 
to infer that the thallium ions enter the structure substitutionally over the whole 
range from very small concentrations of the order of 0-002 (Johnson and Williams. 
1950, 1952) to 15°% (molecular) TIC]. This is supported by the recent theoretical 
calculations (Brauer 1952) which have shown, by considering the energy changes. 
involved, that substitutional entry of Tl* ions 1s possible. 

There is always the possibility that a few thallium atoms will be interstitially 
incorporated either randomly or at points of lattice irregularities, but the number 
of such atoms can be only a small fraction of those occupying substitutional 
positions. It is suggested therefore that upon excitation by ultra-violet radiation 
the fluorescent emission of samples of KCI containing different concentrations 
of TICI is probably capable of explanation on the basis of complete substitutional 
entry of the Tl* ions into the crystal lattice. For instance, it has been proposed 
that the emission in the band with a peak at 30504 is favoured by excitation in 
the absorption band at 24704 and that the blue emission at 4750A is favoured 
by excitation in the absorption band at 1960A (Johnson and Williams 1952). 
These emission bands are attributed to single substitutional Tl* ions having 
3P,+1!S, and !P,-+1S, transitions respectively. ‘The only electronic transition is 
believed to be in the thallium ion, the neighbouring ions undergoing an adjustment 
in position which affects the average equilibrium inter-ionic distances, 
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When excited by the short ultra-violet radiation from a low vapour pressure 
mercury discharge in quartz, the three specimens containing 5, 10 and 15% 
(molecular) of TICI all have a visible yellow-white fluorescence, which becomes 
rather deeper with increasing thallium concentration. ‘This yellow emission 
band (Cornell Symposium 1948, p. 398), the phosphorescence (Seitz 1938) 
and an emission band at 3775 A (Johnson and Williams 1952) all occur in samples 
with high thallium concentration and ‘have all been attributed to pairs of Tl* 
ions which are situated in adjacent positive ion locations. 


§5. CONCLUSION 


Our results have demonstrated that the lattice expansion of potassium chloride 
on solid solution with thallium chloride is proportional to the concentration of 
TICI and is in very good agreement with a generalized form of Vegard’s law. 
Intensity changes of the x-ray reflections agree with the values predicted on the 
assumption that Tl* ions occupy K+ positions. Furthermore, it appears very 
improbable that the intensity results can be explained by any theory other than 
that of random substitutional replacement by at least a very high percentage of 
the Tl*+ ions which enter the KCl lattice. 

The theory of the formation of negative complexes in solid KCl(Tl) was 
based (1) on the x-ray evidence (Stasiw and Saur 1938), (ii) on the similarity of 
the absorption and emission spectra of the solid phosphors and of the aqueous 
solutions, and (iii) on some indirect evidence of the results obtained in halides 
activated with silver, antimony, tin or lead. None of these arguments seems 
convincing in the light of the present more complete x-ray investigation. 

Any similarities between the properties of the solid phosphors and of the 
aqueous solutions can probably be explained by the similarity in the surroundings 
of a thallium ion in a positive ion location in the crystal lattice and in a concentrated 
aqueous solution of KCl. The activation by other metallic elements is certainly 
not completely analogous to the activation by thallium and it is not intended 
to suggest that the entry is both random and substitutional in these instances 
without a detailed investigation of each case. 

With reference to the size of the thallium ion, a new value of 1-42, A has been 
obtained for sixfold co-ordination with Cl-. There has not been general agreement 
in the literature and a value of 1-49A has been used, for example, in a recent 
calculation of the luminescence of KCl(T1) (Williams 1951). 

Finally, the examination has included the first known application in the study 
of phosphors, of the intensities of x-ray reflections to the determination of the 
atomic positions of the activator atoms in the crystal structure of a phosphor. 
This method is of general applicability and is especially suitable tor the many 
cases where there is activation by a heavy metallic ion. 
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(1947), has discussed the influence of the exchange energy on the thermal 

properties of free electrons in metals. ‘This discussion has been refined 
in a note by the author (Lidiard 1951 a) and an extension of it used to calculate 
ferromagnetic properties (Lidiard 1951b). However, the starting point of all 
these papers has been the assumption of a plausible approximation for the 
Helmholtz free energy of the electrons, F. ‘This expresses F in terms of the 
distribution function which gives the average probability that the one electron 
state k is occupied. 

By first drawing attention to a certain minimal property of the free energy, 
we shall now derive this approximate free energy expression in a way which 
shows a strong analogy with the approximate Hartree method of quantum 
mechanics (see, for example, Seitz 1940, particularly §49). This same minimal 
property has been previously employed by Mayer and Careri (1952) to calculate 
approximately the equation of state of a gas. 


Rew. Wohlfarth (1950), correcting some calculations made by Koppe 


Let us assume that we know the energy levels E,, EF, ..., £,,... ofa 
system. We then observe that the function 
P= Sa, RT Dod. lint |S eee (1) 
n n 
where* d,=ab) and Sg, = 1,0 5 7 See (2) 


has its least value of —RT1n &, exp (—E,,/RT) when 
_ exp (—2£,/RT) 
ihe Veta (eee nl eee ee (3) 

The set of a,,’s given by (3) is thus the ‘best’ possible set. However, in certain 
cases the calculation of the true free energy is impossibly difficult. It may 
nevertheless be possible to obtain approximations to the free energy by assuming 
arbitrary but manageable forms for the function a(Z,,). For this purpose it is 
convenient to remove the condition (2) on the a,,’s by writing, 


ay, a Nn| ie i Soo RoT (4) 
where the set {7,} is now quite unrestricted. Then (1) becomes 
UnIn(En +RT In qn) 


=ANn 

* By this equation we indicate that a, depends principally on E,. Through (2) it will, 
of course, depend also on all the energy levels of the system, but only in a way which is 
the same for all the a,’s. 


F=—-kTI\nX,7,,+ 
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We now wish to apply this result to discuss the metallic valence electron 
system, assuming the total wave function to be a single determinant of 
one-electron functions, each of which is the product of a spin function and a 
space function (‘orbital’). If we introduce the upwards spin occupation 
number », (equal to 0 or 1) and likewise the downwards spin occupation 
number m, (equal to 0 or 1) for the orbital k, then the total energy calculated 
using such a wave function will be of the form 


EB=X (Mt mye + LD (Me +My) (Me + Me) Te = UH (Mle + MMe) Kes ++ (6) 
k k<k’ k<k’ 


where &, is a one-electron energy which can be described as the kinetic energy 
of orbital k, plus its potential energy in the field of the ion cores. Jy is the 
coulomb integral and K,, is the exchange integral between the two orbitals k 
and k’. We now take as our approximate ensemble distribution function 7 the 
following product, 


te Gia. VA harsh Mea eae (7) 


where the two sets of numbers {¢,} and {y%,} can be placed in a one-to-one 
correspondence with the available orbitals. (In the special case where the 
exchange and coulomb interactions can be neglected and the problem reduced 
to that of simple Fermi—Dirac statistics, the best sets of 4, and yy become equal 
to one another and to the set {exp (—«,/RT)}.) Using (6) and (7) together with 
the two subsidiary conditions 


2 V1 NO orupwardsispinss a yo) 2eeee (8) 
and Xm, =N,=No. of downwards spins, ——....... (9) 


we can evaluate the free energy F in the way generally used for Fermi—Dirac 
statistics (cf. Schrodinger 1946, particularly chap. VII). If we neglect, as is 
legitimate, the difference between the mean value of mm, and the product of the 
mean values m, and 1, we get 

k<k’ { 


+RTX MH, In mg +(1—7n,) In (1—7,)} 
k 

PET nein metie mein (im, (10) 
k 


In this expression m, is the mean value of m, and m, is the mean value of my 
with respect to the distribution function (7). Explicitly they are 


Meee A ia Ae e he aun ne oe (11) 
and Teele ee den! Mah date (12) 


_ where 4, and A, are determined in terms of N, and N, from eqns. (8) and (9). 
However, on account of the form of the free energy (10) it is convenient to 
regard m, and m, as the arbitrary functions. If we now seek the ‘best’ possible 

set of m,’s and m,’s by setting the variation dF equal to zero for all variations 
5m, and 5m, consistent with the conditions (8) and (9), we easily obtain two 
implicit equations from which to determine m and my. However in practice, 
as for example in the calculations made by Koppe (1947) and Wohlfarth (1950), 
it may not be possible to use this ‘best’ set of distribution functions and it is then 
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convenient to use some special form for m, and m, and to minimize the resulting 
free energy F with respect to any undetermined parameters which it may 
contain as a result. 

There is an interesting analogy between our derivation of the free energy 
expression (10) (which was simply assumed by Koppe 1947) and the use of 
the Hartree product wave function to describe the states of atoms. The true 
ensemble distribution function is 

MRO Ce ERI otis ioe) Ae en ee (13) 
where E£ is given by (6). Now the coulomb and exchange interactions in EF have 
the form of interactions between pairs of particles in k-space. ‘Therefore since 
these occur in the ensemble distribution function (13) we may speak of 
correlations in k-space which would be taken into account in a rigorous calculation 
of the free energy. Such correlations are however neglected when we use the 
ensemble distribution function (7), just as the Hartree product wave function 
completely neglects positional correlations between electrons in configuration 
space. 

REFERENCES 

Koppe, H., 1947, Z. Naturforsch., 2a, 429. 

Liprarp, A. B., 1951 a, Phil. Mag., 42, 1325; 1951 b, Proc. Phys. Soc. A, 64, 814. 

Mayer, J. E., and Carer, G., 1952, 7. Chem. Phys., 20, 1001. 

SCHRODINGER, E., 1946, Statistical Thermodynamics (Cambridge : University Press). 


Seitz, F., 1940, Modern Theory of Solids (New York : McGraw-Hill). 
WoHLFARTH, E. P., 1950, Phil. Mag., 41, 534. 


495. 
LETTERS TO THE EDITOR 


Nuclear Reactions Produced by Fast Nitrogen Ions 


‘The beam of high energy '4N®* ions, produced by the 60-inch fixed-frequency 
cyclotron at the University of Birmingham (Walker and Fremlin 1953), has been 
used to bombard internal targets. Work has been concentrated mainly on 
aluminium targets from which a number of radioactive products have been 
separated chemically and identified. 

As was pointed out in the communication quoted above, the !4N** ions 
are not accelerated directly from the gas-discharge ion source of the cyclotron, 
which is fed with nitrogen or nitrous oxide. Rather, the nitrogen ions undergo 
a preliminary harmonic acceleration in the doubly charged state which aids in 
stripping the ions to the six-charged state. This leads to the final !4N®+ ions 
having a continuous distribution in energy extending up to a maximum possible 
energy which corresponds roughly to a !4N®+ ion revolving around the centre 
of the cyclotron. Our targets have been bombarded at a radius of 25 inches 
where the maximum possible energy is about 125 Mev. Some measurements 
have been made, at this radius, of the current of ions reaching the target with 
energies exceeding 50 Mev, the best beams at present being about 10!° nitrogen 
ions per second. With these beams we have obtained counting rates well in 
excess of 104 per minute from freshly bombarded targets. 

The following radioactive nuclei have been identified so far in the reaction 
products from aluminium: **K (half-life 7-5 minutes, $+-emitter), 34Cl 
5) minutes, B+), *P (14-3 days, 8—), 245i (157 minutes, 6-), ?4Na (14:8 hours, 8). 

The mechanisms by which these nuclei are produced have not yet been 
established. One possible mode of formation involves the evaporation of 
particles from an excited compound nucleus (4!Ca) formed by the fusion of 
27Al and 14N. ‘This process may account for the heavier products, particularly 
38K and #4Cl. On the other hand it seems likely that the lighter nuclei, 
especially ?4Na, which is lighter even than the target nucleus, are produced by 
a different type of reaction. ‘he evaporation process in the case of ?4Na would 
involve the emission of four alpha-particles and a proton 

(?7Al+ 14N =?4Na + 44He + 1H — 23 Mev). 

Since this investigation was started, Wyly and Zucker (1953), working at 
the Oak Ridge National Laboratory, have reported observing a number of 
activities produced by bombarding deuterium, beryllium, carbon, nitrogen, and 
oxygen targets with 25 Mev 14N** ions. In the case of these lighter target 
nuclei, the Coulomb barrier is substantially lower than that of aluminium. 
It is worth mentioning that at Birmingham we have produced both «- and 
f-activities in platinum and gold targets by bombardment with the nitrogen 
beam. ‘This confirms that a useful fraction of the particles in our beam can 
penetrate the Coulomb barrier (about 70 Mev) of these heavy elements. 

Further details of our work will be published later. 


Physics Department, K. F. CHACKETT. 
The University, Birmingham, 15. J. H. FREMLIN. 
11th March 1953. D. WALKER. 


WALEER, D., and FREMLIN, J. H., 1953, Nature, Lond., 171, 189. 
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REVIEWS OF BOOKS 


Electronic Analog Computers, by Gramino A. Korn and THERESA M. Korn. 
Pp. xv+ 378. (New York, London: McGraw-Hill, 1952.) $7.00, 59s. 6d. 


This book will form a useful addition to the literature of analogue computing. 
It is perhaps unfortunate that the authors have confined themselves almost 
exclusively to the problem of the design of differential analysers but, even 
with this limitation, the book contains many ideas which will be useful in other 
fields of computation. 

In the first chapter the fundamental computing elements are considered 
in a general way. Networks suitable for the operations of addition and 
subtraction are given and multiplication by means of a servo driven potentio- 
meter is shown to be an applicable technique at low frequencies. The 
differentiation and integration of a function is next taken up and it is indicated 
that differentiating circuits have not been much used im serious analogue 
computation. 

The second chapter discusses the set-up procedure favoured by the authors | 
and is mostly devoted to the questions of scale factors and the replacement 
of the differential operation by integrations. Several equations of interest of 
physicists are discussed in detail and solutions obtained on a computer are 
shown for the equations of Mathieu, Legendre and van der Pol. 

For the physicist more interested in applications than in computer design, 
the third chapter will be most stimulating. Practical problems discussed 
include dynamic vibration dampers, the simple servo, the spherical cannon 
ball with air resistance and the equations of flight. Flight simulators receive 
considerable attention and it is shown how a suitable computer can be used 
in the design and testing of automatic pilots. ‘The chapter concludes with an 
all too brief discussion of simultaneous equations, integral transforms and 
boundary and eigenvalue problems. 

Chapter four sees the start of the really practical part of the book. The 
setting of constants and the multiplication of functions by constants are 
discussed, chiefly with reference to simple potentiometers. This is followed 
by a detailed analysis of the R.C. integrator and of the improvement of its. 
characteristics by feedback. ‘The chapter concludes with a discussion of the 
stabilization of amplifiers by feedback. 


At the start of the fifth chapter the statement appears (p. 167) “....an 
exhaustive treatment of amplifier design is entirely beyond the scope of this 
book”’. ‘This is surprising since the remainder of the chapter contains .an 


exhaustive account of the design of d.c. amplifiers. The reviewer found the 
account of drift compensation particularly valuable especially as no other 
comprehensive treatment appears to be readily available. An omission, which 
might well be remedied in any future edition, is that of all mention of magnetic 
amplifiers. 

Chapter six discusses techniques for multiplication and for function 
generation. ‘There does not appear to be anything of particular novelty in 
any of the circuits given but it is satisfactory to have the various techniques 
gathered together in one place. 
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Auxiliary circuits for setting initial conditions and available output 
mechanisms form the chief subjects of chapter seven, and a brief description 
of power supply design and of checking procedures ends the chapter. 

The final chapter describes some complete computer installations which 
are available in the United States of America. A sound discussion of design 
considerations for future machines is followed by a somewhat sketchy 
discussion of accuracy. Those concerned with the actual building of computers, 
especially in this country, will sympathize with the statement that the 
computer room should be a ‘ showplace ’. 

An appendix gives a mathematical discussion of the properties of parallel 
feedback type operational amplifiers. There is a reasonably complete 
bibliography and good author and subject indexes. 

The reviewer noticed a few errors, the penultimate line of p. 12 should 
have Rp instead of R,. The footnote on p. 130 appears to refer to a further 
appendix which has not, in fact, been included, and, in the reviewer's 
experience, it seems most unlikely that electro-mechanical relays are available 
for operation at 1500 c/s as stated on p. 228. A. D. BOOTH. 


International Tables for X-Ray Crystallography, Volume 1. Symmetry Groups. 
Edited by N. F. M. Henry and KaTHLEEN LONSDALE. Pp. xi+558. 
(Birmingham: Kynoch Press, 1952.) £5 5s. (£3 to Members of the 
Physical Society.) 

This book, which is the first volume of three to appear and which collectively 
will be known as the Jnternational Tables for X-Ray Crystallography, deals with 
symmetry groups. ‘This volume has as its counterpart Volume I of the original 
International Tables for Crystal Structure Determination, which appeared in 1935, 
Much of the material contained in the latter has been incorporated into the 
present volume, but the editors have compiled the tables in such a manner (and 
this would of course apply to all three volumes) as to widen their scope and thus 
to meet the needs “ of three categories of scientists: those who are actually 
engaged in the determination of crystal structure, those who are using x-ray 
methods in the study of crystals in general, and students of x-ray crystallography ”’. 

In preparing this volume the editors have rewritten and carefully re-arranged 
the topics in a more systematic manner, and furthermore have introduced brief 
discussions on subjects that might prove to be of general use in the future. 
There is no attempt made at theoretical completeness, but in spite of this limita- 
tion the basic information has been so well sifted and presented that it can be 
regarded, especially to the advantage of students, as somcthing more than a 
reference book. One noticeable difference from the older ‘Tables is that these 
volumes are written entirely in English with a dictionary at the end of each volume 
giving crystallographic terms used in English, French, German, Russian, and 
Spanish. 

There are seven sections to this first volume, which dealing, as it does, with 
symmetry groups, forms the basis for the successful interpretation of the x-ray 
diffraction patterns of crystals. ‘The first section contains an admirable and 
appropriate historical introduction on x-ray crystallography by von Laue, part 
of which is subscribed to by Sir Lawrence Bragg himself. In starting the tables 
with such an introduction the editors have put the subject matter following it into 
better perspective than was the case with the older ‘Tables. 
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Section 2 introduces the subject matter of crystal lattices. Within 16 pages 
the following topics are discussed :—One- and Two-Dimensional Lattices, the 
14 Three-Dimensional Bravail Lattices, Crystal Axes and System, the Reciprocal 
Lattice and Unit Cell Transformations. Section 3 deals with the symmetry of 
the crystal classes (point group symmetry) both with respect to the external 
morphology of the crystals and their corresponding Laue x-ray diffraction 
patterns. Sub- and super-groups among the point groups are also considered. 
There follows an appropriate discussion dealing briefly with such physical 
properties of crystals, as pyro- and piezo-electricity, optical activity and optical 
refractions, etch-figures and morphology in relation to their point group 
symmetries. Concluding this section is a revised table giving the different names 
and symbols of the 32 crystal classes. 

Perhaps the most noticeable change in this volume, from that of its 
predecessor, is to be found in section 4 which deals with space group symmetry 
and related topics. ‘There are changes in nomenclature and layout that are more 
in line with present-day usage—for instance, the old H setting in trigonal and 
hexagonal systems has been dropped in favour of more systematic descriptions, 
where the primitive hexagonal lattice is now called P and not C. Similar 


changes have been carried out in the tetragonal system—P and I lattices have’ 


replaced the old C and F. All this has meant redrawing a large number of 
tetragonal, trigonal and hexagonal lattice diagrams. The geometrical structure 
factor and electron density expressions are grouped in a separate subsection 
with an excellent introduction, and somewhat reminiscent of the methodical way 
in which these mathematical expressions were set out in Lonsdale’s Structure 
Factor Tables. Quite logically there next follows a list of the Patterson and 
Patterson—Harker Functions for the seven crystal systems. Lastly there is 
subsection on the transformation of coordinates of equivalent points where this 
is necessary if the unit cell origin has been changed or the cell size altered. 
This fourth section occupies 485 pages and comprises the major portion of this 
book. 

Section 5 deals with notes on special topics. Here we find descriptions of 
methods that are likely to form the basis of future developments in x-ray crystallo- 
graphy. The topics include (1) the correct choice of a Bravais lattice from 
Powder and Rotation photographs, (2) the determination of sub- and super-groups 
of space groups, (3) space group determinations outside Friedel’s Law and 
(4) the use of inequalities arising from symmetry elements. The last two 
subsections deal with techniques that are gradually gaining more recognition in 
X-ray crystal structure determination. This is particularly true (subsection 3) 
where, for instance, the statistical methods for the examination of x-ray intensities, 
devised by Wilson and his school, are applicable for space group determinations 
where centres of symmetry are not easily distinguished, or where the crystals 
are very small. In this same subsection there is a discussion of the breakdown 
of Friedel’s Law and its recent very successful use by Bijvoet and his school in 
the determination of the absolute configuration of tartaric acid. The potential- 
ities of the breakdown of this law have obviously not as yet been fully exploited 
in crystal structure determination. Lastly, there is a brief discussion (sub- 
section 4) on the limitation of the signs of |F| values using the Harker—Kasper 
method of inequality relationships involving the |F| values of a crystal. This 
method of phase determination (together with the very recent developments in 
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this field by Sayre, Cochran and Zachariasen which are not referred to in this 
volume) does not pretend to yield unique answers, but it has been shown that of 
all relationships established between significantly strong |F'| values in a given 
crystal, there is a fair chance that a large number will be correct. The method 
has so far only been successful for crystals with small unit cells. ‘The develop- 
ment of the inequality method of phase determination, however, does reflect, in 
one sense, the same trends in crystallography that permeated the work of the 
Braggs and their schools, viz. the attempt to determine the structure of a crystal 
as directly as possible from the x-ray data. The difference now is that more 
complex crystal structures are being studied, and still necessitating techniques 
involving the minimum of chemical assumption. 

Section 6, the last but one, deals with Index Symbols of space groups for 
various crystal settings, and section 7 gives a dictionary of the basic crystallo- 
graphic terms used in the different languages, already referred to in the intro- 
duction to this review. 

It is not merely the inclusion of the newer topics that makes this volume of . 
the International Tables for X-Ray Crystallography different from the older 
Tables, but it is the careful thought which the editors have exercised in layout 
and presentation that makes it a valuable reference book. ‘The excellent cross 
references between sections, the references to fundamental papers, the examples 
given to elucidate the many difficult points, all go towards making the book a 
welcome guide to the struggling newcomer to this subject. One sees in this 
volume the long-standing experiences of the two editors as teachers in x-ray 
crystallography, and they are to be commended on having produced a book of 
such high standard. ‘The publishers, in their turn, are also to be commended on 
having produced an excellently printed book. 

Lastly the Editorial Commission have done a great service by making this 
volume available to individual workers at a reduced price on signing a declaration 
involving two conditions: firstly that the purchaser will not resell the volume, 
and secondly that he (or she) belongs to a learned scientific society. These are 
small restrictions and should make it possible for many to obtain this highly 
recommendable book. C. H. CARLISLE. 


X-Ray Crystallography, by R. W. James. 5thedition. Pp.x+101. (London: 
Methuen and Co., 1952.) 7s. 6d. 


The first edition of this book published in 1930 had become severely out of 
date. A number of advanced treatises on x-ray crystallography have appeared 
during the last few years, but no work of an introductory character. ‘This new 
edition fills this gap admirably. It would be an understatement to say that the 
old book has been brought up to date: James’ monograph has now become a 
masterpiece, leading the reader smoothly from the law of rational indices to 
Fourier projections and Harker—Kasper inequalities: it shows how much 
information can be conveyed in 100 small pages. ‘The book sets a new high 
standard in the Methuen Monograph series. W. E. 
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37th Guthrie Lecture 


The Conceptual Situation in Physics and the 
Prospects of its Future Development 


By MAX BORN 
Department of Mathematical Physics, University of Edinburgh 


37th Guthrie Lecture, delivered 13th March 1953; MS. received 13th March 1953 


ET me begin with a personal remark. Fifty years ago I was a young student 
of science, in my second academic year. At that time Planck’s radiation 
formula and the quantum hypothesis were already more than two years 

old. But I was ignorant of those momentous events. We were taught Newton’s 
mechanics and its applications, and we were cautiously introduced to Maxwell’s 
theory of the electromagnetic field. 

Today the situation may be similar. <A great discovery may be made some- 
where by somebody of which I have heard nothing or whose importance I do 
not see. With increasing age it becomes more and more difficult to keep step 
with contemporary research. My knowledge of what is going on in the 
laboratories and studios all over the world is now almost as scanty as it was half 
a century ago. Yet the years have not passed without trace. ‘They have left 
an accumulation of experience over a wide horizon, and this encourages me to 
speak to you about my impressions of the present situation in theoretical physics 
and the direction in which it is moving. A forecast about the future may appear 
presumptuous, for science has always been full of surprises, unexpected experi- 
mental results which changed the structure of the theory. Yet I venture certain 
guesses because of a phenomenon which might be called the ‘stability of the 
principles’. I do not suggest that, apart from mathematics, there are any 
principles which are unchangeable, a priori in the strictest sense. But I think 
that there are general attitudes of the mind which change very slowly and 
constitute definite philosophical periods with characteristic ideas in all branches 
of human activities, science included. Pauli, in a recent letter to me, has used 
the expression ‘styles’, styles of thinking, styles not only in art, but also in 
science. Adopting this term, I maintain that physical theory has its styles and 
that its principles derive from this fact a kind of stability. ‘They are, so to speak, 
relatively a priort with respect to that period. If you are aware of the style of 
your own time you can make some cautious predictions. You can at least reject 
ideas which are foreign to the style of your time. 

I shall not attempt a historical review of physics from this standpoint, nor 
an investigation of the question whether the style of science, in particular of 
physics, depends on other conditions, for instance economic ones. I shall just 
begin with the modern era, with Galileo and Newton, and stress solely one 
characteristic point, namely, the separation of subject and object in the description 
of natural phenomena. For the Greek philosophers the cause of motion, the 
force producing the motion, was inseparable from a living being, man or god, 
who felt the exertion. Moreover they used ideas of value as a principle of 
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explanation. The planets moved in circular (or epicyclic) orbits because the 
circle is the most perfect curve. Perfection reigned in the celestial spheres, 
corruption on the terrestrial level; law and order among the stars, chaos and 
strife on earth. ‘The Christian era introduced new ideas and is certainly a 
separate period with its own style, but in regard to science it relied on the ancients 
and preserved the anthropocentric, subjective attitude. The idea of perfection 
was now personified in God. Natural phenomena happen to glorify Him, to 
punish the wicked, to reward the good ones. ‘This motive is still strong in 
Kepler. 

The break came with Galileo and Newton. ‘They introduced the disinter- 
ested, objective description and explanation which is characteristic for the 
modernepoch. But the ancient style did not disappear at once. ‘Traces survived 
a long time, for instance in the metaphysical interpretation of the minimum 
principles of mechanics. Maupertuis certainly believed that the minimum of 
action was the expression of a purpose of Nature or the Creator. Even Euler’s 
writing, where the first rigorous formulation of the principle of least action is 
given, is not free from this metaphysical attitude. It finally disappears in 
Lagrange’s work. 

From now on the world is a mechanism, ruled by strict deterministic laws. 
Given the initial state, all further development can be predicted from the differen- 
tial equations of mechanics. ‘The minimum principles are not due to nature’s 
parsimony but to human economy of thinking, as Mach said; the integral of action 
condenses a set of differential equations into one simple expression. 

The supposition is that the external world, the object of natural science, and 
we, the observing, measuring, calculating subjects, are perfectly separated, that 
there is a way of obtaining information without interfering with the phenomena. 

This is the philosophy of science in which we, of the older generation, have 
grown up. It can be called the Newtonian style, as it is modelled on Newton’s 
celestial mechanics. It was extremely successful also in terrestrial matters, even 
when it was extended from mechanics of material systems to electrodynamic 
phenomena 7m vacuo and in matter. Maxwell’s theory takes the polarity between 
subject and object for granted and is strictly deterministic. 

A new era, a new style, commenced in 1900, when Planck published his 
radiation formula and the idea of the quantum of energy. Its way was prepared 
by a long development which revealed the inadequacy of classical mechanics to 
deal with the behaviour of matter. The differential equations of mechanics do 
not determine a definite motion, but need the fixation of initial conditions. 
For instance, they explain the elliptic orbits of the planets, but not why just the 
actual orbits exist. But there are regularities concerning the latter: Bode’s 
well known rule. ‘This is regarded as a question of the prehistory of the system, 
a problem of cosmogony, and still highly controversial. In the realm of atomistics 
the incompleteness of the differential equations is even more important. The 
kinetic theory of gases was the first example to show that new assumptions had 
to be made about the distribution of the atoms at a fixed instant, and these assump- 
tions turned out to be more important than the equations of motions; the actual 
orbits of the particles do not matter at all, only the total energy which determines 
the observable averages. Mechanical motions are reversible, therefore the 
explanation of the irreversibility of physical and chemical processes needed new 
assumptions of a statistical character. Statistical mechanics paved the way for 
the new quantum era. 
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With the quantum came a new attitude to the polarity subject—object. It is 
neither essentially subjective, as the ancient and mediaeval doctrines, nor wholly 
objective, as the post-Newtonian philosophy. 

The change was due to the breakdown of all attempts to understand atomic 
phenomena from the standpoint of ordinary mechanics. A new atomic mechanics 
had to be found, and the way leading to it proceeded in steps. The most important 
of these was Bohr’s idea of stationary states and transitions between them. The 
states are certain mechanical orbits picked out by simple quantum rules, and 
the energies lost or gained by the transition are connected with frequencies of 
emission and absorption by Planck’s quantum law E=hv. ‘The amazing success 
of this theory in explaining the stability of atoms, the structure of atomic and 
molecular spectra, the periodic system of elements and of many other properties 
of matter did not delude Bohr into believing that this was a final solution. He 
stressed, from the very beginning, the new features of the scheme, namely the 
indeterministic character of the transitions, the appearance of chance in the 
elementary processes. ‘This means the end of the sharp separation of the object 
observed and the subject observing. For chance can be understood only in 
regard to expectations of a subject. 

After 25 years of struggle a satisfactory theory was obtained, from different 
sources. One approach, which expresses Bohr’s ideas in a logically consistent 
way, is due to Heisenberg, the so-called matrix mechanics. Another quite 
independent approach was found by de Broglie and developed in Schrédinger’s 
wave mechanics. In the form given to the theory by Dirac it is a structure of 
great beauty and perfection, but rather abstract. It has been supplemented by 
a doctrine of measurement, due to Heisenberg and Bohr, which connects the 
formalism with the experimental reality. 

The essential feature is that the physical quantities or, in Dirac’s terminology, 
‘observables’, like coordinate, momentum, energy of a particle, components of 
field strength, etc., are not represented by variables, but by symbols with a non- 
commuting multiplication law, or, more concretely, by operators A, which operate 
on a quantity #, transforming it into another quantity Ay. This function % is 
a generalization of de Broglie’s and Schrodinger’s wave amplitude and defines 
the state of the system. It satisfies an equation of the deterministic type current 
in classical theory. Nevertheless it does not allow deterministic predictions 
about the observables, but only statistical ones: | %|° is the probability of the 
state represented by #, and the expectation value of an observable 4 in this state 
can be expressed in terms of %. In particular, the accuracy 4q of a measurement 
of a coordinate g (properly defined through the expectation value of the mean 
square deviation) and the accuracy dp for the corresponding momentum Pp are 
found to satisfy Heisenberg’s uncertainty relation 6qgdp>h, where h is Planck’s 
constant h divided by 27. Similar relations hold for other pairs of ‘conjugate’ 
variables. 

In this abstract formulation the words particle, coordinate, momentum etc. 
are used, but obviously with a different meaning from ordinary language. A 
dust particle is supposed to have at a given instant a certain position and velocity. 
An electron or other particle obeying the laws of quantum mechanics behaves 
differently; for according to the uncertainty rule a definite position (dq very 
small) demands a large 5p (>h/6q), hence a large uncertainty of velocity. This 
question has been discussed so often that I need not dwell upon it. ‘The further 
development of quantum mechanics has revealed more features of strange 
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behaviour, for instance the lack of individuality of particles, which has very 
direct and decisive consequences for statistical thermodynamics. 

Therefore the question arises how these new conceptions of particles and 
their properties can be handled without coming into conflict with the obvious 
fact that the instruments used in experimenting with them and observing them are 
ordinary bodies which obey Newtonian laws. This is the object of Bohr’s theory 
ofmeasurement. 'Theessence of quantum mechanics, stripped of all mathematical 
refinement, are the laws of Planck and of Einstein—de Broglie, namely E=hyr, 
p=hx; here E, p are the energy and momentum of a particle, v, « the frequency 
and wave number of the ‘corresponding’ wave. If one tries to visualize the 
meaning of this correspondence in space and time, one finds a paradoxial 
situation. For FE, p refer to an extensionless particle, v, x to a harmonic wave 
which by its very definition is infinitely extended in time and space. ‘The 
solution of the paradox must therefore be found in an analysis of the use of the 
concepts of location and duration in connection with a train of waves. 

One is accustomed to apply the idea of a definite time interval or duration 
to any ordinary pair of events (e.g. the fall of a stone from my hand to the earth). 
Yet there are seemingly harmless cases where this is not justified. The sentence 
“a musical tone lasts a definite time’ has no rigorous meaning. ‘That is not a 
purely logical statement, but one of fact. Indeed, a sharp staccato on the low 
pipes of an organ sounds badly. For a wave train starting harmonically but 
broken off at a time not large compared with the period of vibration is not actually 
harmonic but a superposition of harmonic waves of different frequencies, a wave 
packet: acoustically a noise. This fact is also well known in optics, where it is 
the basis of the theory of the resolving power of instruments, and it has recently 
become most important in the theory of information (obtained by transmitting 
electromagnetic or other waves). 

Elementary considerations lead for the mutual limitation of 5¢ and dv, 6x and 
dx, to the relations d¢dv>1, dxd«>1. They are the root of the uncertainty rules 
of Heisenberg ; for if they are multiplied by h and the Planck—de Broglie relations 
used, the result is 6¢t5E>h, 6x5p>h. This consideration in no way mitigates 
the paradoxical, almost irrational, character of the Planck—de Broglie corres- 
pondence. But it helps to handle it in such a way that contradictions between the 
results of measurement cannot occur. 

Location and duration can be measured only with the help of rigid scales and 
clocks; energy and momentum only with the help of mobile parts, which react 
according to the conservation laws. ‘Thus the reciprocal uncertainty can be 
traced to two types of mutually exclusive but complementary experiments. 
Bohr has illustrated this ‘‘complementarity’’ by many instructive examples, 
some of these in response to attacks made by Eiristein, who hoped to disprove 
the uncertainty rules by ingenious experimental arrangements. I think that 
attempts against the uncertainty laws will cease in time. The lasting result of 
Bohr’s endeavours is the simple consideration given above, which shows with 
irrefutable logic that the Planck—de Broglie laws of necessity imply the duality 
particles-waves and the complementary quality of experimental arrangements 
set up to measure ‘conjugate’ pairs of quantities, like energy-time, momentum— 
location. 

Intimately connected with this duality is the polarity subjective—objective. 
For if an experiment must be set up in a definite way to investigate one or the 
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other of a conjugate pair of quantities, it is impossible to obtain information of 
the system considered as such; the observer has to decide beforehand which 
kind of answer he wants to obtain. Thus subjective decisions are inseparably 
mixed with objective observations. ‘The same can be seen from the mathematical 
description with the help of the state-function %, which is only determined by the 
whole system, including the means of observation which depend on the subject. 

This is a sketch of the modern style of physics which is accepted by practically 
the whole community of experimental and theoretical physicists. It fits exactly 
to the practice of electronics, spectroscopy, radioactivity, nuclear physics and 
also chemistry and astrophysics. ‘The questions for which the theory offers. 
answers are just those which the experimentalist wants to be answered. He is 
entirely indifferent to orbits of electrons in atoms, of atoms in gases, of nucleons 
in nuclei; he is quite content with stationary states and collision cross sections 
which the theory supplies. 

I think that this mode of scientific thought is also in conformity with the 
general trend of contemporary philosophy. We have lost confidence in the 
possibility of separating knowledge from decision, we are aware of being at every 
moment spectators and actors in the drama of life. Bohr himself has indicated 
generalizations of his ‘ complementary’ idea to biology and psychology; ancient 
problems like that of the relation of matter and mind, freedom and necessity, are 
thus seen from a new angle. I cannot enter into these deep questions, but may 
mention some fascinating books by von Weizsiacker (1949, 1951), where they are 
treated with competence and good taste. 

I venture the prediction that this style of thinking will last, and that a future 
change, when it comes, will not lead back to the past, so-called classical, style but 
to something more removed from it. My confidence in this forecast rests not 
only on the success of the present theory but in my personal affinity for its. 
philosophy. 

However, this view is strongly contested, just by some of those who have 
done most to develop quantum theory. Planck himself was sceptical. For 
instance, when he, as President of the Berlin Academy, inaugurated Schrodinger 
(who was his successor to his chair), he praised him as the man who had re-estab- 
lished determinism through his wave equation. Einstein, who renewed the 
corpuscular idea in optics, who introduced the transition probabilities between 
two stationary states and is guilty of other anti-classical deviations, has turned 
with a kind of passion against the statistical interpretation of quantum mechanics. 
I have already mentioned his attempts to disprove the uncertainty laws by 
ingenious contraptions and Bohr’s refutations of these attacks. When Einstein 
could not maintain the existence of logical flaws in quantum mechanics he declared 
it to be an ‘incomplete’ description of nature. I have used the same expression 
before in regard to the differential equations of classical mechanics which are 
incomplete without initial values for which classical theory gives no law and 
which, in my opinion, lead to absurd consequences. Imagine N particles fixed 
in random positions and another particle fired amongst them, colliding and 
recoiling, according to classical laws. It is obvious that for large N the 
tiniest deviations of the initial motion produce not small changes in the final 
position, but an enormous variety of large effects. If all particles are moving 
like gas atoms this would hold a fortiori. "Thus the supposed determinism is 
an illusion. 
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This group of distinguished men, to whom von Laue may be added, may be 
called philosophical objectors, or, to use a less respectful expression, general 
grumblers. 

There are those who, aware of the unavoidable consequences of the Planck— 
de Broglie relations E= hv, p=hx, want to sacrifice these and preserve only one 
side of the picture. There are the particle defenders or p-totallers, and the 
~-wave defenders or :J-totallers. They are of course all theoretical physicists, 
and you find them well represented in a recently published book* dedicated to 
de Broglie on the occasion of his 60th birthday (1952). De Broglie himself, 
though the discoverer of the electron waves, has made serious attempts to save 
determinism by introducing concealed parameters. One of his suggestions 
(de Broglie 1926, 1927) was to write a complex ¢-function in the form % = Re’® ; 
then Schrédinger’s wave equation is equivalent to a set of classical equations of 
motion of particles under the action of two forces, one with the potential ®, the 
other with a supplementary potential U. The latter depends on R and is subject 
to strong fluctuations due to the interaction of the particles, thus producing the 
same effect as the uncertainty in the current interpretation. A similar suggestion 
has been independently made by Madelung (1927). Recently such considerations 
have been renewed and refined by Frenkel (1950, 1951) and Blokhintzev (1950, 
1951) in Russia, and by Bohm (1952) in America. Already in 1932 von Neumann 
had shown that it is impossible to introduce concealed parameters without 
conflict with confirmed results of the current theory. Therefore Bohm is 
anxious to show that in the frame of present knowledge his concealed parameters 
cannot be determined by experiment; he hopes that future discoveries will make 
this possible. But Pauli, in the de Broglie volume mentioned, has shown that 
this attitude leads to contradictions; for in problems of statistical thermodynamics 
the concealed parameters must necessarily show their existence and produce 
secular distortions of the Bose— or the Fermi—Dirac distribution. 

Thus the reactionary p-totaller movement can be discarded. 

Schrodinger has, right from the beginning, taken the opposite standpoint: 
the whole of physics is wave theory, there are no particles, no stationary states 
and no transitions, only waves. I have already mentioned that Planck welcomed 
this idea; but the majority of physicists continued to use the particle image and 
to speak of atoms, electrons, nuclei, mesons etc. 

Recently Schrodinger (1952) has taken up his purification campaign and 
pleaded passionately for ejecting not only particles, but also stationary states, 
transitions, etc., from physics. ‘The motive for his discovery of wave mechanics 
was his violent dislike of Bohr’s instantaneous ‘quantum jumps’, and we can 
understand his triumph when he could represent all these ‘absurdities’ in terms 
of well-known and innocuous resonance phenomena of waves. 

I myself might have a similar motive to declare matrices as the only real 
thing. Allow-me to indulge in a personal reminiscence. When Heisenberg 
published the fundamental paper in which he cleared quantum theory from 
classical remnants and formulated it in terms of transition amplitudes, he was 
my assistant, very brilliant but very young, and not very learned. In fact he did 
not exactly know what a matrix was, and as he felt stuck he asked my help. After 
some effort I found the connection with the matrix calculus, and I remember my 

* This book contains the literature in more complete form than is given here. In the 
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surprise when Heisenberg’s quantum condition turned out to be the matrix 
equation qp—pq=th. If Heisenberg were here instead of myself he would tell 
you the same story. ‘The matrix form of quantum mechanics was first published 
by myself in collaboration with my pupil Jordan.* 

However, I have not, and never had, a particular preference for the matrix 
method. When Schrédinger’s wave mechanics appeared I felt at once that it 
demanded a non-deterministic interpretation, and I guessed that ||? was the 
probability density; but it took some time before I had found physical arguments 
in favour of this suggestion, namely collision phenomena and transitions under 
external forces. Now the strange thing happened that Heisenberg first disagreed 
and accused me of treason against the spirit of matrix mechanics. But he soon 
came round and produced the wonderful reconciliation of particles and waves 
with the help of his uncertainty relation. 

But now I have to return to Schrédinger’s attack against particles and quantum 
jumps. It cannot be proved wrong, for the ¢s-function which can be represented 
as a Wave in a multi-dimensional space contains all physical information—provided 
you know how to connect it with experience. And there is the difficulty. We 
have no other language to describe what we do and what we see in experimenting 
than in terms of bodies and their movements. Schrddinger himself cannot 
avoid the particle language even when he tries to demonstrate the supremacy 
of the wave language. I have dealt with this question in detail at another place 
(1953) and need not repeat it. I think Schrodinger’s suggestion is impracticable 
and against the spirit of the time. 

Yet I do not wish to create the impression that I believe the present inter- 
pretation of quantum theory to be final. I only think that a return to Newtonian 
determinism is impossible. 

I have now arrived at the point where I have to make good my promise to 
try some forecast of the future. 

The fundamental problems of contemporary physics are concerned with 
elementary particles and the corresponding fields, in particular the explanation 
of stability or instability, masses, spin character, interactions, etc. This is a 
wide programme which includes the whole of nuclear physics and the study of 
cosmic rays, and it leads definitely beyond the scope of current quantum 
mechanics, for the problem of the elementary masses is connected with the 
difficulty of the self-energy of particles. It is well known that the self-energy of 
an electron is infinite even in the classical theory of Maxwell—Lorentz. In 
quantum theory this primary infinity of the type e’/a (e charge, a radius, limit 
a->()) is superposed by a variety of other divergent integrals. I have followed 
these investigations only from afar, but my impression is that through the work 
initiated by ‘Tomonaga (1946) and Schwinger (1948) a kind of solution has been 
found: By a profound mathematical method called ‘renormalization’ the actual, 
intrinsic singularities can be separated out and, if infinite, omitted in a way which 
is uniquely fixed by postulating relativistic invariance, and the remaining formulae 
give definite, finite results. Dirac (1951) wrote about this theory: “‘it is an ugly 
and incomplete one, and cannot be considered as a satisfying solution of the 
problem of the electron”, and he suggests an alternative theory. I think the 
first part of his judgment too hard, for it is a great achievement to have a 


* The early phase of quantum mechanics is misquoted nearly everywhere in the 
literature. I have given a few more examples in my book Natural Philosophy of Cause 
and Chance (Oxford : Clarendon Press, 1949), App. 27, p. 188. 
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working formalism which in the hands of the initiated leads to the explanation 
of such delicate effects as the Lamb-—Retherford shift (1947) in the hydrogen 
terms and deviations from Landé’s magnetic factors, etc. But I subscribe to 
the view that this theory is incomplete and circumvents, instead of attacking, the 
actual problem. Dirac has suggested an alternative theory whose main idea is 
that the occurrence of charge in finite quanta, electrons, must be a quantum 
effect; hence the corresponding classical theory should be a pure wave theory. 
By a slight modification of the current formulae he obtains such a wave theory, 
but so far he has not succeeded in quantizing it. It is quite possible that a satisfying 
theory of the electromagnetic field and its charges can never be obtained because 
photons and electrons cannot be treated without regard to other particles. 

The most conspicuous feature of modern physics is the discovery of more and 
more unstable particles, called mesons. For practical purposes linear wave 
equations for each type of particle are established with non-linear coupling 
terms between them. It is clear that this is a preliminary approach which one 
day will have to be superseded by a coherent theory of matter, in which the 
different masses of the particles appear as eigenvalues of operators or solutions of 
equations. It is now generally accepted that this theory will contain an absolute 
length a, or an absolute momentum 6 =h/a, and that in domains of the dimension a 
geometry may become meaningless. A remarkable attempt to formulate such 
a situation is due to Yukawa (1949); he regards a field component ¢ not as a 
function of the space coordinates and time, x, y, z, t, but both ¢ and x, y, z, t 
as non-commuting quantities, and postulates certain commutation laws between 
them which are generalizations of the current differential equations and go over 
into them if all distances are large compared with the absolute lengtha. Yukawa, 
Moller (1951), Rayski (1951) and others have shown that the divergences of the 
self-energy and other such difficulties can thus be avoided. 

The first who clearly saw the necessity of uniting the theories of different 
particles was Eddington. But at his time there were only two kinds known, 
protons and electrons. ‘Thus the discoveries of mesons have made his attempt 
rather obsolete, quite apart from the rather fantastic foundations. [His main 
assumptions led to the integral value 137 of the reciprocal fine structure constant 
1/a=he/e’, which is almost but not quite in agreement with the latest observa- 
tions, from which the value 1/a=137-0364+0-0009 is derived (Du Mond and 
Cohen 1951). ] 

I cannot deal with the many attempts to unify the different fields. Most of 
them can be reduced to the following scheme : 

The wave equation (1+m’)%=0 (( is the d’Alembertian operator) is 
replaced by f(C)=0, where f(€) =(€—&)(€ —&)....(E-€,) is a polynomial of 
degree n; it describes the motion of n independent particles with masses 
Mm, =/§,....m,=/§&,. By using instead of 1] Dirac’s operator one can take 
account of the spin. ‘Theories of this type have been derived by Bhabha (1945) 
and others from considerations of particles with higher spin. I have suggested 
another way to determine the function f(€) which connects this problem with 
that of the infinities. One can add to f(€) a transcendental factor without zeros. 
If one has, for instance, the differential operator in the domain of one variable 
q, P’ —m”, where p = —thd/dq, one can add the factor exp (— +p") (where b=h/ais 
taken as unit for p). ‘This has, in the first place, the consequence that the possible 
momenta are cut off, thus removing infinigies. And secondly, one can determine 
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the mass m by giving the expression (p? —m”) exp(— 4p?) a proper meaning; it is 
the second Hermitian function of p for m?=2, hence identical with its Fourier 
transform. ‘This remark suggests the application of the general principle that 
the whole of physics can be formulated in terms of transformation groups and 
their invariants. By postulating reciprocal invariance (i.e. against Fourier 
transformation) it seems to be possible to determine a set of masses as the roots. 
of (Hermitian) polynomials. However, Schrédinger has shown that in the four- 
dimensional space-time serious difficulties appear. 

Quite independently from these considerations, the elimination of the 
infinities with the help of the factor exp (—{() has been investigated by Pais and 
Uhlenbeck (1950) and others. 

The most radical change in the structure of the theory has been proposed by 
Heisenberg (1943). Convinced of the existence of an absolute lengtha ~10-% cm 
or an absolute time 7=a/ec ~10-**sec, he doubts that the usual description of a 
physical system with the help of a Hamilton function has a meaning at all for 
space- and time-intervals smaller than a and +. What we really can observe are 
only alterations in time-intervals long compared with 7. If the state of the 
system at a time ¢, is described by ¢(¢,), that at t, by #(t,), it is legitimate to assume 


that in the equation 
P(t2) = S(t, t)b(t) 


the transition operator S(t,, ¢,) has a physical meaning for ¢, — ¢, >7, in particular 
its value S(— 00, 0). This operator is usually called S-matrix. For instance, 
in a collision process we observe particles before and after the collision, and we 
are interested only to know the distribution after the collision if that before is. 
known. Heisenberg maintains that all attempts to describe the collision process 
itself should be abandoned. 

The postulate of relativistic invariance introduces strange paradoxes in this. 
theory. ‘The temporal order of events, and thus the cause-effect relation, breaks 
down for short time intervals; for instance, a particle may be absorbed before 
the creating collision has taken place. But Heisenberg (1951) has made it plausible 
that these anomalies may be unobservable in principle because of the atomistic 
structure of the instruments. 

According to the principle of correspondence the S-matrix theory must go: 
over into an ordinary Hamiltonian theory for cases where the absolute length or 
time play no important part. Heisenberg comes to the conclusion that very 
likely the current assumptions about interactions are not sufhcient. ‘These lead 
to Hamiltonians which can be re-normalized in the sense described above. 
Actually there are indications that a more thorough non-linearity is needed. Ina 
recent paper (1952) he discusses the process of meson showers from this standpoint 
and uses a type of non-linear field theory which I found about 20 years ago and 
published in collaboration with Infeld (1933, 1934). It is a modification of 
Maxwell’s electrodynamics in which the self-energy of the electron is finite.’ 
Mie had shown already in 1912 that the equations of the electromagnetic field 
can be formally generalized by replacing the linear relations between the two pairs 
of field vectors E, B and D, H by non-linear ones. Yet he did not specify these 
relations, and thus his formalism remained empty. 

The idea which I applied to it is a special case of what Whittaker (1949) has 
called the principle of impotence. If research leads to an obstacle which in spite 
of all efforts cannot be removed, theory declares it as insurmountable in principle. 
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Well-known examples are the first and second theorems of thermodynamics 
which are derived from the impossibility of perpetual motion of the first and 
second kind. Other examples are relativity, where the impossibility of material 
and signal velocities larger than the velocity of light is declared, and the uncertainty 
relations of quantum mechanics, which forbid the simultaneous determination of 
position and velocity and of similar pairs. 

In the case of the electromagnetic field the self-energy can be made finite 
by prohibiting the increase of E the electric vector beyond a certain limit, the 
absolute field. This can be done by imitating relativity where the classical 
Lagrangian of a free particle Y = 4mv" is replaced by me[1 —(1—v?/c*)"*], from 
which v<ce follows. In a similar way the Lagrangian density of Maxwell’s 
electrodynamics can be replaced by a square root expression. ‘Thus a finite 
self-energy of a point charge is obtained which represents not only the inertial 
mass but also, as Schrédinger has shown, the gravitational mass. 

A more important asset of this theory seems to me the estimate of the fine 
structure constant, obtained by Heisenberg and his pupils Euler and Kockel 
(1935, 1936) and confirmed by Weisskopf (1936), by comparing the lowest 
non-linear terms of it with the corresponding terms of Dirac’s theory of holes, 
which are due to what is called a ‘polarization of the vacuum’. ‘The result is 
1/x =he/e? =82, which, though still much too small, is of the right order of 
magnitude. ‘This method appears to me the only rational attempt to derive the 
number 1/« = 137. 

That the non-linear theory has not found favour is partly due to the difficulty 
of quantization, partly to an objection raised by Heitler which at the time seemed 
to me convincing. He said that a classical theory of the electron, which takes 
Planck’s constant / as negligible but the charge e as finite, is meaningless because 
1/x =he/e? = 137 is a large number. 

_ Now Heisenberg, in search of a non-linear field theory as limiting case of his 
S-matrix formalism, took over that square root method and applied it to the 
meson field produced by a nucleon. But he applied it to quite a different type 
of problem, namely the meson showers produced by a nuclear collision. Here 
Heitler’s objection becomes insignificant. If Heisenberg’s procedure is analysed, 
it 1s seen that it does not rest on the limit h-> 0, but. N— oo, where N is the number 
of quanta involved. In fact Bohr had both these cases in mind right from the 
beginning when he formulated the transition from quantum theory to its classical 
limit. (The same consideration justifies the estimate of the fine structure 
constant, mentioned above.) 

Heisenberg considers the collision of two nucleons, each being the source of 
a meson field, obeying his non-linear field equations. For a very high collision 
energy the number of meson quanta will be very large, hence the application of a 
classical wave equation permitted. ‘The total energy carried by this wave % can 
be represented by an integral over all wave vectors k of a function u(k); if w(k) is 
divided by the energy quantum hv, where v=c| k | is the frequency of the wave k, 
and the result integrated over all k one obtains the total number N of quanta 
emitted. In this way it can be shown that for a non-linear theory of the type 
described multiple meson production is possible and the value of N can be 
estimated. 

Now this idea of multiple showers is sharply contradicted, in particular by 
Heitler, who thinks that the observations can be explained in terms of plural 
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production. ‘The experiments are made not with two colliding nucleons but 
with one nucleon hitting a nucleus; then a cascade of nucleons and mesons will 
develop and thus a shower of mesons mixed with nucleons or larger splinters 
appear. Heitler, in a letter to me, quotes experimental investigations by 
Terreaux (1951, 1952) as confirming the cascade theory, and some unpublished 
work by McCusker. Showers were produced in layers of carbon and of a 
parafhn containing equal numbers of C atoms; thus the effect of the H atoms 
(proton—proton collisions) can be deduced, and the result was that up to 
3x 10!’ev no multiple production was observed. This is, however, in strict 
contradiction to experiments made by Haxel and collaborators, of which I have 
learned through my correspondence with Heisenberg; here layers of carbon 
and paraffin of equal mass (equal number of nucleons) were investigated with 
the help of counters which recorded showers of three or more penetrating particles. 


Meson shower without tracks of heavy particles. 
(Photograph taken by Frl. Chr. Schriel, reproduced from Teucher, Naturwissenschaften, 1952, 39, 68) 


"The result is that the H atoms have their full share in the multiple production. 


Heisenberg has further sent me a photograph, which is reproduced here, of 
a shower containing about 16 mesons, but no heavy track. He interprets it as 
evidence for multiple production, but it might just as well be a nuclear cascade in 
which the heavy particles are by chance all neutrons. 

Just a few days ago my attention was directed to a paper by Vidale and Schein 
(1951) which, if confirmed, would settle the dispute. Self-registering instru- 
ments were carried by balloons to more than 90000 feet altitude and showers in 
liquid hydrogen observed with counters. ‘The results seemed to be in favour of 
multiple production, but the assumption made that the primary particles are 
nucleons (protons) is not certain at all. I have the impression that Heisenberg’s 
audacious ideas are in the right direction, and this direction is obviously not 
backwards, but forward to new abstractions, to a new style of thinking. 

I have so far only considered the conceptual problems arising from the micro- 


-scopic world of elementary particles. Of equal importance are the problems of 
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the macrocosmos which are intimately connected with general relativity. 
However, as I am not an expert in astrophysics and cosmology, I wish to make 
only a few remarks about this vast subject. 

Since Eddington’s time we have been aware of the intimate relation between: 
the atomistic world and the universe. Einstein himself has made incessant 
attempts to understand the existence of particles and quanta as singularities of a 
united gravitational electromagnetic field. But I cannot believe that by singling 
out these two types of field a real unification can be achieved, quite apart from my. 
conviction that quantum theory cannot be reduced to classical concepts. ‘The 
most important idea, due to astrophysics, is the suggestion of spontaneous. 
creation of matter. There are two versions of it, one by Hoyle, Bondi and Gold 
(1948), who assume the permanent creation of hydrogen atoms uniformly in 
space, the other by Jordan (1944), who assumes the instantaneous creation of 
whole stars or even galaxies, which then appear as super-novae. Both theories 
have in common that they oppose the idea of a history of the universe, as suggested. 
by the simplest interpretation of the recession of the nebulae (Hubble effect), 
namely an expanding universe, beginning, about 2000 million years ago, in a 
highly concentrated state. Instead, both theories aim at describing the world 
as being in a steady state, where just as much matter is created as disappears in. 
infinity (that is when it reaches the velocity of light). 

Both authors have suggested modifications of Einstein’s field equations.. 
Hoyle’s original theory did not follow the usual Lagrangian pattern, which. 
secures the compatibility of the cause-effect relation and of general relativity. 
Thus he, strangely enough, seemed to be prepared to sacrifice general relativity.. 
McCrea (1951) has recently shown that this is not necessary, and that by assuming 
the existence of a kind of universal cosmic pressure (apart from that due to ordinary 
matter and energy) the relativistic equations can be preserved. 

Jordan’s theory is based on an idea of Dirac (1937) according to which the 
gravitational constant « is actually not a constant, but a (slowly changing) eleventh 
field variable, in addition to the 10 components g,, of the gravitational field.. 
This suggestion is not at all arbitrary, but based on strong arguments concerning 
the order of magnitude of the cosmic constants. Jordan has further shown that 
from the standpoint of group theory his equations are preferable to those with. 
constant «, and that the creation of matter in bulk, as suggested by him, does not 
mean a violation of the conservation law of energy, but only a transformation of 
gravitational energy into material substance. 

Both types of hypotheses are supported by a considerable amount of empirical 
evidence which consists, of course, not so much in direct observations, but in 
developing a coherent and rational picture of the universe in agreement with the 
facts. I am unable to decide who may be nearer to the truth. 

I have mentioned these ideas because the future theory of matter cannot by- 
pass the cosmological point of view. Very likely I have omitted to mention other 
important suggestions, for which I apologize. 

Returning to the first sentences of this lecture, I may say that much has been 
achieved during the 50 years since my student days; many problems have been 
solved which about 1900 had not even been formulated. But the present time 
seems to offer still more puzzles, and perhaps harder ones. My aim was to show 
that our conceptual armoury will be capable of dealing with them, provided we 
do not look back to the good old times, but forward to new adventures of discovery 
and explanation. 
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Abstract. Analytical antisymmetric wave functions for the ground states of 
CH, and NH,"*, and the corresponding C—H and N—H bond lengths have been 
obtained. These were calculated by a method which is essentially an application 
of the variational principle to the procedure used by Buckingham, Massey and 
Tibbs in their calculation of a self-consistent field for methane. ‘The calculated 
C—H bond length is in good agreement with the experimental value. No 
experimental value for the N—H bond length in the free ammonium ion is 
available. However, the calculated value differs by only about 5% from the 
experimental value of the N—D bond length in ND,Cl. The wave functions 
should form useful first approximations in future calculations of the physical and 
chemical properties of CH, and NH,+. The NH,* function has already been 
used as a first approximation in a self-consistent field calculation at present in 
progress. 


§ 1. INTRODUCTION 


high degree of spherical symmetry, such as CH,, has been described 

by Buckingham, Massey and Tibbs (1941). They suggested that the 
wave function of the electrons moving in the field formed by averaging the 
proton charge over all orientations about the central nucleus would be a wave 
function of the corresponding molecule of sufficient accuracy to be of value. 
The spherical symmetry of the averaged nuclear field makes possible the use of 
the usual methods of solution of the central field problem. Buckingham, Massey 
and ‘Tibbs applied their method to methane, using the Hartree self-consistent 
field method to solve the central field problem. They concluded from their 
calculations of the properties of CH, that the electron distribution was too 
diffuse, but that the method was not otherwise less satisfactory than the usual 
self-consistent method for atoms. Use of the Hartree-Fock method would 
improve the results since it would reduce the diffuseness of the electron 
distribution. ‘The success of the methane calculations suggested using the 
method for other molecules and ions. However, one of the major obstacles in 
the way of using the method is that a fairly good first approximation is required 
for the solution of the self-consistent field equations. The primary aim of the 
present calculations was to obtain such an approximation for the ammonium 
ion. Since no experimental value for the N—H bond length in the free ammonium 
ion was available the determination of this quantity was an important part of the 
calculations. ‘The usual units and notation employed for self-consistent field 
calculations (Hartree and Black 1933) will be used throughout. 


A METHOD for calculating the wave functions of molecules possessing a 


a a 
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§2. 'THE VARIATION CALCULATIONS 


Since both the NH,+ and CH, wave functions were calculated by the same 
method only the NH,* calculations will be described. The NH,+ wave function 
was obtained by applying the variation method to a system of ten electrons 
moving in the potential field of a nitrogen nucleus at the centre of a uniformly 
charged spherical shell, the total charge on the shell being that of four protons. 
The system may be thought of as an ammonium ion in which the proton 
distribution has been averaged over all orientations about the central nucleus. 

The variation function for the NH,+ calculations was of the type used by 
Fock and Petraschen (1934) for Nat, which when applied to methane gave 
results which were in fairly good agreement with the calculations of Buckingham, 
Massey and Tibbs. This variation function, which involves only three 
arbitrary parameters is a ten-electron Slater determinant ‘’ with configuration 
(1s)?(2s)?(2p)®1S, where the radial factors R(nl|r) of the orthogonal one-electron 
functions nl are 

Rist 7) = 200 oF", 
12° ) 1/2 
R (2s |r) = era [1—4(a+p)rle“*, 


5\ 1/2 
Ri2p |F) = (=) roa 


The total energy of the ion was taken to be the sum of the electronic energy E 
and the classical nuclear interaction energy NV: 

Bae tyr (eee, N=[4Z + 3(3/2)"?]/75, 
where H is the Hamiltonian of the averaged nuclear field, Z the charge on the 
central nucleus (Z7=7 for NH,*), and 7, the radius of the spherical shell, which 
is identified with the N—H bond length. 


t=1 i,j=l 
Fe 
where K,= —4V,2, Vie J —Zj7,—47, 1,51 
l —(Z+4)/7;, %,27o 


and where the second summation in H 1s to exclude those terms for which 7 </. 
In calculating the formulae for E and N, 7, and the central nuclear charge Z 
were left arbitrary so that the formulae obtained apply to any ten-electron 
tetrahydride molecule or ion. 
The expression for F in terms of one- and two-electron integrals} is 
E=2I/(1s) +21(2s) + 61(2p) + Fy(1s, 1s) + Fy(2s, 2s) — 2G,(1s, 2s) +4F (1s, 2s) 
+12F,(1s, 2p) +12 F)(2s, 2p) —2G,(1s, 2p) —2G,(2s, 2p) + 15 Fy (2p, 2p) 
—1-2F,(2p, 2p). 


+ The quantities J, F and G are defined by 
ce) 2 Ne 
H@)= | Ral | — 55 +n A 
0 


agate Pea R(«| r)r? dr 


0 


F,(a8)= | |, Rc] 7,)RXB| r2){ra, ra)" dry dre 
) 


G).(aB) = |r Jp: R(«|7:)R(«]7r2)R(B|71)R(B |r.) {r1, ro}* dr, dre 


rg, To ZN), 


where Pay Tree = 
al ia M2 S01. 
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Taking 
C=2Krp a/(o+w)=x 
w =2r, w|(w+pe)=y 
L=2yrq u|(eto)=z 
and 


By=c?-—cw+a? 
B,=7@* — ow? + o%w? 
B, =3w' —20w? + o?w 
B, => —2w*(o — 3) + w3(o? + 6) + 6w?(a? — 26 + 4) + 60(30 — 4) + 240? 
B,=p) + Ou? + 18u+4 24 
the formulae obtained for the integrals were 
I(1s) =[Ze-*(o + 2) — (Zo/2) —4]/79 + (07/8) /79? 
I(2s) =[e-°(Bs/6Bo) — (Z.B2/Bo) — 4]/79 + (By/24Bo)/79? 
I(2p) =[e“(By/6) — (24/4) — 4]/79 + (u?/8)/70? 
rofo(1s, 1s) =(G/16)e 
ro Fo(1s, 2s) =o(2x%° — 7x4 + 5x3 + 4x? — 6x + 2)/4(3x2-—3x+ 1) 
ro Fo(2s, 28) = w(245w4 — 420w3o + 43820? — 244wW0 + 9304) /512B,? 
ro Fy(1s, 2p) =o( — 22° + 24+ 234+ 27+ 2)/4 
ro (2s, 2p) =yplw® T(y) — o(o + w)U(y) + (o +w)?V(y)]/Bo 
where 
T(y) = 3(—2y4 + 793 — 8y2 + 2y +2) 
U(y) =4(— 10y® + 32y4— 31y3 + 4y? + 4y +4) 
V(y) =H — 598 + 155 — 1394 +y8 + 2+ y 41) 
rFa(2p, 2p) =(93/512)p 
r)Fs(2p, 2p) = (45/512)p 
ToGo(1s,.2s) = 207 —~)P/ 8, 
ryG,(18, 2p) = 14055 /(u-+0)? 
ryGy(2s, 2p) = 0% p5[126(w + j.)®—294(w + 4)(o- +0) + 185(o + w)*1/3(co + 1)Bo, 
Following the usual variation method the total energy « of the ion would be 
minimized with respect to the parameters o, w and p, ry being taken to be the 
N—H bond length. However, as no experimental value for this quantity was 
available the procedure adopted was to minimize the total energy with respect to 
this quantity also and take the value of 7» at the minimum as the bond length. 

The methane calculations of Buckingham, Massey and Tibbs show that the 
ls function for the central atom does not differ much from the corresponding 
function in the molecule. For this reason the minimization with respect to o 
was not formally carried out, the value of o being chosen so that the 1s function was 
a good approximation to the 1s function for nitrogen. Since « may be written 
«=V/r,+T/r.° where V and T (which may be determined by inspection from the 
above formulae) are functions of o, w and only, the minimization with respect to 
ro may be performed at once. Differentiating « with respect to ry and equating the 


result to zero gives 7) = —27T/V and hence the minimum value of ¢ with respect to 
ry is e=—V*/4T. ‘The values of w and w may thus be determined by minimizing 
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this expression where the value of o is determined as indicated above. 7, is then 
determined by the formula given above. The final values obtained for the 
parameters «, 8, y and the bond length 7, are given in the following table where 
the corresponding results for CH, are also given. 


2a 26 2y € ro Yo (exp) 
NH,* 13-43 4:34 3124 — 55-684 1-836 + 0-002 “ 
CH, 11-12 eso 2:6 — 39-33 1-975'+0:025 a0) 


‘The error terms in the bond lengths are given to indicate the numerical accuracy 
to which the minimization process was performed. As can be seen the NH,* 
calculation was performed to a greater accuracy than the CH, calculation. 

_ To conclude this section it will be shown how the procedure described here 
follows by the variation method when the variation function has the form ‘V’. By 
the variation method the total energy of the molecule (or ion, as the case may be) 
is calculated as the minimum value of N+ {V*H,¥ where Hp=H+%,(v,— V,), 
where z, is the electron—proton interaction energy of the tetrahedral proton distri- 
bution, and where H, V; and N have the meanings given above. Detailed 
examination shows that { ‘f’* 2,(v,— V,)‘¥ =0 for functions of the type ‘’ with 
configuration (1s)? (2s)? (2p)®& Thus f f*H,' = ['*H" and in calculating the 
electron—proton contribution to the total energy in the variation calculation, the 
field of the proton distribution may be taken to be that of a spherical shell as 
described above. 


§3. DISCUSSION OF THE RESULTS 


The remarkably good agreement between the calculated and observed values of 
the C—H bond length suggest that the calculated N—H bond length is not seriously 
inerror. ‘The N—D bond length in ND,Cl has recently been determined experi- 
mentally (Goldschmidt and Hurst 1951), the value being 1:03 A(=1-95 ag) which 
differs by only about 5° from the value predicted above for the ion. ‘The total 
energy of methane obtained by Buckingham, Massey and Tibbs was — 40-37 e?/ay. 
Thus they obtained a deeper energy than that obtained here, and hence on the basis 
of the energy criterion a more accurate wave function for the spherically averaged 
nuclear distribution. By pre-selecting « in the present calculation the variation 
function ‘I’ was effectively reduced to a two-parameter function. A deeper value 
for the total energy could be obtained by allowing « to vary also. 

The results obtained here, taken together with those of Buckingham, Massey 
and Tibbs, indicate that the present method of calculation provides bond lengths 
and energies of tolerable accuracy. ‘Though it is not to be expected that the same 
will be true of other properties calculated from the wave functions, the functions 
are of sufficient accuracy to form useful first approximations in calculations of 
molecular and ionic properties, and their simple analytical form makes them 
eminently suitable for such calculations. 

Horvath (1948) has made a calculation for the ammonium ion of the charge 
distribution, N—H bond length and the energy difference between N°+ and NH,?. 
Since he calculates these quantities by a method radically different from that used 
here, and since there is great lack of experimental data, it is difficult to make a 
comparison of the respective methods. 

The value he obtains for the N—H bond length is 1-6 a which may be 
compared with the value 1-84 ay obtained here and the value 1:95ay for the 
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N—D bond length in ND,Cl. The value he obtains for the energy difference 
between N5+ and NH, is 12:57 e?/agq. Using the total binding energy of nitrogen 
given by Coulson and Duncanson (1949) and the first five ionization potentials of 
nitrogen (Horvath 1948), to calculate the binding energy of N®*, the energy 
difference calculated for the present wave function is 10-41 e?/ag. Horvath has 
also calculated this energy difference by the Born—Haber process, using Madeiung’s 
formula to calculate the lattice energy of NH,Cl, and obtains the value 11-95 e?/ag. 


§4. CONCLUDING REMARKS 


The approximate wave function for the ammonium ion obtained here has been 
used as a first approximation in a self-consistent field calculation for the ion. 
When this calculation is complete it is proposed to calculate physical and chemical 
properties of the ion and the ammonium molecule. In particular it is proposed to 
calculate the lattice constants and compressibility of ammonium metal, a substance 
which Ramsey (1951) has suggested may be an influential constituent of the 
major planets. 
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An Investigation of the B-Particle Spectrum of Mesothorium 2 


By J. KYLES, C. G. CAMPBELL anp W. J. HENDERSON * 
Department of Natural Philosophy, University of Edinburgh 


Communicated by N. Feather; MS. received 10th February 1953 


Abstract. Using a permanent magnet double f-ray spectrometer, the £-particle 
spectrum of mesothorium 2 has been examined, and partial spectra with end 
points at 2-18, 1-85, 1-70, 1-11, 0-64 and 0-45 Mev have been found. A list of 
conversion lines is given with an analysis in terms of y-rays. A level scheme is 
put forward which is consistent with the B-8, B-y and y-y coincidence 
measurements made. ‘The ground-to-ground state transition is unobserved, 
the partial spectrum of highest energy corresponding to an excited state at 
57 kev which is metastable with a half-life greater than 10-? second. 


§1. INTRODUCTION 


DETAILED magnetic analysis of the B-particle spectrum of mesothorium 2 
has not been made since the investigations by Black (1924), using a 


semicircular focusing spectrograph, and Yovanovitch and d’Espine 
(1927), using the direct deviation method. ‘These measurements were important 
chiefly in establishing the presence of a large number of internal conversion lines, 
some of which were of high intensity. 

More recently cloud chamber studies by Lecoin, Perey and Teillac (1929) 
and absorption measurements by Lecoin, Perey and Riou (1949) showed that on 
the average 1-1 secondary electrons were emitted per disintegration and provided 
evidence of a time delay between the emission of a primary f-particle and a 
conversion electron of less than 60 kev energy. The half-life of the delayed 
emission was estimated as greater than 0-01 second. Earlier measurements of 
the maximum energy of the primary f-particles, made by Lecoin (1935, 1938) 
with a cloud chamber, by Libby and Lee (1939) with a screen cathode spectro- 
meter, and by Feather (1930, 1938) using absorption methods, showed con- 
siderable disagreement. 

The presence of an intense y activity suggests that the disintegration spectrum 
is complex, and coincidence experiments were therefore made in an effort to 
determine the end points of the partial spectra and to study time-correlations 
between the y radiations. A preliminary report of this work has been published 
(Campbell, Henderson and Kyles 1952) confirming the complexity of the 
spectrum and fixing the ultimate end point at 2-16 + 0-02 Mev. 


§2. APPARATUS 


A detailed description of the double B-ray spectrometer used in this work 
has been given by Feather, Kyles and Pringle (1948). ‘The Geiger counters, 
with which a resolving time of 2 x 10-7sec was then obtained, were replaced for 

* On leave from the National Research Council of Canada. Present address : Atomic 
Energy of Canada Ltd., Chalk River, Ontario. 
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the present investigation by scintillation counters, and the resolving time in this 
way reduced by a factor of 20. Figure 1 shows the spectrometer box in its 
present form, and illustrates the arrangement of the scintillation counters. 
Rotation of the handle A moves the crystal unit carrying the detector slit B to 
and fro, the slit moving in the plane of focusing and thus altering the radius of 
curvature of the spectrometer. The f-particles, selected by the slit, fall upon 
an anthracene crystal which is placed on a polished shelf cut in a Perspex rod of 
lin. diameter. Light, emitted by the phosphor, is transmitted to the Perspex 
guide by a thin layer of white petroleum jelly and, after reflection at the polished 
plane surface cut at 45° to the shelf, passes along the rod to the photomultiplier 
(E.M.I. type 5045). Even with a double-walled ‘mu-metal’ can in position it 
was necessary to use a light guide 18in. long to ensure that the performance of 
the multiplier was not influenced by the stray field of the permanent magnet. 
A block diagram of the electronic accessories is shown in fig. 2. The coincidence 
unit was designed and constructed at the Atomic Energy Research Establishment, 
Harwell, and has been described in detail by Wells (1951). 


Traversing handles 

Detector Slit 

Anthracene crystal! 

Perspex coated lead screening 
Perspex light guide 

Edge of pole face 

Shutter (shown closed) 
Double walled ‘mu metal’ can 


ra nmmoroyp 


Lae — oe — oe — bot — 
Oo.2 4 6 6 locm 


Fig. 1. The spectrometer. 


§3. COUNTER PERFORMANCE 


Because the discriminators in the coincidence set had a fixed bias of 5 volts, 
the efficiency of the scintillation counters, for mono-energetic f-particles, was 
studied by plotting the f-particle counting rate against the multiplier voltage. 
For f-particles of energies greater than 90 kev the curves showed plateaux with 
slopes of the order of 0-03% per volt, starting at a voltage which decreased as the 
energy of the f-particles increased. For particles of energy less than 90 key 
no plateaux were obtained, although it was still possible to count f-particles of 
30 kev energy with low efficiency. Loss of efficiency in this energy range was 
clearly due to the limited light collection of the optical system, and no sustained 
effort was made to improve it since a separate study of the low-energy end of the 


B-particle spectrum was being undertaken in Edinburgh on another spectrometer 
(Brodie, thesis, to be published later). 


The B-Particle Spectrum of MsTh, Dah 


For y-counting the detector was moved as close as possible to the source, 
and the counter slit was screened from f-particles by a shutter, shown closed in 
fig. 1. When the counters were tested with sources emitting y-rays of known 
energy, peaks were obtained in the (differential counting rate, multiplier voltage) 
curves. ‘These were attributed to the most intense y-radiations of the sources 
used. By assuming that the counter ceased to record any y-ray when the applied 
voltage was somewhat less than that corresponding to the appropriate peak, a 
rough calibration of the minimum multiplier voltages required for the counting 
of y-rays of various energies was established. 


Multiplier Pulse 
1 Shaper 


5 Volt 


Discriminator 


Count) to Scale 
of 100 

(10-8 sec 

Coincidences) 


to Scale 
of 100 
( Channel 2 
Count ) of 100 
(1077 sec 
Coincidences) 


0-5 Mc/s 


| 5 Volt 
Amplifier Discriminato 
Wide Band Pulse Height. 
Amplifier Limiter 


Fig. 2. Block diagram of electronic circuits. 
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The counting rate of genuine coincidences from a source of ®°Co was plotted 
against the relative time delay between pulses in the two channels, and correct 
matching of the channels was obtained corresponding to the flat-topped peak of 
the curve. That the genuine coincidence counting rates obtained from the 
10-7 sec and the 10-*sec coincidence mixers were in agreement confirmed both 
that the channels were properly matched and that the 10-'sec mixer recorded 
coincidences with 100% efficiency. 


§4. PREPARATION OF SOURCES OF MESOTHORIUM 2 


From a stock solution containing mesothorium 1 and its decay products 
associated with an appreciable activity of radium and its daughter elements, the 
mesothorium 2 was extracted chemically by a method based on that of Haissinsky 
(1933). When separations were made daily it was found that more than 1 mc 
activity due to MsTh, could be obtained from the solution at each extraction. 
In these separations the grown MsTh, (and other decay products) were pre- 
cipitated as hydroxide with as little as 0-015 mg iron as carrier. ‘The precipitate 
was dissolved in dilute HCl and approximately 1 mg each of bismuth and lead 
carriers was added. Hydrogen sulphide was bubbled through this solution and 
the resulting sulphide precipitate carried activities due to isotopes of polonium, 
bismuth, lead and thallium. After filtering and washing the precipitate, the 
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total filtrate was boiled to remove any excess H,S, approximately 1 mg of barium 
was added as hold-back carrier, and the MsTh, and iron were reprecipitated. 
This procedure ensured that any remaining MsTh, or radium was removed. 
The iron—MsTh, precipitate was next dissolved in 1N nitric acid, and after the 
solution had been evaporated to dryness the residue was taken up in the minimum 
quantity of N/10 nitric acid. No attempt was made to separate radiothorium 
although a method for doing so was available (McLane and Peterson 1948) since, 
after the first extraction of MsTh, (which was not used as a source), the contami- 
nation of the stock solution by radiothorium, resulting from about 24 hours’ 
growth, was of negligible proportions. 

The mesothorium 2 may also be carried with cerium, and in this case a method 
of obtaining carrier-free sources has been outlined by Peterson (1948). The 
method was used initially but was later abandoned in view of the fact that the 
iron-carrier method was shorter, and still capable of good yield when as little as 
15 wg iron was used. 

The final solution of MsTh, with carrier was deposited in drops over a length of 
approximately 1cm of aluminium foil of thickness 1 mgcm™® cut into a strip of 
width 2mm, each drop being_evaporated to dryness before the next drop was 
applied. The ends of the strip were then cemented to a rectangular aluminium 
frame which was set in the spectrometer at an angle of 45° to the plane of the 
focusing slit. In this way the effective breadth of the source was reduced to give 
better resolution. For B—8 coincidence work, and for the investigation of the low 
energy region of the spectrum, aluminium foil of 0-2 mgcm™~ thickness was used. 
The acid solution required to take up the activity almost completely dissolved this 
foil, which was therefore supported on a thin collodion film. Sources of total 
effective thickness approximately 0-7mg/cm* (in the backwards direction, 
and after allowing for the emission angle at which.they were set) and of strength 
of the order of 1 mc were thus regularly obtained. 

To check the purity of the sources, observations of their decay were made at 
various {-particle energies over periods exceeding two half-lives. In all cases the 
observed half-life was within 1°% of the accepted value. In addition no evidence 
was found in any of the spectra for the F line of ThB—C or of the strong F, G and 
H lines of RaB+C. 


§5. THE RADIATIONS OF MESOTHORIUM 2 


(1) Investigations with a Single Counter 


Using one half of the spectrometer, a survey was made of the spectrum over the 
range of Hp values from 600 to 10000 gausscm. ‘Table 1 shows the Hp values of 
the lines found, with the corrected* values of Black listed for comparison. The 
intensities quoted have been computed from the absolute intensities of the six 
strongest lines recently determined by Brodie (private communication) taken 
together with some relative intensities as given by Black. 

We made no attempt to check systematically the relative intensities of these 


lines, since many occur in the range of energy below 100 kev, in which our counter 
is not 100° efficient. 


* Black based his measurements on the Hp values for the lines of Ra(B-++C) obtained 
by Ellis and Skinner (1924). We have altered Black’s values to agree with the later 
measurements on Ra(B-++-C) made by Ellis (1934). 
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Table 1 

(1) (2) (3) (4) (5) (6) 
1 = 652 36°34 — 

2 665 659 36°91 9-4 44 
3 696 690 40°33 8-0 

4 — 7s) 43-14 ase Weak 
> = 750 47-28 = Weak 
6 — 776 50°47 — Weak 
7 790 789 52-16 6-1 \ 15 
8 816 815 Je) 4-2 

2 836 = 58-19 0-56 — 
10 864 872 61:91 0:38 Weak 
11 900 901 66:97 15 0-1 
12 — 929 71-03 = Weak 
13 946 948 73-76 aay \ 8-0 
14 975 977 77:98 See 

15 — 1000 81-49 — Weak 
16 1069 1072 92:66 165 13 
17 — 1099 97-04 — 

18 1162 1166 108-1 323 5-6 
19 1183 1185 lies! 2:3 

20 — 1205 114°8 — Weak 
21 1248 1247 1222 PoA| \ 1-8 
Pap) 1267 = 125°8 0:56 

23 1299 = 131-6 0-38 = 
24 1336 1357 140°3 107) Weak 
25 — 1376 145-8 — Weak 
26 —_ 1435 157-0 — Weak 
27 1459 1475 164-9 (VB) \ 13 
28 1528 1545 178-7 0:56 

29 1681 1660 202-4 ES Weak 
30 — 1721 212-0 — Weak 
31 1770 1771 22) 0-75 Weak 
Ay? 2081 2102 300°5 0:56 Weak 
33 2159 2168 S15e9 0:19 Weak 
34 2303 2305 348-6 0°75 Weak 
35 2663 = 437-0 0°38 = 
36 Pee — 451-9 Only, = 
37, 4012 4013 796-4 0:56 Weak 
38 4214 4237 858-5 0:28 Weak 
39 4347 4345 888-6 0-19 Weak 
40 — 4475 92 58d — Weak 
41 4530 a= 940-4 0-19 — 
42 — 4689 985-1 —- Weak 
43 6430 6406 1477 0-09 Weak 
44 6564 6588 1530 0-09 Weak 


(1) Line; (2) Hp (Black); (3) Hp (observed); (4) energy (kev); (5) Black’s intensities 
per 100 disintegrations; (6) intensity observed per 100 disintegrations, 
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In the momentum range above 1500 gausscm the normalized f-particle 
counting rates were plotted on a Fermi diagram using the Fermi functions of 
Feister (1950). Figure 3 shows the final portion of this plot, which has been 


analysed into partial B-spectra of the allowed form with end points at energies | 


of 2:18+0-02, 1:85+0-05 and 1-:70+0-10Mev respectively (cf. 2-16+0-03, 
1-85 + 0-10 and 1-60 + 0-10 Mev of Campbell, Henderson and Kyles (1952)). The 
straight lines were fitted by the method of least squares. Forbidden correction 
factors calculated from the formulae given by Konopinski and Uhlenbeck (1941) 
did not alter the linearity of the curves sufficiently over the range of energies 
involved to change the analysis significantly. ‘The three partial spectra above 
mentioned appeared to account for no more than one-third of the total B-emission 
of the source, and it was concluded that the main component of the radiation has. 
maximum energy of approximately 1-2 Mev. 


35 39 43 47 S153) 
€ (,¢’) 


Fig. 3. Analysis of Fermi plot of the Fig. 4. Analysis of Fermi plot of coincidences: 


high energy portion of the MsTh, between y-rays of energy greater than 
spectrum. 900 kev and f-particles of the continuous 
spectrum. 


(ii) B-y Coincidence Studies 


To investigate further the end points of less energetic partial spectra, 
coincidence experiments were made between the (-particles of various energies 
entering one counter and the y-rays of energies above a chosen minimum recorded 
by the other. 

With the multiplier voltage adjusted so that the y-counter was sensitive to all 
radiations of energy greater than 50 kev, genuine coincidences were recorded with 
/-particles of energy up to 1-80 Mev only, at resolving times of 10-* and 10~“ second. 
The straight line of a least squares fit to the points on a Fermi diagram showed a 
coincidence end point at 1:82 Mev, but no great reliance should be placed on this 
value, the statistical errors being large. Moreover the £-particle counter could 
not be completely screened from y-radiation, and the estimated correction for 

y-y coincidences was considerable. For these reasons it was not expected that the 
two partial spectra with end points at 1-85 and 1-70 Mev, suggested by the experi- 
ments with a single counter, would be resolved, but it can be claimed that the end 
point found should not be identified with the single counter end point at 2:18 Mev. 
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When the multiplier voltage was adjusted so that the y-counter was sensitive 
only to radiations of energy greater than about 900 kev, B-y coincidences were 
recorded only with f-particles of energy less than about 1-1 Mev. Detailed 
observations were made and, after correcting these for y—y coincidences, a Fermi 
plot was obtained whichis shown in fig.4. Onanalysis into components of allowed 
shape, this plot yielded end points of partial spectra at 1-11, 0-64 and 0-45 mev. 
Since it is unlikely that the f-particles of each partial spectrum will be in coin- 
cidence with the same y-radiations of energy greater than about 900 kev it should be 
noted that the relative intensities of these partial spectra cannot be deduced from 
the relative slopes of the Fermilines. ‘That this conclusion was valid was shown by 
reducing the voltage of the y-counter still further so that only radiations of energy 
greater than about 1-1 Mev were counted. Coincidences between f-particles and 
these y-rays disappeared at a f-particle energy between 0-6 and 0-7Mev. The 
statistical errors in this case did not permit the determination of an accurate value 
for an end point, but a tentative identification with the former 0-64 Mev seems 
plausible. 

Assuming the end point energies of the six partial spectra deduced at this stage,, 
and an allowed shape for each, relative intensities of the low energy spectra were 
adjusted so that the composite spectrum agreed most closely with the continuous 
spectrum as obtained with a single counter. The line shown in fig. 5 results from 
our assuming the intensities given in table 2 ; the points represent the actual 
observations. The agreement appears close enough to lend general support to 
our assumptions and to the conclusions drawn from them. 


Table 2. Classification of Partial Spectra 


Sargent diagram fé values 

(1) (2) (3) (4) (5) (3) (6) 

2-18 10-1 2nd or 3rd 3 8-9 

1-85 9-6 2nd or 3rd 3 8:7 1st 2 (Yes) 

1-70 6-7 2nd or 3rd 2 or 3 8-6 

1-11 53-0 1st 2 7/1 Either Either 

Allowed 

0-64 7-6 1st 1 WoR (-forbidden) 1 (No) 
or or 

0-45 1320 1st 1 6:4 1st 0 or 1 (Yes) 


(1) End point of partial spectrum (Mev); (2) intensity (°%%); (3) degree of forbiddenness ;: 
(4) spin change; (5) log ft; (6) spin and parity change. 


Apart from these conclusions, the following features of the disintegration of 
MsTh, are established by the experiments already described : 

(i) If the B-particles of maximum energy 2:18 Mev are followed by y-radiation 
then the characteristic half-value period is greater than 10~’ second. 

(ii) The excited states of the daughter nucleus *{j)RdTh which are fed by 
B-particles of end point energies 1-85 and 1-70 Mev are de-excited by y-rays of 


. which none has energy greater than 900 kev. 
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(iii) De-excitation of the state fed by f-particles of end point energy 1-11 Mev 
involves one or more y-rays of energy between approximately 0-9 Mev and 1-1 Mey, 
but not y-rays of energy greater than 1-1 Mev. 

(iv) y-rays of energy greater than 1-1 Mev are involved in the de-excitation of 
one or both of the states fed by 6-particles of end point energies 0-64 and 0-45 Mey. 
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y-ray recorded. 


(iii) Coincidences between y-Radiations and Internal Conversion Electrons 


Only the more intense conversion electron lines could be studied in experiments 
of this type, without recourse to excessively long periods of counting, owing to the 
presence of a considerable background of coincidences between the electrons of 
the continuous spectrum and the y-rays. Furthermore, even with the stronger 
lines it was necessary to open the focusing slit to provide a comparatively large 
collection angle for the 6-particle counter, although this necessarily resulted in a 
loss of resolution and increased the background correction. Because of this fact 
and the complexity of the spectrum the lines studied were in several instances 
only partially separated, but 1n many cases the overlapping lines belonged to the 
conversion of a single y-ray in different shells, and the effect was not so serious. 

The results of experiments made with y-radiations in the three energy ranges as 
indicated are shown in fig. 6. ‘The shape of the spectrum observed with the 
f-particle counter is given together with the corresponding plots of the B-y 
coincidence rate per y-count recorded. ‘This method of presenting the results 
allows an estimate to be made of the relative importance in producing coincidences 
of the y-rays in each additional energy range made effective as the voltage on the 
multiplier is progressively increased. 

Figure 6 shows the following features : 

(a) The y-ray of energy 57 kev as converted in the Ly and Lyy shells to give 
the unresolved lines at 659 and 690 gauss cm and in the M and N shells to give the 
unresolved lines at 789 and 815 gausscm shows no coincidences with any other 
y-radiation, the coincidence resolving time being 10-*second. (When the 
resolving time was increased to 10~’ sec a similar negative result was obtained.) 


; 
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(5) ‘The K shell conversion electrons of the 184 kev y-ray form a line at 948 Hp 
which overlaps that due to Ly y; conversions of the 98 kev y-ray. ‘The considerable 
‘coincidence counting rate at this £-particle energy and resolving time of 10~*sec, 
which is obtained for all ranges of y-radiations recorded by the y-counter, shows 
that one or both of the low energy y-rays (184 and 98 kev) is in coincidence with 
some of the other y-radiations. (That these coincidences should be attributed, at 
least partly, to the 184kev radiation has been checked by repeating a similar 
experiment with the line at 1475 Hp, which represents the L conversion of this 
y-ray. However, the situation regarding the 98 kev y-ray remains undecided.) 

(c) Observations on the unresolved lines at 1166 and 1185 Hp, which are attri- 
buted to the Ly y, and the Ly; conversions of the 127 kev y-ray, show that this 
radiation is also in coincidence with some of the other y-rays within a resolving 
time of 10~S second. 


(iv) Coincidences between Internal Conversion Electrons of Different Lines 

Here, again, for reasons similar to those given in the last section, only the strong 
lines could be studied. 

With one counter set to receive the L conversion electrons (at an Hp value of 
~1175 gausscm) of the 127 kev y-ray, the second counter was moved to receive 
electrons over the range 700 to 1200gausscm. No evidence was found for 
prompt coincidences between the 127kev y-ray and the 57kev or the 184kev 
y-rays. Similar negative results in respect of coincidences over the same momen- 


tum range were also obtained with the first counter set to receive the conversion 


electrons of the 184 kev y-ray. 

Since the earlier observations of coincidences between conversion electrons 
and y-radiations suggest that the lifetimes of the excited states emitting the 127and 
184 kev y-rays are each shorter than 10-° sec, it was concluded from the last results 
that these rays are not in cascade. 

With regard to the 57 kev y-ray, the new results do not violate the previous 
conclusion that the excited state from which this radiation is emitted has a lifetime 
greater than 10~’ second. 


(v) y-y Cotncidence Studies 
Observations of the y-y coincidence rates recorded when various voltages 
were applied to the multipliers may be summarized as follows : (1) with both 
counters sensitive only to y-radiations of energy greater than 900 kev, no coinci- 


-dences were observed. (2) Coincidences were recorded between y-radiations 
-of energies between 400 and 500 kev and radiations of energies between 900 and 


1100kev. No coincidences were found between y-rays of energy greater than 
1-1 Mev and the 400-500 kev y-rays. (3) There are further coincidences between 


-y-rays of energy of the order of 900 kev and y-rays of energy less than approximately 


400 kev. ‘This statement cannot be made more precise because of the limited 
resolution of the scintillation counter method at low energies. 


(vi) An Attempt to Measure the Lifetime of the State Emitting the 57 keV y-Radiation 


A very weak source of MsTh, was evaporated on to the cathode of a Geiger 


-counter in order to obtain a geometry of about 50°% for counting f-particles. ‘The 


pulses from the counter were fed via a probe unit (type 1014) into two scalers (type 
1009A) connected in parallel. 
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The paralysis times corresponding to the various settings of the input circuits: 
of the scalers were measured to 0-5°%. With the paralysis time of one scaler settoa _ 
nominal 500 sec, that of the second scaler was varied up to 10 msec. In this way 
the average number of counts occurring in a known interval starting 500 psec after 
the arrival of a triggering pulse could be obtained. Any excess in this number, 
above that to be expected if the impulses were occurring randomly in the counter, 
must be due to a pairing of events in which the first event is the emission of a 
B-particle leading to the excited state from which the 57 kev y-ray is emitted, and 
the second event the emission of an internal conversion electron produced by this 
y-ray. Although the 57kev y-ray gives rise to conversion electrons in at least 
60°% of the disintegrations, no departure from randomness was observed in a time 
interval as long as 10 msec after the triggering pulse. 

To test if much shorter paralysis times would show pairing of events, the experi- 
ment was repeated with a scintillation counter using anthracene as the phosphor. 
The same negative result was obtained. 

It was therefore concluded that the lifetime of the 57 kev y-ray was consider- 
ably greater than 10 msec. ‘This is in accordance with the results of Lecoin, 
Perey and Teillac. 

$6. Discussion 


The classification of the observed partial spectra* depends on whether use is 
made of a Sargent diagram such as that given by Feather (1948) and discussed by 
Feather and Richardson (1948), or whether the criteria based on ft values adopted 
by Mayer, Moszkowski and Nordheim (1951) are employed. A comparison of 
the predictions of the two methods is included intable2. ‘The two methods would 
show better agreement if the present first forbidden line of the former authors were 
allotted to the allowed (/-forbidden) transitions of the latter, with a corresponding 
reduction of one in the degree of forbiddenness of the succeeding lines. 

The y-rays suggested from an analysis of the conversion lines are shown in 
table 3. In some cases, where the interpretation of the lines is not unique, both 
values of the deduced y-ray energy have been included. To fit the transitions. 
responsible for these y-radiations into the energy levels of the radiothorium nucleus 
in a manner which does not violate the experimental results already outlined 
appears to require four extra levels in addition to those suggested by the end points. 
of the £-spectra listed in table 2. Figure 7 illustrates the tentative scheme put 
forward. Clearly the problem is one of considerable complexity, and alternative 
schemes may be equally valid. ‘The spins and parities used in this level scheme have 
been based on the predictions of the ft values of the B-modes, which have been found 
to yield more plausible y-ray intensities than the predictions of the Sargent diagram. 

The intensities given in table 3 for the weaker conversion lines should be re- 
garded as indications of order of magnitude only; nevertheless we have used these 
conversion line intensities in many cases, in conjunction with the K conversion 
coefhcients of Rose et al. (1951), to determine the quantum intensities of the y-rays, 
and have chosen the type of radiation to give y-ray intensities which conform to the 
level scheme suggested. Columns (6), (7) and (8) of table 3 summarize these 
deductions, which are corroborated to some extent by the observed K: L ratios 
and by the early work of ‘Thibaud (1926), which is discussed later. On the basis of 

* Recently results of Jenkins and O’Kelley (1951, unpublished) have been quoted by- 


Hollander, Perlman and Seaborg (Table of Isotopes, 1952—draft copy). Partial spectra. 
with end point energies 2:03, 1-74 and 1-10 Mev are given by these authors. 
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Table 3 

(1) (2) (3) (4) (5) (6) (7) (8) 

1 Weak L, 56:80 

he 56-60 

3 20:2 Lin 56-63 56:75 E2 — 60 

7 8-9 My 56:98 

8 7-1 N; 56:73 

9 O-1 Lio 77°88 78°05 E2+M1 — — 
10 0-1 Lin 78:21 
14 Gey eeel 97-67 
15 _ Loar 97-79 97°77 E2+Mz1 — — 
16* = M, 97-84 
Cis 112-4 
7 re ys 81337 113-0 E24+M1 ne bes 
ist — # M, 113-3 
ie 3" | 127°8 
19 PPT ew iri 127-6 (27-50) 9 E22 0:6(E2) 6 (see text) 
ihe 6 2M, 127-4 
22 0-56. N; 127-1 
12 a= K 180-6 179-0 E2+M1 — — 
26 A aay 1775 
13 4-7 K 183-4 
27 1-0 Ly 185-4 184-2 M1 4-0 Te2 
28 0-3 M, 183-9 
OAT — K 231-8 232:2 E2+M1 — — 
30 as Wives 232-5 
31 0-75 K 3355 336-0 E2+M1 0-8 (M1) 1:9 (M1) 
33 0-19 Ly 336-4 0-06 (E2) 13-4 (E2) 
32 0:56 K 410-1 410-1 E2+M1 0-49 (M1) 1-7 (M1) 

| 0-044 (E2) 13-3 (E2) 
i 34 O-75eeLK 458-2 0-36 (M1) 3-4 (M1) 

35 0-38 Ly 457°5 457°6 E2+M1 
36 0-19 M, 457-1 0:035 (E2) 22:8 (E2) 
37 0:56 K 905-9 907°1 E3+M2 0-10 (M2) 6-4 (M2) 
39 0-19 Ly 908-3 0-023 (E3) 2 Sila (ES) 
38 0-28 K 968-1 964-5 E3-+ M2 0-086 (M2) 3-7 (M2) 
41 0-19 Ly 960-9 0-021 (E3) 13-8 (E3) 
40 SA mel Kenn 001035 1035 El = = 
0) She) 401095 1095 B3 aa es 
43 Ooo, ok 1587 1587 3 0-0075 12 
44 0:09 K 1640 1640 E2+M1  0-014(M1) —*6-5 (M1) 


0-0036 (E2) 25-1 (E2) 


Lines which are capable of double interpretation are marked with *, ¢ or | in column 1. 
Line 11 of table 1 is interpreted as an Auger line. 
Lines 4, 5, 6, 20, 23, 24, 25 and 29 have not been assigned to y-rays. 


(1) Line; (2) intensity of line per 100 disintegrations; (3) conversion shell; (4) y-ray 
energy (kev); (5) mean y-ray energy (kev); (6) type of radiation; (7) K conversion 
coefficient (after Rose et al.); (8) total transition probability (%). 
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these tentative identifications, spins and parities have been assigned to the levels, 
assuming that the ground state of radiothorium (6;RdTh), an even-even nucleus, 
has zero spin and even parity. Any more direct information regarding intensities, 
or new and more accurate theoretical values for the L-shell conversion coefficients, 
may well lead to revision of the scheme suggested. 

Further remarks regarding individual y-rays are now added. 
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Fig. 7. Suggested level scheme. 


(i) The 57, 127, and 184 keV Radtations 


The predominant conversions of the 57 kev radiation occur in the Ly and Lyy 
shells, with a relatively small L,; conversion. The ‘ relativistic but unscreened’ 
L conversion coefficients calculated by Gellman, Griffith and Stanley (1952) 
suggest that the transition is not electric or magnetic dipole. Since it occurs in at 
least 60°% of the disintegrations and is of relatively long lifetime, it is unlikely to be 
in competition with other transitions of higher energy. If it is to be assigned to 
radiothorium it is highly probable that it comes from the first excited state. To 
account for the lifetime of this state the transition should be either electric or 
magnetic quadrupole or of still higher order (see Goldhaber and Sunyar 1951). 

Study of the 127 kev and 184 kev y-radiations imposes further restrictions on 
the classification of the 57kev transition. The relative intensities of 127 kev 
y-ray conversions in the L subshells suggest that this radiation is to be classified 
as E2. A K:L ratio of the order of 1/40 has been found by Brodie (thesis, to be 
published later) and, taking the K threshold conversion coefficients of Spinrad and 
Keller (1951) and the L shell coefficients of Gellman et al. (1952), optimum agree- 
ment with this value is obtained if this y-ray is assumed to be predominantly 
electric quadrupole. 

With regard to the 184 kev radiation, the strong L; conversion with no Ly, or 
Ly conversions found, and the short lifetime, suggest that the radiation is mag- 
netic dipole although the K:L ratio is rather low. Quantum emission of this 
energy was detected by Thibaud, but he quotes no intensities for the photo- 
electron lines excited in lead, and we must assume that the lines were too weak to 
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measure. ‘This agrees to some,extent with the estimate that the quantum 
intensity is of the order of 0-01 per disintegration, the radiation being classified as 
M1. 

Assuming that the 184 kev y-ray is a cross-over for the 127 and 57 kev y-rays 
in cascade, the 57 kev radiation must then be classed as either E2 or M3. We are 
inclined to favour E2, as M3 should give a lifetime long enough to be detected by 
ordinary decay methods. In addition, the statistical evidence is strongly in favour 
of the first excited state of an even—even nucleus having a spin of two and even 
parity. 

The possibility of the emission of the 57 kev y-radiation from an excited state of 
MsTh, could not at first be ruled out, but recent study of the «particle activity of 
252U by Dunlavey and Seaborg (1952) has shown the existence of an excited state 
of *25RdTh at an energy of about 60 kev. It seems plausible to identify this energy 
level with that at 57 kev shown in the decay scheme suggested. 


(1) The 336, 410, 458, 907 and 964 keV Radiations 


These radiations have all been observed by Thibaud using the method of the 
‘excited’ photoelectron spectrum. He gives the relative intensities of lines 
obtained for a source of MsTh, in equilibrium with its decay products. A com- 
parison with the results obtained for the thorium active deposit by Martin and 
Richardson (1950) has allowed us to make a very rough estimate of the absolute 
quantum intensities of the five y-rays listed above. The rough values 9%, 4%, 
3%, 25% and 20% respectively show reasonable agreement with those quoted in 
table 3. 

The possibility that the 2-18 Mev f-transition feeds the ground state may now 
be excluded. The argument depends on the suggestion that the y-transition of 
336 kev energy occurs between the levels fed by the partial spectra with end points 
at energies of 1-85 and 2-18 Mev. ‘These modes of /-decay are clearly forbidden 
to the same degree (see table 2), and should therefore excite states of RdTh of 
identical spin and parity. If one of these states is the ground state of RdTh, then 
both states should have zero spin and even parity (since RdTh is an even—even 
nucleus). In this case, quantum emission for a transition between two states of 
zero spin will be prohibited by selection rules. Since Thibaud has detected 
such emission, then if the 336kev y-radiation is correctly placed, the 2-18 Mev 
£-transition feeds an excited state of RdTh of non-zero spin. 


(iii) The Possibility of Additional y-Rays 
The decay scheme suggests the possibility of several y-radiations not yet 


observed, and examination of the spectrum with an instrument of very high 
resolution would almost certainly reveal lines at present undetected or unresolved. 
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Cloud Chamber Observations of the Cosmic Radiation Underground 
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Abstract. In a study of the passage of fast charged particles through a cloud 
chamber containing two Pb plates at a depth below ground equivalent to 60 m 
water, examples of associated pairs of penetrating particles and of large angle 
scattering of single particles have been observed. If these events are interpreted 
as the production of secondary particles by «-mesons, and as anomalous 
scattering of u-mesons in Pb, the following cross sections per nucleon result: 
for penetrating secondary particles 4 x 10-*° cm’, and for anomalous large angle 
Beatter 2 < 10-5 cm”. 


§1. INTRODUCTION 


of earlier experiments made with heavily shielded counter systems operated 
in our Holborn Underground laboratory. 

These experiments, reported earlier in this journal (George and Trent 1951), 
led us to conclude that a proportion of the radiation observed to traverse large 
thicknesses of lead was subject to anomalous scatter, inexplicable in terms of 
coulomb interaction. Additionally, we reported further on the presence of pairs 
of penetrating particles, presumed similar to those first reported by Braddick 
and Hensby (1939) and later investigated by other workers (Braddick, Nash 
and Wolfendale 1951). 

In order to carry these investigations further we have made observations 
with a cloud chamber, operated in our same underground laboratory, at a depth 
equivalent to 60 m water, and the results obtained so far, and such conclusions 


as may be drawn, are given in this paper. 


ck: experiments described in this paper were carried out as a continuation 


§2. APPARATUS 


The cloud chamber was of conventional type, cylindrical in shape, and with 
the sensitive volume containing two lead plates each 2 cm thick. Expansions 
were triggered by a simple counter telescope, in the position shown in fig. 1. 
This figure also indicates the three different experimental arrangements used. 
With arrangement (a) a total of 1071 photographs was taken, with arrangement (4) 
the total was 1628, and with arrangement (c) 1492. 

The intention behind these different arrangements was to investigate the 
variation in the numbers of large angle scatters observed with reference to the 
energy of the particles on emergence from the chamber. In the analysis of the 
photographs precise measurements of the scatter of tracks traversing the chamber 
were made in only 2000 cases: approximately 1000 in arrangement (a) and 


* Now at University of Sydney, N.S.W., Australia. 
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1000 in arrangement (6). In the remaining cases the scatter was only measured 
and recorded if it was found to be greater than 6°. In all cases the results cited 
below are in terms of the projected angle of scatter in the plane of illumination 
of the chamber. The method of measurement adopted enabled observations 
to be made to within 0-2°, and the chamber distortions were rather smaller than 
this limit. aa 

In the observations of pairs of particles traversing the chamber the criteria 
adopted were that two particles only should be observed to traverse either one 
or both of the lead plates in the chamber, and that both should emerge 
unaccompanied by any other, secondary, particle. Photographs in which any 
other contemporaneous track was visible in the chamber were discarded. 


| su GLA, LLL 
(i Geena se) yO ease ae [ Sea TES EST | 
= mane a 

20m CZZZZZZZZLLLLL | 
en MMM yy 
maa | Yffll::0:30:- 
3 
(a) (B) (c) 


Fig. 1. Layout of apparatus in the three different arrangements used. Lead absorbers 
are shown cross-hatched. ‘The Geiger-counter telescope controlling the expansions 
is shown as 1, 2, 3. 


The resolving time of the chamber was estimated as being approximately 
one-fortieth of a second, and under the conditions of experiment it is most 
improbable that more than one of the pairs observed could have been the result 
of an accidental coincidence. 


§3. RESULTS 
(1) Results of Scattering Measurements 


The results obtained may be divided into two parts: firstly, those in which 
the scatter of all tracks was measured, and secondly, those in which only scatters 
greater than 6° were measured. ‘The results in the former case are displayed © 
in table 1 together with the scatter to be expected, computed as described below. 

For the purposes of this comparison results obtained with both arrangements 
(a) and (b) are grouped together, since the distributions in angle observed with 
these arrangements were substantially identical over this range of angles. 


‘Table 1 
Angle of scatter (°) Q-1:2 1:2-1-:7 1:7-2:3 2:3-2:9 2-:9-3:-4 3-4-4-0 4:0-4-6 4-6-5-2 
No. of tracks observed 1965 65 43 30 14 ila 6 iS 
No. of tracks computed 1932 85 46 30 18 13 9 6 


(no correction) 
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The results for the second case, in which scatters greater than 6° are being 
considered, are displayed in fig. 2 for each of the three different experimental 
arrangements used. In fig. 2 the distributions expected from coulomb scattering 
under various assumptions about the arrangement of the charge in lead nuclei 
are shown. In computing this expected distribution account was taken of the 
geometrical correction, obtained in the manner described below. Further, for 
the purpose of obtaining the expected distribution given in fig. 2, due allowance 
was made for the different levels of low energy cut-off required by the three 
different experimental arrangements. 


(ii) Results of Measurements on Pairs 


In the series of 3870 photographs examined for pairs of penetrating particles. 
only eight definite cases were observed. Of these, three were produced in the 
chamber itself, originating in the upper lead plate, and the remaining five appeared 
to be produced in the lead absorber situated immediately above the chamber. 
Of these five, in two cases both of the particles penetrated both of the lead plates 
in the chamber without producing secondaries, in the remaining three cases 
one member passed through both plates but the other passed through only one 
plate before leaving the chamber. 

In fig. 3 (Plate) is shown one of the examples of the apparent production of 
a single secondary penetrating particle in the top plate in the chamber. 


§4. DIscUssION OF RESULTS 
(1) Scattering 

The results given in table 1 are compared with the expected distribution 
calculated on the basis of the Williams multiple scattering formula, averaged 
over the energy spectrum of the underground radiation. ‘The energy spectrum 
assumed was of the customary form, viz. N(£)dE=dE/(E+E,)*", where 
E,=1:2 x 10ev. The choice of the value 2-7 as exponent is based on the data 
given by Barrett et al. (1952). 

The comparison between experimental and theoretical values over this energy 
range appears reasonable. ‘The fact that the observed distribution is slightly 
lower than that calculated may be attributed to some degree of non-uniformity 
in the illuminated region. This is borne out by the fact that the total number 
of scatters observed in the top plate of the chamber was slightly larger than the 
number observed in the bottom plate, presumably as a result of the depth of 
illumination in the central portion of the chamber being greater than that in the 
upper and lower portions (by about 1 cm in 5 cm). 

The calculated probabilities of scatter shown in fig. 2 are presented in the 
usual way as a superposition of the effects of multiple scattering, which pre- 
dominates at small angles, and of single scattering, which becomes more 
important at large angles. ‘The values for the contribution from multiple scatter 
were derived in a manner similar to those of table 1. 

In computing the values for large angle single scatter some allowance must 
be made for the distribution of charge in the scattering nucleus (Williams 1938), 
as shown experimentally by Lyman, Hanson and Scott (1951) for 15-7 Mev 
electrons. We have computed the expected single scatter distribution by 
averaging over the underground energy spectrum the Born-approximation 
formulae given by Rose (1948) for the following cases: point nuclei, a uniform 
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Fig. 2. Observed and calculated frequencies of scatter. 1, calculated multiple scatter: 
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charge distribution and a spherical shell charge distribution of radius equal to 
the nuclear radius of Pb. A correction factor has been introduced for the 
geometric loss of large angle scatters resulting from the telescope system used. 
The method of evaluating this factor is indicated in the Appendix. The results 
are shown in fig. 2. 

The experimental observations are seen to depart significantly from the 
curves calculated for point nuclei at angles greater than 15°, and the discrepancy 
is even greater for those based on some form of nuclear structure. 

Amaldi, Fidecaro and Mariani (1950) have pointed out that, in addition to 
the coherent scattering considered above, account should also be taken of the 
incoherent scattering resulting from collisions with individual protons in the 
nucleus, the recoiling proton exciting the parent nucleus. We have evaluated 
this effect for Pb and find that it turns out to be very small, about 1 to 2% of 
the observed cross sections. Hence we conclude that the observed frequency 
of large angle scatter is significantly greater than can be explained in terms of 
either multiple or single coulomb scattering of u-mesons. 


(a) Nature of scattered particles. 


From the known frequency of nuclear disintegration ‘stars’ (George and 
Evans 1950) we know that strongly interacting charged particles such as 
7-mesons and protons form less than 0-05°% of the cosmic-ray flux at this depth. 
Assuming such particles to be scattered with a nuclear geometric cross section, 
they would account for 2°% of the observed scatters at the most, and the true 
number is certainly much less than this figure. 

Since the scattered particles are observed to pass through two 2 cm Pb plates. 
without being accompanied by secondary particles on emerging, and since their 
deflection in the lead plate not showing the large angle scatter was always small, 
we can safely assume that the particles scattered through large angles were not 
electrons. The rapidly falling energy spectrum of such electrons, characteristic 
of their origin in knock-on collisions, strengthens this argument. Also, the 
extra absorbers in the second and third runs all help to reduce the possible 
influence of electrons. 

So far no singly charged particles other than electrons, 7- and «-mesons 
and protons have been identified in the underground component, and we therefore 
conclude that the scattered particles are w-mesons, and that the observed frequency 
of scatters with angles greater than 15° cannot be attributed to coulomb effects. 
If we interpret the results as examples of non-electrical scatter of «-mesons, the 
results of the first run give a cross section for this process, averaged over the 
energy spectrum of the underground particles, of 2 x 10-°8 cm? per nucleon, in 
agreement with our results reported earlier (George and ‘Trent 1951). 


(6) Energy dependence of scattering cross section. 


From fig. 2 the introduction of Pb absorbers in the counter telescope is seen 
to produce a large decrease in the frequency of large angle scatters, suggesting 
that the majority of u-mesons scattered had kinetic energies between 100 and 
300 Mev, although the statistical weight of the results does not merit a refined 
analysis. Since only about 5% of the underground particles lie in this energy 
band, this would imply a cross section of 4 x 10-*” cm? per nucleon for 4-mesons 
of energies between 100 and 300Mey. In this respect our results are similar to 
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those of Amaldi and Fidecaro (1950), who made observations at sea level and 
gave 4:5 x 10-29 cm? per nucleon as an upper limit for the scattering cross section 
in the band 200 to 320 Mev, and about 2-3 x 10-*° cm? per nucleon for the energy 
band 320mev to infinity. Our results are larger, and an explanation of the 
discrepancy may presumably be found in the differing techniques, energy limits 
and geometries used. 

After our observations were completed, Whittemore and Shutt (1952) gave 
an account of cloud chamber observations at sea level and mountain altitude of 
scattering of cosmic-ray particles in Pb. Magnetic curvature indicated the 
sign of charge of the scattered particles, and in this way they were able to eliminate 
the possible contribution from protons, obtaining a cross section for the scattering 
of z-mesons of about 10-*5 cm? per lead nucleus, or 5 x 10-5 cm? per nucleon. 
‘This value is similar to that observed by other workers at sea level (Wilson 1940, 
Code 1941, Shutt 1942). The complexity of the cosmic-ray beam at sea level 
or mountain altitudes renders difficult the interpretation of observations of 
scattering. By working at large depth below ground, where only the u-meson 
component survives, we have been able to overcome this particular difficulty. 

Barrett et al. (1952) studied the lateral distribution in the showers of u.-mesons 


detected at a depth equivalent to 1600 m water, and concluded that there was” 


no evidence for anomalous scatter of u-mesons. _ If, in fact, the anomalous scatter 

is only significant for u-mesons of a few hundred Mey, no evidence of large angle 

scatters would be expected under their conditions of observations on account 

of the high value of the mean energy of the u-mesons at this depth, and also 

because of the low energy cut-off produced by the absorbers in their telescopes. 
(11) Pairs 

From measurements of the knock-on rate carried out in these experiments 
we may estimate that, in the course of our observations, approximately 80 cases 
should have occurred in which a penetrating particle was incident on the chamber 
together with a single electron of energy greater than about 40 Mey. 

The probability of a knock-on electron produced by an energetic meson 
traversing 2 cm of lead without scatter greater than 2°, and without producing 
a secondary particle, may be estimated as of the order of 0-01 or less, and we 
therefore conclude that any contribution to the effect observed from this source 
is negligible. 

Consequently we may conclude that a minimum number of seven events 
was observed in which penetrating pairs of particles were produced, either in 
the lead in the chamber or in that above. Because the experiments varied in 
the amount of lead above the chamber, it is not possible to obtain an accurate 
cross section, but it seems reasonable to conclude that the cross section for this 
process is of the same order as that previously reported both by other workers and 
ourselves, i.e. 4x 10-** cm® per nucleon, corresponding to a mean free path 
of 40 m of lead. ‘This cross section is too large to be accounted for in terms 
of the known probability for nuclear interaction of u-mesons involving star 
production, as observed in photographic plates. 

Recently Lovati et al. (1953) observed no certain examples of penetrating 
pairs in a track length of 350 m of lead, using a multiplate cloud chamber under- 
ground, indicating that the cross section for this process may be appreciably 
smaller than that given above. A value of between 1 and 2 x 10-?® cm? per 
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nucleon would not be inconsistent with all the underground investigations of 
this process, including that of Lovati. Further observations are required to 
clarify this situation, and we have an additional experiment in progress. 
Hayakawa (1952) has suggested that the anomalous scatters and the pair 
events might be attributed to K-mesons existing in the underground radiation. 


The experimental observations are as yet too meagre to say anything about this 
possibility. 


$5. CONCLUSIONS 


From the experiments reported in this paper we have drawn the following 
conclusions: 

(i) The frequency of anomalous large angle scatter of more than 15° of 
energetic .-mesons indicates a cross section of 2 x 10-8 cm? per nucleon, averaged 
over the energy spectrum of particles with energy above 100 Mev at a depth of 
60 m water. 

(11) Most of the observed large angle scatters refer to particles with energies 
between 100 and 300 Mev. 

(iii) Previous results on the production of pairs of penetrating particles in 
the cosmic radiation underground are confirmed, with a cross section of 
approximately 4 x 10-*° cm? per nucleon. ‘These events are not explicable in 
terms of star production by p-mesons. 
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APPENDIX 


The effect of considering all particles to be incident in a vertical plane (the 
plane of observation) was calculated to produce a negligible error. ‘This is due 
to the depth of the illuminated region being small (~ 6 cm). 

If d and y are the angle of scatter of a particle, projected on to the plane of 
observation and a perpendicular vertical plane, respectively, then the probability 
of a projected angle of scatter between ¢ and ¢+ d¢ is 

‘exp {—(¢2+P2)/402} sec? $ sec? y dp 
es 4d9 [ {tan?¢ + sec? p}3/? 
(assuming the scattering angle @ is small and therefore approximately 6? = 6? + ¢°), 
where 7) is an upper limit on % imposed by the chamber and « is a function of 
the energy of the particle and the thickness of the lead plates, as given by Williams. 

However, this expression does not allow for the fact that a particle scattered 
through an angle (4, 4) will not always be observed, depending on its initial 
direction and that part of the chamber on which it is incident. If C,(%) is the 
fraction, of all incident particles scattered with a projected angle %, which can 
be observed, and C,(¢) is the fraction, of all incident particles scattered with a 
projected angle 4, which can be observed, then 

P,(¢) dd = 4C\($) sec? d d¢ exp ( me 7/40") \ exp ( — $?/4a7)Co(p) sec? ip dys 

0 {tan? + sec? p}8? 
is the probability of observing a scatter-between ¢ and ¢+d¢, allowing for the 
geometry of the chamber. 

Functions C,(¢) and C,(y%) can be obtained by calculating, with the aid of 
a scale diagram of the chamber, particular values for a series of values ¢ and 
~, and then fitting an appropriate polynomial. 


Note added in proof. We have been informed by Dr. A Wolfendale that he 
has studied the scattering of cosmic-ray particles in a multi-plate cloud chamber 
operated under 1 m of lead at Manchester, and that he also finds evidence for 
anomalous scatter of 4-mesons with a cross section in good agreement with 
that reported in this paper. 
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Ionization of Cosmic Ray Mesons in Argon 


By Jaks PARRY Hub. RATHGEBERD AND Jada ROUSE 
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Communicated by L. H. Martin; MS. received 2nd December 1952 


Abstract. ‘The ionization of cosmic ray mesons with momentum in the range 
3 x 10° to 7 x 10!’ ev/c is investigated using an argon-filled proportional counter. 
The results obtained are in agreement with theoretical calculations and show 
evidence of a polarization effect. 


§ 1. INTRODUCTION 


HE rate at which fast particles lose energy by ionization processes is of 

considerable importance in the identification of tracks in cloud chambers. 

and nuclear emulsions. Although the theory of the variation of ionization 
with the momentum of the particle was developed some time ago (Bohr 1915, 
Bethe 1930), until quite recently there were no satisfactory measurements in the 
region of relativistic particle velocities. 

Theory predicts an initial decrease of ionization with increasing momentum 
until a minimum is reached, at an energy of the order of the rest energy of the 
particle, whereupon the ionization increases logarithmically. At higher momenta 
depending on the density of the medium, polarization effects (Halpern and Hall 
1948) limit this rise, and the ionization approaches a constant value. Ina dispersed 
substance such as a gas this rise should be readily observable. A preliminary 
measurement made in this laboratory (Goodman, Nicholson and Rathgeber 
1951), however, showed no evidence for such arise. In view of this discrepancy 
and the unsatisfactory hypotheses required to explain it, immediate plans were 
formulated for further measurements with increased precision and improved 
methods of analysis. A critical study of the preliminary measurements published 
showed that the accuracy was insufficient to justify the conclusions reached. ‘The 
results of the experiment described in this paper agree well with the theoretical 
expressions. 

Since the experiment commenced, there have been several other measurements 
(Ghosh, Jones and Wilson 1952, Becker et al. 1952, Kupperian and Palmatier 1952, 
Carter and Whittemore 1952), notably by Ghosh, Jones and Wilson (1952) using 
cloud chamber techniques and Becker et al. (1952) using proportional counters. 
The results of these experiments are in good agreement with the theoretical curve, 
but with the exception of the work of Ghosh, Jones and Wilson (1952) do not 
extend to sufficiently high momenta to show polarization effects. 

In the experiment described in this paper, the particles are separated into a 
number of momentum ranges by means of a magnetic spectrometer, and the ioni- 
zation of each particle is recorded with a proportional counter. Due to the low 
stopping power of the counter large fluctuations in the ionization are observed. 
If a histogram of the ionization readings in any particular range is plotted the 
familiar asymmetrical distribution curve calculated by Landau (1944) is obtained. 


542 J. K. Parry, H. D. Rathgeber and f. L. Rouse 


The quantity measured in this experiment is the peak of the distribution, which 
corresponds to the most probable ionization. ‘The measurements extend over the 
momentum range 3 x 10° ev/c to 7 x 10! ev/c. 

In the preliminary measurements reported by Goodman, Nicholson and 
Rathgeber (1951), the limited number of results (400 tracks) made it impracticable 
to use a curve fitting method to obtain the most probable ionization. In each 
range the mean value of the ionization was computed. Since the amplifier used 
in the preliminary experiments had a low overload point, the tail of the fluctuation 
distribution was truncated. The effect of this was more serious in the region of 
high ionization and resulted in the mean being insensitive to changes in ionization. 
Further, due to the neglect of overloads, the experimental errors given were far too 
optimistic. 

§ 2. EXPERIMENTAL METHOD 
(1) Description of Equipment 

The spectrometer as used here for momentum measurements on cosmic ray 
particles has been described elsewhere (Caro, Parry and Rathgeber 1951). The 
path of the particle through the magnetic field is established by trays of Geiger 
counters (fig. 1), the track through the spectrometer being recorded on a punched 
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card. ‘Tray 4 records particles which pass through 10cm of lead, thus defining 
the penetrating component. An estimate based on the work of Mylroi and Wilson 
(1951) shows that less than 0-5°% of the particles penetrating the lead are protons. 
Electrons may be excluded since the probability of a high energy electron pene- 
trating the lead without producing a shower is negligible. Thus, in this experi- 
ment, all particles which penetrate the lead without producing showers are assumed 
to be mesons. 

The proportional counter is placed in the spectrometer immediately below 
tray 2. ‘The counter which is constructed of brass, has a square cross section with 
7-5cm side and an active length of 10cm. Aluminium windows 7:5 cm square 
and 0:25mm thick allow the particles to pass through the counter with little 
scattering. A tungsten wire of 0-1mm diameter is used and the counter filled 
with argon and ethylene at partial pressures of 774 and 46mm of mercury (0°c) 
respectively. ‘lhe linear pulse amplifier has a stabilized gain of about 104 and a 
stabilized rise time. ‘The height of the pulse from the amplifier is measured by 
means of a circuit due to Wilkinson (1950) which has been modified to record only 
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when the spectrometer registers a coincidence. This circuit converts the amplifier 
pulse into a rectangular pulse whose time duration is proportional to the peak of 
the input pulse. This rectangular pulse gates a crystal oscillator, the oscillations 
transmitted being counted by a pair of decade scales and recorded on the punched 
card. ‘The linearity of the complete pulse height recording circuit is excellent. 


(ii) Calibration of Proportional Counter 


The proportional counter was ‘calibrated using the filtered characteristic 
Kz radiation of Cu and Mo. The pulse height distribution at the amplifier 
output was obtained with a single channel analyser. A graph of the peak of 
the pulse height distribution against energy in kev showed that the Mo and Cu 
Kz points and the origin lay closely on a straight line indicating true propor- 
tionality of the counter. The width at half height of the distributions was 
approximately 20°. The absolute value of the energy loss for particles 
traversing the counter was obtained from the MoKz« calibration. 

Using the CuK« radiation, pulse distributions were obtained for various 
counter potentials V ranging from 2100 to 2400 v corresponding to gas gains A 
of about 600 to 4000. In this range log A =constant. V. 

A study of the active region of the counter was made by passing the 
MoKz« radiation into the counter at various positions along the wire. A small 
end effect was observed, which necessitated a correction of 2°% between 
measurements taken with the counter in the spectrometer, where the tracks were 
distributed over a 4-cm square, and measurements taken in the calibration when 
the tracks all lay very close to the centre of the counter. 

(iii) Operation 

Since the results were obtained over many months of continuous operation, 
a regular check on the stability and constancy of the equipment was necessary. 
Daily checks were made on the stabilized proportional counter h.t. supply, the 
calibration of the Wilkinson pulse height circuit and the Geiger counters. In 
the absence of a suitable K capture source, self-excited x-rays from a Po source 
were used for weekly checks on the proportional counter and amplifier. Both 
the peak and half width of the pulse distribution were measured. It was found 
necessary to increase the proportional counter h.t. by approximately 0-1% per 
week to keep the gas gain constant. ‘The half width of the distribution remained 
constant throughout. 

The results were obtained in two runs: 


Run1. Field1900 gauss. Zenithangle 0°. No. of mesons 3958 
Run2. Field 13500 gauss. Zenith angle 30° East. No. of mesons 2430 


Run 2 was made at a zenith angle of 30° so that the momentum results could be 
included in another experiment. 

Before and after each run the counter was calibrated with Cu and Mo x-rays. 
The amplifier gain was measured and found to remain constant. ‘The single 
channel analyser and the Wilkinson pulse height circuit were compared using a 
pulse generator. 


(iv) The Determination of the Fluctuation Curve 


An experiment was performed primarily to obtain an accurate fluctuation 


curve for this particular proportional counter, which could be fitted to the 


histograms obtained in the two meson runs. 
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Electrons of momentum 1:3Mev/c were passed centrally through the 
proportional counter and then through a Geiger counter. ‘These two counters 
were arranged.in coincidence so that scattered electrons which failed to pass. 
through the central region of the proportional counter were not recorded. ‘The 
pulse height distribution from the proportional counter was recorded by the 
Wilkinson pulse height circuit for 9000 electrons. From the histogram, a 
distribution function was obtained which is shown in fig. 2 together with the 
Landau curve for comparison, where A, A, and € are defined in § 4. The 
experimental distribution is broader than the Landau curve, an effect which is 
in agreement with the measurements of Rothwell (1951). 
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Fig. 2. Comparison of Landau curve with measured fluctuation curve. 


§ 3. RESULTS 


(1) Method of Analysis 


The results obtained for the meson component in the two runs were divided. 
into a number of momentum intervals, selected so that within an interval the 
ionization was little dependent on the momentum, and the number of particles. 
was not too small. ‘The distribution function obtained for electrons was fitted 
to each of the histograms representing the energy loss distribution for a particular 
momentum interval, using Behrens method of curve fitting as described recently 
by Becker et al. (1952), and thus obtaining the mode, scale factor and their r.m.s.. 
errors. Examples are shown in fig. 3 of histograms and the fitted distribution. 
functions omitting the tail at large values of energy loss. ‘These histograms. 
are not those used in the curve-fitting process, but show the results grouped into. 
large intervals suitable for display on a diagram. ‘The results obtained in the 
two meson runs and the electron experiment are given in the table. 

In the meson runs (see table) the positively and negatively charged particles. 
are taken together. No significant difference is observed when each charge is. 
considered separately. 
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The width w at half height of the distribution varies little for different 
momentum intervals, the mean values being run 1: w=57+2%; run 2: 
w=57+4%; 1:3 mev/c electrons: w=59+2%. 

The errors associated with the most probable energy loss (last column of table) 
are errors due to the process of curve-fitting only, and do not include experimental 
errors. The effect of the experimental errors is negligible when comparing 
values of the most probable energy loss obtained in either one of the runs, but 


Run | A Run | Run 2 
Mean Momentum 3-7xI08ev/c Mean Momentum 37x 109 ev/c Mean Momentum 6:7~10!° ev/c 
tage 12-8 kev Peak 16-6 key W=526 Peak I19-2keV W=86 
=292 


10 30 
Energy Loss (kev) 
Bigee3. 
Momentum range Mean momentum No. of Most probable energy 
(ev/c) (ev/c) particles loss in counter (kev) 
Run 1 SS ilpeyy ie ~3-0 x 101° 290 iRy/S7/ ers) 
4-9—15-0 x 10° 7-4 x 10° 602 N7silseOe2 
3-0— 4:910° S3e7/ Scie 526 16:6+0-2 
2:1— 3:0 10° D502 479 15-8+0:1 
1°3= 2:1 «10° 1e7'x 10? 655 15-4+0:-1 
8:7—13-0 x 108 telat? Si?) 14:2+0:1 
4-8— 8-7x108 6-4 « 108 542 13°8+ 0-2 
2:-4— 4:8 108 Belle 292 12°822,0F1 
Run 2 Son 108 ~6-7 « 102° 86 19:2+0:7 
1°5— 3-510 20 1012 160 19:-3+0-6 
8-1—15-0 x 10° be) KO 316 18-:1+0:3 
5-0O— 8-1 10° Frere 1102 401 17-4403 
3:0— 5:0 10° 3-8 x 10° 571 16:5+0:2 
2:1— 3:0 10° ZapoLe 483 15-64: 0-3 
1-3— 2-110? hog Sil 413 14:9+0:-2 
Electron 
Run 1:2— 1-4 10° 123 x10 9000 PES) seer 


must be taken into account when comparing the most probable energy loss between 
meson runs or between a meson run and the electron experiment. 

The estimated absolute experimental errors are: 

(a) +6% error in the absolute value of the most probable energy loss affecting 
the results as a whole. 
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(b) +2% error in the energy loss when comparing the two meson runs. 

(c) +4% error in the energy loss between either meson run and the electron 
experiment. 

The meson results are plotted in fig. 4 as a function of momentum, where 
the errors shown are those due to curve-fitting only. 

The results for the meson component given in the table exclude particles. 
deflected away from trays 3 and 4, particles which failed to fire a counter in tray 4, 
and particles which produced a shower beneath the lead firing two non-adjacent 
counters or more than two counters in tray 4.' These three cases, which contain 
only a relatively small number of particles, gave no significant results, because 
the particles could not be identified with certainty. 
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Fig. 4. The most probable energy loss of mesons in argon as a function of momentum. 


The errors shown are due to curve-fitting only. 


(11) Comparison with Theory 


The proportional counter is essentially an instrument which measures the 
ionization within the gas volume, but since the calibration was carried out using 
the known energy loss of x-ray photo-electrons, it was considered more satisfactory 
to treat the measurement as one of energy loss. This entails the assumption that 
the number of electron volts required to produce one ion-pair in the gas remains 
constant from X-ray energies to cosmic-ray energies. This assumption has some 
theoretical justification (Williams 1932). 

It was emphasized earlier in the paper that the method of analysis gives the 
most probable energy lossinthe counter. 'T’o calculate this quantity it is necessary 
to use the equation derived by Landau. If A is the energy lost by the ionizing 
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particle in travelling a distance x, and Ay the most probable value, then 
Ay = €{ In (€/e’) + 0-37}, 


2nNet XZ Coleg XZ) 


where = 2 Seip ? EA and « Gmelin, ry Be’ 


N is Avogadro’s number, e and m the electronic charge and mass, Z and A the 
atomic number and atomic weight of the medium of density p, B =v/ce where v 
is the velocity of the ionizing particle and J(Z) the average excitation potential 
given by Bloch’s approximation J(Z) =13-5Z. 

From this equation the most probable energy loss was calculated for a number 
of points over the range of the measurements, and the energy loss-momentum 
curve obtained. At high values of the momentum, the Landau expression must 
be modified to allow for polarization effects. ‘These corrections were calculated 
for the mixture of argon and ethylene using the theory of Halpern and Hall 
(1948). The continuous curve in fig. 4 shows the modified expression for the 
most probable energy loss, while the broken portion represents that obtained 
without taking account of polarization corrections. 

The calculated value of the energy loss was on the average 2°, lower than 
that obtained experimentally. .This is well within the 6% uncertainty in the 
absolute value of the experimental results. In order to ascertain the experimental 
variation in energy loss with momentum, the theoretical curve has been normalized 
to the meson results. 

It can be seen that the points from the two meson runs agree well over the 
range where the two runs overlap, with the possible exception of the high 
momentum points in each run. ‘The highest momentum group in each run is 
unresolved by the spectrometer, this is indicated by a small horizontal arrow. 
Since these points are at the limit of resolution of the equipment they contain 
an appreciable contamination of mesons from the lower adjacent group. This 
effect lowers the unresolved points, particularly that in run 1, where the con- 
tamination from the adjacent group is larger and more effective than in run 2. 
A calculation shows that the contamination is sufficient to make these points lie 
below the curve by approximately the amount obtained in the experiment. 

Despite the large errors of the points above 10!°ev/c the results indicate a 
polarization effect of the same order as that calculated by Halpern and Hall (1948). 


§ 4. CONCLUSION 


The results obtained in this experiment show that within the limit of theoretical 
and experimental uncertainty the absolute value and variation with momentum 
of energy loss of mesons in argon agree with the theoretical calculations over the 
momentum range 10° to 10!°ev/c. ‘These results agree well with the measurements 
of Ghosh, Jones and Wilson, and Becker et al., and do not confirm the report 
of a preliminary experiment performed in this laboratory. 
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The Lateral Structure of Cosmic Ray Extensive 
Air Showers at Sea Level 


By S. R. HADDARA* anp D. JAKEMAN+ 
The Physical Laboratories, The University, Manchester 


Communicated by 7. G. Wilson; MS. received 16th October 1952 


Abstract. ‘The axes or cores of extensive air showers have been selected by 
observing in a cloud chamber cascade showers produced by a single high-energy 
(>5 x 10° ev) electron or photon, and an upper limit of 5 m for the spread of such 
particles has been found. By placing trays of hodoscoped counters at various 
distances from this core selector it has been possible to determine the relation 
between density of ionizing particles and distance from the axis for showers of 
approximately 104-10° particles. The experimental arrangement and method of 
analysis used have certain advantages over those employed by other workers. It is 
concluded that although the results of the present experiment and those of other 
workers are consistent with the Moliére structure function, not too much weight 
should be placed on this agreement. 


$1. INTRODUCTION 


HE lateral development of an extensive air shower is determined by the 

mechanism of growth of the shower; it is important because a study of it 

is expected to give information about the processes through which the 
shower has grown, and because a knowledge of the lateral structure is necessary 
if the size and energy of the shower, important with particular reference to the 
energy spectrum of cosmic-ray primaries in the high energy region, are to be 
determined. The relation between density of ionizing shower particles and 
distance measured from the axis of the shower is described as the ‘lateral 
structure function’. his has been derived theoretically for showers developing 
through the atmosphere from a single primary electron or photon, by Moliére 
(1946) for the parts of the shower near maximum development and more recently 
by Nishimura and Kamata (1951) at two different stages of shower growth. 

Experiments at high altitude, by Williams (1948) using ion chambers, and 
by Cocconi, Tongiorgi and Greisen (1949) using Geiger counters, have shown 
close agreement with the calculations of Moliére, although Blatt (1949), using 
Williams’ data, and Hazen (1952), who uses a cloud chamber, both conclude that 
the structure within a metre or so of the shower axis is flatter than predicted. 
Recent experiments at sea level by Campbell and Prescott (1952) using ion 
chambers with small separations also support this latter conclusion. 

It seemed of interest to make structure measurements over large distances 
upon the relatively older showers which reach sea level, and to test a procedure 
which appears to be a decided improvement upon that developed by Cocconi 

* Now at the Fouad I University, Cairo, Egypt. t+ Now at the National Research 
Council, Ottawa, Canada. 
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and his colleagues. ‘The examination of the lateral structure is greatly helped 
if the shower axis can be located with confidence, and the design of an efficient 
‘core selector’ is an important step in the investigation of shower structure. 
The selector used in our work appears to have great advantages compared with 
those used by other workers. 

When the shower axis is determined, the structure function follows 
immediately from density measurements at a series of distances from it. However, 
the measurements of local density are not straightforward, and even in the 
elaborate arrangement used by Cocconi, in which 27 independently recorded 
counters were used at each point, the density at a point could only be determined 
to a factor of two in favourable cases. We have made no attempt to measure 
the densities of individual showers, and instead make use of a procedure which 
allows the data from all recorded showers to be analysed as a whole. 


§ 2. "THE DETERMINATION OF SHOWER CORES 


(1) General Discussion 


We define the axis of an extensive shower as the line of motion of the primary 
producing it, and for a pure cascade developing from a single electron or photon 
there is a high density of particles near to the axis which falls off continuously 
with increasing distance. It is the region of high density in the immediate 
neighbourhood of the shower axis which has come to be called the ‘core’ of 
the shower. 

It is by no means clear that an actual extensive shower, derived from the 
decay electrons of neutral mesons formed in the nuclear cascade which is 
initiated by a cosmic-ray primary, will have such a well-defined core. Indeed, 
it might be expected that several cores, defined by the direction of individual 
neutral mesons of high energy, would occur. The treatment of nuclear 
interaction by Lewis, Oppenheimer and Wouthuysen (1948) suggests this 
conclusion, but a qualitative model due to Bethe (1949) is consistent with an 
extremely close superposition of the subsidiary cores to be expected in the 
process. ‘The evidence of experiments by Williams (1948) and Cocconi et al. 
(1949) all support the existence of a single core from which the particle density 
falls away smoothly with increasing distance. 


(11) Methods of Selection 


Ise and Fretter (1949) and Milone, 'Tamburino and Villari (1950) have 
calculated how given close arrangements of unshielded counters in coincidence 
respond with regard to the position of a shower axis, and conclude that most of 
the recorded showers have axes close to the selecting apparatus. Milone et al. 
estimated that 80°, of showers recorded at sea level have axes within 10 metres 
of the selector, but Singer (1951) has shown that this result arises on account 
of the numerous small showers which only have appreciable probability of 
operating the selector when their axes fall in the region immediately surrounding 
this selector. If, however, additional counters are placed some distance away, 
supposedly to investigate the properties of showers away from the core, it must 
be remembered that the 20%, of showers having their axes at greater than 
10 metres from the selector have a very much greater probability of discharging 
these additional counters than the remaining 80%. The bias which the 


/O° 
additional counters introduce depends on many factors, and great care has to be 
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taken in the analysis of experiments of this kind. For this reason the curve of 
Milone e¢ al. relating the density of electrons at a detector distant from a group 


_ of unshielded counters is not simply related to the structure function. 


It can be shown, assuming that all showers have a similar structure, that the 
efficacy of core selection of a system of unshielded counters is independent of 
the size of counters used : high density at a point in general indicates a large shower, 
and not the immediate neighbourhood of a shower core. Thus coincidences 
between a number of small counters, large bursts in ion chambers, heavy 
ionization in proportional counters, large numbers of particles in a cloud 
chamber and so on, do not indicate the proximity of a shower core, as has. 
sometimes been supposed. 

A characteristic of cascade development is that high energy electrons and 
photons show less lateral spread than those of lower energy. This is the principle 
of the core selectors first used by Cocconi and his co-workers and by the present 
authors. In showers from an electron or photon primary, cascade theory 
indicates that electrons of energy 5 x 10° ev will have a root mean square spread. 
from the axis, at sea level, of about 1-5 metres, while the spread of photons of the 
same energy will not be larger. ‘The spread of these energetic electrons and 
photons will depend to some extent on the age of the shower (Eyges and 
Fernbach 1951), but the changes in spread are not large. 

In actual extensive showers the distribution of energetic electrons and photons 
will clearly be more complicated. But the details of development of the nuclear 
cascade and the numbers, height of formation and geometry of projection of the 
neutral mesons through which the shower is born are all too little understood 
for any estimate of the modification of structure to be of value at the moment. 
The results of the experiments will allow some conclusions on the actual spread 
of energetic electrons to be made. 

To detect energetic electrons and photons, Cocconi et al. (1949) used the 
fivefold coincidence of four counters under 9 cm of lead with a single unshielded 
counter a small distance away, the latter counter ensuring that the selected 
events were associated with extensive showers. A single incident electron would 
on average require an energy of at least 6 x 10° ev to discharge all four shielded 
counters. However, it is clear that this device can be triggered by other 
phenomena not necessarily associated with a shower core. For example, the 
four counters could be discharged by particles not all belonging to the same 
cascade, consequently some of the recorded events may arise from a high density 
of relatively low energy particles. Further, many workers have shown the 
presence of penetrating particles in extensive air showers, and a high density of 
these could discharge the selector. Finally, nuclear interacting particles 
associated with showers may produce an interaction in the shielding above the 
counters, which would then be discharged. Greisen (private communication) 
has pointed out that for small thicknesses of lead above the selector events 
produced by a high density of relatively low energy particles will predominate, 
whilst for large thicknesses events produced by penetrating particles will 
predominate. Consequently, an intermediate thickness of 9 cm of lead is such 
that events produced by incident high energy electrons or photons might be 
expected to predominate. 

Anticipating the operation of the selector by such processes, Cocconi et al. 
argued from a measured decoherence curve that most of the events arose from 
particles situated within a few metres of the core. However, for the largest 

20=2, 
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showers recorded, the results certainly indicate that the core selection was 
relatively poor, and it appears likely that in such showers high energy electrons 
will not be the predominant factors discharging the counters. In analysing the 
results for trays placed at large distances from the core selector it is these large 
showers which have the greatest influence, and consequently some systematic 
error is introduced into the experiment. It is extremely difficult to determine 
how large this error is, and consequently how reliable is the structure function 
given by Cocconi et al. It is suggested that the errors given by these authors 
could be considerably underestimated. 

In the present work high energy electrons and photons are recognized by the 
characteristic cascades emerging from a 5 cm lead shield placed immediately 
over a cloud chamber. A cascade of nine or more electrons diverging from a 
point at the lower surface of the lead is taken to establish the entry into the lead 
of an electron or photon of energy 5 x 10° ev (or greater), which, according to 
cascade theory, would have a root mean square spread of 1:5 metres (or less) 
at sea level from the axis of the extensive air shower. The entry of an electron 
having energy of 10° ev would, on the average, only produce one shower particle 
in the cloud chamber, and although the fluctuations of this number are considerably 
larger than that given by a Poisson distribution (Messel 1951), the chance of 
producing at least nine shower particles is very small. The fluctuations in the 
size of a cascade produced by a 5 x10% ev electron, however, are near the 
minimum and do not differ appreciably from a Poisson distribution. 

Using this selector, the presence of a high energy particle incident in the 
chamber is easily distinguished from a high density of relatively low energy 
particles since the latter will produce electrons in the chamber which are clearly 
not associated. A visual inspection of the photographs indicated that this 
occurred frequently as expected under 5 cm of lead. 

There must be a few nuclear interactions occurring near the lower surface 
of the lead shield which lead to events not readily distinguished from electron 
cascades in our cloud chamber. The application of a magnetic field would make 
the identification still more certain, but we consider that our apparatus already 
selects the products of high energy electrons with great efficiency. Certainly in 
our selector the relative contribution from nuclear interactions will be less than 
that in the selector of Cocconi e¢ al. since a minimum of nine particles is chosen 
in our experiment, whereas a minimum of three particles is necessary to discharge 
their selector, but the number of 5 x 10° ev electrons or photons associated with 
showers recorded per unit area of selector should be the same in both experiments. 

The disadvantage of the present selector is that with the size of chamber used 
the rate of observed ‘cores’ was approximately one per two days, and the 
collection of data was very slow. With much larger cloud chambers such a core 
selector could be used very effectively. 


§ 3. EXPERIMENTAL ARRANGEMENT AND RESULTS 


The experiment was performed at Manchester, 50 metres above sea level, 
and the showers analysed here were recorded during the summer of 1950. 

The cloud chamber, 27 cm diameter and 13 cm deep, closely shielded by 
5cm of lead and placed with the cylindrical axis horizontal, was placed 
symmetrically, as shown in fig. 1, with respect to the counter array. For the 
present purpose this array consists of four pairs of counter trays on opposite 
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sides of the cloud chamber at distances 2:5 m, 11 m, 23 m, and 44 m respectively. 
The basic composition of each counter tray was of ten 220 cm? counters and 
one 10 cm® counter, but variations from this composition for certain trays were 
made for part of the work in the manner indicated in table 1. Events were selected 
by coincidence combinations from the two trays located 2-5 m from the cloud 
chamber, and for selected events the behaviour of every counter of the whole 
array was recorded. ‘This paper discusses those events for which the incidence 
of an electron or photon of high energy in the cloud chamber, triggered by the 
counter coincidences, was indicated in the manner already described. 

Thirty-six showers were recorded which were accompanied by a cascade of 
nine or more particles proceeding from the lower surface of the lead shield which 
covered the cloud chamber, and the counter discharges in these events are given in 
table 1. Each row refers to one of the recorded showers. ‘The columns headed 
by L refer to the counters of area 220 cm? and those headed by M to counters of 
area 30cm?. An italic figure indicates that the small counter associated with a 
particular counter tray was discharged. 
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Fig. 1. Experimental arrangement Fig. 2. Counters connected to 
showing position of the counter the three channels C,, C,, C, 
trays and location of the cloud of coincidence circuit. (a) 1st 
chamber. series; (6) 2nd series. 


The data given in this table are clearly very limited, and more extensive material 
would be valuable, but there is already information which suffices to exhibit the 
method of treatment of data. 

As far as may be judged by inspection, the recorded showers show the expected 
features, maximum density at the counter units nearest to the core-detecting cloud 
chamber and a continuous fall of density to the more distant counter arrays. An 
interesting feature is that the largest showers recorded still have their maximum 
density near to the core selector, and this we believe indicates an improvement 
over previous selectors. Only for three records out of thirty-six does inspection 
suggest that the shower core in fact fell nearer to any counter arrays other than those 
adjacent to the chamber, and these examples can readily be attributed to the 
fluctuations inherent in the operation of arrays of relatively small numbers of 
counters. We discuss information about the shower structure in the first place 
using the assumption that the shower core is strictly located at the cloud chamber, 
and we afterwards consider the effect of displacement of the shower core from this 
central point. 
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Table 1. Counter discharges in 36 showers for which an electron or photon of 
high energy was detected at the cloud chamber 


1st Series 
Distance of unit from cloud 44 3 11 25 255 11 23 44 
chamber (m) 
L L L L L L iv, iL 
Composition of unit 70 70 70 70 70 70 70 70 
6 8 10 10 10 70 9 5 
1 8 10 10 70 70 9 es 
il 1 1 5 7 3 = = 
3 7 9 10 70 8 2, 4 
1 7 10 10 10 10 a 1 
3 6 70 10 9 9 6 4 
2 5 10 10 10 10 7 3 
- 7 10 10 9 6 7 3 
Number of counters discharged at 6 8 8 10 70 10 10 8 
each unit for each of the re-2 2 2 5 9 10 8 8 2 
corded showers 1 ~ + 10 i D = = 
1 5 9 10 8 4 4 ~ 
= 8 10 9 10 i 1 - 
5 9 10 70 10 10 8 8 
1 6 10 70 70 9 + - 
4 4 3 5 Ff 6 7 - 
- 1 4 9 10 a 3 - 
- 2 9 70 10 9 3 YD 
10 9 70 70 70 10 10 10 
2nd Series 
Distance of unit from cloud 44 23 1 2.5 2.5 1 3. «47 
chamber (m) 
1 oe eA I hoe We i Te, 1 
Composition of unit LOTT OPT 3 O° FSi 0 ae en Oe 
= Ss Site) io Shier 1 - 
7 lO aR: en 3 6 mee) eae 9 4 
= 2°25] 6 = 405) “lee - - 
7 4 4-=+ 4 1 #5 = 65 = 8 . “10 
So Se Se to ke re ee 6 1 
JEN SL” SDS POP Da eS ee 3 = 
5 OP G2 6 eG eon 9 1 
Number of counters discharged at Gael £2) ple 4c = i a I + = 
each unit for each of the re- = (02. ome 5s oD AO el 9 3 
corded showers 1 Le 3 85g bl eh Oe 43 > 
Simo MNS Hor Wie MS atte Unda pil bach foe ai 6 
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§ 4. DETERMINATION OF LATERAL STRUCTURE 


The data in table 1 refer to showers which we now assume to have axes reaching 
the surface at the point occupied by our cloud chamber. They are showers 
selected by the particular counter arrays indicated in fig. 2, and hence are of a range 
of sizes which are characteristic of these counter arrays and of the unselected size 
spectrum of showers incident upon the apparatus. 
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We write the size spectrum of selected showers F(N) dN, and then the density 
spectrum of the selected showers at a tray distant r from the shower axis is 


1 | 
Foy Field, ste (1) 


where f(r) is the lateral structure function, assumed the same for all selected 
showers. 

The frequency of showers discharging m out of 10 counters of area A at a given 
point (we refer here particularly to the first series of results and neglect the dis- 
charges of the small counters of area 10 cm*) is therefore 


R(n, 10) =const. "Cy fe [1 —exp(— Ap)]" exp[—(10—n) Ap] F(2) Hie Pel 04) 


where « is a parameter depending only on the distance of the countertray considered 
fromthe shower axis. Ifthe size distribution F of showers is known, the frequency 
R for various m can be computed as a function of «, and the value of « determined 
for each counter tray from which the computed values of R, for 0 <n <10, best 
fit the observed distributions summed over all showers. ‘The method adopted for 
determining the best fit is essentially a least squares method, and for problems of 
this type has been discussed by Broadbent, Kellermann and Hakeem (1950). 
These authors indicate how the standard deviation of the parameter giving the best 
fit can be found, and also give the criteria for a good or bad fit. 

The function F is not, in fact, known; since very small showers have a 
vanishingly small probability of detection by the selecting array, while large showers 
are absolutely rare, it clearly has some maximum value corresponding to a most 
probable shower size which is selected. As a first approximation the function F 
may be assumed single-valued at this optimum shower size. In fig. 3(a) the 
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Fig. 3. (a) Observed distribution. 
(b) Calculated distribution for a single density p’ at each tray. 
(c) Calculated distribution for a spectrum of densities at each tray. 


observed distribution of R (n, 10) for trays at four distances from the core selecting 
chamber in the first series showers is shown, and in fig. 3(4) the calculated 
distribution making this approximation of constant shower size is shown for the 
value of size yielding the best fit. The fit is not a good one. 
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A more realistic approximation to F can readily be made, and within reasonable 
limits the result is not sensitive to the assumed form. We have used the form 


F(p) =[1 —exp (—2Ap)] [1 — exp (Ap) [1 —exp (—84p)] p74! .....-(3) 
with §=0:012 and y=1:5. With this form of the selected incident shower 


spectrum a good fit with the observed frequencies R(n, 10) is attained as shown 
in fig. 3 (c), and the values of « for best fit are given in table 2. 


Table 2. First Series: « as a function of r (m) 


r 2S 11 23 44 
ot 1-42-4031 0:53+0-15 0:16+0-06 0-:059+ 0-021 


The quantity « is proportional to f(r), the lateral structure function, at each point 
of observation; over the restricted range of the experiment we write 


T@)=const.r.” 0" a Sie eee (4) 


and for the data of table 2, n=1-:09+0-16. 

The treatment of data of the second series is basically similar to that of the 
first, but since in some of the trays not all the counters have equal areas, 
expressions for the rates of different types of possible events are more 
complicated than those given by eqn. (2) for the first series. ‘To ease the analysis 
of the data, counters of a particular area were considered as a single counter 
having an area equal to the sum of the individual areas; thus we are no longer 
interested in how many of the large counters are discharged but only in whether 
at least one is discharged or none. 

Using the spectrum of density given by (3), a good fit between experiment 
and calculation was found for values of « given in table 3. 


Table 3. Second Series: « as a function of 7 (m) 


7 2°5 11 23 44 
o O27 Onl'S 0:23+ 0-056 0:092 + 0:030 + 0:021+ 0-007 


‘These values are about half the values of those obtained in the first series; 
this indicates that the sizes of shower in each of the two series differ by this 
factor and is due to the fact that more low density showers were recorded in the 
second series because of the larger areas used in the selection trays. It is 
cmphasized that the fact that the same form for F(p) gave agreement in both 
series arises from the poor statistics and that, if the data were extended, different 
forms for F(p) would have had to be used in the two series. 

Again the values of « are proportional for f(r), and lead to the expression (4), 
where n=1:14+0-18, in agreement with the value obtained previously. 
Combining the two oe we obtain a value of m = 1-11 + 0-12, where the uncertainty 
is the statistical one due to the limited amount of data, and does not take account 
of a possible displacement of the shower axis relative to the cloud chamber. 

‘The existing data are not extensive enough to enable an actual estimate of 
the average distance of the true shower axis of selected showers from the cloud 
chamber to be made, but inspection of the data suggests that it cannot be as great 
as 5 metres. We accordingly calculated as an extreme correction to the result 
obtained above the value of the structure function which would be obtained if 
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the shower axis were always 5 metres from the chamber and in a direction to 
give the maximum effect. These conditions require n=1-42+0-12, but this 
figure is certainly an extreme value, and consequently we take the value of 
n=1:2+0-2 as indicating the form of the structure function in the region r=5 m 
to50m. Although in fact the axes of the showers are situated over a finite region, 
it can be shown that the error introduced in assuming a single fixed position is 
included in the extreme correction. In fig. 4 the derivation of the index of the 
structure function is shown for what we consider to be the two extreme 
assumptions, namely an exactly located core at the cloud chamber and a core 
displaced up to 5 metres: the results of the two series have been combined. 
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§ 5. Discussion 


The results of our experiment, together with those of Cocconi et al. (1949), 
are shown in fig. 5, which also shows the theoretical curves (for showers developing 
from single electrons or photons incident at the top of the atmosphere) of Moliére 
(1946), s=1, and of Nishimura and Kamata (1951), s=1-4. ‘The quantity s is 
the well-known cascade parameter defined by Rossi and Greisen (1941), and the 
condition s=1 refers to showers at maximum development, while s=1-4 refers 
to ‘older’ showers. Over the distances covered in our work there is no significant 
difference to be anticipated between s=1 showers and those for which the later 
value, s=1-4, obtains. ‘The results given by Cocconi and his co-workers appear 
to follow the curve s=1 rather closely in spite of the fact that for the conditions 
of these experiments the appropriate value is probably about s=1-3. The 
uncertainties in this work, however, make any interpretation of this difference 
of doubtful validity. In particular, the interpretation laid upon their results 
by Borsellino (1950) that, since they conform more nearly to s=1 than to the 
anticipated flatter distribution s=1-3, the observed showers cannot arise from 
a single primary electron does not follow, however likely from other evidence 


this conclusion may be. 
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§ 6. CONCLUSIONS 


A cloud chamber core selector has been used and an upper limit of 5 metres” 
is found for the spread of electrons or photons of energy greater than 5 x 10° ev 
in the air showers to which the apparatus responds. The lateral structure function 
is obtained by placing Geiger counters at different distances from the selector, 
and it is shown to be of the form f(r)=const. 7”, where n=1-2+ 0-2 for the 
region 7=5 m to 50m. A comparison of the results with the theoretical curves 
of Moliére, and Nishimura and Kamata indicate agreement subject to the large 
statistical errors. However, it is concluded that this agreement and the 
agreement which Cocconi et al. obtained should not be given too much weight 
and provide little information on the processes of development of an extensive 
air shower. 
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The Thermal Conductivity of Gold at Low Temperatures 


By G. K. WHITE 


Division of Physics, National Standards Laboratory, Commonwealth Scientific and 
Industrial Research Organisation, Sydney, Australia 


Communicated by G. H. Briggs; MS. received 14th January 1953 


Abstract. Measurements of thermal conductivity at temperatures between 2 and 
150°K for several specimens of gold of differing physical and chemical purity are 
reported. A brief description is given of the cryostat and the experimental 
technique. Below 35°K the total thermal resistance is given approximately by 
R=A/T+BT*; apparent small departures from this equation are discussed. 
The experimental values of B lead to a value of C~15 in the equation for the 
ideal resistance R,= R,, CN? (7/@)?. At temperatures above ©/2 the conduc- 
tivity is sensibly constant and no minimum is observed. 


§ 1. INTRODUCTION 


OR many metallic elements at room temperature the Lorentz number 
fk K/oT approximates to a universal constant indicating that heat is conducted 
in these elements by electrons. It may be inferred that the lattice component 
of the conduction in such elements is relatively insignificant, partly because of the 
scattering of the phonons by the conduction electrons. ‘The electron conduction 
is limited by two major processes: impurity scattering, and scattering due to the 
thermal vibrations of the lattice. [he former arises from small scale lattice 
defects, strains and impurity atoms which produce a thermal resistance Rp, 
and the latter give rise to an ‘ideal’ resistance Rj. 
Wilson (1937) suggested that these resistances should be additive, in which 
case the total conductivity and total thermal resistance R would be given by 


Wee eee ot OO Ae eee a ep (1) 
where R, and the residual electrical resistivity py are related by 
alta! m= lpm tues Lorente AUMDEL = 98 wheat 40, & (2) 
ine ha=All; 


The theories of thermal conductivity of Wilson (1937) and Makinson (1938) 
indicate that at low temperatures, where 7'<0, the ideal resistance Rj is given by 


ages ae ee ie Te ee et G (3) 
where ONG NC we ae eet ee (4) 
N is the number of free electrons per atom and R,, is the limiting value of the 
ideal thermal resistance at high temperatures. Whereas the Wilson—Makinson 
solution of the transport equation gave a value of 95-3 for the numerical constant 


C, more recent solutions give values of 71-7 (third approximation by Sondheimer 


1950) and 27 (Bremmer 1934). 
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Recent experiments of Berman and MacDonald (1951, 1952) shed consider- 


able light on the temperature dependence of the thermal conductivity of the 


monovalent metals copper and sodium, showing, for example, no trace of the 


minimum in the conductivity at a temperature of about 0-250 predicted by” 


Makinson. 

The results reported in this paper are part of an investigation of monovalent 
metals designed to give information about the following : (a) the validity of the 
additive resistance hypothesis expressed in eqn. (1), (b) the strict proportionality of 
the impurity conductivity Ky with temperature, (c) the validity of the T° law of 
eqn. (3) for the ideal thermal resistance Rj, (d) the numerical value of C in 
eqn. (4). 

: a work of Mendelssohn and Rosenberg (1952), published before the 
completion of the investigations reported here, indicates the general character 


of the conductivity of a large number of metals of groups 1, 2 and 3 and the | 


transition elements. Their results for gold taken over a temperature interval. 
up to 20°K agree with our figures on a similar type of specimen. 


§ 2. EXPERIMENTAL DETAILS 


The thermal conductivity measurements extend over the range from 2° to: 


150°k using liquid helium and liquid oxygen as the cooling agents. Liquid 
helium for the cryostat (fig. 1) is produced in a liquefier of the Collins (1947) 
type constructed in the laboratory. 

The brass vessel a is maintained at either 4:2 or 90°K according to the range 
being investigated, and the inner metal shield b is temperature controlled by 
either of two methods. In the ranges 2 to 4:2°K and 55 to 90°K the vapour 
pressure of liquid in the chamber C is controlled by pumping through a simple 
glass cartesian manostat (Gilmont 1951). Outside these temperature ranges b 
is maintained within 0-01° of any desired temperature by the electrical heater 
H,; R, is a 1000 ohm manganin resistor in one arm of an a.c. bridge, the 
amplified out-of-balance e.m.f. from which is supplied to the heater H, (Wylie 
1948). 

R, is a glass-sheathed platinum resistance thermometer of the coiled 
filament type (Meyers 1932) attached to the shield b. 

The thermal conductivity measurements are made with the helium-filled gas 
thermometers A and B attached to a differential butyl phthalate manometer 
(Hulm 1950, Berman 1951). The random experimental error in the conductivity 
is estimated to be less than 1%. 


§ 3. SPECIMENS 


Measurements were made on two different samples of gold. The first sample, 
termed Aul before and Au2 after annealing, was a 2 mm diameter rod of com- 
mercial purity (99-9°%) obtained from Messrs. Garrett, Davidson and Matthey 
of Sydney. Analysis of this sample by the Defence Research Laboratories, 
Victoria, showed silver to be the major impurity with a trace of platinum and faint 
traces of iron, lead, copper and tin. 

Au3 was a 1:5 mm diameter rod drawn by Garrett, Davidson and Matthey 
from a 3mm rod, JM 3226, of purity greater than 99-999%; spectrographic 
examination of the 3mm rod by Johnson Matthey showed lines of silver and 
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‘copper, faintly visible lines of cadmium, iron, magnesium and sodium and very 
faintly visible lines of caleium and zinc. 

Au4 was the same high purity rod after annealing. Both Au2 and Au4 were 
annealed im vacuo at 700°c for about 3 hours and cooled slowly to 200°c over a 
period of 6 hours. 

When measurements on the fully annealed rod Au4 were completed it was 
reduced by drawing from 1-5 mm to 1-3 mm diameter, and its conductivity 
re-determined in the unannealed state. In this form it is termed Au5. 


Kmax = 26 watts/cm °K 


TO MANOSTAT +5 HiGH VACUUM PUMP 
LIQUID INLET. | 
VALVE 


(WATTS/cm deg.) 


LIQUID 
NITROGEN 


411—LIQuID HELIUM 
OR OXYGEN 


THERMAL CONDUCTIVITY (WATTS/cm deg.) 


‘H2 


TEMPERATURE (°K) 


Fig. 1. Cryostat for thermal 


Aul 99.9%, purity (unanneale 4) 


° 
conductivity measurements. a Au2 —-.--99-9 Jo purity Cannealed ) 

© Au3 > JM 3226 (freshly drawn) 

4a Au4 > JM 3226 (annealed) 

v Au4 : JM 3226 (annealed) — 2nd RUN 

e Aus » JM 3226 (redrawn) 


Fig. 2. Thermal conductivity of gold. 


§ 4. RESULTS 


The results for the five specimens are shown in figs. 2 and 3, together with 
calculated curves, which are discussed in § 5. 

The results indicate that the conductivity is practically temperature indepen- 
dent above 75°K, and below this temperature it rises to a maximum. As the 
degree of physical and chemical purity increases from Aul to Au4, the height of 
this maximum increases from 4:4 to 28 watts/cm deg and the temperature at 
which the maximum occurs decreases from 22 to 10°k. At temperatures in the 
liquid helium range the conductivity varies nearly linearly with temperature; the 
measurements on Au4 (second set) and Au5 were made specifically to examine 
whether there is any systematic departure from linearity. ‘The small increase 
with temperature of the measured conductivities at temperatures above 90°K can 
probably be ascribed to lack of correction for heat loss by radiation, which may 


reach 3% at 150°K. 
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§ 5. Discussion 


An analysis of the results shown in figs. 2 and 3 indicates that the relations. 
1/K=R=R,+R,=A/T+BT? are at least approximately valid below 30°. 


Using approximate values of A, deduced from the slopes of the lines shown in. | 


the inset of fig. 2, the ideal resistance R, at, say, 20°K may be calculated, and hence 
R, may be obtained for temperatures in the low temperature region. ‘The figures 
for R, obtained allow us to examine the constancy of A = R)T and subsequently 
to calculate more precise values of R; = R— Rp. 


5.1 Impurity Thermal Resistance 


The initial measurements on Au4 gave the value 0-228 + 0-004 cm deg? per 
watt for RT. Further measurements with increased accuracy were made from 
2°5 to 5:0°K and the result was 0-232 + 0-002 cm deg per watt with no apparent 
systematic variation. 

For specimens Aul, Au2, and Au3 the values of R)T obtained were 3-08, 
1-93 and 1-35 respectively. In each of these an increase in RyT of approximately 
3% was observed as the temperature fell from about 4°5 to 2°x. This increase 
appeared to lie outside the range of experimental error. 


30 


Calculated from 1/K =-232/T+0.97x10-*T?" 


—-—— Calculated from 1/K =-232/T+1.30x10~* T? 


VA Experimental Values 


THERMAL CONDUCTIVITY (watts/cm deg) 


° 5 10 1s 20 25 30 35 40 
TEMPERATURE (°k ) 


Fig. 3. Thermal conductivity of Au4. 

The fully annealed sample Au4 was redrawn to become Au5, and observa- 
tions of higher accuracy were made in the low temperature region. The redrawn 
rod, however, has a physical impurity content less than Au3 and its conductivity 
shown in fig. 2 lies between Au3 and Au4. For Au5 R,T is 0-792 + 0-010, 
with no apparent systematic deviation from constancy, indicating that any such 
deviation which might be related to changing residual electrical resistance 
appears at temperatures below 2°K. 


5.2 Ideal Thermal Resistance 


Since it has been shown, particularly for Au4, that the variation in R)T is 
small, the ideal resistance has been calculated for each specimen by assuming 
that it is equal to (RT— A)/T. 
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The logarithmic plot of the ideal resistance for Au4 (fig. 4) indicates that R; is 
proportional to 7”, where m is equal to 2:1 in the range 5 to 30°K, i.e. from the 
lowest temperature for which an accurate estimate of R, is available up to 
T=>0/5. Curves for the total conductivity are shown in fig. 3 for »=2-1 and 
n=2-0, assuming A =0-232 and using values for B from the experimental data at 

-18°x. The logarithmic plot indicates that n=2:1 fits the observations better 
than n=2-0. 

Figure 4 shows the ideal resistance of Aul, Au2, Au3 and Au4 against 
temperature. Logarithmic plots for the latter three specimens do not give a 
uniform power 7 over such a wide temperature range as for the pure annealed 
Au4, presumably because below 15°K uncertainty in the larger impurity resis- 
tance affects the accuracy of R;. 


Experimental. © Aul Calculated: ——— Ri=Roe (1/@) 17.0 Nv2 
A Ri = Raq, (7/8) 13-0N%2 
© Au3 with Rog =-290, N=1,@=170°K 
g AVAu4 
<2 
Zo 
& a ea 
= /a w 
g Re 8 
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g 02 b 
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« 
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3 2 | 
Ww | 
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= TEMPERATURE (®K) 
a L 1 ae eet {ae = 
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Fig. 4. ‘ Ideal’ thermal resistance Ri=R—R, as a function of temperature. Inset shows 
logarithmic graph of Rj against temperature for Au4 (pure annealed gold). 


The most significant points that emerge from fig. 4 are the following : 


(i) The ideal resistances R; for specimens Aul, Au2 and Au3 lie on a common 
curve. 

(ii) For T<30°xK this curve follows an equation of the form R,= BT?. 

(iii) R, approaches a constant value at a temperature 7~©/2, and there appears 
no evidence of any distinct maximum in the resistance corresponding to the 
minimum in the conductivity predicted by Makinson (1938). 

(iv) Specimen Aut has values of R; which, over the range 10 to 30°K, are about 
20°% lower than those for the less chemically and/or physically pure specimens. 
This suggests that the additive resistance law of eqn. (1) is not strictly valid. 


(v) Values of C were calculated from eqn. (4),-taking R,, from fig. 4 to be 
0-290 cm deg/watt, N=1 electron per atom and ®=170°x. From the specific 
heat data of Clusius and Harteck (1928) and the electrical resistance measurements 
of de Haas and Van den Berg (1936) it is concluded that © lies between 163 and 
180°x. We obtain C=13-0 for Au4 and C=17-0 for Aul, Au2, Au3. The 
maximum error arising from uncertainty in N and © is estimated to be not more 


than 20%. 
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An Investigation of (d, p) Stripping Reactions 
IV: Results for *°Ca and **Sr 


By J. R. HOLT anp T. N. MARSHAM 
Nuclear Physics Research Laboratory, University of Liverpool 


Communicated by H. W. B. Skinner; MS. received 12th February 1953 


Abstract. Angular distributions have been measured of some of the proton 
groups emitted from targets of natural calcium and strontium under bombard- 
ment by 8 Mev deuterons. ‘The theory of the stripping process has been used to 
enable assignments of spin and parity to be made to the corresponding states of 
Ca and *°Sr. The first and second excited states of *4Ca are thought to be 
states of single-particle excitation of the odd neutron. In the following list the 
excitation energies in Mev are accompanied by the shell model term or the 
possible spin values and the parity in brackets : 

= Ca- ground, state (1f-.), 1-90 (Zp,4),.2:425(2pij5), 3-96 (6/2, 3/24); 

4°76 (5/2, 3/24-), 3°7245)2, 32+). 
89Sr: ground state (9/2, 7/2+), 1-07 (7/2, 5/2—). 
The Q-value of the transition to the ground state of ®°Sr is 4-18 + 0-08 Mev, and 

this nucleus has excited states at 1:07+0-08, 2:09 + 0-08, 2-66 +0-08, 4:73 + 0-1 
and 5-46+0-08 mev. 


$1. INTRODUCTION 

HE methods of the previous papers of this series (Holt and Marsham 
| 1953 a, b, c, to be referred to as I, II, III respectively) have been applied 
to the nuclei #°Ca and **Sr. Range spectra of emitted protons and angular 
distributions of certain of the proton groups have been measured when the 
nuclei were bombarded with 8 Mev deuterons. ‘These nuclei were chosen for 
reasons similar to those which governed the choice of *°Si and ”S. Both nuclei 
have zero spin, which limits the ambiguity in the assignment of the spins of the 
- resultant nuclear states. Both have closed neutron shells, and 4°Ca has a closed 
proton shell while **Sr has a closed proton sub-shell. Such target nuclei should 
be favourable to the identification of states of single-particle excitation of the 

odd neutron added in the (d, p) stripping process (III). 

The range spectrum of the reaction 4°Ca(d, p)*tCa has previously been 
investigated by Sailor (1949) using 3-9 Mev deuterons. A magnetic analysis of 
the reaction **Sr(d, p)*°Sr with 10 Mev deuterons has been reported by 
McFarland and Shull (1953). 


§2. ‘TARGET PREPARATION 

A small piece of calcium metal containing the natural proportion 96-96% 
of 4°Ca was beaten out into a thin flake having an area of about 0-3 cm? and a 
mass of about 0-6 mg. ‘This was held at one corner by a clip and suspended at 
the centre of the target chamber. ‘There was some surface oxidation, but this 
did not interfere seriously with the measurements. 

The target of strontium was prepared in a similar way except that it had to 
be kept wetted with mineral oil during the beating process to prevent excessive 
oxidation. The oil was removed with benzene just before the target was inserted 
into the chamber. The target had a thickness of about 6 mg cm™ and contained 
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the natural mixture of mass numbers 88, 87, 86 and 84 in the proportions | 
82:6:7-0:9-9:0-6. Oxygen and carbon were present as contaminants. 


§3. RESULTS 
Spectra of Proton Ranges 
The differential range spectrum of the protons from the calcium target is 
shown in fig. 1 for an angle of observation of 26°. The energy of the bombarding 
deuterons was 8-13 Mev and was derived from the range and known Q-value o. 
the proton group corresponding to the formation of the ground state of “Of 
The lines marked O and C in fig. 1 indicate the positions of groups due to oxygen 


a A 49Ca(d,p)4'Ca 


t 
& 
s 

T 

— 


Number of Counts 


Py 9 Pe 9 PrOPe.Ps Ps Pe Pr Po 
Thickness of Absorber (mg cm~? Al) 


Fig. 1. Range spectrum of protons at an angle of observation of 26° from the deuteron 


bombardment of a target of calcium. 


and carbon. ‘The arrows indicate the estimated mean ranges of the groups 
attributed to calcium. ‘The Q-value of the transition to the ground state of 
41Ca was found to be 6:14+0-05 Mev, in good agreement with Sailor’s value of 
6:17+0-05 Mev. In the table are given our values for the energies of the excited 


Ca(d, pCa 


(1) (2) (3) (4) (5) (6) (7) (8) (9) 
Ri 0 0 3” 7/2, :5/2= 13-8 x10-" 25144493 
pi 1:9 40-05 1954007 1 3/2, 1/2— 2-3x10- 14 35403 peg 
Ps 2424005 2-41+0-07 1 3/2, 1/2— 1:0x10-* 5-3 2640-2 2pys 
ps, 29 OU 3-004 
oe 3340-4 
Dealt 3540-4 
Bt GeO amma aa 
3-9640-05 3:8640-:07 2 5/2,3/2+ 6-0x10- gg J P5407 or 
a i 4 2, 3/2+ 6-010 Beer ns 
4-76 + 0-08 2 5/2, 3/2+ 7-2x10- §g-4.dit SEOs or 
Be fh J 3/4. 7-210 Sete 
; ; = 1:1+0:2 or 
» 5-72-4008 2 5/2, 3/2+ 7-8x10- 6- = 
a + (2, 3/24 7-810 See 


(1) Proton group; (2) excitation energy (Mev), present work; (3) excitation energy (Mey), 
Sailor; (4) /-value; (5) spin and parity; (6) maximum differential cross section (cm?) 
(+20%); (7) neutron capture probability (arbitrary units); (8) (N.C.P.)/(2j¢+1); 
(9) suggested shell model term. 


states of “Ca, together with those obtained by Sailor. We find no definite 
evidence for the state of "Ca at 3-3 Mev. ‘The groups labelled p, and Po in fig. 1 
correspond to states at 4:76 and 5-72 mev, which were outside the range of Sailor’s 
observations. Angular distribution measurements were made on the groups 


Po Pir Pa» Pz, Pg and py. 


| 
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The differential range spectrum of the protons from the target of strontium 


is shown in fig. 2 for an angle of observation of 90°. From observations at different 
angles the groups indicated by the arrows pp, p;, Ps, P3, Py and p; have been 
ascribed to strontium. ‘The groups due to oxygen and carbon are also indicated. 


The energy of the deuteron beam was found from the ranges of the oxygen groups 


and was 8-01 Mev. The Q-value of the transition to the ground state of ®°Sr 


was calculated to be 4:18 + 0-08 mev. This agrees with the value 4:33 + 0-1 Mev 
obtained by McFarland and Shull. The excitation energies corresponding to the 


88Sr(d,p) Sr 


Number of Counts 


Ps Paw 10€ 0 Ps Pe P, Po 
Thickness of Absorber (mg cm-? Al) 


Fig. 2. Range spectrum of protons at an angle of observation of 90° from the deuteron 
bombardment of a target of strontium. 
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Fig. 3. Angular distribution of Fig. 4. | Angular distributions of the 
the proton group py from proton groups p, and ps, from 
e°@a(Gap ata: ead): eae 


. proton groups p, to p; are 1-:07+0-08, 2:09+0-08, 266+ 0-08, 4:73+0-1 and 
5-46 + 0-08 mev, of which the first three agree with the values 1:07, 2-07 and 


2:54 mev reported by these workers. Angular distribution measurements were 


made on the groups py and pj. 


Angular Distributions 


The angular distributions of the various groups of protons are shown in 


_ figs. 3 to 8. The curves drawn in each case have been calculated using the theory 


of the stripping process due to Butler (1951) with a radius given by the formula 
37-4 


568 F. R. Holt and T. N. Marsham 


(1:7 + 1:22.44) x 10-3 cm, that is 5:87 x 10-1 cm for calcium and 7-13 x 107% cm 
for strontium. Practically identical curves were obtained with the theory of 
Bhatia et al. (1952) using a radius greater than this by 1 x 10-1* cm in each case. 


The reaction *Ca(d, p)"Ca. | 
The angular distribution of the proton group py is shown in fig. 3. The | 
theoretical curve which gave the best fit with the experimental points is shown, 
and was obtained using the value 3 for the number of units of orbital angular 
momentum / taken into the nucleus by the captured neutron. 
In fig. 4 are shown the angular distributions of the groups Py and ps, the | 
vertical scales being the same for both. Each theoretical curve is drawn for/=1. 
‘The experimental curves in both cases show a larger dip in the forward direction | | 
than the theoretical curves. This effect has been observed previously for curves | 
having /=1 both for (d, p) reactions (III) and for (d, n) reactions (Evans et al. | 
1953). 4 
The intensities of the groups p3 and pg were too small to allow their angular | 
distributions to be measured. They remained less intense than the neighbouring _ 
groups p, and p, at all angles investigated. } 
The angular distribution of the prominent group p, is shown in fig. 5. At | 


40Ca (d,p)4iCa 


[ (a) l 
Pg 


— 


40a (d,p)4!Ca 


o 


|) 40Ca (d,p)4!Ca 


a 


Differential Cross Section (arbitrary units) 


Differential Cross Section (arbitrary units) 


Degrees 


Becnees Fig. 6. (a) Angular distribution 

of the proton group pg from 

Fig. 5. Angular distribution of *°Ca(d, p)*"Ca. (6) Angular 
the proton group p, from distribution of the proton 

2° Ca(dip)-tCa: group py from *°Ca(d, p)*!Ca. 


angles below 20°, where the neighbouring oxygen group became very close, the || 
angular distribution of the combined oxygen and calcium groups was measured |) 
and the oxygen contribution subtracted by making use of its known angular | | 
distribution. ‘The resulting experimental points could not be fitted by any single. 
theoretical curve. In fig. 5 theoretical curves having /=1 and /=2 are shown. I 
and also a composite curve constructed by adding together curves having J=1_ 
and /=2, with the same maximum height in both cases. _ This agrees reasonably |) 
well win the experimental points. | 
Measurements on the groups pg and py (fig. 6) were rather inaccurate because l 
of the proximity of the two oxygen groups. In the case of group py measurements | 
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were not made at angles less than 15° because the range of the protons was too 
small. In spite of the large errors on the experimental points it seems reasonably 
certain that both transitions have /=2. 
The reaction *°Sr(d, p)®%Sr. 

The angular distributions of the groups py and p, are shown in figs. 7 and 8. 


Differential Cross Section (arbitrary units) 


Differential Cross Section (arbitrary units) 
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Fig. 7. Angular distribution of the proton Fig. 8. Angular distribution of the proton 
group Pp from **Sr(d, p)®*Sr. : group p, from ®8Sr(d, p)®*Sr. 


Both are complex. A fair agreement with experiment can be obtained in the 
case of the group p, (fig. 8) by combining theoretical curves having /=0 and 
/=3. As the proton spectra from the less abundant strontium isotopes are not 
known it is not possible to say whether groups from these having ranges close to the 
groups from **Sr have contributed to the measured angular distributions. Neither 
is it known whether the groups from **Sr are single or multiple. In the case of 
the group py, at least three theoretical curves would have to be combined to give a 
- tolerable fit with the measured points. ‘The main component would seem to have 
an /-value of 4 or 5. 


§4. Discussion 

The results for 4°Ca are collected in the table. The maximum differential 
cross sections in column (6) were obtained by comparing the intensities of the 
proton groups with that of the deuterons scattered elastically from the target at an 
angle of 21° and using the Rutherford formula for the cross section in the latter 
case. The differential cross section of the assumed isotropic background was 
estimated from the angular distribution curves as in (III). The values lay within 
the range 7 to 11 x 10-*8cm”. ‘The neutron capture probabilities shown in column 
(7) of the table were calculated from the theory of Bhatia et a/. using the cross 
sections for the stripping process obtained by subtracting this background from 
the measured cross sections. 

The value /=3 for the transition to the ground state of 41Ca is consistent with 
the Mayer shell model since this predicts that the added neutron should go into 
the 1f,/, orbit. 

Following the same arguments which were applied to the results obtained with 
targets of ?8Si and *S (III), we have tried to pick out those states of 4*Ca which 
might be produced by single-particle excitation. The sequence of unfilled orbits 
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available to the odd neutron is 1f,/p, 2ps/2, 1f5j2, 2Pr/2, 18/2, 2d5/2 (Klinkenberg 
1952*). We suggest that the prominent proton groups p, and py, both having /=1, 
are associated with the capture of the neutron directly into the orbits 2p3/. and 2p). 
If this is so, then the spins /; of the corresponding excited states of 4*Ca are 3/2 and 


1/2. States of single-particle excitation are expected to be associated with | 


neutron capture probabilities whose relative values are determined mainly by the 
statistical weight 27,+1. The neutron capture probabilities for the transitions to 
the ground state and to the above two excited states of 44Ca when divided by the 
factor 2j;+ 1 become nearly equal as shown in column (8) of the table. This lends 
support to the assumption that these are single-particle states. ‘The numbers in 


column (8) are expressed in the same units as those for the single-particle states of | 


*9Si(III), and it is noteworthy that the values are very similar in the two cases. 


Proton groups associated with the 1f,/, and 1g). single-particle states would — 


have /-values of 3 and 4 respectively. The intensities of these groups would be of 
the order of 10% of that of the group p,.. Such a group corresponding to the 


1f,/. level could not have been observed between the two groups p, and py, and the © 


1g9/. level might be associated with the groups p; or pg or some other weak group in 
that region of the spectrum. 

The group p, seems to have a double value of / which suggests that it is an’ 
unresolved doublet. However, since the range of the carbon group fy is close 
to that of this calcium group, the component having /=1 may possibly be due to 
carbon contamination. Thus the three groups p,, pg and py probably all have 
J=2 and values of the neutron capture probability similar to those of single- 
particle states. It is likely that two of these groups correspond to the 2d,,. and 
2d3/, single-particle states, but the large errors on the values of the capture 
probabilities make it impossible to suggest which they might be. 

No definite conclusions can be drawn from the angular distributions of the 
groups py and p, from **Sr(d, p)®*Sr. Some uncertainty is introduced by our 
lack of knowledge of any fine structure of the proton spectrum, due either to the 
presence of close levels of ®*Sr or to contributions from the less abundant isotopes 
of strontium. Further uncertainty is introduced by the fact that no previous 
test of the stripping theory has been made when the deuterons have an energy 
less than the height of the coulomb barrier, and the theory in its present form 
neglects the effect of the coulomb field. Possible effects of this field are a shift in 
position of the maximum of the angular distribution and a change in the relative 
intensities of groups with different values of / but the same neutron capture 
probability. The results obtained with 4°Ca, which has a barrier height 
5:4Mev compared with 8-2 Mev for *8Sr, show no deviations from theoretical 
predictions greater than those shown by our results for nuclei with much smaller 
barrier heights. Simple considerations of the effect of the coulomb field indicate 
that the position of the maximum in the angular distribution is shifted to larger 
angles, and that the shift in the case of Sr should not be greater than twice that in 
the case of Ca. Thus the peak at 37° in the angular distribution of the group p, 
from *8Sr is probably consistent with the /-value 3, and the steep decrease at large 
angles in the case of the group py is probably consistent with the presence of a large 
component having /=4. According to the shell model the odd neutron of ®*Sr 
should occupy the 2d,). level in the ground state. There is support for this from 
the f-decay **Sr—>*°Y (Langer and Price 1949), which indicates that there is a 


* The notation differs slightly from ours. 
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change of spin in the process of two units, together with a change of parity, and the 
spin of *°Y is known to be $ (Crawford and Olson 1949). The /-value for py 
should therefore be 2. Instead, the main component of the angular distribution 
appears to have an /-value of 4, although there are components with lower values 
of J. 

The shell model suggests that the 1g,/. level is very close to the 2d,). level 
(Klinkenberg 1952), so that the ground state of ®°Sr could be a doublet giving rise 
to an unresolved proton group having components with /=4 and /=2. The 
difficulty would then be to account for the fact that the component with /=2 is 
not the most intense component, as should be the case according to the stripping 
theory if the values of the neutron capture probability are similar. 
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On the Theory of Internal Friction in Metals * A 


By B. V. PARANJAPE 
Department of Theoretical Physics, University of Liverpool 


Communicated by H. Fréhlich; MS. received 22nd December 1952 


Abstract. ‘The absorption and emission of vibrational quanta by the conduction 
electrons in metals leads to a contribution 7?vFoa/K,)(10-%) to the internal 
friction per cycle independent of frequency. This holds only for longitudinal 
vibrations whose wavelength is sufficiently small compared with the dimensions 
of the sample. In the above v is the number of free electrons per atom; o/Kg 
is twice the ratio of the velocity of sound to that of the fastest electron and is 
of the order 10-3. F is a constant of the order unity; its exact value can be 
found from the temperature coefficient of the electrical resistivity at high 
temperatures. 


§ 1. INTRODUCTION 


r ‘HE origin of internal friction-has been studied by several authors, in 
particular by Zener (1948) and his collaborators, who suggest that it is 
largely due to the plastic flow associated with the oscillatory motion of 

dislocations in crystals. This suggestion should hold whenever the frequency 

of vibration is sufficiently low. At very high frequencies this type of friction may 
be expected to vanish. At such high frequencies, however, another type of 
internal friction appears, owing to the interaction between the elastic vibrations 
of the lattice and the conduction electrons. This interaction leads to an energy 
exchange between the electrons and the lattice, which has been extensively studied 
in the theory of conductivity. In the present paper it will be shown that the 
contribution arising out of this interaction may be considerable. Application of 
this theory requires, however, that the vibrations be longitudinal and that their 
wavelength be sufficiently small compared with the linear dimensions of the 
specimen, i.e. that the frequency be at least 10® c/s (assuming a linear dimension 
of 1 cm). 

As usual, internal friction is defined as 


TSAR 5 Se re (1) 


where £& denotes the total vibrational energy and AE the energy dissipated 
within the body in one cycle. 

To calculate AF the theory of metals in its simplest form will be used. Here 
the lattice vibrations are described in terms of their quantized normal modes. 
The energy of a quantum is then hws, where w is the wave vector and s is the 
velocity of sound in the metal. The conduction electrons are considered to be 
free except for occasional scattering through absorption or emission of 
longitudinal quanta. 


* Based on Report, L/'T 288 of the British Electrical and Allied Industries Research 
Association (E.R.A.). 
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It is well known that in thermal equilibrium a system of normal modes 
follows Bose-Einstein statistics, whereas a system of free electrons satisfies 
Fermi—Dirac statistics, and that if the temperatures of the two systems are equal 
the distributions are not disturbed by the interaction. The various processes 
of emission and absorption of lattice quanta by electrons are in a state of detailed 
balance. 

If, however, equilibrium is upset through the excitation of additional quanta 
in mode w by external means, the electron gas will at first absorb more quanta 
of this mode than it emits. The excess energy gained by the electrons is then 


_ passed on through further interactions, and is eventually shared in the appropriate 


way by all the degrees of freedom of the system. 


§ 2. CALCULATIONS 


In order to simplify the problem, the calculations presented are for the 
absolute zero of temperature, but it can be shown that the formulae which are 
valid even up to room temperature are very little different. 

According to the theory of free electrons a scattering process satisties 
conservation of wave vector and energy, i.e. an electron in the state K can go into 
the state K’ by absorbing (emitting) a lattice quantum hws provided 


Eliminating K’ in equations (2) and (3), 
Bore ie Zita eCOS 0,9 9 8 ee geen. (4) 


where @ is the angle between K and w. The Pauli principle imposes the additional 
condition that, while the state K must be occupied, the state K’ must be empty. 

It is convenient to introduce polar coordinates K, 0, ¢ in K-space with the 
principal axis parallel to the lattice wave vector w. The polar angle @ is equal 
to the angle between K and w. One can specify a possible final state of the system, 
if the selection rule (2) is taken into account, by either the initial wave vector K 
or the final K’ of the electron which absorbs a quantum. ‘The energy difference 
between such a final state of the system and the initial state is 


h? 

oir 

The probability that electrons in the solid angle dcos@d¢ absorb a lattice 
quantum of vibration w can be written as 


E [| Keapw PS (K (tee. 2e Nem a (5) 


ie OT : 
PdQ=— CMa cls x). = SEWER ee (6) 
PHS Ns ; 
where p= 55 TE, dcosé db en 


is an appropriately defined density of energy levels. V is the volume of the 
crystal, and the matrix element as given by Bloch (1928) is 


2C*hw 
OnV Ms tw 


where C is an interaction constant with the dimension of energy, m the number 


| Mar |? = 
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of atoms per unit volume, M the atomic mass, and 7,, the number of quanta of | 
mode w; fx and fx are the probability distribution factors for the states K and — 
K’ to be occupied. 

In eqn. (6) K and K’ have to satisfy conditions (2) and (3). aie K 
by substituting its value from eqn. (4) and writing [from (5)] 


dE, fh = | 
Sr A ew COBY by SPSS Up geeiee 8 
IK Im 2% 6089 (8) 
one finds 
2n 2V m dQ [w—2ms/h |? 2C*hw 
= ors Fe EMEs BREE TE RO EP 9 
Hue h 87° i? al 2 cos 6 onV Ms! —fr)Nw (9) 


Integrating with respect to ¢, one gets a factor 27. The limits of integration 
with respect to cos@ have now to be found. At absolute zero of temperature 
the electrons fill a sphere of radius Ky. The factor fz(1—f,-) can then have only | 
the values 0 or 1. For the latter it is required that in the initial state K<Ky — 
and in the final state K’>K,. The conditions, in conjunction with (2), (3) and | 
(4), lead to the following limits for cos @: 


cos 6, =(w/2—ms/h)/(Ky? —2msw/h)*, ea ae (10) 
COSd, =(W/2— ms N/a a oe ee (11) 
Integration of (9) then yields 
2C?2mw 
= OnfenM cee eee (12) 


‘Thus the energy absorbed by the electrons in one cycle is 
AE = (2rhsw/sw)P =2nhP. 
AEB 2nhP  -4C*m? 


H ra ee 8 
“ia : E  swhn,, 9f?nMs (13) 


§ 3. Discussion 


The above calculations clearly hold only if the wavelength of the vibrations 
is sufficiently small compared with the linear dimensions of the specimen. From 
expression (13) it follows that, for longitudinal vibrations, internal friction due 
to lattice-electron interaction is independent of frequency at sufficiently high 
frequencies. It is convenient to express this dimensionless quantity in terms 
of constants defined by Frohlich (1950, eqns. (2.2) and (2.6)): 


alias, © oi eee (14) 
C?2m 
i 382K 2 Ms? eR ee BE Feral eee. (15) 
Also, by expressing n as 
he aS tin a 
vn = 3.3 > Baste (ieee all eee (16) 
where v is the number of free electrons per atom, one finds from (13) 
bey lG Ko te eo eee (17) 


In expression (17) the factor F is of the order unity; o/K, is twice the ratio of 
the velocity of sound to the highest velocity of an electron, and is of the order 
10°; v, although it cannot be determined precisely, is generally less than one. 
Thus internal friction through lattice-electron interaction is of the order 10-3, 


OO EE Ee 
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In expression (17) the constant F' can be expressed in terms of the temperature 
coefficient of the resistivity p(7') at high temperatures for which p(T) « 7. Thus 
(Sommerfeld and Bethe 1933, p. 523, eqn. (36.12)) 

1 p(T) 8 i heels) 

ROT Stores Kah nines hs ee) 
if use is made of our equations (14) and (15). Introducing this into eqn. (17) 
leads to 
— 4(67?)?8 sv2n?!8e? Op(T) 
= as ae aca at ¢ TAS eee ee 8 oP esr exariorrone. 
Here internal friction is expressed in terms of quantities that are known 
experimentally except for the number of free electrons per atom, v. 

Thus, for high-frequency longitudinal vibrations, the present theory predicts 
a frequency-independent internal friction whose magnitude is given by 
equation (17) or (19). At these high frequencies internal friction for transverse 
vibrations should be considerably less. 

Lack of suitable experimental data on the internal friction of high-frequency 
longitudinal vibrations does not at present permit a comparison with experiment. 
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RESEARCH NOTES 
Electronic Thermal Conduction in Superconductors 


By P. G. KLEMENS 


Division of Physics, Commonwealth Scientific and Industrial Research Organization, 
Sydney, Australia 


MS. received 30th December 1952, and in amended form 18th March 1953 


HILE Hulm (1950) has interpreted his measurements of thermal 
\ x conductivities of superconductors by a decrease in the electronic 
thermal conduction and an increase in the lattice thermal conduction 
as compared with the metal in the normal state at the same temperature, 
Mendelssohn and Olsen (1950) have postulated a third mode of heat transport, 
first suggested by Ginsburg (1944). This is a circulation process in which a 
supercurrent flows to the warmer end, and is compensated by a normal current. 
in the opposite direction. At the warm end electrons are raised from the 
superfluid to the normal state with the absorption of energy. ‘The reverse 
process takes place at the cool end, resulting in heat transport. We shall estimate 
here the order of magnitude of the resulting additional heat flow. 
In an ordinary metal in the presence of an electric field F and a temperature 
gradient VT, the electric current j and the energy As O are given by 


jje=[er+vr(z- ap) |Ko- 7 une (1) 
O= [erry (=— at) |Ki- 3 ee (2) 


where ¢ is the Fermi energy, and K,, are transfer ee defined by Mott 
and Jones (1936, p. 306, eqn. (99)). The thermal conductivity is — O/VT under 
the supplementary condition j =0, and turns out to be 


Ko = (Kai gy Ko) a a eee (3) 
In a superconductor we have the possibility of a flow of superfluid electrons. 


(current j,) from the cold to the warm end, to be compensated by a normal 
current j,, so that 


7=j], hie. eee (4) 
Thus no restriction is placed on the magnetic flux inside the superconductor. 
Consequently heat transport by circulation is not restricted to alloys or other 
non-ideal superconductors, as stated by Mendelssohn and Olsen. 

In the static case the electric field must vanish inside a superconductor. 
Thus in contrast to the supplementary conditions in a normal metal, where 
Jn=9, but FAO, we now have F=0, but 7,40. Ginsburg (1944) assumes 
F—V¢=0, but the order of magnitude of the additional heat flow will be 
independent of which assumption is made. 

Treating the electron-gas on a two-fluid model, in which the superconducting 
electrons cannot transport thermal energy, we can assume that (1) and (2) hold 
for the normal component, except that all K’s must be multiplied by the fraction 


a 
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of electrons on the Fermi surface which are in the normal state, and that F=0. 
Thus from (1) and (2) 


a-v7|(z- zr) Xs eat i “iA Bo cada loa (5) 


In addition to the energy current Q, there is also an aie heat transfer by 
the circulation process. If ¢ is the energy required to raise one electron from 
the superconducting to the normal state, the circulation process can be described 
by saying that every superconducting electron carries energy €—4, so that 


Oat lep ities Seen hee Gee (6) 
‘Thus the additional conductivity due to the circulation process is 
= Qn + Qs re Ky Me dl Ky 
— — vr —mo=- [$04 | TT dP Ky- I. sidawHl (7) 


Expanding the integrand of K, about ¢ we find that K,/K)—{ is of the order 
(RT)?/¢, while (¢/T—dl/dT)K,—K,/T is of the order (RT)?/T¢. Also ¢ is of 
the order RT,, where T, is the transition temperature, while x) is of the order 
(RT)?/T. Hence «,/ko is of the order RT./Z, and x, is thus quite negligible 
compared with ky. 

We therefore conclude that the circulation process postulated by Mendelssohn 
and Olsen (1950) should exist in all superconductors, but cannot contribute 
appreciably to the total heat conduction. ‘These authors postulated the process 
to account for a conductivity, larger in the superconducting than in the normal 
state, for such substances as lead—bismuth alloys. ‘The alternative explanation, 
that the lattice conductivity is enhanced, was examined by Olsen (1952), who 
showed that the results for lead—bismuth alloys could be interpreted along these 
lines, although not without some difficulties. 

The author is grateful to Dr. G. K. White for several helpful discussions. 
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The Wavelengths of Nitrogen First Positive Bands 


By D, SAYERS anp’ PP, K. CARROLL 
Physics Department, Queen’s University, Belfast 


Communicated by K. G. Emeléus; MS. received 11th March 1953 
HILE investigating the excitation conditions of some of the weaker 
triplet systems of nitrogen (N,), photographs of the first positive 
bands in the infra-red region A=8900-10500A were obtained. The 


spectrum was recorded on Kodak IQ plates using a glass Littrow spectrograph 
with a dispersion of 80A/mm at 10000A. Xenon and argon arc lines, whose 
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wavelengths were taken from the measurements of Meggers and Humphreys 
(1933) and Humphreys and Meggers (1933) were used as references. 
Poetker (1927), working at low resolutio», gave wavelengths of two intensity 


maxima for each of the bands in the Av=0 sequence. The wavelengths of neither — 


set of maxima agree well with those calculated from the vibrational formula 
given by Herman-Montagne (1945). However, it is evident from the new 
plates that the maxima recorded by Poetker lie in the neighbourhood of the 


P, and Q, heads in each band, whereas the vibrational formula, derived from — 
the bands with wavelengths less than 89204, refers to the P, head. In view of 


the importance of having accurate data for the identification of auroral and 
other spectra, the measured P, heads are given in the accompanying table. It is 
intended to give fuller details of this investigation, including a recalculation of 
the vibrational constants, in another publication. 


(wu) (0, 0) (6; 7)* (252) (3, 3) (4, 4) Gxo) 
Aops (A) 10508°3 10129-1 9939-9 9680-4 9435-0 9201-9 
* Identified as the (1, 1) band by Poetker. The (1, 1) band was not recorded on our 
plates. 
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Bet LERo TO UlHE EDITOR 
Cross Sections for the Reaction ’Li(yT)*He at 6°13, 14°8 and 17°6 Mev 


The reaction ‘Li(y'T)*He was first observed using the y-rays from the 
440 kev ‘Li(py) resonance (Titterton 1950). Recently the variation of cross 
section with energy has been determined for the reaction from threshold to 
24 Mev (‘Titterton and Brinkley 1953). To establish values of the cross section 
as a function of energy it is necessary to measure the cross section at some suitable 
energy, and this can be done using the lines at 17-6 and 14-8 Mev in the 
*Li(py) spectrum at the 440 kev resonance. Ilford 200 type E1 lithium-loaded 
plates were exposed to the y-radiation resulting when thick lithium metal targets 
were bombarded with a proton beam of 250ya at 490 kev using the Canberra 
H.T. Set. To minimize irradiation time the experiment was carried out in poor 
geometry. The plates were searched for “Li(yT)*He and C(y3a) events, 
identification being made by energy and momentum balances and the scattering 
characteristics of the tracks. A total of 110 complete (y'T) events was observed 
in the work, and a histogram of the energy distribution is shown inthe figure. The 


30 


a Replat 


(25513 te 14 be i617) 18819 
Ey (MeV)? 


fitted curve is calculated assuming a line at 17-6 Mev of negligible width, a broad 
line at 14-8 mev of width 2 Mev and an experimental half width of 1 Mev. As the 
cross section varies only slowly over the width of the 14-8 Mev line, no correction 
has been made for this factor. After making appropriate geometrical corrections 
for escape of events from the emulsion, the cross section at 17:6 Mev can be 
calculated in terms of the ?C(y3«) cross section at the same energy, and is 

F176 Lily T) 

qian) = (1-94 + 0-25). 
The ratio of the (yT) cross sections at 14:8 and 17-6 Mev can also be obtained 
assuming the intensity of these lines to be in the ratio 1 : 2:5. It is 

o44.9/ Li(y'T) 


- =(1-04 + 0-25), 
aims so 
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which compares with the value of 1-20 taken from the excitation function of | 
Titterton and Brinkley (1953). | 
There have been several measurements of the ’C(y3a) cross section for 
Li y-rays, and agreement among them is not good. The most recent is by | 
Glattli, Seippel and Stoll (1952), and we shall adopt their value of | 
ayn gl? C(y 3a) = 2-4 x 10-28 cm?. 
We then find 
Oye Lay) =(4:7 20 8) x10 cme,  eebeniee (1) 
Ging Lily LT) = (49 + 0-3) 10a cri aa teeter ee (2) 
The small group of events in the figure centring about 12-5 Mev appear to be 
due to a y-ray of this energy first reported in the 7Li(py) spectrum by Nabholz, 
Stoll and Waffler (1952); this result is discussed elsewhere (Titterton 1953). 
In the course of experiments on the reaction ®Li(yd)*He, Titterton and 
Brinkley (1952) have also measured the cross section of the “Li(yT)*He reaction 
for the y-ray group 6:13, 6-9 and 7:1 Mev which results from proton bombardment 
at 950 kev of a thick CaF, target. The y-ray flux was determined using the 
data of Chao et al. (1950). In all, 33 events were observed which could definitely 
be assigned to the reaction, although the resolution was not good enough for them” 
to be sorted into the appropriate y-ray groups. The cross section obtained is 
O6336.9,7.1)-L(y THe =(1-5:£0-5) & 107 ema eee (3) 
This is larger than the value of approximately 0-5 x 10-?°cm? obtained from the 
excitation function when this is normalized with results (1) and (2), but the 
excitation function is expected to be inaccurate in this region owing to the 
corrections which have to be made in deriving it to allow for the presence of slow 
neutron events from the reaction ®Li(n«)?H. However the value obtained is 
considerably smaller than the value (2:65 +0-8) x 10-*%cm? given by Nabholz 
et al. (1952) for the 6-13 Mev y-ray. 
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Fig. 3. An example of the production of a single penetrating secondary particle in the 
top lead plate, at a depth of 60 m water equivalent. 
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REVIEWS OF BOOKS 


Numerical Analysis, by D. R. HArTREE. Pp. xiv+287. (Oxford: University 
Press, 1952:)) 30s: 


Most physics research laboratories are now equipped with some type of desk 
calculating machine. Unfortunately many physicists have never received any 
instruction in their use and they either avoid using the machines altogether or 
else fail to use them in the most efficient manner. One reason for this failure to 
exploit the full possibilities of numerical calculations has been the lack of any 
single book which indicated clearly the steps required to carry through the work. 
Professor Hartree’s book satisfies this need very successfully. It provides a 
practical guide to computing the solutions of the most frequently arising types of 
numerical problem, ranging from the solution of quadratic equations to the 
inversion of matrices. 

The early chapters explain simply the characteristics of the main types of 
desk machine and the most efficient ways of using them for the basic arithmetical 
operations. ‘The subject of finite differences is then treated in a concise but 
satisfactory manner by making use of the method of finite difference operators. 
This leads to the derivation of the various formulae of interpolation and numerical 
integration, which are stated in such a manner that they can be referred to without 
the necessity of following their derivation. The following chapters deal with the 
solution of simultaneous linear equations, non-linear algebraic equations and the 
solution of both ordinary and partial differential equations. Finally there is an 
introductory account to the preparation of calculations for large electronic 
calculating machines. This last chapter seems rather out of place; all the rest 
of the book is designed to be of immediate practical value, whereas this one is only 
a general descriptive account. ‘The author considers that the analysis of obser- 
vations and statistics are not part of numerical analysis and does not discuss these 
topics, except for short sections on smoothing and harmonic analysis. 

One of the most valuable features of this book is the large number of examples 
which are set out and worked in detail. Great attention is paid to questions of 
accuracy and the location of errors, again with many illustrations. There is also 
a set of examples on which the reader may practise. ‘The author does not attempt 
to give all the special techniques which are used by professional computers. 
Throughout he concentrates on the more commonly used methods and is 
particularly helpful in showing under what circumstances any one method is to 
be preferred. The book will provide an excellent basis for a short course in 
computing for students of mathematics or physics, in addition to providing 
research workers with a useful reference book. io C.B. 


Advanced Experiments in Practical Physics, 2nd edn, by J. E. CaLturop. 
Pp. xvi+142. (London: Heinemann, 1952.) 10.» 6d. 


The first edition of this book was reviewed in 1939 (Proc. Phys. Soc., 51, 894). 


The main alterations in the present edition are in the section on Electricity and 
Magnetism, where some experiments on the use of a resonance circuit are 


described. 
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This book should be useful to a lecturer or demonstrator in charge of a 
practical class designed for students who have just taken the intermediate degree 
examination. He will find therein brief but useful descriptions of a considerable 
number of suitable experiments, and while few will wish to accept the course as a 
whole, many will find something to use. All students at this stage would gain by 
reading the introductory pages entitled ‘ Instructions to Students’, though few 
students will accept the advice given until they have experienced the results of 
ignoring it ! 

The reviewer would prefer to see a larger proportion of experiments on 
accurate electrical measurements. The buzzer excited resonance circuit has 
long been obsolete. Some indication should be given as to which of the different 
methods described for finding the cardinal points of a lens system is intended 
for a given class of system. 

This (and some other books on practical physics) would be improved by a 
few carefully thought out paragraphs on safety precautions instead of occasional 
remarks on this matter, which are not very helpful. 

Not the least of the merits of this useful book is its low price. 

R. W. DITCHBURN, 


Charbons activés, by C. Courty. Pp. ix+534. (Paris: Gauthier- Villars, 
1952.) 4500 fr. (In French.) 


This book is a treatise of 514 pages on the adsorptive properties of activated 
charcoal. An admirable balance is attained between the description of experi- 
mental work, a thorough account of the underlying physics and chemistry, and a 
mathematical treatment of the theories of adsorption. ‘The author admits that 
neither the investigations nor the theories are by any means complete, but he 
makes a valuable contribution towards a full understanding by offering a very 
careful and critical survey of what has so far been achieved. One of the main 
problems is the mechanism of the chemical sorption of gases and vapours, and 
here M. Courty’s own researches have played an important part in the progress 
which has been made in recent years. It is evident throughout that he is writing 
with authority. 

The book opens with an account of surface tension and capillarity, and a 
critical discussion of the various theories of adsorption. A similarly careful 
survey follows, dealing with the types of heat of adsorption and the kinetics of 
adsorption. While these treatments are quite general, special attention is 
naturally given to those theories which can be applied to highly activated porous 
surfaces, and to charcoal in particular. ‘The remainder of the book is more 
concerned with experiment. Measurements of the sorption of various gases and 
gas mixtures:are described, followed by the properties of charcoal relevant to its 
use in respirators. ‘These include studies of the desorption processes, and the 
correlation between sorption and numerous physical properties, such as grain 
size, density and porosity. ‘The book concludes with a detailed account of work 
on chemical sorption, and on methods of testing the efficiency of sorption and the 
degree of activation of the charcoal. 

The standard of production is reasonable as regards legibility of type, 
mathematics and diagrams. ‘The book is, however, paper covered, which does 
not offer a high degree of permanence. Moreover, it is very irritating to the 
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purchaser to be supplied with a book in which almost all the pages are uncut. 
The writer estimates that he spent almost two hours in page-cutting. This 
standard of production does not seem consistent with the price of the book, 
and compares unfavourably with standards in this country. D. A. WRIGHT. 


Metallurgical Equilibrium Diagrams, by W. HuMe-Rotuery, J. W. CHRISTIAN 
and W. B. Pgarson. Physics in Industry Series. Pp. 311. (London: 
Institute of Physics, 1952.) 50s. 


The equilibrium diagrams of alloy systems occupy a very important position 
in metallurgical knowledge and an increasing need has been felt in recent years 
for a comprehensive account of the methods available for their determination. 
The present book meets this need and will be especially welcome as coming 
from the laboratory in which Dr. Hume-Rothery has built up a tradition of 
work of the highest quality in this field. Although written primarily for 
metallurgists it contains much that could be read with profit by anyone— 
physicist, chemist, or engineer—who is concerned with measurements of the 
properties of alloys. The days are fortunately past when physicists would 
report the values of some property across an alloy system and discuss its 
variation without reference to changes of constitution, but many papers still 
reveal a lack of appreciation of the precautions required in the preparation and 
heat treatment of alloys if measurements on them are to have real significance. 

The book opens with a survey of the general principles and thermodynamic 
basis of phase diagrams, which includes a brief consideration of the status to be 
assigned to order—disorder changes, without, however, showing the forms that 
can be taken by superlattice phase fields. ‘The discussion of general experimental 
procedure that follows includes a useful chapter on refractory materials, and 
a table showing the appropriate crucible materials and atmospheres for the 
melting of different metals, which should prove invaluable to a wide range of 
workers. The chapters on thermal analysis are remarkable in being the only 
description of these methods known to the reviewer in which there are no errors 
in the diagrams illustrating the interpretation of heating and cooling curves. 
The application of x-ray methods to the determination of diagrams is discussed 
critically, and attention is drawn to possible sources of error; the authors 
recognize the usefulness of such methods, properly applied, and it is to be hoped 
that one has heard the last echoes of the ‘x-ray versus microscope’ controversy. 
Other physical methods that can be used in this type of work are discussed only 
briefly. "The section on ternary systems that follows is an excellent exposition 
of this involved subject and draws much of its strength from the remarkably 
well produced diagrams which make clear many of the points which are difficult 
to visualize. 

The book is described as being intended for fourth-year honours students 
and research students in metallurgy, but much of the subject matter is 
appropriate to the earlier stages of metallurgy degree courses. In addition the 
sections on the preparation and heat treatment of alloys and the emphasis laid 
on the need for chemical analysis of actual specimens should prove useful to 
any scientist concerned with the properties of alloys. 

It should be made clear (for the title fails to do so) that the observed phase 


diagrams of actual alloy systems do not lie within the scope of this book. 
B. R. COLES. 
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Resonant Nuclear Scattering of ‘Hg Gamma-Rays 


By P. B. MOON anp A. STORRUSTE * 


Department of Physics, University of Birmingham 


MS. received 15th January 1953 


Abstract. ‘The resonant scattering has been measured using the original principle 
of Doppler shift produced by mechanical motion, but with a quite different 
experimental arrangement. ‘The intrinsic width of the 0-411 Mev excited state 
is estimated to be about 5x10-%ev, corresponding to a half-life of about 
8x 10-' second. The difference from the first estimate (T~10-" sec) is mainly 
due to the statistical weight factor of 5 resulting from the now well-established 
spin (2) of the excited state. This factor causes the resonant-scattering values 
to differ considerably from the most recent direct measurement of the half-life, 
(1:0+1-7) x 10-™ sec, and possible causes of the discrepancy are discussed. 


§1. INTRODUCTION 


REVIOUS experiments (Moon 1951) on the scattering in liquid mercury 

of the 0-411 Mev gamma-rays of 1°°Hg showed a small increase of intensity 

when the source, carried on a high-speed rotor, approached the scatterer 
at a speed such that Doppler effect compensated for energy lost to nuclear recoils 
and so restored resonance between the energy available from the gamma-ray and 
the energy required for resonant excitation of the scattering nucleus. 

We here describe the confirmatory experiments briefly mentioned in the 
former paper, and discuss them in the light of more recent information about 
the nuclear levels. 

§2. METHOD OF EXPERIMENT 


In the earlier experiments a Geiger—Miller counter surrounded by } in. of 
lead detected the radiation scattered at an average angle of 115°; the background 
due to Compton scattering was several times the irreducible background of 
elastic electronic (Rayleigh) scattering. 

In the present experiments the Compton background was reduced in two 
alternative ways: by increasing the angle to about 135° and, at a smaller angle 
of about 106°, by using a lead-shielded scintillation counter suitably biased 
against soft gamma-rays. (With the scintillation counter the Compton 
background was less than that of Rayleigh scattering, which is a more direct 
standard against which to measure the resonant scattering; having the same 
energy, they are equally attenuated in emerging from the scatterer and passing 
through the shielding, and they are detected with equal efficiency.) 

At the same time a drastic change was made in the geometry of the apparatus, 
primarily to verify that the effect observed by Moon was not peculiar to his 
arrangement. 

The new arrangement (see figure) had the following advantages : (1) continuous 
irradiation of the scatterer, which in the old apparatus could ‘see’ the source for 
only a fraction of the time; (ii) symmetry about the axis of rotation, a drift of 


* Now at Fysisk Institutt, Universitetet, Blindern, pr. Oslo, Norway. 
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which could give only a second-order change in the mean intensity of irradiation ; 


(iii) the possibility of using, at the same time, two detectors at different angles of 


scattering. 

These advantages were offset by the following disadvantages: (iv) greater 
distance of detector from scatterer; (v) greater sensitivity to changes of length of 
the rotor; (vi) greater scattering from the coils with which the rotor was 
electromagnetically driven. This prevented observations during acceleration ; 
when full speed was reached, the coils were removed by remote control and 
readings were taken as the rotor slowly decelerated. 


(b) Horizontal Section 


Rotor 
Sources 
Collimator 
Lead Shot 
Solid Lead 
Mercury 
. Geiger-Muller Counter 
Table 
Scintillation Counter. 


wn” 
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(@) Vertical Section 


Vertical and horizontal sections of the apparatus are shown, arrangements for driving and 
stabilizing the rotor being omitted. ‘The gamma-rays travel obliquely to the planes 
shown in the figure. 


After some preliminary tests in which only the Geiger counter was used, 
three runs were made with both counters in use, interspersed with blank runs 
in which either the direction of rotation was reversed or the mercury scatterer 
was replaced by a geometrically similar scatterer of lead. ‘To counteract any 
effects due to diurnal drifts of temperature or of counter voltages, care was taken 
to distribute ‘forward’ and ‘ blank’ runs evenly between morning and afternoon, 
the photomultiplier case was water-cooled and extra stabilization of mains 
voltage was provided. 


§3. RESULTS 


Detailed plots of the variation of counting rate with speed have been given 
by Storruste (1951). 

‘Table 1 shows the percentage excess of the average counting rate at speeds 
above 4 x 10* cmsec! over the counting rate at lower speeds. It is seen that a 
positive effect occurs even with the ‘reverse’ and ‘dummy’ experiments. Much 


of this is due to stretching of the rotor at high speeds, as was shown by an_ 


experiment in which a stationary rotor with a source at one end only was set up 
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in the normal position and then given various radial displacements. ‘The back- 
ground of the scintillation counter increased by 10° for each millimetre of 
outward displacement. Calculation showed that the half-length of the rotor 
was 0:2 mm greater at an average ‘high’ speed that at an average low speed, so 
that a 2% change of counting rate is to be expected. Thermal contraction of 
the lead shot as the apparatus cools during deceleration, giving improved shielding 
against direct rays, accounts for about 0-2%; the remainder, if real, may be due 
to a temperature coefficient of the phosphor (CaWO,). 


Table 1. Ratio of Mean Counting Rates at Source Speeds 
above and below 4 x 104 cm sec"! 


Hg Hg Hg Pb Hg Hg 
forward backward forward forward forward backward 
aes (a.m.) (p.m.) (p.m.) (a.m.) (p.m.) (a.m.) 
es 1-048 1-023 1043. 1-028 1-068 1-035 
counter (106°) 
Geiger counter 


(135)° 1-038 1-019 1:077 1-053 1-055 1-034 

Next it will be seen that for each of the six pairs of results the ‘forward’ 
one shows a greater effect than the ‘reverse‘ or ‘dummy’. ‘The same was true 
of the two pairs taken with the earlier apparatus, and of the three pairs that 
constituted the preliminary tests of the present apparatus. ‘These eleven pairs, 
involving two kinds of counter, two forms of ‘blank’ experiment and two quite 
different. geometrical arrangements, leave no doubt of the existence of the 
resonant scattering. 

§4. ANALYSIS OF RESULTS 

In estimating the actual intensity of the resonant scattering, the measurements 
with the scintillation counter should be superior because of the higher rate of 
counting as well as for the reasons given in §2. ‘The method of analysis will 
therefore be illustrated with reference to these results rather than those obtained 
with the Geiger counter. 

An experimental analysis was first made of the various contributions to the 
low-speed counting rate. ‘The percentages were as follows: counter background, 
8%; radiation penetrating directly through shielding, 24%; scattering from 
collimator, walls and floor of room, ctc., 34%; scattering from mercury, 34%. 

A theoretical analysis was then made of the various components of scattering 
from the mercury, including that due to the weak high energy gamma-rays 
from 1*8Hg. Each entry of table 2 shows the cross section per unit solid angle 
(at the mean angle of 106°) for the process in question, multiplied by its 
relative chance of penetrating the lead shield and being detected by the 
scintillation counter, this chance being takei: as unity for elastic scattering. 


Table 2. Effective Cross Sections for Various Components of 


Secondary Radiation 
Primary Effective cross section 


y-ray (Mev) Process (cm? sterad—+ at 106°) x 10-27 
0-41 Elastic scattering (Rayleigh and Thomson) 10 
0-41 Compton scattering aye) 
0-41 Bremsstrahlung from photoelectrons 0-4 
0-67 Compton scattering 18 
1-08 Compton scattering 1:4 
Total 19-0 
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The total of 19 x 10-2? cm? sterad-! thus represents the cross section for a 
fictitious elastic scattering process that would give the same counting rate as 
all the actual processes (except resonant scattering) that occur in the scatterer. 
These, as stated above, were responsible for 34% of the total background, so 
if the resonant scattering at some particular rotor speed is x% of the background, 
its equivalent cross section is (/34) x 19 x 10-?? cm? sterad™. 

Taking the detailed plots of counting rate against rotor speed, averaging the 
‘real’ and ‘blank’ experiments separately and subtracting their ordinates, we 
obtained the experimental resonant-scattering cross section as a function of 
rotor speed. It is not, of course, a nuclear constant, but it may be useful to 
mention that at the highest speed (7:5 x 104cmsec~') it was found to be about 
2x 10-27 cm? sterad-!, which may be compared with Compton and Rayleigh 
cross sections of about 10-*4 and 10-°° cm? sterad+ respectively. 

If the Doppler shift added to the energy E of the y-ray by the velocity wu of 
the rotor tip were simply Eu/c, the cross section should theoretically be 


1/2 
723-6x 103 8) = (7) exp | -30 x 10-8 (uta) | gk (1)* 
where J is the isotopic abundance of the resonantly scattering isotope, A its 
(conventional) atomic weight, g, and g, the multiplicities of the excited and 
ground states respectively, and T the mean of the temperatures of the source 
and the scatterer; wu is the actual speed of approach of source to scatterer, u,, 1s 
the optimum speed of approach (for }°Hg, 6-7 x 104 cmsec™') and /f(@) is the 
angular distribution factor, normalized so as to be equal to unity for isotropic 
scattering. I is the width of the excited state and, like EZ, is measured in 
electron volts. 

However, the velocity component of the source towards the scatterer is equal 
to the speed of the source only for those gamma-rays which leave the source 
exactly in the direction of its motion; the coarse structure of the collimator and 
the incomplete opacity of its fins to the gamma-rays together allow a considerable 
spread of angle in the horizontal plane, while in the vertical plane the considerable 
height of the cylindrical scatterer has to be taken into account. An estimate of 
the corrections to be applied was-first made (Storruste 1951) by calculations 
in which the scatterer was imagined split into several sections. The correction 
has since been determined experimentally by placing a scintillation counter at 
various heights representing the various sections of the scatterer and, for each 
of these positions, placing a stationary !°*Hg source in a series of positions round 
the circle described by the rotor tip. From the measured relative intensities 
and the angles, combined with the theoretical variation of resonant scattering 
with velocity of approach, it was found (for example) that at the rotor tip speed 
nominally corresponding to resonance (6-7 x 104 cm sec~?) the spread of velocity 
components would reduce the actual resonant scattering to 0-30 of the ideal 
maximum, Correcting in this manner the cross sections observed at various 
source speeds, and comparing them with eqn. (1), we find the mean value, in 
electron volts, for 0=106°: 


ay 58> 1 
P=1-9x 10 an te lee aed (2) 


‘The Geiger counter at 135° gave an identical result. 


* 'The expression given by Moon (1951, eqn. (7)) was for the total cross section without 
statistical weights; the factor 3-0 x 10~-® was accidentally omitted from this equation only. 
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§5. Discussion 


Owing to the smallness of the effect and the complexity of the corrections, 
the above result might easily be in error by a factor of two; it is in reasonable 
agreement with Moon’s estimate of 3 x 10-> and with the 3-9 x 10-° obtained 
recently by Malmfors (1952), who has observed resonant scattering by raising 
the source of gamma-rays to a high temperature. 

It is now almost certain from internal conversion measurements (Siegbahn 
and Hedgran 1949, Elliott and Wolfson 1951) that the transition in question is 
an electric quadrupole one between a ground state of spin zero and an upper 
state of spin 2, and this agrees with the general rule for even—even nuclei 
(Goldhaber and Sunyar 1951). If so, the factor g,/g, is } and (6) at 106° is close 
to unity, while at 135° f(@) is 8. The width I as obtained from the scintillation 
counter would then be about 4 x 10-%ev, corresponding to a half-life of about 
10-7° sec, while the Geiger counter gives [=6 x 10-* ev, 7,,.=6 x 10-" second. 

Graham and Bell (1951) have looked for the half-life directly, finding 
(1:0+1-7)x10-" second. ‘Though the various experimental results might be 
strained to fit a value of 7\). in the neighbourhood of 4 x 10~" sec, it is necessary 
to consider whether the discrepancy may be due to the use of eqn. (1). The 
basic equation for resonant scattering, including the statistical factor g,/gp, 1s 
securely linked to Einstein’s detailed-balancing derivation of Planck’s law, but 
eqn. (1) involves the additional assumptions that the f-ray recoil has been 
dissipated by collisions before the y-ray is emitted, and that the initial velocity 
of y-ray recoil is to be calculated for free nuclei unaffected by their surrounding 
electrons and neighbouring atoms, but having thermal velocities as in a gas. 

In support of the first assumption it may be mentioned that the mean delay 
between f and y emission is much greater than the time required for the recoiling 
nucleus to travel an interatomic distance, while the Debye frequency »,, for gold 
corresponds to an energy hAv,, of about 1:5 x 10-*ev, so there should be little 
quantum restriction upon transfer of energy to the lattice. The low Debye 
temperature (175°K) makes ‘ gaseous’ thermal velocities a good approximation. 

The assumption of free y-ray recoil rests upon the conception of emission, 
absorption and re-emission of the photon as three separate instantaneous acts, 
collisions made by the scattering nucleus while in the excited state affecting the 
exact energy of the scattered photon but not retrospectively affecting the process 
of excitation. More experimental evidence—particularly a test of whether the 
maximum scattering occurs at the predicted relative velocity of source and 
scatterer—is needed to determine whether recoil is, in fact, free. 
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Ionization and Excitation Losses of Charged Particles 
of Intermediate Energies 


By J. NEUFELD 
Oak Ridge National Laboratory 


Communicated by P. Howard-Flanders; MS. received 20th August 1952, 
and in amended form 9th February 1953 


Abstract. A method has been outlined for determining energy losses of charged 
particles of intermediate energies, i.e. which do not carry bound electrons and 
have velocities lower than the K shell velocity of the stopping atom. ‘The 
‘free collisions’ and the ‘resonance effects’ have been separately evaluated. 
The number of electrons participating in free collisions has been determined 
by using the Thomas—Fermi model for the stopping atom, and the energy loss 
has been evaluated by means of the Rutherford formula. The resonance effects 


have been calculated by means of an expression derived by Fermi which © 


represents a much better approximation than the usual logarithmic formula. 
The stopping power of a few elements has been computed and the results 
compared with experimental data. 


$1. INTRODUCTION 
ig HE stopping power formula of Bohr (1913), Bethe (1930) and Bloch (1933) 


is based on the assumstion that the velocity v of the moving particle 
exceeds the velocity of the electron in the K shell of the stopping substance 
(having atomic number Z), i.e. v>Ze?/h. 

The present procedure in determining the stopping power for lower 
velocities consists in evaluating separately the contribution of each electronic 
shell. The effectiveness of the K shell in stopping particles of various velocities 
has been determined by Livingston and Bethe (1937) and Brown (1950). Their 
results are applicable for particle velocities that are greater than the electron 
velocities for all electron shells except the K shell. The effectiveness in 
stopping due to shells other than the K shell has not been determined. A semi- 
empirical method has been used by Hirschfelder and Magee (1948) to determine 
the effectiveness of other shells for substances such as C, H, O, A and Xe. This 
method requires in each particular case the knowledge of an experimental value 
for each substance, such as the range of an alpha-particle. 

The purpose of the present investigations is to determine the stopping 
power for lower velocities at which the effectiveness of electron shells other 
than the K shell has to be taken into account. The proposed method may be 
applied with some advantage to those elements for which the experimental data 
required by Hirschfelder and Magee are not available. 

It should be considered, however, that for very low velocities the moving 
particle undergoes a recurrent process of capturing and losing orbital electrons, 
and no adequate theory seems to exist at present for dealing with such a case. 
In our present discussion we shall assume that the moving particle does not 
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carry with it any bound electrons and is, therefore, essentially an atomic nucleus 
having a constant charge Z,e. ‘Thus, in the case of protons, our results will be 
applicable for E,,>0-3 Mev, since at these energies the proton does not carry 
any bound electrons (Hall 1950). 

It is of importance to realise here that the proposed procedure is not based 
on an exact theory of stopping phenomena and, in view of several simplifying 
assumptions, the results should be considered merely as a method of 
approximating to experimental values. 


§ 2. CALCULATIONS 


Let various electrons in the stopping atom be specified by an index 7, and the 
energy which is necessary to remove the 7th electron from the atom be denoted 
by J,. We associate with each electron a quantity b,, which represents the 
‘radius’ of the rth orbit. We take (see, for instance, Bohr 1948) 


beat) gol Ay ror Ries cal ees (1) 
where w, is the cyclic frequency of each electron defined by 
[Aho Lik a at ty ie Pe ha (2) 
and uw, is an ‘orbital’ velocity defined by 
TING eee ere (3) 


When the velocity of the particle is high, all the electrons in the stopping 
atom have their maximum effect in stopping. As the velocity of the particle 
decreases, the inner shells become gradually less effective and when the velocity 
becomes low, the moving field is unable to excite any electrons except the 
outermost. It is convenient to consider separately the contribution of the 
rth electron in stopping the particle and then sum over 7 to determine the total 
effect. We apply the usual procedure of separating the ‘free collisions’ from 
the ‘ resonance effects’ (Bohr 1948). For the free collisions the influence of the 
binding forces of the orbital electrons is neglected, and for the resonance effects 
the mechanism of the energy transfer is analogous to that of absorption of 
radiation with wavelengths large compared with the atomic dimensions. 


(i) Free Collisions 


The maximum energy transfer from the moving particle to a free electron 
is 2mv*, and we shall consider those electrons as free that have binding 
energies J, smaller than 2mv*._ Let r=1 represent the outermost electron and 
r=2, 3, 4,...., etc., represent electrons having correspondingly increasing 
binding energies. ‘The number 7 of the electrons in each atom that behave as 
if they were free can be determined from the relation 


J ZING ee a 8 epee (4) 


a 
For the remaining Z—n electrons the interaction is assumed to be adiabatic, 
i.e. the binding forces will prevent their removal from the atom. 

The values J, may in some instances be determined from spectroscopic 
measurements. It is desirable to establish a general basis for computing the 
values J,, and in that connection we may adopt a rough theoretical approach 
based on the Thomas—Fermi model of the atom. 

The various binding energies can be expressed as 


[,=Q,-Qn4 eveeee (5) 
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where Q, is the energy required to strip a neutral atom of its 7 external electrons. 
The amounts Q, have been evaluated (Sommerfeld 1932, 1933, see also Gombas | 
1949) and are as follows: 


yl 

for r<Z O,= 1277 —9-903¢-/zy"4 a nenateds (6) 
and for larger values of r 

OQ, =13°182"" lz +[¢,/(0) — 40) eV ag ete (7) 


where ¢)/(0) = — 1:5880464 and ¢,'(0) is the solution of the Thomas—Fermi 
equation corresponding to an ion having charge —re and, therefore, satisfying 
the boundary condition 
$(O)=1; F,(%,) =O; Hehy'(Xp)= —7/Z, wean (8) 

which also determine the radius x, of the ion. 

No published data seem to be available regarding x, and ¢,’(0) when 7 is not 
small compared with Z. To evaluate (7) would require, therefore, a relatively 
large amount of computation. It is known, however, that for r=Z 


O; =20042'8 ey os 5 ee ee (9) 


which represents the internal energy of a Thomas-Fermi atom. We may, 
therefore, evaluate O, by using (6) for r<Z and (9) for r=Z and, subsequently, 
determine the intermediate values of Q, by a rough interpolation. 

An example of such interpolation is given in fig. 1, illustrating these 
computations for gold (Z=79). The curve designated ‘Q, (calculated)’ 
represents (6), which is assumed to be valid for r<11. The value Q, for r=79 
has been determined from (9) and the curve ‘Q, (interpolated)’ extends the 
values of r for 11<r<79. Figure 1 shows also the curve J, determined from (5). 

The contribution of each of the m electrons having binding energy smaller 
than 2mv* can be expressed by means of the Rutherford formula 


AE 2aNZ,"e* Omax 
Sales SS Te ee Mle ee ee (10) 

AS mv Onn 
where N is the number of atoms per cm® and Q,,,, and QO, represent, 
respectively, the maximum and the minimum energy transferred to the electron, 
1.€. Orne =2mv” and Orrin =I,. 

In order to evaluate the total energy loss in free collisions, we add the 

contributions of all the m electrons and obtain 


PY 2anNnZy*e* 2mv" 
Ag A - me °8 den) ¢lcTe® | eee US 
where n log T= 3 lel ae) eee (12) 
r=1 


The value of can be determined from the graph J, of fig. 1, since it 
represents the abscissa having the ordinate given by (4). The values J, for 
r<n can be determined directly from the graph of fig. 1, and the value J,,.,, can 
be subsequently evaluated from (12). 


(ii) Resonance Effects 


We disregard the finer details of atomic structure and, as is known to be 
quite reasonable, we compare each electron of the stopping atom with an 
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isotropic oscillator having frequency w,. ‘Then the contribution of each electron 
to the energy loss of the moving particle can be extressed as 


AE\") 4nNZ,et 
-( ) Spee Sy ue aaa oe (13) 


Az], mv" 


where B= (PK (PK (A). (14) 


U x8) x6) 


Ky and A, are modified Bessel functions of the second kind, having the order 
of 0 and 1 respectively. 

The above relationship was obtained by Fermi (1940). A somewhat simpler 
method of deriving the result is shown in the Appendix. 

The expression (14) represents a modification of the commonly used 
expression 

Be = logit fia be) man Grae te ese (15) 

The expression (15) is based on the existence of a ‘maximum impact 
parameter’, X,,,.=v/w,, beyond which the interaction is adiabatic and, 
therefore, causes no transfer of energy. On the other hand, (14) results from 
the contribution of oscillators with impact parameters distributed over the 
unlimited range from 4, to infinity. 
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Fig. 1. Fig, 2. 


The values given by (14) and (15) are substantially equal one to another for 
v>w,b,. For v<w,b, (15) becomes negative. This accounts for the paradoxical 
result that for sufficiently slow particles the energy loss is negative. In the 
same range of abscissae, (14) remains positive and represents actual energy losses. 

Using (13), (14) and (1), the energy loss due to resonance effects can be 


expressed as 

17 2e% Z ; 

ae (AD ee iN Z ees “x, (%) i (2). ee i6) 
Az], mv 21 VU Uv Uv 
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In order to evaluate (16) we need w, for all the electrons in the stopping atom. 
We refer then again to a curve J,, such as the one shown in fig. 1, and determine 
u, by means of this curve and (3). 


§ 3. NUMERICAL RESULTS 


The literature on measurements of stopping powers for heavy particles of 
intermediate energies is not abundant since most of the measurements have been 
made in the high energy region in which the Bethe—Bloch formula is valid. 

The numerical values obtained with the present method are compared with | 
the measurements of Warshaw (1949), Madsen and Venkateswarlu (1948), Huus ~ 
and Madsen (1949) and Wenzel and Whaling (1952). | 

Figure 2 shows stopping powers for protons in Au, Ag and Al within the 
energy range from 300 to 600 kev. The results obtained by means of (11) and 
(16), plotted in broken lines, are compared with similar results by Warshaw. 
The measurements of Warshaw were made for energies below 350 kev. Beyond 
this range the results of Warshaw were extrapolated to a high enough energy 
so that the Livingston—Bethe formulae would be valid. In the case of gold, 
extrapolation was considerably facilitated by the data of Huus and Madsen. 
The instrumental errors reported by Warshaw are about +4:5%. 
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Figure 3 shows stopping powers for protons in Be within the energy range 
from 300 kev to 1500 kev. The crosses represent measurements of Warshaw 
and the circles the measurements of Madsen and Venkateswarlu. The broken 
line represents the sum of the formulae (11) and (16) and the solid curve represents 
the Livingston and Bethe (1937) formula: 


47e!Z ( 2mv? F) 
= e 


Oo — 
mv? 


In (17) Tis the average excitation potential of the electrons in the Be atom and 
Cx 1s the deficiency in the stopping power due to the fact that the velocity of the 
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proton is not considerably larger than the velocity of electrons in the K shell. 
‘The Livingston—Bethe curve is based on the value J = 64 ev determined from the 
experimental data of Madsen and Venkateswarlu and should be valid in the 
energy range considered since E> (M/m)E,, where E and M represent the energy 
and the mass of the proton and £;, = 18-12 ev is the highest ionization potential 
of an electron in the L shell of the Be atom. The curve obtained from the sum 
of formulae (11) and (16) appears to be in better agreement with results of 
Madsen and Venkateswarlu and with the formula of Livingston and Bethe than 
with the results of Warshaw. 

Figure 4 shows the stopping power for protons in a molecule of D,O ice 
as measured by Wenzel and Whaling (indicated by circles) and the stopping 
power of two atoms of H + one atom of O as calculated by means of the sum of 
formulae (11) and (16) (solid line). The measured values were determined with 
an accuracy within 45%. In comparing the calculated and measured stopping 
powers the following assumptions should be considered: (a) that the atomic 
stopping power of H and D are identical, (6) that the stopping power of D,O is 
independent of its physical state, and (c) that Bragg’s law for the addition of 
stopping power is valid. ‘This matter has been discussed by French and Seidl 
(1951) and Platzmann (1952), and on the basis of the existing evidence we may 
assume that in fig. 4 the values calculated may differ from the measured values 
by several per cent. 
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In the above calculations the resonance effects have been evaluated by 
means of (16), which represents a much better approximation than the 
approximate logarithmic formula 


204 Z v 
= (=) BEN aerate aN RM: (18) 
Ag B 


mur” 24. 2F u, 

It may be of interest to compare (16) and (18) by means of a specific example. 
Such a comparison for protons in gold is shown in fig. 5. It appears, therefore, 
that the stopping power due to resonance effects would be about 25% too small 
if (18) were used and, consequently, the use of (16) is fully justified. 

The energy losses in free collisions have been evaluated by means of (11), 
which represents a rough approximation. It is to be expected that the values 
obtained by means of (11) are not as accurate as those obtained by means of (16). 
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APPENDIX 


We consider a particle Z,e moving along the z axis with velocity v and assume 
that an isotropic oscillator having an angular frequency w, is located on the 
x axis at a distance x, from the origin. ‘The value x, is the impact parameter 
and ¢=0 corresponds to the instant at which the particle passes through the origin. 

Since v<c we consider the scalar potential only, i.e. 


V ,=e(0¢/0x),_-»(*—%,) and V,=e(0/02),.92 .«..... (19) 
where P=HLyel er +e )N, atest) Wa at eeeeee (20) 
Let a”,(t) and a™,(t) represent the transition probabilities for excitation of 


the oscillator along axis x and zg due to the moving particle at the instant 7. 


We have -t 
a),(t) =th | (1|V,|0) exp (iw,t)dt sae (21) 


and a similar expression for a”,(t). 

We are concerned here with the transition probability after the particle went 
to infinity. The energy e”(x,) absorbed by the oscillator at t= co comprises two 
terms corresponding to vibrations along x and 2 axis, i.e. 


e(x,) =| a ,( 00) Phiw,+| a (00) Pia, = ...... (22) 
Substituting (20) and (19) in (21) we obtain 


Sn 129 sale 2 
(Ph (Sis 2 Oe ae (re (23) 
m!2z2hl2 = 
2imtlw 127 e wx 
(1) =< r 1 pad! 
a,( 0) = — a spas Xo \ ) mae (24) 


where Ky and K, are modified Bessel functions of the second kind having the 
order 0 and 1 respectively. 
Assume that the medium contains N oscillators per cm’. Then the total 
energy loss is 
RENO 
= (=) = | : QmxNe(a)dx. nana (25) 
Substituting (23), (24) in (22), and subsequently in (25), we obtain (13). 


REFERENCES 

BeETHE, H. A., 1930, Ann. Phys., Lpz., 5, 325. 

Brocu, F., 1933, Ann. Phys., Lpz., 16, 285. 

Bour, N., 1913, Phil. Mag., 25, 10; 1948, The Penetration of Atomic Particles through 
Matter (Copenhagen : Det Kgl. Danske Videnskabernes Selskab). 

Brown, L. M., 1950, Phys. Rev., 79, 297. 

Fermi, E., 1940, Phys. Rev., 57, 485. 

FreNcH, A. F., and SEIDL, F. G. P., 1951, Phil. Mag., 42, 537. 

Gompas, P., 1949, Die Statistische Theorie des Atoms (Vienna: Springer-Verlag), p. 172. 

Ha i, T., 1950, Phys. Rev., 79, 504. 

HIrSCHFELDER, J. O., and MacEz, J. L., 1948, Phys. Rev., 73, 207. 

Huus, T., and Mapsen, C. B., 1949, Phys. Rev., 76, 323. 

LivincstTon, M. S., and Betue, H. A., 1937, Rev. Mod. Phys., 9, 263. 

Mapsen, C., and VENKATESWARLU, P., 1948, Phys. Rev., 74, 648. 

PLatzmaNn, R. L., 1952, Symposium on Radiobiology: The Basic Aspects of Radiation Effects 
on Living Systems (New York: John Wiley), p. 139. 

SOMMERFELD, A., 1932, Z. Phys., 78, 283; 1933, Ibid., 80, 415. 

Warshaw, S. D., 1949, Phys. Rev., 76, 1763. 

WENZEL, W. A., and WHALING, W., 1952, Phys. Rev., 87, 499. 


597 


On the Ionization Loss of a Fast Particle in a Dielectric Medium 
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Abstract. A difficulty which has arisen in the physical interpretation of the 
theory of the ionization loss by fast particles on passing through matter is discussed 
and it is shown how it is resolved by using a more general expression for the 
dielectric constant. 


$1. INTRODUCTION 


ECENT measurements on particles of relativistic energies by Ghosh et al. 
Ro and Daniel et al. (1952) have revealed a logarithmic increase in 
ionization loss with increasing energy which reaches a saturation value at 
the highest energies. It is important to note that these measurements necessarily 
refer to loss at short distances from the path of the particle. ‘The observations 
are in general agreement with the results of the theory of Fermi (1940), it being 
understood that an upper limit is imposed on the maximum transferable energy 
observed. However, it has been pointed out by Schonberg (1950) and Messel 
and Ritson (1950) that the increase given by the theory would seem to be made 
up of Cerenkov radiation which should not be appreciably absorbed at short 
distances from the track. ‘The theory gives the energy loss outside a cylinder of 
radius 6 about the path of the particle by calculating the Poynting vector flux out 
of this cylinder. The expression for the Poynting vector as a Fourier integral is 
given by 


AW Leth = 727i AN, 
5 ie =e a\ (- -#*) iwk*K,(k*b)Ko(kb) dw,  ...... (1) 
47ne? 
pect (eo) <1 inlay — a? — 2ipa)’ 


h(w) = = {1 — P°e(w)}, 
cf J 
and the K functions are the Hankel functions of imaginary argument. ‘The 
energy loss with p small is then given by 


dW, 2mne* (2bw, ., (bw, bw, v v c 
sea renter rt) hres) a (Les) fF Re 


and 


4 b 1-o?/e 
_ dW, _2nne (aes (aaa ara Zico 


2 
dx mv U éy—1 €o 


€o 


w, is given by «(w,) =0 and «)=€(0). 
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With 6 ~ 10-8 cm these expressions reduce to 


_ dW, peal , mv" , €y—1 vu £ 2 Cc 
dx “me |) °8\ 3-17 nee? cee. €o(1 — v?/c?)  @ ee ei?’ 


ands a & Rr RS POO OEE SF ae Se TE ns ee ren (4) 


dW, _ 2nne4 mv" (1 —v?/c?) er: y 
Page ta are {log (s77enamp) ~ BEES Cr} for Uae shomeNsLote (4’) 


The part of the loss due to Cerenkov radiation is given by the limiting value 
of dW,/dx for b> a: 


dW,.  2nne*{ v? vw c 
~ dx mv {- 5 -los(1-5)} ue Resor sie e 
dW.. _ 2ne4 (1 —v?/c?) Eq c ; 
and — de = ee {ee +log #5} for US a AoA GE (5’) 


To find the energy transferred to the medium, as excitation and ionization, 
one must subtract (5) from (4). The result is 


2rnet* vu =| : 
Wy at lo sss tio if Wee Ste 6 
liga) Pas 983; = nezb? g~2 & (6) 


which is essentially the same as the loss calculated with neglect of relativistic 


effects in (4). By reference to (1) and (3) it may be seen that this term is produced 


by the Fourier component of frequency w, satisfying e(w,)=0. A detailed dis- » 


cussion of this aspect of the result is given by Schonberg (1950). 


§2. DIELECTRIC CONSTANT 


In order to remove this discrepancy Huybrechts and Schonberg (1952) 
have suggested that for distances from the track smaller than R (where R = 10-4 cm) 
the medium might not behave like a dielectric. ‘The reason given for this is 
that the proper interaction of the particles forming the medium is in general so 
strong as to make the usual quantum theory of dispersion (see for example 
Heitler 1947) inapplicable. It is suggested that owing to this strong interaction 
for very short collision times, i.e. for short distances from the track, it is impossible 
to describe the medium in terms of a dielectric constant with definite resonance 
frequencies. Accordingly they attempt to estimate the order of magnitude of 
R mentioned above and they calculate the loss neglecting interference effects 
from electrons at distances from the track less than R. In this way they find 
good agreement with experiment. However, the main interaction term between 
atoms in condensed media is in any case the electrostatic interaction and for 
optical frequencies one should not expect that this would affect the dielectric 
character of the medium as such, though it would certainly affect the parameters 
occurring in the expression for the dielectric constant. One may also expect 
that the velocity dependent interaction between the electrons is small except 
for those in the inner shells which, however, one knows are little affected by the 
proximity of other atoms. In the case of gases at normal pressures one may 
show that the static interaction between atoms gives rise to a perturbation in their 
energy states which is small compared with the energies of these states when the 
atoms are isolated. ‘Thus it does not seem that this explanation of the absorption 
of energy close to the path of the particle is correct, and one must conclude that 
for distances from the path larger than atomic dimensions the medium should be 
regarded as a homogeneous dielectric. 
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In the following work it is shown that the difficulty disappears if one includes 
in the dielectric constant the terms due to the continuous spectrum of states of 
the atomic electron. Since we are interested in the ionization produced by the 
incident particle this part of the dielectric constant might indeed be expected to 
play an important role. In fact it is found that when such a term is introduced 
into the dielectric constant the resonance at « =0 which has been noted no longer 
occurs. Instead one finds a dielectric constant which is essentially complex 
over the range of frequencies corresponding to the continuous spectrum and this 
gives rise to a heavily damped Cerenkov radiation of these frequencies which is 
absorbed inside a cylinder about the path of the particle of radius b ~ 10-4 cm. 

The expression for the dielectric constant is obtained by using the theory of 
Kallmann and Mark (1926, 1927), in which the continuous spectrum of states is 
represented as a continuum of harmonic oscillators over which an integration 
replaces a summation. To obtain the distribution of virtual oscillators over 
the continuum for oxygen, the calculated photo-ionization cross section of 
Bates et al. (1939) has been replaced, for the present calculation, by an approxi- 
mate value (curves I and II respectively). Included in the dielectric constant 
are contributions from the first excited level and the continuum of the 2p electrons 
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and the continuum of the 2s electrons. ‘The cross section for photo-ionization 
of a 2s electron has been taken to be the same as that for a 2p electron (Jones 
1952). The final expression for « is 


reel — (wi + w) log 
Oi; 


the Wi + Ww 
e=1+K » (w.,—a)lo | 
Sa i 2i ) g wytw 
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where 6,,=1 for wi,<w<ox, wy << Hop, respectively, and |[y| <1 


=( otherwise, 


2.2 bs 6; d 
and K= eS For w4;, wo see figure. 
TT 


600 G. N. Fowler and the late G. M. D. B. fFones 


ha,, and hwy, are the ionization thresholds of the 2s and 2p electrons respectively, 
and hw, is the energy of the first excited state of the 2p electrons. ‘The total 
oscillator strength for the continuum using curve II is approximately 1-7. This 


compares with a total oscillator strength of four for the 2p electrons and two for 


the 2s electrons. 

The calculation of the ionization loss proceeds on standard lines using the 
method of Williams (1933, 1935) modified to take into account the polarization*. 
One finds for the energy loss 

2 oo} 2 
Wee > melee, ie 


U" j=s,p calle 3:17)?b9" | 1 — Pe| w” 
~ A cot@+|1—%e| A cosec Op oa) do wien eee (7) 


where 0 =arg(1— fc)!” and b)~10°-Scm. 

Approximate evaluation of the integral (7) gives agreement with the observed 
increase in ionization loss and also with the observed value of (1—?) ¥? at 
which the plateau begins. More accurate numerical evaluation of (7) is proceeding. 

Since this work was completed it was found that a similar suggestion had been 
made by Wick (1941) though without application to the present problem. 
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* Budini and Poiani (1952) have used a similar procedure but with a dielectric constant 
so approximate as to conceal the difficulty discussed here. 
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Radiation by a Fast Electron 
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Abstract. ‘The interaction of a single electron with the field of the lattice 
vibrations is examined classically and the rate of radiation of energy by an 
electron moving faster than the velocity of sound is calculated. ‘This agrees in 
the high velocity limit with a simple perturbation theory result. ‘The interaction 
between a pair of electrons, due to this field, is also discussed. 


$1. INTRODUCTION 


N the free electron theory of metals one considers the conduction electrons 
as free except for their interaction with the lattice vibrations. This 
interaction was first treated on the basis of quantum mechanics by Bloch (1928) 

and Houston (1928), in connection with the theory of metallic conductivity. 
Bloch described it in terms of the emission and absorption of vibrational quanta, 
and Frohlich (1950) has shown that an effective interaction between electrons 
arises as the result of virtual emission and absorption of phonons. This may 
be described in terms of a field theory, the electrons acting as sources of the 
field. If the coupling between the electrons and the field is sufficiently strong 
there is a possibility for the existence of a ground state different from the normal 
one. The identification of this state with the superconducting state is supported 
by the experimental verification of the isotope effect. 

In a field with a characteristic velocity s of free vibrations, a source moving 
with velocity greater than s excites vibrations in the form of a ‘wake’, giving 
rise to phenomena analogous to conical flow in hydrodynamics. An example 
of this behaviour in the case of the electromagnetic field is the Cerenkov radiation 
produced by an electron moving through a medium at a speed greater than the 
velocity of light in the medium. 

The field of the lattice vibrations has a characteristic velocity equal to the 
velocity of sound in the metal, and this is nearly a thousand times less than the 
velocity of the electrons at the top of the Fermi distribution. ‘The field of a fast 
electron has the form of a very narrow wake, so that the interaction of a pair of 
electrons would be greatest when one lies in the wake of the other. ‘This fact 
has led Bohm and Staver (1951) and Singwi (1952) to suggest models for the 
superconducting state in which electrons are held in chains, each being in the 
wake of the one before it. In this paper we examine further the interaction of a 
fast electron with the acoustic field, and calculate the rate of loss of energy to 
the wake by an electron moving with uniform velocity. ‘The constancy of the 
velocity implies that the recoil is neglected, so that the results will only apply 
to an electron in a metal which has an energy much greater than the Fermi energy, 
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so that the momentum is large compared with that of the phonons. At zero | 
temperature the conduction electrons cannot, of course, lose energy, because of _ 
the operation of the Pauli principle. 


§ 2. FreLp EQUATIONS 


Consider'a Hamiltonian for the free longitudinal vibrations of a crystal | 
lattice in a form similar to that employed by Frohlich (1952): 


epee | {MP2 + Ms? = (OP,/ax,)2}ndr, curlP=0. ...... (2.1) 
i, k | 


Here P represents a longitudinal displacement of the lattice, M is the mass of | 
an ion, and p their density; s is the velocity of sound. Now the short range 
interaction with the electrons depends on the relative displacement, and we | 
introduce as the interaction term [Cp div Pdr, where C is a constant with the — 
dimension of an energy and p is the electron density. We can now set up a 
Lagrangian density function from which the Hamiltonian with interaction and 
the equations of motion for the field can be obtained. ‘Thus, regarding the 
components of P as independent variables, we assume 


ja ee | OP? C 
ad oh) SS poe sae pee een pet oS ae i 
L=nMs 13 z P 5 = (=) Ms? div Pt. Ste ae (2.2) 
The equation of motion for the P, component is then 
lye. Ci. Gp 
<2) US Ve Pie es 
aki Ver Ma ous 1° peat (2.3) 
Since curl P=0, we may introduce a potential function y such that 
P=(CinMsyVerad vy, eee (2.4) 
1 
so that ax V'x=p—po News Sve: (2.5) 
where grad p»=0. Forming the energy momentum tensor 
a) mF 
Typed Leg ee | Se (2.6) 


dx, O(0P,O%,) 
where pw, v=1, 2, 3, 4 and x, =zst, the conservation laws of energy and momentum 
are expressed by 07,,,/0x,=0 and the energy current density is given by 
y= isl ,=(C RMS uw. ee (2.0) 
ty 
ONSEN Ona. 


We note that anywhere where the electron density p is zero the tensor 7,,, is 
symmetric. 


where U,= 


§ 3. SOLUTION FOR SINGLE NON-ACCELERATED ELECTRON 


Taking p to represent a single electron with constant velocity v, and passing — 
through the origin of coordinates at ¢=0, 


1 
ie al exp {ik . (r—vt)} dk. 
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Expanding y in momentum space, we set 


1 
x= mad, x(k, t) exp (¢k.r) dk 
and obtain as the equation of motion for y(k, ft), with k=|k|, 
1 
a x(k, ti Re y(k, 2) = exp (—2K Vi) 7 (3.1) 


whose general solution is 


1 : 
ns 2) = Powe ce (—ik.vt) + A(k) exp (+ 7skt). 


We note here that there is a natural cut-off in the wave-number spectrum 
of the lattice vibrations, corresponding to a wavelength of the order of the lattice 
distance; in fact, if w, is the maximum wave number, 


Pilg (Ol oy = Ne ees et Aa eater Gis} 
and in what follows we use this cut-off whenever necessary to ensure a finite result. 


Taking cylindrical polar coordinates («, p, 4) with the direction of v as axis, 
and taking (/, g, @) as coordinates of k, we have 


oe i { exp {2l(x — vt)} exp (zgp cos 0) g dé dq dl 
x~ ~ (22) C= = 


where «=v/s. Performing the integration over 0, 


x (277)?(a2 <= 1) | (Pus ee Sp Mea a aites 


in which J, is the Bessel function of order zero and B?=(a?—1)-!. The paths 
of integration are chosen so that y corresponds to the retarded solution. In the 
case that v<s the poles of the integrand in (3.4) are on the imaginary axis, and 
choosing the path of integration along the real axis one has 


1 1 
(eC eae iadie ws 
When wv>s the poles are on the real axis, and choosing as path the real axis 


indented with small semicircles in the positive imaginary half-space around the 
poles, one has 


x=- F | sae) sin Pq(vt—x)dq, vt—x>0; 
=() Die PaO 6 csiaaanrs (3.6) 


Taking for the moment the upper limit in the g-integration as infinity one obtains 


1 A es 
x= 5 {(ot— x) (2-12), p< Plot—x); 
TT 


=0 Otherwise, ea Met Gi) 


This solution has the expected conical ‘shock front’ at the surface 
(vt — x)? =(«2—1)p?, on which xy diverges. The solution obtained when q is 
restricted by the cut-off w, is similar but remains finite on the front. 

40-2 
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§ 4. Loss or ENERGY BY RADIATION 


We will now calculate the rate of energy loss by radiation, assuming that the © 
velocity of the electron is maintained constant and greater than s. The rate of 
radiation equals the energy crossing in unit time the boundary of a cylinder 
concentric with and parallel to the path of the electron, in Bike limit as the radius 
of the cylinder tends to infinity. ! 

The component of the energy current density normal to this cylindrical | 
surface is given by (C?/nMs*)u,, where 


Oxdp |Ox? dp” 
ap OK xmas 
” axdp Ox tat p2ep = 


where we have used the equation of motion (2.5) and the fact that y is a function 
only of p and vt—x. 

The term in p-!dy/dp will give zero contribution when integrated over the 
surface, so that, for «>1, 


Wo 
te = —2%B%0(2n)* ||” gPa'*o(gea(a'p) 
x sin Bq(vt — x) cos Bq’(vt — x) dq dq’, vt—x>0; 

=(), vt=xn= 0, oes (4.1) 

We require the value of the integral 
(ce) cf (Wo 

2mp | Ue dae = a2 Btvp [Zar | |. PIF —F*) “S(Ge)I1(9'p) 4g aq ; 

interchanging g and q’ and taking half the sum, this equals . 


2124p | he Tq" {teeta late) 4 ered eh Man) ear 
An 0 p i = q” 


a Btn Wo ’ @ 
~ Ag | | ea" | pIs(ap).(4'0) dp} dq dq’, 
0 0 


using a property of Bessel functions. 
Now 


oR 
lim poe | _ 05 y(20)F (Bx) d= : 5(a — B), 


so that, in the limit as the radius p> ©, 


a” B4y 19 , fi a” Btw 4y 
2np | ue dx= a i qq°5(q—q') dqdq' = are Re Shey (4.2) 
The loss of energy by radiation per unit time is then R, say, where 
: 2mpC* 
Relim payee |) u, dx, 
JA (teas 
me ere eco rae ee Me Somer (4.3) 


by (2.7) and (4.2). 


ts 
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In the case «<1, that is, for velocities less than the velocity of sound, one 
would expect R to be zero, and this can easily be verified. It is apparent from 
(4.3) that the radiation would diverge strongly but for the cut-off at wy, and that 
in any case there is a singularity at «=1. For very large velocities the rate 
of radiation is inversely proportional to the velocity. 

For an electron with velocity corresponding to a wave vector k in a metal 
we can write R in the form 


R=n(1—02/R)-%(o/k)\LFws, va eee (4.4) 


where F is the factor proportional to C? introduced by Frohlich (1952), and 
defined by 3C?=8¢Ms°F; ¢ is the Fermi energy and o=ms/h the wave number 
of an electron moving with the velocity of sound. In (4.4) we have introduced 
the value of m given by (3.3). We may note that the energy loss in travelling one 
lattice distance is 7(1—o0?/k?)-*(c/k)? FC and for the fastest electrons in a metal 
this is of the order of 10~*ev per lattice distance. For high energy electrons in 
metals this loss is small compared with that from other causes, principally 
coulomb interaction with other electrons. The results of experiments by 
Ruthemann (1948) and Lang (1948) on the energy loss of electrons with energy 
about 1 kev indicate that the total loss is about 10° times that due to this acoustic 
interaction alone. 


§5. QUANTUM MECHANICAL CALCULATION 


In the case of an electron moving fast enough for the recoil due to its 
interaction with the field to be neglected we can easily calculate the rate of loss 
of energy to the field. 

Considering an electron with wave number k> wy, we note that the probability 
of its emitting a quantum the magnitude of whose wave number lies between 
w and w+ dw is 

P(x) =(2ar}ft) p(w) (M1, ? dip G8 9 2 Ease wat (521) 
where ,, is the matrix element for the emission of a quantum of wave number w, 
and where p(w) dE dw is the number of final states within the energy range dE 
near resonance. If 6 is the angle between k and w, the energy difference between 
the initial and final states is (h?/2m)(w* —2kw cos 6+ ow), and since there are 
V /(27)? levels per unit volume in w-space, the number of levels 
ein 
2(7)? 2h?kw 
provided energy can be conserved, i.e. provided{w <2(k—oc). ‘Thus 
Pim iaarhiek. @ Pay WE) Aes (i4) 


Now the energy lost by emitting a quantum w is hws, so the loss of energy 
per unit time by the electron is 


p(w) dE dw = 2rw" dE dw 


"Wo; 2(k—-a) 


R= | P(w)hws dw, 
0 


where the upper limit is the smaller of the two values given. 
Inserting (5.1) and (5.2) and using the fact that |M,,|*=C°’hw/2nV Ms, we 
obtain 
R=mC*w)4/16an Mik, Wye Ro), 7 22% .t (553) 
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This is identical with the limit of the classical value (4.3) for large v/s, since 
v=hkR/m. 
For values of k in the range 0<2(k—o) <w, R is given by 


mC (2Xk—2)\4 is 


and k=0 R<o. 

Comparing these results with those obtained classically, we see that in both 
cases the radiation is zero for subsonic velocities (v/s =k/o<1), and that they 
agree in the limit of very large velocity. At speeds just above the speed of sound, 


however, the classical expression diverges, whereas the expression above 
approaches zero. 


§ 6. INTERACTION BETWEEN PAIR OF ELECTRONS 


To estimate the interaction energy of one electron in the ‘wake’ of another 
we will calculate the value of the term [Cp div Pdr, describing the interaction 
of the electron density p of one with the field P due to the other. 

Provided that the electron is at a distance great compared with w, ! from 
the ‘shock cone’, we can ignore the cut-off wy) in the momentum space 
representation of the field and use the simple expression (3.7). 

Thus we have, for the interaction energy, 


ely ont Cue 
Ee= os | pV xdr = SVX), cee. (6.1) 


where V*x(r) represents the value of V’y at the position r of the electron. 
From (3.7), then, 


B(1+ 6?) 26?x? + p? 2 
: SS a RO De CON In = ae 
V Nie = (Bex? — p?)Pl me te eee (6.2) 
on the axis distant x from the source. 
Thus 
ee: l6m7la2F : 
Eint~™~ — ey CR: =— “(wx Soarenetone (6.3) 


Recently Singwi (1952) has discussed the ‘wake’ character of the electron 
lattice interaction. Using an expression for the interaction energy, obtained 
by Bardeen (1951) by means of a Bloch—Nordsieck transformation, Singwi 
found for the energy of one electron in the wake of another an expression 
equivalent to (6.1), making the approximation that the wave numbers of the 
phonons are small compared with those of the electrons. Under these conditions, 
as we have seen, the perturbation theory results should approach the classical 
ones. It appears that Singwi, in performing the calculation corresponding to 
our (6.2), has omitted the factor «*. In addition, for the theory to apply, the 
position of the second electron should be more than wy distant from the | 


‘shock cone’, not only from the other electron. ‘Thus taking x,,;, to be a few 
times aw, + one finds 


Fint(%nin)™~ = CFla~ 10 ev, 


a value 10° greater than that given by Singwi and of about the same order as the 


interaction energy per electron calculated by Frohlich (1950) using perturbation 
theory. 
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Abstract. 'The absolute number of short and long range «-particles from a 
source of active deposit of RdTh (0-6mc) has been determined by counting, 
with an ionization chamber, in low geometry. This measurement gives a new 

value for the branching ratio (0-354 + 0-004) and at the same time the absolute 

number of 2-615 Mev y-rays emitted by this source (0-384+0-009mc per mg 

radium equivalent of active deposit). The same source has then been compared 

with a standard radium source on a Curie-type ionization chamber. ‘The 

procedure for future absolute calibration is in this way simplified. ‘The increased _ 
precision of these measurements leads to a revision of former determinations of 

the cross section for the photodisintegration of the deuteron at 2-615 Mev. 

This new cross section is (13-80 + 0-38)10-?8 cm’. 


§ 1. INTRODUCTION 


HE absolute standardization of the 2-615 Mev y-rays of ThC’” is of interest 

| particularly for the determination of the cross section for the photo- 

disintegration of the deuteron (Bishop et al. 1950). ‘The disintegration 

scheme of ThC” is now sufficiently well understood to allow the conclusion that 

one 2-615 Mev y-ray is emitted for at least 99-7% of all disintegrations of ThC’. 

Thus an absolute standard of ThC” would be also an absolute standard of the 
2-615 Mev y-rays. 

In the past absolute standardizations of RdTh active deposit sources have 
been done by Ricoux (1937) and by Winand (1939) in terms of the number of 
disintegrations of ThB nuclei. These can be converted into standards of ThC” 
by multiplying with the branching ratio of ThC, known at the time to an 
accuracy of within 4%. ‘The accuracy of Ricoux’s and Winand’s measurements 
were within the order of 2%, to which we should add a possible systematic error 
of 3%, for Ricoux’s method and 1-5°%% for Winand’s method.* ‘The standards 
of ThC” were then known with an accuracy of the order of 6%. 

We have carried out a new absolute standardization based on the counting 
of the individual «-particles of the active deposit of Rd Th. As Ricoux and Winand, 
we have compared the y-ray activity of our standardized sources of active deposit 
with a radium standard on a Curie-type ionization chamber. In this way any 


* The systematic errors are compounded of 1% for the absolute standardization of 
radium sources and 0:5% due to the fact that the branching ratio is used for determining 
the average energy of an a-particle emitted by either ThC or ThC’ in both methods of 
standardization. Another systematic error of 1:5°% enters in Ricoux’s measurements due 
to the uncertainty of the absolute average energy required to form an ion pair. 
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new source of active deposit can now be standardized by measuring the 
equivalent in milligrams of radium of the ionization of its y-rays on a similar 
Curie chamber. 


$2. EQUALITY OF THE NUMBER OF a-PARTICLES EMITTED BY THC AND 
OF THE NUMBER OF 2:615 Mev y-Rays EMITTED BY THC” 


The branching scheme of 'ThC and the decay scheme of ThC” are shown 
in fig. 1. 

A difference between the number of ThC” disintegrations and the number 
of 2-615 Mev y-rays emitted could arise from the cross-over y-rays of 3-2, 3-48, 
3-71 Mev, or from the direct 8 decay to the ground state of ThD. The intensity 
of the cross-over y-rays has been found altogether to be less than ‘0-001 per 
disintegration of ThC” (Bishop, Halban and Wilson 1950). The direct B decay 
to the ground state of ThD has been investigated by Cavanagh (private 
communication). He found no 5 Mev f-particles to a limit of one in 500. We can 
therefore say that one 2-615 Mev y-ray is emitted for at least 99-7°%% of all the 
disintegrations of ThC”. By counting the number of short range «-particles 
emitted by the source of active deposit we then obtain the number of ThC’” 
disintegrations and, therefore, the number of 2-615 Mev y-rays. 
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Fig. 1. Decay scheme of ThC” and branching scheme of 'ThC. 


§ 3. METHOD USED FOR THE COUNTING OF THE «-PARTICLES 


For the counting of the «-particles we decided to use a low geometry 
arrangement and rejected 27 counters. ‘These require low intensity sources, 
which could not be compared accurately with radium standards of one mc or 
above, on the Curie chamber. Furthermore, corrections of the order of several 
per cent must be applied to the counting rates for the back-scattering of the 
sources. ‘These corrections are difficult to calculate and could not be easily 
verified in our case, since there are two groups of a-particles. In the case of a 
low geometry arrangement none of these troubles occurs. ‘The strength of the 
source is 

4a 


S=counting rate x solid angle subtended by the window’ 
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Figure 2 shows the arrangement used. The source was placed at one end of an 
evacuated tube of 50cm length. A small fraction of the «-particles (0-5 x 10°) | 
entered through a mica window a cylindrical chamber of one inch diameter, with 
a central wire of 2 x 10-3 inch diameter. The use of a guard ring at an intermediate 
potential defines accurately the sensitive volume and avoids the ‘end effect’. 

The electronic apparatus included a linear amplifier type 1008, a discriminator, | 
two scalers and an oscilloscope. A single channel kicksorter, with a channel 
width of one volt stable to +0-05 volt, was used to give at the same time the 
differential and the integral bias curves. From the differential curve and the 
value of the channel width we deduced the slope of the plateaux on the integral 
curve. 

Figures 3 and 4 show typical integral and differential bias curves for a gas 
filling of 63 cm of methane (670 volts on the cathode). ‘The curves were corrected 
for the decay of the source and the non-secular equilibrium. 
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Fig. 2. Ionization chamber and collimating system used for the counting of the a-particles. 


§ 4. Loss IN «-PARTICLE COUNTING 


In order to count the number of short range «-particles emitted by the source 
of active deposit we have to achieve a good discrimination between the two 
main groups of «-particles from ThC and ThC’. Furthermore, all the «-particles 
which enter the window within the solid angle, and only those, must be counted. 
In the following paragraphs we shall deal with the effects which can produce a 
loss of counts. 


(a) Loss of Particles due to the Differential Absorption 


All particles of a group must suffer the same average loss of energy by 
absorption before entering the sensitive volume. ‘This can be achieved by 
having a perfectly clean ‘infinitely thin’ source and a homogeneous mica window. 
The sources of RdTh active deposit were obtained by activation of a carefully 
cleaned gold foil, by an emanating source of RdTh. The window was made 
with a foil of freshly cleaved mica of thickness 1 cm air equivalent. Differences 
of thickness of the mica foil as small as 0-2cm air equivalent could have been 
easily detected under a microscope. Since the range of the ThC «-particles 
inside the sensitive volume of the counter is 1:8 cm air equivalent at s.T.P., such 
irregularities could not reduce their energy below the lowest bias voltage used. 

However, we usually found that particles of dust were deposited on the 
surface of the mica, but it was estimated, with the help of a microscope, that the 
area covered by those particles was less than 0-:1%,. | 


(b) Loss of Counts due to Electron Capture 


The capture of some of the electrons produced in an «-particle track by 
electro-negative gases present in the counter has two effects: it reduces the 
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average pulse height and increases the spread of the pulse height distribution. 
The ThC «-particle tracks at the edges of the collimated beam have an average 
radial separation inside the sensitive volume of 0:-5mm. ‘Thus electrons from 
such tracks travel distances varying from 7:5 to 8-5 mm before reaching the central 
wire, and therefore have different probabilities for capture by electro-negative 
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Fig. 3. Integral count of the two groups of «-particles from ThC and ThC’. 
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Fig. 4. Differential count of the two groups of a-particles from ThC and ThC’. 


gases. If a sufficient number of electrons of one track is captured, the resulting 
pulse may fall below the lowest bias voltage used and not be recorded. Various 
gas fillings were tried. Pure argon gave a spread of the pulse height which was 
ten or twelve times greater than the total spread to be expected from the straggling 
in the source, the window, the dead volume of the counter and from the positive 
ion effect. We believe this to be due to the slow outgassing of the chamber 
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materials. Fillings of argon with 1 cm of alcohol and with pure methane gave a 


marked reduction of the observed pulse height spread. The polyatomic gases — 
give a much lower ‘electron temperature’ than pure noble gases. This might _ 
produce a strong decrease of the probability of electron capture, which would | 


explain the reduction of the spread of the pulse height distribution. 


The calculated spread for the ThC’ «-particle group is 1% and the spread | 


of the pulse height distribution deduced from the bias curve was found to be 4% 
for the final measurements. This is reduced to 2:5% after correction for the 
channel width of the discriminator. The discrepancy can be attributed to 
electron attachment and irregularities of the central wire. From the small value 


of the spread of the pulse height distribution we can expect that all particles | 


which enter the sensitive volume, within the solid angle, are counted. 


(c) Loss of Particles due to Scattering 
Some of the «-particles are scattered by parts of the apparatus. If they are 


stopped by the walls of the counter they lose a fraction of their energy and then — 


contribute to a tail on the low energy side of the pulse height distribution. 


Table 1 
(1) (2) (3) 

(a) (0) (a) (0) 
Window 0-04 0-02 0-07 0-29 
Holder 0-03 0-015 0-03 0-03 
Gas (methane) 0-02 0-01 0-45 0-84 

Window-+ : : : 
holdercas 0-09 0-045 O55 1-16 


(1) Scatterer; (2) particles scattered outside sensitive volume (%): (a) ThC group, 
(b) ThC’ group; (3) ThC’ group, scattered particles (%) with energy E: 
(a) E< 6-06 mev, (6) 6:06 Mey < E< 8:77 Mev. 


The particles scattered by the walls of the collimating tube before the counter 
were stopped by Perspex diaphragms of decreasing aperture. However, it is 
impossible to avoid the scattering by the window, the support of the window and 
the gas filling of the counter. Since the particles are scattered mostly at small 
angles, we must put the outside electrode as far as possible from the axis of the 
g-particle beam. Since the scattering cross section is proportional to Z?, 
gases with low atomic number will be the most suitable. We actually found the 
plateaux to be better with methane than with an argon—alcohol mixture by a 
factor between 3 and 4. 

The ThC” disintegration rate of the source is obtained from the observed 
counting rates a and 6 on the plateaux of the integral bias curve by multiplying 
the difference a—b by the factor 47/solid angle. Errors, therefore, are of two 
classes: 

(i) hose due to particles which never reach the sensitive volume, because 
they are scattered out of it. We have calculated the percentage of particles from 
ThC and ThC’ scattered outside the sensitive volume (see table 1, column (2) 
a and 6), for a methane gas filling. The correction to the counting rate a is 0-13%. 

(ii) ‘Those due to particles which are scattered but reach the sensitive volume 
and are stopped by the walls of the counter. They contribute a pulse of less than 


a 


The Standardization of the 2-615 MeV y-Rays of ThC” 613 


average height. For the ThC’ group some of those «-particles fall below the 
lowest bias voltage on the second plateau. The percentage of those particles 
has been calculated (column (3 @)), and the correction to the counting rate D 
amounts to 0-55%. 

We have verified the validity of these corrections by comparing the 
experimental tail between the ThC and ThC’ groups with the percentage of 
the ThC’ «-particles which are scattered and give rise to a pulse greater than 
the lowest bias voltage used on the second plateau (see column (36)). The 
agreement was good, respectively 1-3% and 1:16%. The correction to the 
branching ratio arose to 0:9°% and we can expect the error due to this correction 
to be less than 0-3%. 


$5. Spurious EFFECTS 


Investigations have been made to determine the importance of some spurious 
effects. Since the source is in vacuum, the recoils from the f disintegration and 
the ejection of aggregates of ThC nuclei from the source by «-disintegration 
might shorten the half lifetime of the active deposit. The correction applied 
for the decay during the measurements would then be too small. Another 
spurious effect would arise if ThX nuclei reached the foil during the activation. 
A weak group of «-particles emitted by ThX, Th and ThA might be confused 
with those from the ThC group since the difference in energy is small 
(5-7, 6:28, 6:77 Mev respectively, compared with 6:06 Mev for ThC’ «-particles). 

A comparison, carried out over 80 hours, of the y-ray intensity of two sources, 
one covered and the other kept in vacuum, showed that these effects were 
negligible. In particular, an upper limit of 0-5 x 10-3 times the initial strength 
of the source was found for the amount of ThX collected with the RdTh active 
deposit. 

§ 6. RESULTS 


Our measurements really yield two data: 
(1) The branching ratio of ThC which is defined as 


number of «-particles emitted by ThC a—b 


~ number of «-particles emitted by ThC+C’ — a 
(2) The absolute number of «-particles emitted in the branch 'ThC—C’—D. 


(a) Branching Ratio of ThC 
Table 2 shows the values obtained for the branching ratio, for several 


measurements, corrected for the tail of the pulse height distribution. We give 
the value of the probable error on the branching ratio AR/R=(P,?+ P,”)"", P, 


Table 2 
Curves 3 4 5 6 
Branching ratio 0-355 0:3536 0:3524 0:3554 
Statistical error (%) 1-4 1-4 155 1:45 


and P, being the probable error on the counting rates a and 6. ‘Though the 
counts on each plateau were of the order of 35 to 40 thousand for each of the 
four measurements, we still have a large statistical error on R. ‘This is because 
one has to measure separately a and 6 to obtain the difference a—b. 
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The combined statistical error of the branching ratio is 0-72%. Since the 
error on the extrapolation is certainly less than 0:3%, the value of the 


branching ratio is given to an accuracy of within 1%. We can then say that 


R=0-354 + 0-004: 

Previous results were 0:35 + 0-012, obtained by Meitner and Freitag (1926) 
using a cloud chamber and 0-377 + 0-007 by Kovarik.and Adams (1939). The 
latter authors, using an ionization chamber, measured the «-particles from a 
RdTh course in secular equilibrium with the daughter substances. The method 
suffered from lack of resolution and the quoted accuracy (within 2%) seems 
overestimated. 


(b) Number of 2-615 MeV y-Rays Emitted by 1 mg Radium Equivalent of 
RdTh Active Deposit on the Curie Chamber 


The milligram radium equivalent of RdTh active deposit on the Curie 
chamber is defined as the quantity of ThB in secular equilibrium with all the 
daughter substances, which gives the same ionization current as 1 mg of radium. 


We shall call 7 the number of the ThC’ disintegrations taking place in 1 mg radium 


equivalent of RdTh active deposit.* 

The Curie chamber (Curie 1912) has already been discussed elsewhere 
(Wilson and Bishop 1949). It permits the comparison of two sources with great 
accuracy by means of their emitted y-rays. Several improvements of the 
chamber itself and the electronic apparatus are embodied in the new design. 
It is now possible to compare sources of one millicurie to an accuracy of within 
0:25%. The instrument was tested by following the decay of RdTh active 
deposit sources over 30 hours. A value of 10-64+0-03 hours was found. This 
is in agreement with the accepted value 10-60 h (International Radium Standard 
Commission Report, 1931). 

Sources 3, 4, 5 and 6 were compared with a radium standard of 1-01 mc 
(N.P.L. certificate). The standard is contained in platinum (0-5 mm wall 
thickness) and was measured at the National Physical Laboratory on their 
substandard ionization chamber. ‘This chamber is of different geometry from the 
Curie chamber; in particular the y-rays are absorbed by 5 mm of lead in the 
N.P.L. geometry and by 10 mm on the Curie chamber. The radiation of the 
source is not homogeneous and the absorption of the soft components is different 
from that of the hard components in the two geometries. We must therefore 
correct the effective value of the standard obtained at the National Physical 
Laboratory for use with measurements on our Curie chamber. The correction 
is estimated from the results of Kaye et al. (1934), who measured the relative 
absorption of the radiation in the walls of the source as a function of the thickness 
of lead in front of the N.P.L. ionization chamber. ‘They found that the relative 
absorption is less with a thickness of 12 mm of lead than with 5 mm by a factor 
of 0:81. The figure for a thickness of 12 mm of lead is used because the y-rays 
pass obliquely through the 10 mm thick plate of the Curie chamber. For the 
N.P.L. geometry there is a correction of 6:2°% to the effective value of the standard. 
The radium standard therefore has the value 1-01 x 1-062/1-050 =1-021 mc on 
our geometry. 


* It would not be correct to call this quantity a milligram radium equivalent of ThC” 
since the contribution of the y-rays of ThB, C to the ionization current is not negligible. 


The Standardization of the 2-615 MeV y-Rays of ThC’ 615 


Table 3 shows the results. ‘The value of the milligram radium equivalent 
of Rd'Th active deposit Was found to be 1-083 + 0-016 mc. 

The total error (1:5°%) is the sum of 1°% inaccuracy for the radium standard 
and 0-5°% for the combined standard deviation on the measurements of the 
counting rate (0-3°), the comparison of the sources on the Curie chamber (0-3%) 
and the measurement of the solid angle subtended by the window (0-2%). 

The value of 7 was found to be 0:384+0-:009 mc. The standard deviation 
on the counting rate is now 1-3%, so that the total error is 235%. The value of 
the milligram radium equivalent of RdTh active deposit agrees, within the 
limit of the error, with the value found by Ricoux (1938, 1.10) and Winand 
21939, 1.11). 

For work in this laboratory the 1° inaccuracy of the radium standard cancels 
out, since we can always compare our sources with this standard. 


Table 3 
Curves 3 4 5 6 
mg radium equiv. of 
RdTh active dep. 1-075 1-084 1-078 1-094 
(mc) 
Stand. deviation on 
counting rate (°%) UBD wed Bee ve 
7 (mc) 0:3816 0:3833 0-380 0:3888 
Stand. deviation on 
2:05 2-1 DUS 2:15 


counting rate (°%) 


§ 7. NEw VALUE OF THE CROSS SECTION FOR THE PHOTODISINTEGRATION 
OF THE DEUTERON AT 2-615 Mev 


Adopting the new value for the number of 2°615 Mev y-rays emitted by 
1 mg radium equivalent of RdTh active deposit, one can correct the value of 
the cross section measured before (Bishop et al. 1950). With the notations used 
by these authors, the cross section is given by the ratio S/T where S is a factor 
which reduces the observed photo-proton counting rate, in the counting geometry 
adopted, to that expected from a RdTh source equivalent, on the Curie chamber, 
to the radium standard used, and T is the number of y-rays emitted per unit 
time by this fictitious RdTh source. 

Our measurements deal with the value of 7 and provide a correction to the 
value adopted in the previous paper. 

The radium standard used in the cross section determination was calibrated 
by the National Physical Laboratory and was 226 mc on their ionization chamber. 
The present radium standard was 1-01 mc on the same ionization chamber. ‘The 
quoted inaccuracy for these determinations is 1% (N.P.L. certificates R.9467, 
C.2521). In order to decrease this 2° inaccuracy we have compared these 
radium sources on our Curie chamber and found a ratio of 229-4 + 2-0 instead 
of the value 225-50 obtained from the N.P.L. quotations after correction for the 
difference of geometry. Since the strengths of the sources were widely different, 
the comparison was made via an intermediate substandard (8-7mc). ‘Thus 
the error of two successive comparisons (0-9°%) enters in the ratio found. 

The connection with the cross section measurements is made in the following 
way. The number of 2-615 Mev y-rays emitted per second by the RdT'h source 
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was in the previous estimation: 
[(RdTh) _ (Rd Th) 1-101 

Thay Ra) ee ase ae | 
where J(RdTh)/J(Ra,) is the ratio of the ionization currents of the RdTh source - 
to the radium standard used. 

S(Ra,) is the strength of this radium standard on the N.P.L. geometry. The | 
factor 1:101/1-0818 takes account of the difference between the N.P.L. geometry 
and our geometry. 2, is the milligram radium equivalent of RdTh active deposit 
on the basis of Ricoux’s and Winand’s measurements (1:11 mc). B, is the value 
of the branching ratio used (0-34). 

The number of the 2-615 Mev y-rays in the new estimation is 
J(RdTh) J(RdTh)  J(Ra,) 1-062 

TfRay (Ra) Ra) 
where I(Ra,)/J(Ra,) is the ratio of the two radium standards measured on our | 
Curie chamber and corrected for the slight decay during the period between 
the two measurements, S(Ra,) the strength of the new radium standard on the 
N.P.L. geometry, 1:062/1-:050 the correction factor for the difference between 
the two geometries and + the number of y-rays emitted by 1 mg radium 
equivalent of RdTh active deposit (evaluated in mc) in the new estimation. 

The new value of the cross section is found by multiplying the previous value 
by the ratio N,/N,. ‘The previous value of the cross section was quoted to be 
(13-9 + 0-4) x 10-*8 cm?. The inaccuracy was the sum of an 0-5°% inaccuracy 
in the value of S, and 2-4% in the value of 7. This did not include a possible 
systematic error between 3 or 4% for the milligram radium equivalent of RdTh 
active deposit and the branching ratio. 

The new value of the cross section is (13-80 + 0-38) x 10-?§ cm?. The factor 
Hf (Ray) pa wee L 062 
I (Ra,) ~ Skee 1-050 ~ 


so that the total error on it is the sum of 0-9°% for the error in /(Ra,)/J(Ra,) and 
1:35% for the error in the product S(Ra,) xz. The total inaccuracy in the value 
of the cross section is now 2:75%. 


N,=T, x 


No=1 ox 


T= 
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The 7Z+-7II, Band System of HBr+ 


By R. F. BARROW anp A. D. CAUNT 
Physical Chemistry Laboratory, University of Oxford 


MS. received 27th March 1953 


Abstract. Rotational analyses of the 1, 1 and 0, 1 bands of the 22+ —?I], system 
of HBr* have been made from spectrograms of moderate dispersion. The 
value of AG,).” is found to be 2348-3 cm. Estimates of the equilibrium 


la 


vibrational constants for the ground state are: w,” ~ 2450, x,”w,” ~50 cm}. 


$1. INTRODUCTION 
A MANY-LINED spectrum observed in hollow-cathode discharges in hydrogen 


in the presence of potassium fluoride was recently analysed (Caunt and 
Barrow 1952) and ascribed to a hydride of a first-row element. It has 
however not yet been possible to identify the emitter of this spectrum. ‘The 
possibility that it is HF~* led us to consider the spectrum of HBr* with a view 
to predicting as far as possible the spectroscopic behaviour of HF*. 
The spectrum of HBr* was obtained by Norling (1935) using a hollow-cathode 
discharge in HBr gas. A rotational analysis of what were assumed to be the 
0,0 and 1,0 bands was carried out, and the system shown to arise from a 


YI, transition analogous to that in HCl+. No direct information about the 


ground-state vibrational constants was obtained. 

The purpose of the present note is to summarize the rotational analyses of 
the 0, 1 and 1, 1 bands: the results confirm Norling’s analysis and enable values 
of the ground-state vibrational constants to be derived. 


§ 2, EXPERIMENTAL 


We have found that the *X->*II, system is conveniently excited by a high- 
frequency electrodeless discharge in HBr gas, operating at about 3 Mc/s. ‘The 
spectrum was photographed in a first order of a 2.4m grating in an Eagle 
mounting giving a reciprocal dispersion of about 7-4A/mm. 

Our measurements of the lines of the 1, 0 and 0, 0 bands agree well with those 
of Norling, but his were made using a grating instrument of considerably higher 
dispersion than ours, and Norling’s measurements of the lines of these bands 
have been used in the analysis below. The wave numbers of the lines of the 
0, 1 and 1, 1 bands are given in table 1. 
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Table 1. Wave Numbers of the 0,1 and 1,1 Bands of HBr* 


SRoa 
26931-45 
938-65 
941-95* 
941-95* 
937-75 
92056 
917-8 
902-55 
882°85 


0, 1 Band. #2 > "IT 3/5 
Ry ®Qa1 Qi 
26902 °5* 26897 °35 26878 -25 
900-25 892-9 864-3 
894-2 884-7* 846-55 
884-7* 873-05 825-15 
871-1 857°4 800-2 
853-85 838-2 TIA SD 
832°85 S1n-4c VET 
807°8 788-45 * 702°9 
TIES Oe Lai as 662°8 
746:9 F230 619-45 
710-3 684:9* 572-0 
642:55 
0,1 Band. 2 + *Iy). 
®Ris Q, PQie 
24239 -95 24234°5 DAZ 
238-25 230 196-4 
20295 MIDS) 177-1 
223°5% 2122 154-6 
ZAM) Ss 197-15 — 
1O SEIS 177°8 OSTzo- 
172-85 155-4 063 -3* 
148-4 — O25 
TL9I9 O97-52 23983 -4 
087°3 063 -3* — 
050-75 025-1* 888-55 
010°5 239826 S554 
23966 :2 936-4 — 
1,1 Band. #2 + #I5/, 
Ry RQai Qi 
= 28224-8 28206-3* 
= ZUS:55* 1ONe4 
28218 :55* 208°8 2S > 
206 -3* ME es ey 148-85 
USO? MS, WALES) 
== iS siell 089-35 
Nese) 126-1 — 
094°5 013-45 
058-9 279690 
019-2 920-4 
1,1 Band. *2 + *I,/. 
2Rie Qe PQie 
25566°1 25562 -45* ZOOM Ho 
567:25 562 -45* 539-45 
564°1 2503055 523-4 
556 -65* 547-45 502:7 
= SIGS) 478-0 
528°6 = 448-6 
508-4 493-2 — 
483-45 4664 371e75 
454-35 435-35 SOS 
421-0 399-6 OX SER) 
382:55 238°55 
183-8 


P, 
24208 35 
190-95 
169-65 
144-8 
116-2 
083-8 
047-45 
007-35 
23963 -7 
91587 
864°55 
809-15 
750-05 


Pex 
282033 
186-3 
165-1 
139-95 
076-25 
038-2 
27996-0 
949-7 


Ps 


25536:35 
495-45 
468-75 
ASH 209 
401-95 
362:25 
318-4 
269-95 
PAL PANS 
160-8 


* indicates a line used more than once in the analysis. 


Py 
2686545 
839-75 
810-55 
777-55 
740-9 


Py 
28194-45* © 
168-15 | 
137-7 
064-5 
021°8 
27974 -9* 
923-75 


Pie 


25505°85 
476:15 
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§ 3. ANALYSIS 


The theory of *X—*II; transitions has been treated by Mulliken (1930) and 
by Herzberg (1950). The method of analysis and the nomenclature used here 
are essentially the same as those used by Ramsay (1952) in his analysis of bands 
of SH and SD. 


(i) The Upper State 
The upper-state term-values were obtained from Norling’s measurements of 
the 0, 0 and 1, 0 bands. 


Spin-Splitting. Values of yx were evaluated from combination differences 
such as *Q,,(J+1)—P,(J +1)=°R,,(J)—Q,(J). The small variation of yx 
with K was assumed to follow the relation yg =y /[1 +(D,'/B.’)K(K +1)] from 
which yp was derived. 


B, and D,’. ‘The rotational constants were calculated from combination 
differences such as 
RJ) — Pi) ~ yx ="Ra(J — 1) —°Pa(J —1) +x 
=*Q,,(/) —P\J)+ Jy K-41 =*Ra(J— 1)-Q 9-1) + yx 
= (4B, —6D,')(K +4)—8D,'(K+4)8, where K =J —}, 
using graphical methods. 


AGj).' and «,’. Values of AG)’ and of «,’ were derived using formulae 
such as 


2{QU(T) + Q(T) j= FQ) + QA) jf? =AGyp/ + (By — Bo (J — 2) + 3), 


neglecting terms in (D,’—D,’) and (ypX—y)). ‘The value of «,’ obtained in 
this way (0-249 cm!) agrees well with that derived from the values of 
A F’(K) (0-247, cm-*). 
(ii) The Lower State 

Term formulae for “II states have been given by Hill and Van Vleck (1923), 
Mulliken and Christy (1931) and Almy and Horsfall (1937). The ground-state 
constants were obtained using upper-state term values, fF,’ and F,’ derived as 
above: for example, 


P,(J) — Fy'(J — 3) = "Qa, J) — FoF +3) = RY) — Fy +9) = 0 — Fs, a). 
B,” and D,,". The average values of A,F’’(/J) are related, according to Hill 
and Van Vleck, to the ground-state rotational constants, B,” and D,,”, by the 
expression 
ALF", (J) +A. aT) +AoF"s, (J) + Aok"s,a(J) _ 


aT A 1 NIGER. 


(Almy and Horsfall give 2D” in place of 7D": the difference here is negligible.) 
B,," and D,” were evaluated graphically from the average values of A, F’(/) in 
the usual way. 


The Coupling Constant A. ‘The Hill and Van Vleck formulae lead to 


TeAT Le vr 
a } <A +I = V4), 


Aig 
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where Y=A/B,, and Fy, @=(F'1¢ + F'1a)/2 and similarly for F,”.- Values of A | 
were derived for each value of J, and these values were then plotted against — 
(J —4) and extrapolated to (J — $)?=0. | 


A-Doubling. The following approximation formulae, applicable to states — 

near Hund’s case a, were used: 

For *Iljjg Avac/(J +3) =p + 24, 

for *ITsip Avac|(J +3) = —(p/4¥? + 2q/Y)(J — 3) +2), 
with Avg, = Fy'(J)— F,"(J).. (These formulae differ from those of Mulliken and | 
Christy only in the term p/4Y?, for which they give p/Y*.) Ava, were negative | 
and very small for Ij, positive and large in ?II,j.. A rough value, g~—10* cm, | 
was derived from the ?ITs/. sub-bands, the term p/4Y? being quite small compared | 
with 2q/Y. Values of p for each J-value were calculated from the lines of the | 
211). sub-bands, from which p, was obtained using p=p,)/{1+(D,"/B,")J(J +1}. | 
The approximate equality p(?II1)~7(2X) (see table 3) shows that these two states | 
stand not far from the relation of pure precession (Mulliken and Christy 1931); 
in this case we should have g~p/Y = —0-6 x 10-*cm4, a little smaller than the 
experimental estimate. 


The Band-Origins. Values of vg were obtained for all four bands using the 
expression 


QJ) + Q() + DoT — 3) + 3) + (J +37 +3) -D, 14 +0 +194] 
+ (J) — bo(J) = 29 + 2(B,’ — B,")J(J +1) + 3B, + 3B," -y 
where ¢,(J) = —4Aryq, and ¢,(J) =4Aveq, are A-doubling terms. The analysis 


is confirmed by the Deslandres scheme of band-origins, given in table 2. 


Table 2. Deslandres Scheme of Band-Origins 


I 29233-2 2348°2 26885-0 

1328°6 1328-7 

20 27904-6 2348°3 25556°3 
vy = fo) I 


A further check on the calculation of the ground-state constants AG,)." and «,” | 
followed from use of the expression 


SLQ(T) + Q(T )I? — 3LQi(F) + Q(T) 1 ? = AGy 9” + (By" — By" )(J —3)(J +3), 
in which terms in (D,—Dpo) and (Avg? —Avg) are neglected. We obtain 
%_” =0:240cm™, AG)” =2348-4 as compared with «,”=0-236, from A,F"(J) 
and AG}).” =2348-2; from vj. ‘The constants derived in this work are collected 
together in table 3. 


§ 4. Discussion 


It is of interest to estimate the equilibrium vibrational constants. For the 
upper state, x,'w,’ can be derived in two ways: (i) using the relation of Pekeris | 


(ii) using Kratzer’s relation, w,? =4B,3/D,, w./—1407 cm“, and with 
AGlig =1328:7, “as os = 39 em: 
We conclude w,’—1409, x,'w,’ 40 cm-!. 


a a Pe 
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For the lower state, the agreement between the two estimates is much less 
good: x,"w,"=51 cm! (Pekeris), 80 cm~! (Kratzer), using D,” = 3-34, x 10-*cmr'. 
It is probable that the latter value of x,"w," is too high, for the value expected by 
comparison with HCl*, assuming constancy of x1? (with »=reduced mass) 
is 50cm“, supporting the Pekeris estimate. The poor value obtained from the 
use of Kratzer’s relation arises most probably from an error in the value of D,”, 


Table 3. Spectroscopic Constants for HBrt 
Upper State: "2+ 


B r (A) D a B Yo 
v’=1 5-598, 1-739" 4727, <4 10 2-03, 
v’=0 5-846, 1:702 4-29, 2°10; 
(v’=— 3) 5-970, 1-684 4-305 0-247, —2+,x10-* 
AG, js = 132877 on" 
‘Lower State: "II, 
B r (A) D oe 
1 7-7175 1-482 (3-74,) x 10-* 
v= 7-953. 1-459 3-47, 
i} 8-072, 1-448 3-48,* 0-236 
A Y Po q 
21 — 2649-2, — 343-2, 2-05; mi 20-01 
v’=0 —2651-6; REESE: 2-07 7 


AG 4s” =2348-2; cm 


8 Ate ate) : 
* From D,”, using B=D, | ns * f a sas | 
e 3) e 


which is based on values of A, F"(J) extending to not very high values of J. 
Indeed it may be guessed that the value of D,” is a little low, that of D,” a little 
high, in agreement with the fact that the value of «,” derived from the values of 
A, F’(J) is slightly smaller than that obtained directly from the Q lines. ‘This 


Table 4. Values of AG), 


X=Cl X=Br X=1 
HXt+ ast 1527 1329 es 
HX? CL, 2568 2348 pay 
HX cl 2670 2448 1970 
HX xID+ 2886 2559 2330 


The values for the c states are from Price (1938): the other values are from 
Herzberg (1950). 


is confirmed by the fact that the experimental value of (Do" — D,") is considerably 
greater than the theoretical value (see table 3). We therefore reject the Kratzer 
estimate, and conclude w,”"~2450, x,”w,"=50.cm"!. 

The close similarity in the behaviour of the vibrational intervals for HCl, 
HBr and the ionized molecules is illustrated in table 4, and it may be predicted 
that AG,). for x21] of HI+ is about 90% of 2330, ie. about 2100 cin. -Erice 
(1938) has already suggested that the coupling constant A in the ground state 
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of HI+ should be about 5500 cm, so that the spectrum of this molecule should 
be identifiable without difficulty. However the attempts of Norling (1937) and — 
of the authors to excite this spectrum have met with no success. 

In the case of HF+, the change in order of the ionization potentials, the — 
ionization potential of the halogen here being greater than that of hydrogen, may 
lead to a breakdown of these simple regularities, and, as Norling suggested, it | 
seems most probable that the 7X —>?II or *II->* system of HF* is to be sought 
in the red region of the spectrum. ‘The possibility that the many-line spectrum 
which prompted the present investigation is a*X-—>*2 transition in HF* remains. 
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The Influence of Domain Structure on the Magnetization 
Curves of Single Crystals 
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Communicated by L. F. Bates; MS. received 13th February 1953 


Abstract. It is pointed out that the lack of agreement between theoretical and 
experimental magnetization curves found for single crystals in low fields is 
probably caused, not by residual internal strains, but by neglect of the domain 
structure of the crystal in the theoretical calculations. Using Néel’s model 
for the domain structure of a single crystal of iron in the form of a strip parallel 
to the [110] direction, magnetization curves have been calculated taking the 
domain structure into proper account. It is found that the (J, H) curves depend 
explicitly on the width of the crystal. Comparison is made between the calculated 
curves and the experimental results of Williams. ‘The agreement between the 
two is good. 


§1. INTRODUCTION 


TV 7 is well known that the simple domain theory may be used to calculate 
] the magnetization curves of ferromagnetic single crystals. Formally, such 
A calculations are carried out by setting down the free energy of the system in 
terms of the known variables and seeking to make this a minimum. ‘This free 
energy of unit volume of a single domain is, for a cubic crystal, given by 
E = — H1,c0s 6 + K, (0,207 + d&2097 + 057017) + Kooy7a"097, «2.20. (1) 

where the first term represents the magnetic potential energy and the second and 
third terms together represent the crystal anisotropy energy, and in which @ 
is the angle between the direction of the spontaneous magnetization J, in the 
domain and H, and K, and K, are the crystal anisotropy constants and %,, a, a3, 
the direction cosines of the spontaneous magnetization with respect to the cubic 
crystal axes. In this way (J, H) curves have been calculated for single crystals 
magnetized along the three principal directions by Akulov (1931) and others, 
and these calculations have been extended by Lawton and Stewart (1948) to 
cover arbitrary directions of H. In most cases the agreement between theory 
and experiment is very good, particularly in high fields. In very low fields, 
however, small but definite discrepancies are found, namely in that the calculated 
curves possess sharp corners which are not found by experiment. For example, 
the calculated curve for a single crystal magnetized along the [110] direction 
shows that the magnetization rises to a value J/,/2 in substantially zero effective 
field. As the field is increased the magnetization increases slowly from this 
value until saturation is reached at a field strength which, for iron, is approxi- 
mately 600 oersteds. The experimental points lie beneath the theoretical 
curve for all field strengths below about 30 oersteds. 

Such discrepancies between theory and experiment are usually attributed 
to internal strains. In other words, a term should be added to eqn. (1) which 
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may not possess the same symmetry as the second and third terms. However, 
in spite of such careful annealing that only magnetostrictive stresses may reasonably — 
be supposed to remain, discrepancies still persist. Now, the free energy 


associated with pure magnetostrictive stresses is of the order }Ej99Aj99°, OF Some 
500ergcm’, i.e. smaller than K, by a factor of about 10°. It seems desirable 


therefore to seek elsewhere for the cause of the differences. One likely suggestion 
is that, in applying eqn. (1) to an actual single crystal, no account has been taken 
of the detailed domain structure. In any actual single crystal the domain 
structure may be complicated; in particular, closure domains exist whose purpose 


it is to lower the free energy of the system, and the direction of the magnetization | 


in these domains is in general not the same as that given by minimizing eqn. (1). 
Equation (1) is therefore applicable only to an infinite crystal in which the volume 


of the closure domains may be neglected in comparison with the main (primary) | 


domains; but in any actual crystal the domain structure should be taken into 
account. The effect of the closure domains on the (J, H) curve is calculated below 
for an actual crystal, and the results are compared with experiment. 


§2. CALCULATION OF MAGNETIZATION CURVES 


On the above considerations it is evident that to calculate magnetization 
curves for an actual single crystal an accurate knowledge of its domain structure 
is required. ‘This may in principle be obtained from observation of Bitter 
patterns on the surfaces of single crystals, but apart from the fact that such 
observations may not always be easily and reliably interpreted, except in a few 
simple cases, the patterns themselves may be somewhat indistinct and the domain 
width difficult to measure accurately in low fields where the chief divergences 
between theoretical and experimental (J, H) curves are found. 

The calculations are theref + confined to the single case of a crystal in the 
form of a strip parallel to the (100) plane with the long axis of the strip parallel 
to the [110] direction. ‘This case has been extensively investigated by Néel (1944), 
who showed that the domain structure is relatively simple. The structure 
predicted by Néel is shown in fig. 1; it has been confirmed in essentials by Bates 
and Neale (1949, 1950), Bates and Mee (1952), and by Williams, Bozorth and 
Shockley (1949) by the Bitter pattern technique.* In a very small, almost 
zero, effective field the primary domains are packed like the leaves of a book with 
their planes perpendicular to the [011] axis and the magnetization vectors are 
directed equally along [001] and [010]. In addition, there are certain so-called 
antiparallel closure domains or q domains. ‘These prismatic domains have their 
magnetization vectors parallel or antiparallel to the [100] direction, and help to 
reduce the magnetostatic energy associated with free poles which would appear 
if the primary domains extended to the edge of the strip. Under a small 


(effective) field the magnetization vectors of the primary domains are rotated | 


towards the [110] direction and at the same time an additional set of closure 
domains, the p domains, appears. The p domains have their magnetization 


vectors directed approximately along the [110] direction. As the field is | 
increased the magnetization is increased by the rotation of the magnetization. | 
vectors of the primary domains towards the [110] direction. At the same time | 


* According to Williams (private communication) there is considerable evidence to ! 
show that in very low fields the domain structure is that proposed by Lawton (1950). | 
The difference between the Lawton and Néel schemes is, however, not great enough to || 


alter the present results appreciably. 
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the volumes of the primary and the q domains decrease whilst that of the p domains 
increases. 

At any value of the field the angle @ made by the magnetization vector of the 
primary domain with the [110] direction is given by eqn. (1) which now reduces to 


Hise2K;, cost? cot 1) a0 Fao Rae (2) 
Following Néel’s treatment, we readily find that the volumes of the p and q 
closure domains are given by 
a Wy sin 6 
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where d is the distance between successive p or q domains as indicated in fig. 1. 
The quantities W,, and W, are the energies of formation of the p and q closure 
domains Perettivehy eh represent the difference between the energies of the 
primary and closure domains, viz. 


W,,=K, sin @ cos (2 +3 cos 6)(1 — cos @), 
W,,=K, tan 6(6 cos? @ + 1)(2 cos? @— 1). 
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Fig. 1. Domain structure proposed by Néel. Easy direction [100]. 


The derivation of these expressions (during the process of which it is shown that 
the p and q domains have their magnetization vectors directed approximately 
as in fig. 1) is quite straightforward, and for further details reference should be 
made to the original paper. According to Néel d is given by 
PW We=yL(Wy+ We), sates (5) 

where y is the energy per cm? of the wall between adjacent primary domains and 
L is the width of the strip. Using this value for d, the expressions for V,, and 
V,, may be put in the simpler forms 


ele, sie 
V= We ecese ee eee (6) 
V (= ue Peta er ee (7) 


1 40, 


626 E: W. Lee 


The variation of V,, V., and d with H is shown in fig. 2, from which it is evident 
that the volume of q closure domains may be quite an appreciable fraction of the 
total volume in very low fields. 

Assuming that the p and q domains have their magnetization vectors set 
exactly as indicated in fig. 1, the resultant magnetization is 

BNE EAS IE (8) 
PEVOeY..” gh unit sen sate 


where V is the volume of primary domains, and V+ V,+V,=Ld/2. 
Magnetization curves in low fields calculated from eqns. (2), (6), (7) and (8) 
are shown in fig. 3 for several widths of a single crystal of iron strip. It may 
be noted that as H is reduced d increases and eventually becomes equal to L. 
For lower field strengths the postulated domain structure must therefore break 
down, and consequently no attempt has been made to carry the calculations 
down to H=0. : 
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Fig. 2. Variation with applied field strength of the Fig.3. Theoretical magnetization curves f 


line spacing d and the volumes of the p and q single crystal strip of iron in the [7 
closure domains for a single crystal strip of iron - direction for various crystal widths. 
1cm wide. The primary domain width is equal 

to d/2. 


In small fields the closure domains are predominantly of the antiparallel (q) 
type, and so the magnetization becomes smaller the greater their volume. The 
volume of primary domains is not very different from Ld/2 (actually it is rather 
less). ‘The volume of the closure domains is proportional to L and so the ratio 
of the volumes of closure to primary domains is proportional to L~"?. ‘Thus the 
influence of the closure domains on the magnetization curve becomes greater 
the smaller the width of the strip. ‘The simple case in which domain structure 
is neglected is therefore seen to correspond to the limiting case of L= oo. ‘The 
effect of the q domains is thus to reduce the magnetization in low fields from that 
given by eqn. (2), the reduction becoming smaller as H is increased. For H 
greater than 40 oersteds the effect of the closure domains for L =1 cm is less than 
1%, and it is gratifying to note that there is in general good agreement between 
simple theory and experiment for higher values of H. In large fields of the order | 
200-300 oersteds, the p domains grow at the expense of the q domains and soon | 
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become appreciable compared with the volumes of the primary domains, which 
in this field range are very small. The magnetization therefore rises above the 
value calculated from eqn. (2). This effect is too small to be visible on a graph 
and appears to be too small to be detected by experiment. 


§ 3. COMPARISON WITH EXPERIMENT 


Neéel’s treatment applies to a single crystal in the form of a strip of infinite 


length where demagnetization effects are non-existent. Unfortunately single 


crystals in the form of very long strips are not easy to make, and so it is necessary 
to measure (J, H) curves on crystals which have relatively large demagnetizing 
factors. This entails measuring the effective field either by assuming a value for 
the demagnetization factor, in which case the effective field is given by the difference 
between two relatively large quantities, or by the use of a magnetic potentiometer. 
However, in the region of greatest interest for which H <5 oersteds, and with only 


» small specimens available, this cannot be done with any accuracy, and there 
| appear to be no data for strips in the literature which are either relevant or of 
sufficient reliability. ‘The calculations have therefore been compared with the 


experimental results of Williams (1937) for a picture-frame crystal of 3-85% 
silicon—iron cut so that each leg lies along a [110] direction. With a specimen of 
this shape the applied field may be found however small it may be. Moreover, 
with the closed magnetic circuit existing in such a crystal the actual conditions 
are likely to approach the case of an infinite strip more closely than those existing 
in a strip of finite length. ‘The dimensions of Williams’ crystal are given as 
(1-49 x 1-17) cm—area of cross section 0:0670 cm*—and so the only regions where 
the behaviour of the picture frame may be expected to differ from that of a long 
strip, namely the corners, amount to only 5°% of the whole and may be neglected 
for the present purpose. Accordingly the (J, H) curve has been calculated as 
in the preceding section for a strip of 3:85°% Si-Fe using the values of K, and J, 
found by Williams, i.e. K, =2-80 x 10° ergcm 3, J,=1625. The results are shown 
in fig. 4 together with Williams’ experimental points*. ‘he agreement between 
theory and experiment is quite good in fields greater than about 1 oersted. For 
very low fields the experimental points lie well below the calculated curve, and 
this is in agreement with the observations of Williams, Bozorth and Shockley 
(1949) that in such fields the primary domains become split into two antiparallel 
domains by the formation of a 180° wall, a possibility not considered in the 
simple treatment of Néel. It is true that the Bitter patterns were observed by 
Williams, Bozorth and Shockley on a strip with non-negligible demagnetization 
factor, whereas the crystal under consideration here is a picture frame in which 
the flux is closed. ‘There is no a priori reason why the break up of the primary 


‘domains should be the same here as for the strip, but it is clear that the Néel 


structure breaks down in very low fields, and the appearance of antiparallel primary 
domains is not unlikely (cf. Bates and Martin 1953). In high fields, too, the simple 
Néel structure is known to break down (Bates and Mee 1952). In particular the 
p domains are much more complicated in structure than simple theory suggests. 
However, in such fields the line spacing, and hence the volume of closure domains, 
is small and the inadequacy of the theoretical model becomes unimportant. 


* Tn Williams’ original paper no figures are given. ‘Those shown in fig. 4 have been 
kindly supplied to the author by Dr. H. J. Williams. 
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greater than the accepted value for 3-85°%, Si-Fe, is in fact the lowest value 4 
consistent with Williams’ (J, H) curve. Using the accepted value for J, would | 
in. fact bring the calculated curve exactly on the experimental points but there | 
is clearly little justification for this procedure. On the other hand there is good | 
reason to expect the calculated curve to lie above the experimental one for the, 
following reason. Observations by Bates and Neale (1949, 1950) and Bates. 
and Mee (1952) indicate that whereas the variation of primary domain width | 
with field is as predicted by Néel, the actual magnitude of the line spacing d_ 
is greater than the theoretical value The experiments of Williams, Bozorth | 
and Shockley show that the observed and theoretical domain widths are equal 
only for crystals less than 1mm wide. For a crystal whose width (as here) is | 
2:3mm the observed domain width is about twice the theoretical value. Thus | 
for the crystal used here the effects of closure domains are likely to be about 

twice as great as those given by our calculations. It is reasonable to assume | 
therefore that by using the correct (i.e. observed) values for the domain width 
the calculated and experimental behaviours would be brought closer together. | 
Moreover no account has been taken of the closure domains that exist inside the | 
crystal around inclusions and imperfections. ‘The importance of such domains 
has recently been demonstrated by Bates and Martin (1953). 
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Fig. 4, Theoretical magnetization curves for a 3:85°% Si-Fe single crystal. A: calculated 
from eqn. (2) neglecting the domain structure. B: calculated from eqn. (8) taking 


the effects of the closure domains into account. Experimental points due to 
Williams (1937), 


§ 4. DiscussION AND CONCLUSIONS 


‘The considerations presented above indicate that even a perfect crystal will 
not possess a sharp-cornered (/, H) curve unless the crystal is very large, and that 
the curves of fig. 3 represent the most rapid variation of J with H that is possible 
for an actual crystal. In terms of the mechanism elaborated here the shape of 
the (/, H) curve, 1.e. the susceptibility, is a function of the crystal size and shape 
since the effect of the closure domains is proportional to 12. A disc may be 
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regarded to a first approximation as a strip in which L varies continuously, and so 
the permeability of a single crystal in the form of a disc may be quite different 
from that of a strip. 

Although the calculations have been carried out for iron and silicon-iron, it 
is easy to see that similar results would be obtained for other materials, for the 
operative quantity, the ratio of the volumes of closure to primary domains, is 
proportional to d/2L and hence to K-14. In view of the very good agreement 
between calculated and experimental (J, H) curves obtained in §3 it seems 
reasonable to suppose that, at least for strips, the deviations of the experimental 
I, H) curves from those predicted by simple theory are due almost entirely to 
closure domains, and that in a well annealed crystal the effect of magnetostrictive 
strains, lattice imperfections etc. are small in comparison. ‘This is reasonable 
since there is no magnetostrictive energy associated with the primary domains, 
but only with the p and q domains. This energy for iron is much smaller than the 
crystal anisotropy energy. Now, owing to the fact that in the p domains the 
magnetization is not in an easy direction, there is considerable anisotropy energy 
associated with them. ‘The effect of the magnetostrictive energy may therefore 
be neglected in comparison. In the case of the q domains there is no anisotropy 
energy and the magnetostrictive energy may be of importance. In high fields 
where the closure domains are small this energy equals 4Aj997(¢y; +¢,2) approxi- 
mately, or about 400 ergscm™* for iron. ‘The magnetostatic energy that would 
exist if the primary domains extended right up to the edge of the crystal is 
0-851, sin? @d’ per unit area, d’ being half the domain width (Kittel 1949). For 
an iron strip with L=1cm, calculation shows that this energy is always con- 
siderably greater than the magnetrostrictive energy, which may thus be neglected 
in comparison. 

In very low fields the magnetostrictive energy of the q domains may become 
comparable with the field energy. Unfortunately it is almost impossible to 
estimate the magnetostriction energy in this field range. ‘The usual assumption, 
that the closure domains are held by the deformation of the primary domains, is 
obviously not valid when the volume of the closure domains becomes appreciabl 2 
compared with that of the primary domains. Under these conditions the 
strain is shared by the primary and closure domains, and although it is clear that 
the energy will depend on the boundary surface area between two such domains, 
the depth over which the strain may be supposed to exist cannot be estimated. 
All that can be said is that the energy of a q domain will remain finite even in 
zero field, and hence that the primary domain width will not become infinite. 
It may nevertheless become quite large. It is possible that for nickel the effects 
of magnetostriction may be appreciable especially since K, and /, are so much 
smaller than for iron. 

The fact that, contrary to simple theory, the (J, H) curves of single crystals 
are anisotropic in low fields was first observed by Williams (1937). ‘This is 
readily understood since the closure domain structure will be different for 
different crystallographic directions. In zero field the volume occupied by 
closure domains will presumably be greater the greater the area of the surface of 
the crystal which has no direction of easy magnetization lying init. ‘Thus closure 
domains may be expected to occupy a greater volume for an iron crystal strip 
when the axis is along the [111] direction than one for which it is along the [110] 
direction. Similarly the closure domain volume would be greater for a [110] 
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strip than for a [100] strip. ‘This is in agreement with the observations of Hl 
Williams that the maximum permeability of an iron picture frame crystal is. 
greatest for a [100] crystal where there are no closure domains and least for a | 
[111] crystal. For crystals other than those in the form of strips, e.g. discs, oblate — 
spheroids, the closure structure is much more complicated, but some variation — 
with crystal plane, and hence some low field anisotropy of the (/, H) curves, is to i 
be expected, though on account of the large demagnetization factor of such | 
crystals this anisotropy would be very difficult to observe. | 

Possibly the most important conclusion to be drawn from this work is that | 
the permeability in a given direction in a single crystal is no longer to be regarded | 
as characteristic of the material but depends explicitly on crystal shape and size. | 
The bearing of this fact on the behaviour of polycrystalline materials, in which 
the crystallite size may be very small, will be discussed in a later paper. 
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Abstract. ‘The ionization current produced by polonium alpha-particles in liquid 
hexane has been studied using a collimated beam so that it has been possible to 
determine the direction of the alpha-particles with respect to the collecting 
electrostatic field. Measurements of the ionization current have been made with 
various collecting field strengths and experiments conducted in which the 
attempts were made to measure the specific ionization. 

The ion currents measured were of the same order of magnitude as those 
obtained by earlier experimenters but no dependence on the angle between the 
direction of the alpha-particles and the field was observed. ‘This was in 
contradiction to results as calculated using Jaffé’s columnar theory. The 
experimental values of the specific ionization do not conform to the Bragg curve 
as in the case of gases, but all the experimental results obtained are consistent 
with a calculation assuming that the only ions which can be collected are formed 
by 6-rays at some distance from the alpha-particle track. 


§ 1. INTRODUCTION 
HE effect of bombarding a liquid with alpha-particles was first studied 
| about 1906 by Jaffé. Since that date a considerable amount of work has 
been carried out on the various problems connected with this subject. 
From 1906 until 1913 (Jaffé 1913) Jaffé and his associates investigated the purely 
physical side, connected with the primary ionization. Since that period 
cemparatively little work has been effected on this aspect (Stockland 1924). 

It has been shown that the chief method by which an alpha-particle loses energy 
in a gas is by the formation of ions, and it is thought that this is also the case in 
liquids. However, unlike the gaseous case, no direct evidence has been obtained 
that this is in fact the mechanism involved. For fast electrons, generated in a 
liquid by means of x-rays, about 80° of the ion current which would be expected, 
from the assumptions that all the electron energy was used to form ions and that 
32 electron volts were required to liberate an ion pair, has been collected by the 
application of electric fields (Mohler and ‘Taylor 1934). For alpha-particles 
only about 1/500 of the ion current, calculated in a similar manner, has been 
similarly collected. In order to explain this result, Jaffé proposed the ‘columnar 
theory of ionization’ (Jaffé 1913). Jaffé assumed that the initial ionization was 
confined to a small cylindrical volume surrounding the path of the ionizing 
particle. The slowness of normal diffusion was considered to give rise to a high 
probability of recombination and Jaffé estimated that recombination would proceed 
very rapidly (half period~10~‘ sec) leaving very few ions available for collection 
even when strong collecting fields were used (Stockland 1924). 

In more recent years, experiments have been carried out in which liquefied 
gases have been subjected to bombardment with alpha-particles. In general 


* Now at Atomic Energy Research Establishment, Harwell, Didcot, Berks. 
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there is no evidence of electron currents being collected in liquids. Kramers 


(see Gerritsen 1949) has pointed out, that if ion columns exist, as suggested by _ 


Jaffé, internal field strengths of the order of 10’v cm™ must be present. Such 
fields will have a far greater effect on the rate of recombination than the normal 
diffusion processes. It should be noted that the field strength so generated is at 
least of the same order as the dielectric strength of the liquids used, and that in 
consequence such configurations would be extremely unstable. 

According to Jaffé’s theory, the relationship between the strength of the 
collecting field and the ion current should depend markedly upon the angle 
between the direction of the applied field and the direction of the alpha-particles. 


In the case of gases under considerable pressure this has been investigated | 


experimentally and found to be in fair agreement with the theoretical prediction. 
In liquids, however, owing to the shortness of the alpha-particle ranges, no such 
evidence was available to establish the validity of the columnar theory. The 
experiments described in this paper were therefore undertaken in an attempt to 
obtain information upon the behaviour of ions formed by the passage of alpha- 
particles through a liquid. 


§ 2. EXPERIMENTS 


Two types of experiment were performed, one to establish the ion current 
field strength relationships when the angle between the collecting field and the 
particles was varied, and the other to determine the dependence of the collectable 
ionic current on the primary ionic density. In the former case the relationship 
was determined when the field was applied first along the alpha-particle tracks 
and then perpendicular to the tracks, as these cases should give the largest 
variation. The second investigation was carried out by utilizing the variation 
in specific ionization along the track of an alpha-particle. 


Apparatus 

Two types of ionization chamber were designed for these experiments. For 
the case in which the collecting field was applied at right angles to the path of 
the ionizing particles the electrode assembly was as shown in fig. 1. Provision 
was made to adjust both the height and the spacing of the electrodes which were 
mounted on Perspex blocks. Electrical connections were made by means of 
coaxial screened cables and great care was taken to ensure that at no point could 
the inner conductors act as ion collectors. ‘The entire electrode assembly was 
mounted in a vessel made of Perspex which was chosen because of its good 
insulation properties. ‘lo reduce the danger of ‘leakage currents’ between the 
electrodes two guard electrodes were placed as shown in fig. 1, so that no field 
was applied across the Perspex insulating blocks. With this arrangement it 
was found possible to maintain an interelectrode resistance which was large 
compared with 10! ohms. 

Electrode spacings of between 0-5 mm and 2mm were used, the exact 
distances being measured by means of feeler gauges. Owing to the extreme 
shortness of the range of the alpha-particles in liquids the collimation was carried 
out in air prior to the entry of the alpha-particles into the liquid. It was found 
that if the alpha-particles were allowed to pass through a gas which was in direct 
contact with the liquid surface ions formed in the gas were dissolved in the liquid, 
and gave the effect of liquid ionization current. ‘This phenomenon was presumably 
enhanced by the image forces set up at the interface of the dielectrics. The 
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currents due to this phenomenon were found to be up to 1000 times as great as 


those due to the ions produced directly in the liquid. Various systems of earthed 
screens and protective electrodes were tried unsuccessfully to eliminate this 
effect. As the liquid chosen for most of these experiments was hexane it was not 
possible to maintain a vacuum above the liquid. A successful solution of this 
difficulty was obtained by covering the liquid surface with a thin glass layer, 
supported on the Perspex blocks. The blocks were mounted directly on the 
electrodes and formed the collimator having a 0-5 mm slit. Experiments were 
carried out to determine the protective effects of the window by measuring the 
ionization current produced in ‘ Apiezon oil’ first with the window in place, and 
then without a window, but with a vacuum above the oil surface. In the latter 
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Fig. 1. Electrode assembly for first type of Fig. 2. Electrode assembly for second 
ionization chamber. type of ionization chamber. 


case the oil level was maintained at the same height as the two electrodes and two 
guard electrodes placed 1mm above the surface of the liquid. No difference 
was detected in the current collected in the two cases, after allowance had been 
made for the thickness of the window. 

In order to protect the entire system from the influence of any stray electric 
fields, the outside of the chamber was coated with graphite. ‘This served also to 
protect the liquid from light, thus reducing the dark current flowing when the 
liquid was subjected to electric fields without the presence of radiation. 

The second type of ionization chamber was designed on the principle of two 
concentric cylindrical electrodes (fig. 2). ‘These were space 2mm apart by 
means of Perspex rings. As in the former case, guard rings were used to ensure 
that the insulators which supported the electrodes were not subjected to any 
electrical fields. The central portion of the inner electrode was fabricated from 
a series of rings and spacers. ‘These formed a collimator for the alpha-particles, 
the source being suspended along the centre of the inner cylinder. ‘This 
collimator was sealed by means of thin aluminium foil having a thickness 
equivalent to 2mm of air. The whole electrode structure was enclosed in a brass 
cylinder which protected the system from the effects of any stray electric fields. 
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The alpha-particle sources used in these experiments were 20 mc of polonium, | 
These were mounted on silver foils 2 thousandths of an inch thick, 2 cm long» 
and 2mm wide. The sources were tested for contamination with other decay ° 


products of radium and found to be free from beta-particle emitting materials. 


The current measurements were made by means of a d.c. amplifier. This | 
choice was mainly determined by the comparatively large random current pulses | 
which were observed when a liquid was subjected to high electric fields. These | 


current pulses appear to be due either to the occurrence of local “break down’ 
in the liquid or to the presence of very small quantities of impurity in the liquid 
which may become ionized at the electrode surfaces and then act as current 


carriers. ‘The conducting particles responsible appear to travel with velocities 
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Fig. 3. Circuit of d.c. amplifier. 


similar to those of the normal liquid ions and give rise to pulses having a duration 


of the order of 100 milliseconds. The frequency of occurrence of these pulses | 
increases rapidly with the applied field. In these investigations it was found that | 
an upper limit of about 5 kv cm™ was set by this phenomenon to the applied | 


field strength. 


The circuit of the d.c. amplifier used is shown in fig. 3. The electrometer | 
valve was an ET1 manufactured by the General Electric Company. The anode — 


load of this valve consisted of a valve type 52 connected in series with a 1MQ 
resistance. In this manner it was possible to maintain a constant voltage across 
the electrometer valve and at the same time to obtain a large voltage amplification. 


The output of this system was further amplified in a two stage push-pull amplifier 


of conventional design. ‘The signals so produced were fed back to a top point on 
the input resistance of the electrometer valve after being passed through a cathode 
follower. The gain of the entire system was controlled by the proportion of the 
signal which was fed back to the input circuit. Using this apparatus and an input 
resistance of 101" ohms it was found possible to measure currents of 107 ampere. 
However, due to the random currents in the liquid discussed previously, it was 


found impracticable to use resistances of more than 10'° ohms with a corresponding | 
reduction of the sensitivity of the amplifier. The power supplies for the amplifier 


were obtained from two stabilized power packs of conventional design. 


Hexane was chosen as the liquid for most of these experiments primarily — 


because it was one of the liquids used in the earlier published work on the subject 
and also because of its good insulation properties. It was found necessary to 
purify carefully the liquid used in the ionization chambers (Plumby 1941) 
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Commercially pure hexane was obtained and purified in the usual manner, special 
care being taken to ensure that no moisture was present in the resulting liquid. It 
was found that the presence of even small quantities of water greatly increased the 
noise level of the liquid when subjected to electric fields. 


Experimental Procedure 


In order to obtain absolute vaiues of the measured ionic currents the amplifier 
system was calibrated using a gas ionization chamber and an alpha-particle source 
of known strength. ‘This procedure was found necessary owing to the difficulty 
of measuring the value of the high resistances used in the input to the electrometer 
valve and to the variation in value of these resistances with time. The alpha- 
particle sources together with their associated collimators were also calibrated 
using a gas ionization chamber. 

The liquid ionization chambers were filled with the pure dry hexane, care 
being taken that no bubbles of gas were trapped between the electrodes. In some 
of the experiments the cells were filled directly from a vacuum distillation plant, 
but this process was abandoned as no improvement in performance could be 
detected compared with chambers filled with freshly purified dried hexane in the 
ordinary way. ‘The liquid was first subjected for several minutes to a field strength 
considerably greater than that required in the experiment, the field was then reduced 


to the required value for the experiment, and the apparatus maintained under 


experimental conditions for 10 minutes prior to reading the value of current 
flowing. (This procedure was adopted before each reading as it was found to 
reduce the random current pulses flowing in the liquid.) ‘The value of the 
current was measured both with the source in position and then with the source 
removed for each value of the applied field. ‘Taking these precautions it was found 
possible to obtain reproducible results for the field applied both parallel and per- 
pendicular to the path of the ionizing particles. 

Experiments were also carried out to investigate the relationship between the 
ionic density and the percentage of ions which could be collected. For this 
investigation use was made of the variation in the specific ionization along the 
path of an alpha-particle. (In these experiments the cylindrical ionization 
chambers were employed since the insertion of absorbers between the source and 
the liquid would result in field distortion in the other type of chamber.) The 
primary ionization in a liquid was assumed to obey the same law with respect to the 


energy of the ionizing particle as that which applies in a gaseous medium. ‘There- 


fore by reducing the energy of the incident particles, the average ion density should 
be increased, and indicated by the integrated ‘ Bragg’ curve. ‘The absorbers used 
in these experiments were thin cylinders of aluminium leaf, having a stopping 
power equivalent of 0-8 mm of air. Readings of the ionization current were taken 
for various thicknesses of absorber. ‘The same precautions as have been mentioned 
earlier were necessary in order to obtain reproducible results. 


§3. RESULTS 


The order of magnitude of the ion currents measured in the experiments was in 
general agreement with those obtained by previous experiments. However, the 
relationship between the field strength and the percentage of the ions which could be 
collected appeared to be independent of the angle between the path of the ionizing 
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particle and the direction of the collecting field (figs. 4, 5, 6). Moreover, the — 
relationship between the field strength and the proportion of the ions which can be > 
generated appeared to obey a logarithmic law (fig. 6). These results are in direct — 
contradiction to those predicted by Jaffé’s theory of ionization and also to those — 
obtained experimentally for gases under high pressures. However, they are 


Current. (Ax10"") 


! 2 3 ¥ 3 
Field Strength (kV cm’') Field Strength (kvcm~) 


Fig. 4. Field applied perpendicular Fig. 5. Field applied parallel to alpha-. 
to alpha-particle tracks. particle tracks. 


N,(N,)=ionization current in liquid (air). 
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Fig. 6. Tonic current plotted against 
field strength. 
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Fig. 7. Absorber thickness plotted against 
ionic current. 
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Fig. 8. Specific ionization (the 6-ray current is normalized | 
; en : for the collection efficiency of the electrodes). The 

@ Particle Energy (Mev) calculated results assume ionization from 6-rays of | 
energy greater than 1 kv. | 


in approximate agreement with the experimental measurements made in hexane by | 
Jaffé, who had no method of collimating his alpha-particles. The results of the | 
experiments in which the specific ionization was investigated are shown in figs. 7 
and 8. It will be seen that the current which can be collected per unit length of the 
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track decreases with decreasing energy of the ionizing particle. This is in dis- 
agreement with the results obtained in gases. __ If, however, it is assumed that only 
those ions produced by secondary 5-rays outside the track of the primary ionization 
can be collected, then the results agree within experimental error with the current 
which would be theoretically predicted. ‘Thus fig. 8 shows the ion current measured 
compared with that calculated if only the ions formed by 8-rays of an energy in 
excess of 1 kv contributed to the ion current. 

The results of the other experiments described in this paper could be explained 
on the basis of the same theory. Thus since the ions created by fast 5-rays may be 
regarded as being distributed at random around the path of the alpha-particle and 
have no angular dependence on the direction of the alpha-particle, then there 
should be no angular dependence between the path of the ionizing particle and 
the collecting field on the ion current. An estimate of the width of primary ion 
columns in a liquid can be obtained from the value of the lowest energy 6-rays 
contributing to the collectable ion current. Although owing to the difficulty of 
calculating paths of such particles no accurate estimate can be obtained, a value 
of 0-05 ,. appears to be reasonable in the light of these experiments. 


§4. CONCLUSION 


From the results of these experiments it would appear that the ‘columnar 
theory of ionization’ does not adequately explain the ionization effects of the 
passage of an alpha-particle through aliquid. From consideration of the diameter 
of the ion tracks and of the density of the ions per unit length of track the strength 
of the electric fields which so result must be at least of the same order of magnitude 
as the dielectric strength of the liquid. This would lead to an extremely unstable 
configuration of ions in which the vast majority must recombine before they can be 
affected by collecting electric fields. Assuming a column width of 0-05, as 
suggested from the experimental results and an effective ionization potential of 
30 ev per ion pair, the field strength inside the primary ion column would be of the 
order of 10’vcm™!. It is therefore not surprising that the experimental result 
shows that little or no current is contributed by the primary ionization to the ion 
curent that can be collected. No dependence of the ionic current is therefore to be 
expected upon the angle between the collecting field and the path of the alpha- 

‘particle. Further, if it be assumed that only the ions produced by outside 6-rays 
outside the primary ionic column contribute to the current, then the results of the 
experiments upon the specific ionization can also be explained. 
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Abstract. Corrections to the Bethe—Heitler formula for thin target bremsstrahlung 
are calculated for the degradation of the electrons in a thick target by ionization | 
and radiative losses. The calculations apply only to the cross section integrated | 
over all angles, and the accuracy of the formulae is discussed. | 


the Born approximation (Bethe 1934, Bethe and Heitler 1934, Heitler 
1935). ‘The calculations make several assumptions. 

(A) The source of the coulomb field (a nucleus) must not recoil appreciably, 
an assumption satisfied in all applications so far (Drell 1952). 

(B) The quantities Ze?/hv = Zc/137v, where v is the velocity of the incoming _ 
or outgoing electron, must be small compared with unity for the Born | 
approximation to be valid. The deviations from the Born approximation — 
result have been calculated for high Z and low energies of both electrons for 
the inverse process—the production of electron—positron pairs (Hulme and 
Jaeger 1936). The deviations have also been calculated assuming high energy 
for both electrons but a high Z (Maximon and Bethe 1952, Davies and Bethe 
1952). ‘The deviations are not calculated in the important region where the | 
incident electron has high energy and the outgoing electron has low energy. 
In this region it seems likely (Heitler 1935, p. 171) that the main correction will | 
arise from the normalization of the wave function. A naive calculation has 
been performed using Sommerfeld’s non-relativistic wave functions to evaluate 
the correction. It is found that the cross section for producing photons with 
an energy }MevVv less than the electron kinetic energy is 20° higher than the © 
Bethe—Heitler value for Z=29. ‘The deviation is geater at higher Z. 

(C) The effect of the screening of the coulomb field by the atomic electrons 
was calculated on the ‘Thomas—Fermi statistical model of the atom. Wheeler 
and Lamb (1939) have calculated the screening correction for hydrogen and 
nitrogen using exact wave functions; for nitrogen the errors involved in the 
assumption of ‘Thomas—Fermi screening are not great, and are expected to be 
less for higher atomic number. More recently Fraser (1952) has calculated the 
screening for mercury using the Hartree approximation, which is likely to be 
more accurate than the homas-Fermi model. A negligible difference was 
found. 

(D) At first the bremsstrahlung in the field of an electron was neglected. — 
This gives an important correction for low atomic number elements; the | 
screening is slightly different from the nuclear case; the correction due to 
recoil is unknown, but is expected to be small. It will probably reduce the 


ae HE radiation of fast electrons in a coulomb field has been calculated using | 
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cross section for radiating high energy photons. The calculations (Wheeler 
and Lamb 1939) may be approximated by multiplying the Bethe—Heitler cross 
section by 1+ 1/Z. 

The Bethe—Heitler equations, as modified to take account of the above 
correction, have been verified extensively for the inverse process—pair 
production (Rosenblum e¢ al. 1952 and earlier references). The formula for 
bremsstrahlung has also been verified (Lanzl and Hanson 1952, DeWire and 
Beach 1951). Since the theory describes the experimental results so well for 
high Z, where deviations might be expected, it is safe to regard the theoretical 
formulae as well known for 13<Z<30, with the exception of the high energy 
limit discussed in (C) above. 

This theoretical spectrum applies, however, only to a thin target. The thin 
target formula shows that even for an infinitesimal target thickness there is an 
overwhelming probability of radiating a low energy photon. This means that 
we must derive a thick target formula in order to discuss bremsstrahlung in any 
experimental situation. ‘The aim and purpose of this paper is to derive a thick 
target formula which is convenient to use in numerical work and to discuss its 
validity. 

After an electron has once radiated a photon in a target the energy is 
reduced. ‘The probability of radiating subsequent photons is now reduced. 
‘The first attempt to calculate this is due to Eyges (1951). Eyges writes down 
the equations for a shower initiated by an electron and takes the first order 
expansion in powers of the radiator thickness. Eyges then makes an approximation 
to the bremsstrahlung spectrum which is only valid at high energies. 

Since the notations used by various authors differ, we define ours here: 
£, =incident electron energy including rest energy, # =scattered electron energy, 
k=momentum of radiated photon in energy units, » = rest energy of the electron, 
¢=unit of cross section for bremsstrahlung = Z*7,2/137 where 7, is the classical 
electron radius=Z°e+/137m?c*; y=100uk/EE,Z1°; o(k)=absorption cross 
section for photons of energy k, o,,(k) = pair production cross section for photons 
of energy k, o,(k) = Compton scattering cross section for photons of energy k. 
¢,(E,, k) dk is the cross section per nucleus for an electron of energy Ey for 
radiating a photon of energy between k and k+dk. In the high energy limit 
E,>p, E>p and 


$,(Ey, k) dk = 26 zi! a (=) = (=) {log ae =i 2e(y)} ee (1) 


where c(y) is the numerical correction for screening computed by Bethe or 
Wheeler and Lamb. This formula can still be used for y>0-8 although c(y) is 
only tabulated by Bethe for y>2. For y<0-8 it is necessary to use a different 
formula. For the regions of interest this formula is adequate. 

We define ¢,(2, k, t)dk as the ‘effective’ cross section per nucleus for a 
target of thickness t, where ¢ is measured in gmcm °. 

It should be noted that ¢,(E), k)dk has the dimensions of a cross section. 
¢,(Eo, k) has the dimensions of a cross section divided by an energy; this is 
similar to the notation used by Wheeler and Lamb (1939) but in distinction to 
that used by Heitler (1935) or Rossi and Greisen (1941). 

This calculation is, like Eyges’, calculated to first order in thickness, and is 
divided into four parts: firstly, the effect of radiation of high energy photons 


640 R. Wilson 


—which occurs with low probability—is calculated to first order in ¢,(Zp, A)t; 


secondly, the absorption of the photons produced in the front of the radiator 


by the rest of the radiator; this is also calculated to first order in o(k)t. ‘Thirdly, — 
we calculate separately ionization losses and the cumulative effects of small 
radiative losses. For these, although it is still possible to calculate to first order _ 
in ¢, it is no longer valid to calculate to first order in $,(Zo, k)t. Fourthly, we — 
take into account the increased path length of the electrons in the foil due to | 


multiple scattering (Yang 1951). 


CALCULATION 


(i) Attenuation of Primary Electron Beam due to Radiation of High Energy Photons 


Once an electron has radiated a photon of energy m>E,—k-—yp it can never | 


again radiate a photon of energy k because there is not the available energy. 


We can correct for this loss of electrons from the beam to first order in ¢ to obtain © 


$o(Es, k, t) dk =4,(E,, k) dk E xf a yf bo m) dn | : ee (2) 


(ii) Absorption of Photons of Energy k 


This may also be treated to first order to gare 


$o( Eo, k, t) dk = $,(Ep, k) dk Ee — — a( (8) |. tase (3) 


The absorption cross section o(k) is composed two parts for the energy 


region in which we are concerned. The part given by pair production effectively 


removes the photons from the beam and the re-radiation by the electrons is a 
second order process which is negligible except for low energy quanta. The 
part which is due to Compton effect, however, merely degrades the quanta. 

According to the Klein—Nishina formula (Heitler 1935) approximately one-half 
of the Compton scattering leaves degraded quanta of only abovt 4 Mev energy. 
The rest degrades the quanta, leaving a uniform distribution of energies. An 
approximation, adequate for many purposes, is to set 


o(k) #0,(k) GH)... soe 2 ate (4) 


(11) Effect of Lonization Loss and of the Low Energy Photons Radiated ; 
Increased Path Length 


We define as A the total electron energy loss up to the point considered. 
Here we take A to be the sum of ionization losses J in the radiator, and small 
radiative losses. We have already considered the large losses. 

Then to obtain $,(£,k,t) we take 4,(Z)—A,) and average over all values 
of A in the radiator with the appropriate weighting factors. ‘The averaging is 
easily carried out by expanding, by Taylor’s theorem, 


0d A? (a°¢ 
Ey —A, k) —¢,(Ey, k) = — . = i 
pi(Lo )—$,(Ep, k) = a(se sah +3 (Fe), fee ecue, [ees eee tal 


. If we neglect, for the moment, the second order terms we may average A 
instead of averaging 4, to obtain 


(Eo, Bt) =4y(By— 4B, ) =y(Boy h)— 5 SE so 0e(6) 
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where A is the average of small energy losses of an electron in traversing a 
thickness of radiator f. 
ING (es Poe 


A= =J+ ar aee mo, (Eo, m) dm. 6. a) ‘S048 (7) 
A Jo 


I may be taken from the calculations including the density effect (Halpern and 
Hall 1948, Sternheimer 1952). 
By differentiation we find 


5G) (38+ OG -aheote) 
= s(B) (2) om). 
8) 


The contribution of the second order terms can be found by noticing that the 
dominant term comes from differentiating the logarithm in the equation for 


$(Ey,k). Thus we easily find 
BCre. 2(2V fey el de(y) 
og om, ~~ 3) + (a) Hom * amt ap > ie 


The error involved in neglecting second order terms can be deduced from 
this for any special case. 

The fourth effect, that of the increased path length due to multiple scattering, 
is, to our approximation, found by multiplying our cross section by a factor 


(1+ Bt) (Yang 1951). 


(iv) Sum of Effects 


Thus we find, combining all our effects, 


da(Ep, by t)=4(E 4B, f) a +B aL fT $C) dn + oh) + boclh) |b 


where A=J+ af pea m) dm. 


For convenience we may also express this in terms of the concept of a 
radiation length (Rossi and Greisen 1941). We may define a radiation length Xp 
of a material by the equation 


Lan aN 
ease Peay oes —1/8 
x =A qblos (8324), nee (11) 


We define the probability per unit radiation length of emitting a photon of energy 
between k and k+dk 


©,(Ey, k) dk — 20 


(Eo, k) dk 


and similarly ®,(Ey, k, t) dk = i A b2( Eo» k, t) dk, 


2,(R) = a. LEARY 


ts 
Lolk)= Belk» ste (12) 
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where it should be noted that ®,, ®, and ¥ have not the same dimensions as 
¢,, $2 ando. ‘The constant B now erials E,2/Eo?, where E, =21 Mev (Yang 1951). 
Then we have : 
ob ; 
(Ey, ky t) = O3(Ey— 3A {+ Bs : ax | i ©,(E,, m) dm 
Ey 


E,—k—u 
abc at Cig ape) vii Bae (13) 


In the high energy limit F,/E,>0 and k®,(£),k) =1 to a fair approximation. 
Then 0®,/0E, =0 and we get 


®,(E,, k, t)= O,(Byy){1— 59 3(k) +42(k) — log (1- 5) |} 2 (14) 


which is Eyges’ formula. 

On inspection of the Bethe—Heitler formula we see that the approximation 
k®,(E),k)=1 is approximately true for small k even when it is not true for 
large k. Then it is reasonable to use this approximation for calculating A 
and A? without assuming 0®,(E,, k)/@E,=0. Then 


AX =] + Ee cross tetas, =) |”) fare (15) 
where we can neglect as small cross terms of higher order than the first in J. 
This then gives us the second and higher order corrections which are not 
negligible. 
If we accept our approximation of eqn. (9) for 0°¢,/0E,” we can take into 
account our higher order corrections by using oe (10) or (13) and writing 


X= —Elog(1-%) +1641 | mi (Eas ead 
0 


or 


-- I was 
A= ~ Blog (1- ) aa! Orvaet 
The accuracy of this formula should be to within 2% for t/X)=0-05 except 
when E—y<J. When this occurs, the part of the radiator remote from the 
electron beam does not radiate photons contributing to our cross section. The 
extreme relativistic formula (1) for the bremsstrahlung may no longer be used, 
but a simple averaging is possible. ‘The accuracy of the formula obtainable for 


06,(Ey,k)/eEy which is usually used for analysing photonuclear reactions is of 
the same order. 


Example 

To exemplify the use of our equations the corrections to thin target 
bremsstrahlung have been calculated and are shown in the figure for two cases, 
Ey =30 Mev, E,=300Mev, each with a copper target of thickness t= X,/20. 
The ionization loss assumed is that given by Halpern and Hall. No allowance 
has been made for pair production by electrons, since these effects can be 
included in the factor ¢ to our accuracy by putting 6 =(Z? + Z)r,2/137. 

It is to be emphasized that these formulae apply to the photon spectrum 
integrated over all angles. With a synchrotron the target is often placed in the 
centre of the beam. Multiple scattering in targets of the thickness we are 
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considering will tend to make the photon spectrum in the forward direction 
nearly equal to the integrated spectrum. Calculations of this type have been 
made by Schiff (1951) and by Lawson (1950, 1952), neglecting the effect 
considered here. ‘The accuracy of calculations of the angular distribution do 
not compare with the accuracy of the integrated Bethe—Heitler formula. It is 
therefore desirable for any detector to cover a large angular proportion of the 
gamma-ray beam so that the angular distribution calculations enter only as 
corrections. 


| 
10 15 20 25 30 


& (Mev) 


Curves I and IV are the thin target bremsstrahlung spectra for E,=300 mev and 30 mev 


respectively; curves II and V (dotted) are Eyges’ approximations to the thick target | 
spectra, and curves III and VI are the approximations as derived in this paper. 
For curves I, II and III the upper scale should be used; for curves IV, V and VI 
the lower scale should be used. 


It is perhaps worth mentioning that the shape of both the modified and 
unmodified bremsstrahlung curves are dependent primarily on E at the high 
energy end and little on Ey or k. ‘Thus the effect of neglecting the thick target 
corrections is similar for all E, and k. For the case calculated, the effect is 
approximately equivalent to a 1 Mev shift in the peak energy. In analysing 
photonuclear yield curves this could give rise to a 1 Mev shift in peak position. 
For a tungsten target of 5% of a radiation length the shift would be 0-3 Mev. 
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Abstract. A method is described which enables photonuclear cross section 
curves to be derived from the appropriate yield curve with little ambiguity about 
assigning of errors. 


of photons a synchrotron or betatron. In these circumstances there is a 

continuous distribution of photon energies and there has to be some method 
of disentangling the data in order to find the cross section for a photonuclear 
process at any given energy. 

In a common type of experiment, artificial radioactivity is induced in a foil, 
and the foil activity measured by a Geiger counter. The electron energy in the 
synchrotron is varied and the foil activity is plotted as a function of the electron 
energy. ‘The response of the monitor will, in general, change, so that there is 
the additional problem of relating the monitor response, as a function of energy, 
to the incident electron current. 

Here it is assumed that, in some way, a graph of activity yield against electron 
energy is available, suitably normalized to a constant electron current. It is also 
assumed that the spectrum of photon energies is known theoretically or from other 
experiments. 

Mathematically the problem is simple. If the yield curve and the photon 
spectrum are known precisely, the curve of cross section versus energy may be 
found in a number of ways, which must each give the same answers. ‘Thus 
Johns et al. (1950) and Katz and Cameron (1951) both describe numerical 
methods. Also an analytical method is possible (Spencer 1952). In practice it 
is difficult to know how the experimental errors in the measured yield curve are 
to be brought into the final answer. All these methods described necessitate a 
‘smoothing’ of the yield curve. ‘This means that it is impossible to assign errors 
to the final curves and they differ appreciably according to the smoothing 
procedure used. ‘The only cross section curves to which errors have been attached 
are those of Krohn and Shrader (1952) and Goward and Wilkins (1952). It is 
the purpose of this note to explain a consistent method for analysing the data 
which enables errors to be assigned to the final results. 


|: experiments on photonuclear processes it is common to use as the source 


METHOD 


We shall define the yield curve as a series of measured activities Y(£5) 
normalized to a unit electron current incident on the radiator. ‘The number of 
photons incident on the target of energies between k and k+dk we define as 
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N(E,,k) dk. If photons from all angles are to be collected, this is related to the 
thick target bremsstrahlung curve discussed by Wilson (1953) by a constant A: 


N(E); k) = Ad(Ep, R). 


The constant A will depend upon the beam normalization and upon the radiator. 


It is assumed that a series of calculated values are available for N(£o,k) for 
a series of values of E, and k. It is not considered that an analytical approach 
has any merit, since neither the photon spectrum nor the yield curve are given 
analytically. : 

Then if the yield of the photonuclear reaction is measured at a series of values 
of E, differing by an interval 5£, we define as follows 


SY(E,) = Y(E))— Y(Ey—8E), 8N(Ey, k) = N(Ep, k) — N(Ep —8E >, P)- 


To a first approximation, the function dN(£),k) is treated as a 6 function 
C8(k—m); this is equivalent to the assumption that when the electron energy 
is increased the effect on the photon spectrum is to add a certain number of 
photons of an energy m. The number we take is clearly 


Ey—u 
Be | SN (Ey, k) dk 
Et, 


where E£,, is any convenient limit below the threshold energy for the reaction and 
the average energy m we take according to the formula 


Ey-—ph 
| (k —m)3N(Ey, k) dt =0. 
Et 
m is a function principally of Hy and d£). 

Then the cross section o(m) for the photonuclear process is taken in first 
approximation to be 


dY(E£,) 


o,(m)=C 2. pai ea en ek 
| SN(Ey, k) dk 
Et 
where C is a constant incorporating the counter efficiency, thickness of target 
and so forth. 

So far, in our calculation, no smoothing of the yield curve has been performed 
and errors in Y(E,) can be introduced directly as errors in 5Y(£). It remains 
to be shown that in all cases of practical interest this first approximation is not in 
error by more than 10%. We may then ‘smooth’ the resulting first approxi- 
mation to obtain the correction. ‘The details of the smoothing procedure are no 
longer important. 


Th By 1 
en | ___ Leal) —o4(A)]SN(Ep, &) dk 
i, 


o(m) =0y(m) + = 
| SN(E,, k) dk 
Et 
where in the correction term we have taken the first approximation. The errors in 
o(m) are effectively the errors in o,(m). 
‘The computational procedure for a series of photodisintegration experiments 
could proceed as follows. 
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An energy F;, is chosen below the threshold energy of all the reactions studied. 
A choice is also made of the intervals 82, at which the yield curve should be 
measured. ‘Then tables are made of 


Ey- 
N(Ek), 8N(Eyh), { Dai ededesdar 
Kt 


as a function of Ey. ‘These tables will be independent of the experimental data 
and of the element. 

Then from the measured yield curve Y(E)), the values of o,(m) may be deduced 
easily. 

VALIDITY 

In order to check the validity of the method, several analytical curves for the 
cross section have been assumed and the correction term calculated. The 
Bethe—Heitler thin target formula for Z = 82 was used for N(E, k) and a lower limit 
for the definite integral FE, =8 Mev was used. 

Firstly it is obvious that when o(k)=«k where « is a constant, o(m)=o,(m) 
exactly. Thus we can see that the correction is small if do(k)/dk varies slowly over 
the region where 6.NV(£, A) is finite. 

Then cross section curves have been assumed of the shape 


o(k) = CK 10)" exp {—(k—10)/2} k>10mev 


plotted in the figure together with the appropriate first approximation. It is seen 
that the error is more than 10% near threshold and for the sharp peak x = $. 


where & is in Mev and x is given successively the values } and 2. The curves are 


kk (Mev) 


Curves I and III show the assumed cross section curves o=1/x(k— 10)” exp{—(k—10)/2} 
where x= 4 and 2 respectively; curves II and IV show the first approximation 
evaluated as described in the text. 


It should be noted that it is not possible to include estimated errors in the 
assumed bremsstrahlung curves directly. It may be seen that there are two main 
possible errors. The first is due either to neglect of finite target thickness or 
to the assumption of the Born approximation in the doubtful region near the high 
energy limit. The principal effect here will be to change the value of m by a 
constant amount. ‘This error can conveniently be specified as an error in the 
origin. The other type of error might be caused by using a limited angular 
portion of the bremsstrahlung in an uncertain way. This will primarily lead to an 
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uncertainty in the slope of the curve of kN(R) against k, and hence an error in low _ 
energy tail of the curve of RSN(R) against k. This will affect any attempt to — 


prove or disprove that the photo cross section goes to zero above some energy. 
The best method to introduce these errors will be to evaluate the cross sections 
for two assumed extreme bremsstrahlung curves using the methods described in 
this paper. 
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RESEARCH NOTES 
Many-Particle Systems : Derivation of a Shell Model 


Byte Re POsd: 
Department of Physics, Chelsea Polytechnic, London 


MS. received 17th March 1953 


In order to compare empirical binding energies and angular momenta of 
nuclei with those resulting from various pair-force interactions, it is necessary 
to find these values for stationary-state solutions of many-body problems in 
quantum mechanics. The actual many-body problem in physics is greatly 
simplified by the fact that it involves identical particles. A general study of 
this ‘many identical particle’ problem may provide some general rules 
concerning saturation (a phenomenon encountered in all systems of strongly 
interacting identical particles occurring in nature) and shell structure. 

We shall first solve a particular many-body problem exactly: the case of 
N identical particles moving in three dimensions, interacting by ordinary 
harmonic-oscillator pair-forces. ‘The separation into the x, y and z dimensions 
is immediate. ' 

In suitable units, the Schrodinger equation in the x-dimension is | 


0 oe O” 2 2 a .\2 
Bx = pels ett ang st tis (Xp 0) (Xa 0) (hy) 
E =(ey=ay4) | p=0 
i=N N N 
fac. | A+E-(V-1) a wht Dada, | p=0. eae (1) 


Let us consider only{those % solutions not involving the centre of gravity 
coordinates (i.e. theYgeneral solution apart from a factor exp(cpx) where p is 
the total’momentum). If we now consider the solution of the equation 


[A+ F’ —(N—1)dx? + 2x,2x,—(2x,)"16=0 —«_ananee (2) 
it is clear that there is a solution ¢ of the form 
b =p exp ( _ (it ee + xy) ) 
We have simply added an external potential (Lx,)? acting on the centre of gravity, 
and a solution of this new problem is then any of the products yz exp (— X?/2./N) 
where X=x,+%,+%3;+...+%y and the energies add such that 
Ee BEAN URE TV OER, Se Greens Sa (4) 
But (2) can be rewritten 
[A+ E’ — NX(x,?7)]¢ =0 
which is simply the problem of N independent particles moving in an external 
harmonic oscillator potential well and hence has as general solution a superposition 
of solutions of the form 
bar ..r=Cur..eHa( Nay) Hy(N Mi)... H(NMy) veces (5) 
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(where H, is the kth order Hermite function and C,,.__, is some constant 
depending on the indices a, b, ... ry but not on the x’s) subject to the conditio 
that 

{2(atb+...¢r7)4N}V/N=EB — ceaees (6) 


But a solution ¢ was found to be 6 = exp (— X?/2./ N) where iz is any solutio 
#% for energy E. Therefore 
bn exp (—X2/2/N)=ECqp,. pHa NY, )H (NU)... (NY y) oes (7) 
where {2Q(iatb+...4r)+N-1} ve Bo Vy Sao (8) 
Since this holds for any yz, the most general solution yy is given by 

bp = exp (+X?/2V/ NEC Gy... pH a( N90) y(N 4x2)... (Ney). 
It remains to find the weight factors C,,__ ,. 

Not every ¢ corresponds to a solution ys. We have only shown that every % 
corresponds to a solution ¢. The necessary and sufficient condition is that| 
pexp(X?/2,/N) be translation invariant. It is a necessary condition by 
definition of our #’s. That it is also sufficient follows from the fact that the: 
#’s are a complete set in the remaining N—1 dimensions. (The sufficiency is¢ 
proved in the Appendix.) 

For E having the lowest possible value (N—1)\/N we have necessarily, 
a=b=r=0. This solution is translation invariant and represents the ground 
state for bosons (apart from an arbitrary total momentum factor). 

This solution could have been obtained directly using normal coordinates. | 
There are, however, two points of advantage in this form of the solution: : 
(a) the particle symmetry of a given solution is more clearly shown, particularly ; 
in the more complex case of fermions below, (4) it shows the relation to the * 
independent particle model. 

The lowest ¢ that fulfils the total antisymmetry requirement is given by 


Hy N11 4x1), (N™4x,) ... Hy (N"4xy) antisymmetrized. 


This is the only possible partition of different a,b...rtoadd to this lowest energy. : 
Thus this ground state solution is ‘unmixed’. It is a solution since 

tho =exp (X?/2x/N)AH (N14) H,(NU4x9) ... Hy (Ny) 
is translation invariant. A here represents the antisymmetrization operator. 
The gaussian part of the solution is always translation invariant, and in the | 
polynomial part all terms containing a in the transformation x->x+a are 
antisymmetrized out, since a only enters into the lower power terms. 


Thus the ground state of a system of fermions moving under the influence of 
mutual harmonic oscillator pair-forces is given by 


Po = AH y_,(N™4x1)Hy_o(N 4x9)... Ho(N*4xy) exp (+X?/2/N) 
where A is the antisymmetrizing operator X(—1)'II'P,,. 

The interesting point about this solution is that it agrees with the independent 
particle model for an overall harmonic oscillator well, both as regards angular 
momentum and number of particles in a given shell. 

In three dimensions the total energy of successive ground states is given by 


VN(34+54+54+54+74+74+7474+747...)—3\/N 
to N terms in the bracket. We have successive ‘shells’ of $k(k+1) terms of 
the same energy (apart from the factor ./N increasing steadily with increasing N, 
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he total number of particles), $k(k +1) being the number of different partitions 
f the & excitation quanta corresponding to an energy (2k+3)./N over the three 
imensions. (These different partitions of the minimum energy correspond to 
llowable solutions, since these are shown to be translation invariant by the 
ame argument as before.) 

Similarly, the angular momentum is just that required by the ‘harmonic 
scillator side’ of the shell model of Jensen and Mayer (Haxel, Jensen and Suess 
950, Mayer 1950) (before introducing spin and spin-orbit coupling; the 
ntroduction of spin doubles the degeneracy without changing the spatial 
unctions being invariant to translation and allowed). | 

The total energy does not, of course, exhibit saturation (we must remember 
hat we are measuring energy here from a zero level corresponding to all 
articles coinciding, i.e. from an effective depth that is increasing as }n(n—1)). 

This model should be extended to the case of finite well depth and by 
introducing exchange forces to produce saturation. ‘The more interesting 
problem remains to cover all possible interaction potentials by considering the 
class of functions that can arise as correlation functions of a problem 
symmetrical in N particles. 
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APPENDIX 
Sufficiency of Translation-Invariance Condition 
It is required to prove: 
V2by = — Eby + | Nay +...+%y*) — (m1 +... +%y)? [by 


provided (a) Web == eb tI Niche a Oe lp foe Seno (Al) 
(d) y =exp (X?/2,/N), hence 
dy 
Dy= Nxt = LV Aes an Pte Rn ers (A2) 
0 0 0 
where X =x, 4 X%5...%y and Bor + a +...4+ ae 
(c) = (dy) =0....(translation invariance). =... (A3) 
=r Pe AL 32 
Proof: (dy) = Sali +r (5 0g, ae at: OE? 
where the é’s are the N—1 coordinates orthogonal to X; 
then V2(dy) =yd os , from (A3), 
oO? 
= yV*d a YN ava d ee eeee (A4) 


652 Research Notes 
ie Asie ay ae 
ut, from (A3), A x ( by) = by 


i.e. ae ($vNxh) =¢y, from (A2), 
Oy 06 Oy dy 


1.e. a2 ae eae aXxax VN lg toe 
(py)  , Py Od Op Oy 
Now axe ~?aye tVax3 +2ax5x —9 


Therefore, substituting in (A5), 


and substituting (A6) in (A4): 


V*(py) =yV°b + 2. Noy — ups 
=yV?¢ + 2./ Ndby —X*hy — 1/N¢y from definition of y 
= = (e- /N)by + | N(x? + 25”. oe +X") —X? | dy 
= — Edy + | N(x + x2 +... +%y7) — (4+ Hy +...+%n)? [Py 
where E=e-WN. 


Free-Electron Wave Functions for Conjugated Molecules 


By C. A. COULSON 
Mathematical Institute, Oxford 


MS. received 2nd April 1953 


model of conjugated hydrocarbon compounds it is interesting to see that : 

in many respects the wave functions suggested by this approximation are : 
closely similar to those obtained in a more conventional LCAO molecular-orbital . 
treatment (for terminology see for example Coulson 1952). Hiickel (1937), | 
Kuhn (1948a,b), Herzfeld (1947), Bayliss (1948), Simpson (1948), Nikitine : 
(1950), Jaffé (1952) and Griffith (1953) have shown how, for a polyene chain, 
the LCAO coefficients c, in the expansion of a molecular orbital 5 in terms of its 
component atomic orbitals ¢, (r=1,2,...m), viz. 


ULC: | le (1) 
are precisely those to be found by supposing that the electron could move freely ’ 
along the chain under no potential except that which confined it to the molecule : 
at the two ends of the chain. Substantially this equivalence results from the } 
fact (Coulson 1939) that for any one of the allowed molecular orbitals (the jth | 
one, say) 


lf. view of the considerable importance now attached to the free-electron | 


Cp OC SIT ad) IN) = ty ee (2) 
This shows that the c, are equally spaced ordinates along the curve 


y =constant x sin {jax/(n + 1)a}, 
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where a is the C—C distance, and w is measured along the chain from an origin 
such that the m atoms have coordinates ~=a,2a,...na. "The curve (3) is 
precisely the free-electron (FE) wave function. The fact that this agreement 
between the LCAO and FE wave functions requires us to place the first atom 
at x =a and not x =0 implies that the electron is free to move a further distance a 
at each end of the chain. We could call this the free-electron extension of the 
molecule. Some such extension is physically necessary. If we choose a value 
less than a—as might be considered rather more plausible on physical grounds— 
the complete identity of the coefficients c, with the FE amplitudes at the nuclei 
no longer holds in an exact, but in an approximate, manner. 

This similarity between LCAO and FE wave functions can be established in 
an alternative way, which is more general since it pays no attention to the size of 
the molecule, as follows. Let us first consider the polyene chain of fig. 1, in 


Xr 


ale AoA 
ili eat © 


Figure 1 


which the direction of increasing « is shown by an arrow. Then according 
to the LCAO approximation (see for example Coulson 1952) the coefficients 
c, in (1) satisfy a set of equations, of which a typical one (the rth) is: 


(a—E)c, + Ble, + Ct) Ry seer (4) 
Here « and f are the conventional coulomb and resonance integrals, supposed 
constant for each atom and each bond. Now at nucleus 7 the only element 


in the wave function (1) which is of significant size is c,d, so that (x,)% ¢,. 
Thus (4) may be written 


(% — E)xb(ce,) + Bib(x, 3) +Y(%pa:)} =O. eee (5) 
This is a difference equation. But if we regard its solution (x) as a continuous 
function of x, we can replace (5) by an equivalent differential equation. Thus 


wb (50,44) =e (a¢;,) + axh’ (a0,.) + ha? wb" (x,)+ oc.  caenes (6) 


_ where a prime denotes differentiation with respect tox. It follows that (5) may be 


rewritten as 


a2 
= cog eS te le ee OA ae gir: (7) 
where Res (= E28) Gat, ET Ge. (8) 


Now egn. (7) is precisely the Schrédinger wave equation for a free electron 
moving along the molecular chain. ‘Thus the FE wave function (7) would be 
expected to resemble closely the LCAO wave function (1). Disagreement would 
arise when the omitted terms in the Taylor expansion (6) were not negligible. ‘The 
first such terms would lead to a more correct form of (7) : 

ay a? dy 


ai iy rae Batt (9 
FERRIS sapere cee?) 


The term on the right-hand side of (9) is small if 
Gaics NEE | ae iil pelea aaa tL (10) 
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This condition is well satisfied with the lower levels, for which k is small (at the 
bottom of the band of levels which arises with the infinite chaink=0). However, | 
at the top occupied level in the ground state, a*k*/12 is just less than , so that the : 
equivalence is still reasonably good: but for more highly excited levels it begins to 
break down, a conclusion already reached on energy considerations by Platt (1949). . 
An interesting feature of this analysis is that it may be extended to branched | 
chains, and it suggests that the FE model should now be one in which the electron 
moves not just in a one-dimensional motion along the lines of the bonds, as has | 
hitherto been usually supposed (Griffith 1953, Platt 1949), but in a two- dimensional | 
motion similar to that put forward several years ago by Schmidt ( 1940). 
Consider an inner region of a branched chain, or condensed ring, molecule as 
shown in fig. 2. 


Figure 2 


Then the secular equation associated with atom D is 
(a—E)ep+Pleg+cpteg)=0. wae. (11) 34 
This is equivalent to 
(2 — E) f(D) + B (A) +$(B) + 4(C)} = | 
A Taylor series expansion in xy coordinates similar to that used in (6) allows us to — 
transform this to | 


C° 07s 
x2 TF ay? +Pi=sO sy aye spetesieee (12) 
where, now, Mates esp ispett 7 “saa (13) 


Equation (12) is a FE Schrodinger equation, in the two coordinates xy. We may | 
therefore anticipate that for molecules where the number of internal (or tertiary) 


Figure 3 


atoms such as D is large, the best FE model is that of a two-dimensional box. 
But provided that this number is small compared with the outer (primary or 
secondary) atoms, the one-dimensional, or peripheral, model may suffice. Thisno | 


Research Notes 655 


doubt explains the considerable agreement for the wave functions found by Platt 
(1949) and Kuhn (1948 a, b). 

In conclusion it may be stated that in a condensed system such as naphthalene 
(fig. 3), if we extend the space over which the free electron can move in the same 
way that it was extended earlier in the case of the polyene chains, then all the 
carbon atoms of the framework become effectively tertiary atoms; eqn. (12) applies 
throughout the space occupied by the molecule, and the correct free electron area 
would be something like that shown by the outer contour line of the figure. 
Presumably this could be replaced by a rectangle without much less of accuracy. 
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The Continuous Absorption of Light in Magnesium Vapour 
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(Ditchburn, Jutsum and Marr 1953) has been employed to investigate 

the absorption cross section for magnesium vapour in the region of the 
series limit. Slight modifications were required to enable the apparatus to be 
used at the higher temperatures needed for magnesium. About 5g of 
“specpure’ magnesium was introduced into each nickel reservoir. Calibration 
spectra were taken using grids which transmitted 100, 50 and 25% of the 
incident beam. The operation and mounting of the grids have been described 
in the above paper. 

Absorption spectra were taken over a range of vapour pressures from 0-5 
to 1:3 mm. The equation for the variation of pressure with temperature was 
taken from a paper by Ditchburn and Gilmour (1941), who give an estimate 
of +20% for the probable error of the pressure in this region. 

The method of separating atomic and molecular absorption by plotting the 
total absorption cross section against concentration and extrapolating to zero 
concentration (Ditchburn, Tunstead and Yates 1943) was employed. No trace 
of molecular absorption was detected. If only atomic absorption is present, 
then B=oC, where f is the total absorption, o is the atomic absorption cross 


To apparatus used in the vacuum ultra-violet experiments on sodium 
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section and C is the concentration. Plots of this equation for various wavelengths 
should reveal any spurious effects. Figure 1 shows curves at the limit, 
at 1610 4, and at 15004. The slopes are in agreement with the mean absorption - 
cross sections taken over the range of pressures employed. Z| 


Absorption (arbitrary units) 


02- 


Absorption Cross Section x 10" (cm 2) 
& 
T 


0 
; 1650 1600 1550 1500 1450 ) 
Concentration Wavelength (A) 


Fig. 1. Total absorption as a function of | Fig. 2. Photoionization cross section of magnesiunt 
concentration. a function of wavelength. 


The error introduced in the photography and photometry is estimated at 
+5%, while that due to uncertainty in the temperature of the furnace and 
effective path length is +1%. Taking into account the probable error in the 
vapour pressure, the value for the maximum atomic absorption cross section is 
1:18 +0-25 x 10-28 em?. | 

No theoretical calculations have been made for magnesium, but Bates (1946) - 
gives a value of 8-2 x 10-18 cm? for beryllium at the limit, and Bates and Massey _ 
(1941) give a value of 2-5 x 10-1” cm? for calcium. The calculations for calcium — 
require the atomic absorption cross section to fall off as 4® on the short- — 
wavelength side of the limit, while those for beryllium require it to fall off 
rather more rapidly. Figure 2 shows the variation of atomic cross section 
with wavelength for magnesium. Near the limit the absorption falls off much 
more rapidly than is predicted for beryllium and calcium, and a variation of 
cross section with A!° would be more appropriate. The low value at the limit, 
and the rapid decrease of the atomic cross section, indicate a much lower value 
than that predicted for the f-value of the continuum as a whole, unless the 
absorption curve has a minimum at a wavelength below the range of the 
measurements. If this is so then the curve would be similar to that found for 
potassium (Ditchburn, 'Tunstead and Yates 1943). | 

One of us (G. V. Marr) wishes to acknowledge receipt of a maintenance — 
grant from the Department of Scientific and Industrial Research. 
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LETTERS TO°THE EDITOR 


The Quantum Mechanical Equations of Motion 
and the Commutation Relations 


Some time ago Wigner (1950) raised the question whether the postulate 
that the quantum mechanical operators obey the classical equations of motion 
determines the commutation rules uniquely. He examined the case of the 
harmonic oscillator and, taking a representation in which the Hamiltonian was 
diagonal, showed that there was an ambiguity in the commutator [q, p]. He 
found a more general relation to hold* : 


(19 PI—2)nn =I —1)"S nw ne es (1) 
where a=2E,-1 Ca eh (2) 


E, being the lowest energy of the oscillator, not necessarily equal to $. 

Yang (1951) has shown by working in the q-representation that the validity 
of the eigenfunction expansion theorem in the case of a harmonic oscillator 
requires that the right-hand side of (1) must be zero. This needs however an 
explicit calculation of the eigenfunctions, which is not always possible and is, 
in any case, rather tedious. 

In view of the importance of this question, it seems worth while to 
point out that there is a much simpler way of looking at the problem based 
on correspondence to the classical theory. Now, in classical mechanics the 
PB relations are invariant under contact transformations. It is therefore 
pertinent to demand that the quantum analogue of these brackets, viz. the 

commutators, ought to be invariant under unitary transformations. 
: One sees immediately that if one makes the transformations 


Oe Naar: (= ee eee a (3a) Pe DS, meta toes (3d) 
(1) gives ; 

(LO, P] —1) nw =10X(S™) anel SAN cy ae Pee ree Sa eae (4) 
and the right-hand side is not independent of the arbitrary unitary matrix S 
unless a=0. 


The argument can be easily extended to the general non-relativistic case 
with an arbitrary potential V(q). ‘The Hamiltonian in that case is 


Toes bse V0), ely a ramight We en oicsit (5) 
and one of the classical equations of motion which holds independently of V is 
GEE A gee, aba ork licens by rae tered scent ait (6) 
Inserting this in the quantum mechanical equation of motion 
I HCi Sa pee RV Me ees bare Dome eerie, 5 (7) 
we get 
p=lq, Hl=[9, 2p°+V]=31g, pl=20lg, P]+alg pip. —-- +e se (8) 
Writing i= hit Aer ae et ae er athe (9) 
the identity (8) can be written as 
DET VCA = |) i) Sli aera se (10) 


* For simplicity we take #=1, m=1, w=1. 
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Here we observe that only the multiple of a unit matrix on the right-hand side 
of (1) can preserve the invariance of the commutation rules under canonical — 
transformations. Equation (10) now shows that the mutliplying factor must 
be zero, i. 4=0. Therefore we get the usual commutation rule |g, p]=7 
which, we conclude, is valid generally in non-relativistic quantum mechanics. 


Physical Research Laboratory, VACHASPATI. 
Navrangpura, 
Ahmedabad 9, India. 
22nd April 1953. 
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The Relative Stopping-Power of Hydrogen and of Helium 
for Slow a-Particles 


When finding the air-ranges of nuclear particles it is often convenient to 
make the actual measurement in a gas other than air and then convert to 
2ii-rcnges by use of the stopping-power of the particular filling. The stopping- 
power is usually obtained during the experiment by calibration with «-particles 
of known range (e.g. from polonium or thorium C). Gilbert (1948) has pointed 
out that in this procedure it is necessary to consider the variation of relative 
stopping-power with the velocity of the particle, otherwise appreciable errors 
will result. He was interested particularly in the ranges of the «-particles from 
the slow neutron reaction !°B(n, «)’Li as measured in a Wilson cloud chamber; 
this reaction is valuable as it provides a point on the range-energy curve for 
slow «-particles. ‘The main group of particles has a range of about 0-7 cm 
(1-47 Mev) whereas the «-particles which Gilbert used for calibration have 
ranges 8-63 cm (8-78 Mev) and 4-79 cm (6:04 Mev). He calculated the range 
correction due to the change of stopping-power with velocity to be about 10%, 
i.e. the uncorrected ranges had to be increased by this amount. This is almost 
certainly an overestimate of the correction even if the full ranges of the 
calibrating particles were in the chamber. ‘The cloud chamber filling used 
by Gilbert was helium with the vapour of ethyl borate (B(OCHS),) as a target. 
He used the curves given by Livingston and Bethe (1937) to obtain the 
stopping-power of Hy, and C at different ranges and interpolated for He and B. 
This procedure gives a difference of about 10% in the atomic stopping-power 
of He relative to air for «-particles of 8 Mev and 1-5 Mev, a result which 
contradicts the early experimental results of Gurney (1925) which gave a 
variation of 3%. A contradiction of this sort makes not only the relative 
stopping-power for He uncertain but also throws suspicion on the values for 
H, and C. Of the latter two elements, H, is the more important to consider 
because the variation of stopping-power with velocity is much greater than 
for C and, indeed, in the boron experiment the variation due to hydrogen 
contributes by far the major part of the total variation. 

Because of charge-exchange uncertainties it is very unlikely that the 
difficulties mentioned can be resolved by theoretical analysis, and we 
have therefore investigated experimentally the stopping-power variation by 
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performing careful range measurements in a Wilson cloud chamber. Stereo- 
photographs were taken with a large angle (about 25°) between the views, and 
Tange measurements were made on the reprojected images. 

The helium stopping-power was first investigated by means of an air 
absorber cell attached to the wall of the cloud chamber and separated from 
the chamber filling by a thin mica window (about }cm air equivalent). A 
known portion of the range of polonium alpha-particles was absorbed in the 
air-cell and the window and the residual range was measured in the chamber. 
From the chamber conditions the relative stopping-power of helium at s.T.P. - 
was found for each track measured, the residual range being corrected for those 
particles not passing through the cell normally. The stopping-power 
measurements were made for residual ranges from 2:5 cm to 0-65 cm and 
the results were as follows: 0-181+0-002 (2:3 cm), 0-178 +0-004 (1:8 cm), 
0-181 + 0-004 (1-1 cm), 0-183 + 0-004 (0-65 cm). These disagree strongly with 
the large variation of stopping-power with velocity estimated by Gilbert, but 
are compatible with the early measurements of Gurney and the value (3%) 
used by Bethe (1950) in his work on the new range-energy curves. ‘The results 
can also be compared with the 0-175 quoted by Livingston and Bethe (1937) 
from Mano’s work for a range of 4:6 cm (6 Mev «-particles). Again, it can be 
seen that the 3° velocity correction is favoured rather than the higher value. 
Moreover, we feel that our results suggest that Mano’s figure is itself a little 
low and that a value of 0-180 at 4-6 cm would be more in keeping with the 
expected trend in stopping-power variation. 


f Experimental Points 


Livingston and Bethe 


2 
Air Range (cm) 


Stopping-power of hydrogen relative to air. 


The variation of the relative stopping-power of hydrogen with particle 
velocity was also studied with the air-cell technique, and the results obtained 
are shown in the figure together with the relevant part of Livingston and 
Bethe’s curve. ‘The experimental points suggest that the Livingston and Bethe 
curve gives an excessive variation in stopping-power; this may be due to small 
errors in the estimation of the K-shell contribution to the average ionization 
potential or to differences in charge-exchange between air and hydrogen. 


Physics Department, Diane Cooger: 
University of Birmingham. V. S. CROCKER. 
27th March 1953. J. WALKER. 


BETHE, H. A., 1950, Rev. Mod. Phys., 22, 213. 
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Gurney, R. W., 1925, Proc. Roy. Soc. A, 107, 332. 

LivincsTon, M. S., and Betue, H. A., 1937, Rev. Mod. Phys., 9, 245. 
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Range-Energy Data from the '°B(n, «)’Li and °Li(n, t)"He Reactions 


The stopping-power information given by the authors (Cooper et al. 1953) — 
has been used to obtain accurately the mean air-ranges of the particles emitted 


in the slow neutron reactions !°B(n, «)’Li and ‘%Li(n, t)#He. Both reactions 
have been investigated in a 9 in. diameter Wilson cloud chamber, using the 
slow neutrons passing through the shielding of the Birmingham cyclotron when 
deuterons were being accelerated. For the boron reaction hydrogen and 
helium were used as the chamber gas, whereas air was used for the lithium 
work. 

The boron reaction has been studied by several workers using both solid 
and gaseous targets (see Bethe (1950) for earlier work). In an attempt to 
improve on the accuracy of the range measurements we have used gaseous 
targets (boron ester B(OCH3)3) and have pulsed the cyclotron (neutron source) 
in synchronism with the operation of the cloud chamber. ‘The operating 


time of the clearing field and the light flash on the chamber were also carefully | 


controlled in order to give good tracks for a photometric study of the density. 
As in the work of Bower, Bretscher and Gilbert (1938), the discontinuity in 
the grain density gave the common origin of the « and ’Li tracks. For our 
work a standard Hilger microphotometer, as used in spectroscopy, has proved 
very satisfactory for density measurements which were always made on plate 
photographs of the tracks with a magnification of + rather than the usual film 
photographs with a magnification of 3. 

The result of the density measurements was a value of 1:62 +0-01 for the 
ratio of «-particle to 7Li ranges, which agrees exactly with the result of Bower 
et al. (1938) but with a smaller error. This result, together with the total 
track length, which was measured relative to polonium «-particles, gave the 
uncorrected air-range for the boron «-particles. ‘These were then corrected 
for the variation with particle velocity of the stopping-power of the chamber 
filling and the final range for the boron «-particles was 0-725 +0-007 cm. 

From the new range-energy data the associated energy for this range is 
1-47 + 0-01 Mev, in excellent agreement with the 1-474 Mev given by Tollestrup, 
Fowler and Lauritsen (1949) from magnetic analysis measurements. In the 
lithium reaction we used a thick source of ®Li,SO,.2H,O on nickel and concen- 
trated on measuring the triton range. The extrapolated range was measured 
from the number—range curve and, as shown by Livingston and Bethe (1937), 
this gives directly the mean range of the particles from the surface if the incident 
particle is a neutron. By comparison with polonium «-particles the mean range 
of the tritons was found to be 5-97 + 0-05 cm, no velocity correction for stopping- 
power being needed. ‘This result agrees with that of Boggild and Minnhagen 
(1949), who found a range of 6-00 +0-06 cm, but is higher than earlier measure- 
ments which show no agreement with each other. The equivalent proton 
range is 1-99 +(0-02 cm with an associated energy of 0-915 +0-005 Mev on the 
new range-energy curves. ‘I'he comparison figure from the data of Tollestrup, 
Fowler and Lauritsen is 0-910 +0-004 Mev, again giving agreement within 
the experimental error. 


Physics Department, P. N. Cooper. 
University of Birmingham. V. S. CROCKER. 
27th March 1953. J. WALKER. 
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Alpha-Emitting Levels of *Be with Isotopic Spin T=1 

A recent communication (Wilkins and Goward 1951) reported the 
existence of a 16-9 Mev level of SBe which decays by emission of alpha-particles. 
Ajzenburg and Lauritsen (1952) point out that both the excitation energy and 
narrow width of this level suggest that it is the isotopic spin T=1(T,=0) 
analogue of the ground states of Li and ®B, and its properties are therefore of 
special interest. ‘The present communication gives a preliminary account of 
further work which confirms the (predominantly) 7 =1 character of the level, 
and demonstrates that the total angular momentum J is 2 (both parity and J must 
be even, to permit decay into alpha-particles). ‘The existence of a further 
alpha-emitting level at 17-6 Mev excitation is also reported. 

Analysis of over 200 ”C(y, 3a) stars produced in nuclear emulsions by 
gamma-rays of energy greater than 26 Mev has indicated transitions to 
5Be levels in approximately the following proportions: 2°% to the ground 
state, 10°% to the 3 Mev level and other levels below 16 Mev excitation, and 
88° to a group of levels near 17 Mev. ‘The latter group was originally reported 
as a single level, but has now been clearly resolved into two levels at 
16-8+0-2 mev and 17-6+0-2 Mev excitation, having real widths [’<0-:3 mev. 
There is some evidence for a third (unresolved) level at about 16-4 Mev, the 
three levels occurring in the approximate proportions 56: 20:12 respectively. 

Writing the C(y, 3a) reaction more fully as C(y, «,)*Be*(«.«3), both 
the J value of the *Be level and the multipole nature of the gamma-ray absorption 
may be deduced from the angular distributions of «, and «, (or a3), and from 
the (%,%,) angular correlation. Results to be expected theoretically have been 
calculated by M. J. Brinkworth (to be published), assuming J =0, 2 or 4 (the 
possibility J>4 may reasonably be neglected) and any mixture of electric 
dipole (E.D.), electric quadrupole and magnetic dipole absorption. ‘The 
experimental statistics available for the 16-8 Mev level are adequate to point 
conclusively to the combination J=2 and E.D. absorption (with interference 
between /=1 and /=3 outgoing «, waves). For the 17-6 Mev level, statistics 
do not permit such a definite conclusion, although E.D. absorption combined 
with J =2 or 4 yields the best agreement; it may be remarked that J =4 seems 
more likely than J=0 or 2, since the level has not been observed in the 
7Li(p, «) reaction (Ajzenburg and Lauritsen 1952). 

The following additional evidence now supports the suggested T=1 
character of the 16-8 Mev level. According to isotopic spin selection rules 
(Radicati 1952), E.D. absorption can excite only T=1 states in *C. Provided, 
therefore, that mixing of states of different 7’ (by coulomb forces, etc.) is not 
too great, it is very probable that the C states involved here have mainly 
T=1 character. Transitions to T=1 states in *Be should thus be favoured. 
It has been observed, however, that transitions to the 16-8 Mev level occur 
with at least six times the frequency of (energy-favoured) transitions to the 
3 mev, T'=0 level, although both levels are 2+. Thus assignment of T’=1 to 
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the 16-8 Mev level gives complete accord with the experimental results. Similar | 
(though weaker) evidence, combined with the observed narrow width, makes — 
it likely that the 17-6 mev level also has T7=1. 

Some admixture of 7’'=0 in both the 16-8 and 17-6 mev levels must of course 
be present, in order to allow emission of alpha-particles rather than gamma-rays. 
Emission of gamma-rays would imply the occurrence of *C(y, y’3«) reactions, 
and special analyses for detecting such reactions are described by Goward and 
Wilkins (1953). An upper limit of about 4 may be set in this way to the ratio 
of gamma-rays to alpha-particle emission from the two levels. ‘The same 
methods show that the well known 17-7 Mev (1+) gamma-emitting level of *Be 
is not excited by the *C(y, «) reaction as frequently as the 17-6 Mev (possibly 4+) 
level reported here. Differing 7 values may again be the explanation. 

The above results show that the 16-8 Mev level of *Be has J =2, even parity, 
I'<0-3 Mev, and a predominantly 7=1 character. Its excitation energy is just 
that predicted (Lauritsen 1952) for the analogue of the *Li and *B ground states, 
but considerably more evidence is required to make such an identification 
certain. The most pressing requirement is a determination of spin and parity 
for Li and §B. In addition, neighbouring T'=1 levels of °Be must be looked 
for (e.g. the suspected 16:4 Mev level mentioned above), preferably with 
techniques which do not limit the search to alpha-emitting (0*, 2+, 4*....) 
levels. 

We are indebted to Mr. M. J. Brinkworth for many helpful discussions, 
and for making his theoretical results on angular distributions and correlations 
available before publication. 


Atomic Energy Research Establishment, J. J. WILKINS. 
Harwell, Didcot, Berks. F. K. Gowarp. 
22nd April 1953. 
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GowarbD, F. K., and Witkins, J. J., 1953, Proc. Roy. Soc. A, 217, 357. 
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IRKADICATI, Ln A, 1952, Phys Rev. 37, 5210 
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Semiconductor Statistics 


It has been usual to obtain the number of electrons in impurity centres by 
using simply the Fermi—Dirac distribution function 


if{l-hexp [(B= 2, (Rk D0 20m ae aes (1) 
The approach which uses (1) (referred to as ‘ approach B ’) was recently shown 


to be inadequate (Landsberg 1952) by a free energy argument (referred to as 
‘approach A ’) which yielded 
1/{1+}exp[(E—Ey)/RT]} or 1/{1+2exp[(E—E,)/RT]},  ... (2) 

depending on whether the bound electron states are ‘ unpaired’ or ‘ paired ’ 
respectively. [hese more correct functions can also be derived by using the 
grand canonical ensemble (James, unpublished*, Guggenheim 1953), and there 
are other methods. Guggenheim has inadvertently mistaken our approach B 

* The author is indebted to Dr. K. Lark-Horovitz for informing him of this work. 


It is described in a report on semiconductor research issued in 1952 by the Department of 
Physics, Purdue University, to the United States Signal Corps. 
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to stand for all ‘ direct’ statistical mechanical approaches, and this has led him 
to misinterpret our statement ‘approach A is to be preferred to approach B’, 
and similar statements. _It is clear that all valid treatments must be equivalent 
to approach A, and lead to (2). Which of them is preferred is a matter of choice, 
but they are all superior to approach B. ‘There is therefore no difference of 
principle between Guggenheim’s point of view and our own. 


Department of Natural Philosophy, P. 'T. LANDSBERG. 
The University, Aberdeen. 
16th February 1953. 


GUGGENHEIM, E. A., 1953, Proc. Phys. Soc. A, 66, 121. 
LANDSBERG, P. T., 1952, Proc. Phys. Soc. A, 65, 604. 


The Liberation of Positive Ions by Negative Ion 
Bombardment of Surfaces 

It is well known that bombardment of an untreated metal surface by positive 
ions of one species can result in the liberation of an extensive spectrum of 
negative ions, and that some of these negative ions leave the surface with 
appreciable initial energy (Sloane and Press 1938, Arnot and Beckett 1938). 
This was shown directly using a double mass spectrometer (Sloane and Press 
1938) in which the bombarding positive ion beam was selected in a primary 
arc and the resulting negative ions analysed in a secondary arc. We have now 
used essentially the same instrument, with suitable modifications and improve- 
ments, to investigate the converse process, namely, the liberation of positive 
ions under negative ion bombardment. 

The arrangement used is shown in the figure. Negative ions from a 


Ve 


discharge in lithium chloride vapour were drawn off from the source A, and 
accelerated by a variable potential difference V,. ‘These passed through the 
slit S,, and were deflected in a preset magnetic field H. By varying V, (usually 
between 100 and 400 volts) a negative ion beam of given kind could be made to 
pass through the slit S,, and after acceleration through the potential difference 
V,, (usually between 300 and 2800 volts) bombard the target 'T. Positive ions 
liberated on T under this bombardment were in turn accelerated in the reverse 
direction by V,, to pass through the slit S, and be deflected in the magnetic 
field H. By varying V, one positive ion beam after another could be made to 
enter the slit S, and be detected by the valve electrometer connected to the 
Faraday cylinder C. The mass scale was calibrated by using a potassium 
Kunsman positive ion source behind a small hole in the target T. The Faraday 
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cylinder could be held at any desired potential V, with respect to the target, 
and a retarding potential curve, which on differentiation yielded an energy 
distribution curve, could be obtained by varying V, and plotting electrometer 
current against V,. 

It was found, for example, that on bombarding the target with a single | 
negative ion beam consisting of the unresolved isotopic combinations in LiCl,” 
(mass numbers 76, 77, 78, 79, 80 and 81, with 77 and 79 the more intense) 
an extensive positive ion spectrum could be recorded by gradually varying V,,. 
Several positive ion peaks corresponding to mass to charge ratios M/e in the 
range 12 to 95 were detected. The most prominent of these formed a group 
with M/e values 47, 48, 49, 50 and 51, whose relative intensities were in the | 
ratios to be expected from the different combinations of the isotopes of lithium _ 
and chlorine in the alkali halide ion Li,Cl+. However, only two very small | 
peaks with M/e values 77 and 79, which might possibly be attributable to _ 
LiCl,+, could be detected. The peak due to 77 was only about one half of one 
per cent of that due to 49. This is interesting since, whether or not the small 
peaks at 77 and 79 are due to LiCl,+, the observations show that in this case the 
most intense alkali halide positive ion group is not that corresponding to the 
bombarding negative ion. ‘This, together with the presence of other positive ion 
peaks, shows that the liberated positive ions can result from a process other thana 
simple charge transfer, as was in fact found in the case of negative ion formation 
under positive ion bombardment (Sloane and Press 1938). However, in contrast 
to the latter process, we have not in this preliminary investigation detected 
liberated positive ions showing excess energies; in all the retarding curves 
examined so far the current had fallen to zero before the potential of the Faraday 
cylinder became appreciably positive with respect to the target T. On the other 
hand, though the retarding runs revealed no excess energies, they did show that 
most of the ions possessed energies consistent with their having been formed on 
the target surface. Confirmation that these positive ions resulted from the 
negative ion bombardment was furnished by the fact that a small change in 
V,, which caused an alteration in the radius of the LiCl,~ beam sufficient to swing 
it off the slit S,, but not to replace it by another beam, resulted in a reduction to 
zero of the intensity of the positive ion spectrum. This reduction took place 
gradually as the negative ion beam was slowly swept off the slit. 

These preliminary direct experiments seem to leave little room for doubt 
that bombardment of a surface by negative ions of one kind can result in the 
liberation of positive ions of a different kind. This process had previously been 
suspected (Sloane, Watt, Cole and Love, unpublished) as being at least partly 
responsible for certain reverse currents observed during retarding potential runs 
on negative ions, and has also been suggested by Timoshenko (1941) as being a 


possible explanation of some effects observed during sputtering measurements 
by Johnson and Harris (1934). 


Queen’s University, 


R.H 
Belfast. R. M. Hosson. 
4th May 1953. 
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Charge Independence and Nuclear Reactions 


Several writers (Adair 1952, Kroll and Foldy 1952, Trainor 1952, Radicati 
1953) have recently discussed the significance of charge independence or charge 
symmetry of nuclear forces, and the relative insignificance of coulomb forces, in 
relation to reactions involving light nuclei. This is usually expressed by ascribing 
to a nuclear system the quantity T (total ‘isotopic spin’ vector) which, in so far as 
electromagnetic forces are neglected, is conserved in any process. Previous 
discussions have emphasized the application of this conservation rule to systems 
involving charge-symmetrical nuclei (i.e. equal numbers of neutrons and protons), 
where T =0 for the initial, and therefore also for ‘allowed’ final states. It is the 
purpose of this note to draw attention to the application of this rule to a type of 
reaction which has been extensively studied, namely, one in which the initial 
nuclei are not charge-symmetrical, the final nuclei are, and the reaction proceeds 
through well-defined (resonance) states of a compound nucleus. In particular, 
for the reaction type (p, «) with an initial nucleus having one more neutron than 
proton (e.g. "B+ p—>*C*-— *Be+«), both initial nuclei have T=4, so that the 
states of the compound nucleus can be T=O or 1, but the final states usually 
involve only low lying states of symmetrical nuclei for which T=0. One might 
then expect the partial widths for the second stage of these reactions to be unusually 
small, but not zero, in the case of some resonance levels, involving transitions of 
me type 1 =1->T —0. 

Relevant information is available for (p,«) reactions with ‘Li, *Be, !B, '°N, 
19h, 28Na and ?’Al. One interesting case is the resonance with “B (165 kev 
proton energy) for which the «-particle width for the most energetic group seems 
to be about 0-1 ev although the energy available for the break-up of the compound 
nucleus is nearly 9mev (Ajzenberg and Lauritsen 1952). ‘The total «-particle 
width of this level is only a few volts. ‘The absence of some transitions in the 
reaction *Be(p, «)*Li might, as suggested by Adair, be similarly interpreted, but 
complete absence may also be due to rigorous conservation rules (J and parity). 
There is some evidence of partial widths reduced by a factor 100 or more in the 
19F(p, «)!®O reaction, but the interpretation here is not unambiguous, particularly 
in the absence of resonance-scattering measurements. One may also note that 
T = 1 states of the compound nucleus which have small widths for particle emission, 
should, if J and parity are appropriate, have normal widths for electric dipole 
emission to the low (T=0O) states of the compound nucleus and conversely 
(Radicati 1952). ‘There is no clear experimental evidence which exemplifies this 
correlation. | 

Comparison of level density at typical excitations of the compound nucleus 
with that of corresponding regions of the neighbouring isobaric nuclei, indicates 
that, in many cases, the large level density observed is mainly composed of T=0 
states, and the ‘ T-forbidden’ transitions will be relatively rare. ‘The effect of the 
conservation rule might also be weakened by the high density of T=0 states. In 
a recent examination of the application of the similar imperfect conservation rule 
for mechanical spin S, Christy (1953) finds good evidence for the validity of 
S-conservation in reactions involving comparable excitation energies. 


Department of Physics, S. Devons. 


Imperial College, London. 
19th May 1953. 
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Paramagnetic Resonance in an Argentic Compound 


An extensive study has been made of the paramagnetic resonance spectrum | 
of the cupric ion in crystalline solids (e.g. Bleaney, Penrose and Plumpton 1949). _ 
The ground state configuration of the free ion is 3d®, and the experimental results _ 
have been interpreted with considerable success by Abragam and Pryce (1951) | 
on the assumption of a single electron hole localized on the copper ion. Although | 
there is some evidence that this assumption is not fully justified (Bleaney, Bowers | 
and Trenam 1953) it nevertheless seems to represent a reasonable first 
approximation. For comparison the paramagnetic resonance spectrum of a 
compound of the argentic ion Ag**+(4d°) has been investigated. 

To obtain the argentic ion in a stable form a complex with a nitrogenous base 
may be used (Sidgwick 1950). The spectrum has been examined of argentic 
di-o-phenanthroline persulphate (Ag(phn),)S,O,, and also that of the corre- 
sponding cupric compound. Unfortunately it did not prove possible to grow 
single crystals and, as the interpretation of the spectrum of a powder is somewhat 
hazardous, the conclusions must be accepted with some reserve. 

The spectrum of the powder of the argentic compound has been examined 
at 290°K, 90°K and 20°K, using radiation of wave numbers 0:8 and 0:3 cmt. In 
each case the spectrum consisted of a continuous absorption band whose ends 
were sharply defined, and the intensity reached a sharp peak close to the end 
corresponding to the lower g-value. The results may be interpreted by assuming 
the g-value to have approximately axial symmetry, with g,=2-18 and g, =2-04. 
The hyperfine structure splitting due to the two naturally abundant isotopes 
107,109Ag appears to be small, as would be expected from the small nuclear — 
magnetic moments (~ —0-12n.m.) of these isotopes. 

The spectrum of the powder of the cupric compound was similar, except 
that the boundaries of the absorption band were not so sharply defined, and 
the apparent g-values depended on the wave number of the radiation. This 
effect may be ascribed to the hyperfine structure due to the two naturally 
abundant isotopes ®:®Cu, and on allowing for this the g-values are found to be 
£u=23q).8) = 2°05. 

On the assumption that the electron hole remains localized on the paramagnetic 
ion, one obtains the relation (see Polder 1942): g,=2—8A/A where A is the 
spin-orbit coupling coefficient of the free ion, and A is the splitting of the levels 
of the *D term by the crystalline electric field. ‘Taking for the cupric ion 
A= —828 cm“ (Shenstone, unpublished: see Abragam and Pryce 1951), the 
experimentally determined g-value gives A to be 22000 cm}. In view of the 
bluish-green colour of the compound, this value is perhaps somewhat high, 
but it is of a reasonable order of magnitude. For the argentic ion A= — 1840 cm=} 
(Gilbert 1935), and this gives for A the improbably large value of 82000 cm-!. 
Thus the relatively small departure of g, from the free spin value indicates that 
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the contribution from the orbital angular momentum is unduly low, and it seems 
likely that the hole in the 4d subshell is not localized on the silver ion, but 
migrates to the surrounding atoms (cf. Owen and Stevens 1953). 

The author wishes to record his gratitude to Drs. B. Bleaney and K. W. H. 
Stevens for helpful discussion, and to Dr. P. F. D. Shaw for the preparation of 
the compounds. 


Clarendon Laboratory, K. D. Bowers. 
Oxford. 
20th May 1953. 
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REVIEWS OF BOOKS 


Schwerkraft und Weltall, by PascuaL JORDAN. Pp. vili+ 204. (Braunschweig : 
Vieweg, 1952.) DM. 1580. 


This book will be of interest to all students of relativity because it gives 
Dr. Pascual Jordan’s views. He begins with a brief account of the red-shift 
observed in the spectral lines of external galaxies and appears to take it for 
granted that the relationship of red-shift with distance has been shown 
empirically to be a linear one. Whilst this may be approximately true for those 
nearer galaxies, whose red-shifts have so far been measured, there is no means 
of knowing a priori that the linearity persists for the more remote ones and there 
are theoretical reasons for doubting that it does. Dr. Jordan then passes on 
to the tensor calculus where he departs from the traditional treatment of 
covariant differentiation. Instead of defining it through the geodesics of a 
Riemannian space, he assumes without proof that a geodesic coordinate system 
exists at every point of such a space. ‘There then follows an interesting chapter 
on general relativity and the Schwarzschild solution of Einstein’s equations, 
followed by one on the cosmology of general relativity in which the cosmological 
constant is rejected. The second part of the book begins with a chapter on 
projective relativity and then Dr. Jordan turns to his own ideas on the 
modification that he believes ought to be made in Einstein’s field equations. 
Essentially this consists in taking the gravitational ‘constant’ to be a scalar 
function of the space and time coordinates. He obtains field equations by 
means of a variational principle that contain two constants which are 
dimensionless pure numbers, one of which is arbitrarily set equal to unity 
whilst the other is believed to have some value greater than thirty. In view of 
his rejection of the cosmological constant—which appears as a constant of 
integration in Einstein’s equations—the introduction of these two constants in 
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Dr. Jordan’s theory may strike the reader as strange : their presence is defended 
on the ground that they are dimensionless whilst the cosmological constant is” 
not. A solution of the new field equations corresponding to the Schwarzschild | 
solution in general relativity is given and cosmological models are also worked 
out. The model most favoured by Dr. Jordan is one in which the expansion | 
is a linear function of the time and the last forty pages of the book are devoted | 
to a statement of the author’s views on the development of stars, on the 


comparison of theory and observation in cosmology and on the geological history _ 


of the Earth, in support of this linearity and also in defence of his postulate | 
that the ‘ constant’ of gravitation is in fact a variable. As with Hoyle’s version | 
of the creation of matter theory, it appears to this reviewer that Dr. Jordan’s | 


new field equations (p. 141 (8) and (9)) are reducible to those of general — 


relativity by altering the definition of the energy-tensor of matter and of the 
electromagnetic field. G. C. MCVITTIE | 


Molecular Theory of Fluids, by H. S. GREEN. Pp. viii+264. (Amsterdam : 


North-Holland Publishing Co., 1952.) 20s. 


This volume is one of a series of monographs (entitled ‘Deformation and Flow’) 
on the Rheological Behaviour of Natural and Synthetic Products, edited by 


J. M. Burgers (Delft), J. J. Hermans (Groningen) and G. W. Scott Blair | 


(Reading). The author is professor of mathematical physics at the University of 


Adelaide, and is probably best known for his work with Professor Max Born on | 


the kinetic theory of liquids. 

The book gives an authoritative summary of the present state of the theory of 
fluids (which includes gases, liquids and non-crystalline solids), both at rest and 
in motion, both simple and complex, including the theory of diffusion. The 
final chapters deal with the kinetic theory and the quantum theory of fluids, the 
bearing of the latter on fluids at very low temperatures and the remarkable flow 
properties of liquid helium. The preceding chapter discusses elasticity, surface 
tension, the Brownian motion, the second virial coefficient, gravity and boundary 
forces and the dielectric constant. 

A rigorous quantitative treatment of this wide field necessarily involves much 
mathematics, which is concisely presented, but nearly a third of the book is 
non-mathematical text, in which the essential features of the physics of the subject 
are explained in a very clear and attractive way. ‘The book is a highly valuable 
addition to the literature of physics. S. CHAPMAN, 


Atomic Energy Levels as derived from the Analyses of Optical Spectra: Vol. II. 
24 Cr to 41 Nb, by C. E. Moore. Circular 467 of the National Bureau of 
Standards. Pp, xxxi+227. (Washington, D.C.: U.S. Department of 
Commerce, 19525) 2225. 


————————————— ee mC rrr rr 


The first volume of this work, covering the elements hydrogen to vanadium was — 


published in 1949. ‘The second volume follows the plan of the first. It corre- 
sponds essentially to a greatly enlarged version of Bacher and Goudsmit’s Atomic 
Energy States which appeared in 1932. The earlier work was able to include some 
231 spectra of 69 elements: there are now known more than 500 spectra of 85 


elements, and many of the spectra summarized in 1932 have subsequently been 
much revised and extended, 
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The typical entry for a given spectrum includes an introductory paragraph of 
general information, with a classified bibliography, followed by a list of energy 
levels, with their electron configurations, designations, J-values, heights above the 
ground-state in cm™! and multiplet intervals. Hyperfine structure data ascribed 
to atomic nuclei have been omitted (with the exception of H, D). The tables have 
been prepared with the close collaboration of many experts in the field, and contain 
a good deal of material in advance of publication. 

This will inevitably become the acknowledged authority on the subject, and it 
must be said that it is worthy in every way of that position. The many users of the 
work will have great cause to be thankful to the author and to all concerned in this 
notable production, and will wish them success in the completion of their task. 

R.F.B. 


Rechenmethoden der Quantenmechanik, Part I, by S. FLUGGE and H. MarscHa tt. 
Pp. vili+ 272. 2nd Edition. (Berlin: Springer-Verlag, 1952.) DM. 29.80. 


The aim of the authors of this book is to exemplify the mathematical 
techniques used in quantum theory; this is achieved by stating a series of 
problems and giving detailed answers. A wide range of problems is discussed, 
and the type of approach allows a degree of flexibility which gives this book 
a novel character. 

The subject matter falls into two main divisions: one particle and many 
particle problems. ‘The first part of the book deals inter alia with the 
determination of eigenvalues (both exact and approximate methods being 
discussed), with various forms of collision theory and with perturbation theory. 
In the second part the topics considered include the algebra of spin operators, 
the formulation of expressions for spin coupling, and exchange interaction. 

The problems are arranged in a series of. increasing complexity, are 
carefully compiled and annotated. Some are standard examples to be found 
in textbooks on quantum mechanics, many have been taken from original 
papers and, where necessary, suitably simplified. ‘The references to original 
papers form a useful feature of the book. 

A certain amount of mathematical background is required of the reader— 
in particular some acquaintance with the properties of Bessel, Hankel, and 
hypergeometric functions. In general, however, the knowledge required 
would already be possessed by an advanced student of mathematical physics, 
or could easily be acquired by suitable reading. 

The book would be a useful addition to a departmental library and should 
prove valuable to teachers and students alike. M. BLACKMAN. 


Anfangswertprobleme bei partieller Differentialgleichungen, by KR. SAuvrr. 

Pp. xiii+239. (Berlin: Springer-Verlag, 1952.) DM. 29. 

For information on the mathematical theory of the partial differential 
equations they encounter, most physicists consult Courant’s Methoden der 
mathematischen Physik—II. When this appeared in the thirties much of the 
extensive material in it on hyperbolic problems, and especially on non-linear ones, 
may have seemed unnecessary to working physicists. Since then, however, 
the spectacular expansion of the science of high speed gas flow has provided a 
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wide field of application of this material, and its systematic exposition by Courant : 
certainly facilitated the progress in that field. ‘The same mathematics has been | 


used in modern developments in the theories of plastic flow and of hydraulics. | 


Now Professor Sauer of Miinchen, who has himself made valuable contri- | 
butions to gas dynamics, has brought out a short self-contained account of the } 
mathematical theory of hyperbolic problems, with detailed specialization of each | 
aspect of the theory for the different branches of physics mentioned above. ‘The | 
book is in four chapters, respectively on (i) classification of problems into elliptic | 
and hyperbolic, (ii) first order partial differential equations, (iii) higher order | 
hyperbolic systems with two independent variables, (iv) systems with three or | 
more. Broadly speaking, the same mathematical material as in Courant’s book | 


is covered. There is somewhat more information on the finite difference 
approach to calculating solutions, using a characteristic network, but no details’ 
of computational technique. Little of the more recent work by the Courant 
school on existence theorems for non-linear hyperbolic problems is included. 

The Hadamard theory for the linear equation is not abandoned in favour of the 
streamlined approach due to Marcel Riesz; nor is the theory of ‘ distributions ’ 
used much to simplify Hadamard’s arguments, not at least as much as the 
preface would lead one to expect. , 


But the student will find the book pleasantly concise, systematic and easy to | 
follow, and all workers in fields where the material is relevant should find it © 


convenient to use as a work of reference. M. J. LIGHTHILL. 


Applied Nuclear Physics, by E. PoLLaRD and W. L. Davipson. Pp. ‘ix+ 352. 
(London: Chapman and Hall, 1951.) 40s. 


This book is both readable and authoritative. In making it readable the 


authors have gone to considerable length ; whenever the going gets rough ! 
the reader is patted on the shoulder and assured that things will presently | 


get easier; dull bits are periodically enlivened with suitable humorous 
touches. ‘This is in striking contrast to the traditional kind of textbook which 


called for strong coffee to keep the student awake. But joking aside, this is | 


a clever piece of writing, readable, easygoing, and yet full of useful information. 
Despite its popular style, the book is authoritative ; the authors clearly 


know their subject. ‘here are various slips and inaccuracies, such as the | 


statement on p. 22 “ even in a solid the centres of the atoms are separated by 
distances a million times greater than the atoms themselves ”’ (which probably 
ought to read “.... than the nuclei themselves’’, and not ‘a million- 
times” but “about 20000 times’). On p. 15 kinetic energy is identified 
with mc* instead of (m—my)c?. I have discovered about two dozen errors 
of that kind, but that is perhaps not much in a book dealing with such a large 
range of material. 


How far does the book take the reader? Not very far. In scope, as in| 


style, it is half way between a popular book for laymen and a textbook. Only 


the simplest of formulae are used ; matters of nuclear theory are only briefly | 


and vaguely touched on, as, of course, one would expect from the title. Also 


the breezy style is not conducive to precision; sometimes it is confusing (as in _ 


the explanation of spin on p, 269), or misleading (as in the description of the | 


Rabi method on p. 272). 


SSE 
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All the same this is probably one of the best books for getting an introduction 
into nuclear physics in all its aspects. It contains, as the title would indicate, 
all that a man may need to know of nuclear physics in order to apply it without 
becoming a fully fledged nuclear physicist. And the freshness and human 
approach of the writing may well stimulate readers to go further and study 
the subject more deeply. O. R. FRISCH. 


Mesons—A Summary of Experimental Facts, by A. M. THORNDIKE. Pp. vili+-242. 
(London: McGraw-Hill, 1952.) 47s. 


This book consists of an uncritical survey of the experimental data concerning 
mesons up to early 1952. It is suitable for students reading for an honours 
physics degree and might be useful as an introduction to the subject for research 
students. The data are mostly taken from cosmic-ray mesons, but material on 
artificially produced mesons is included where appropriate. 

The facts as reported are substantially correct, but their reciting is so deadly 
dull. ‘The quest for the properties of these new and unstable forms of matter has 
been and still is an exciting one. One would not have gathered this from 
Mr. Thorndike’s book. This might perhaps be due to the author not having 
made any contribution in this field. The book would hardly inspire students 
with a burning zeal to take part in the quest themselves. 

No mention is made of the fact that the sigma meson was discovered by 
D. H. Perkins, and it is interesting to note that the author is one of the few 
remaining people who still believe that there is a sudden break, or “ knee’ in the 
cosmic ray depth intensity curve at a depth below water of 300m. =‘ The book is 
well produced but much too expensive. E. P. GEORGE. 


Wavelength Tables of Emission and Absorption Bands of Diatomic Molecules, 
edited by B. Rosen. ‘Tables de Constantes et Données Numériques. 
Constantes Sélectionnées, 5. Pp.389. (Paris: Hermann, 1952.) 5,600 fr. 


Le Point de Vue du Physicien dans le Probleme du Lissage des Courbes 
Expérimentales, by PIERRE VERNOTTE. Pp. ii+23. (Paris: Publications 
Scientifiques et Techniques du Ministere de l’Air (No. N.T. 46), 1953.) 
400 fr. 


Viscosité sous pression rapidement variable, by F. CHARRON. Pp. 30. (Paris : 
Publications Scientifiques et ‘Techniques du Ministere de l’Air, No. 268, 
1952. 72550" tr: 


Values of some Physical Functions and Constants used in Meteorology.—Functions 
and Specifications of Water Vapour in the Atmosphere. Publication No. 79 
of Organisation Météorologique Internationale. Pp. 92. (Lausanne : 
Organisation Météorologique Mondiale, 1951.) 2 Sw. Fr. 
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The Effect of Interactions in a Paramagnetic 
on the Entropy and Susceptibility 


Bye M1. DANIELS 
The Clarendon Laboratory, Oxford 


MS. received 2nd March 1953 


Abstract. Van Vleck’s theory of magnetic dipole interaction is extended to take 
into account magnetic anisotropy of the individual ions, and hyperfine splitting. 
The entropy and susceptibility are expressed as power series in 1/T as far as the 
term in 1/7*. Explicit formulae are found for the term in 1/7? in the entropy, 
the important term at high temperatures, and for the Curie-Weiss A’s; for para- 
magnetics with one ion in the unit cell and axial symmetry, and for the Tutton salts. 
This is done both in the case of a general interaction and also for pure magnetic 
dipole-dipole interaction. It is shown that the contributions of interactions and 
of hyperfine splitting to both the entropy and the susceptibility are additive as far 
as the term in 1/7, and that hyperfine splitting introduces into the susceptibility 
shape-dependent terms which cannot be included in the Curie-Weiss A. This 
is followed by a review of the properties of cerium magnesium nitrate, the rare 
earth ethylsulphates, and the Tutton salts in relation to this theory. 


§ 1. INTRODUCTION 


N a well known paper (Van Vleck 1937) formulae are derived for the entropy 
] and susceptibility of paramagnetic salts at temperatures large compared with 

the splittings of the ground level of the paramagneticions. ‘These are obtained 
by expanding the partition function in powers of 1/7, where T is the absolute 
temperature, the coefficient of the terms being obtained from the energy matrix 
of the whole crystal. ‘The cases treated are : (i) Where the ions can be treated 
as free magnetic dipoles interacting through their own magnetic fields, and where 
there is an isotropic exchange coupling between adjacent ions (i.e. an energy which 
depends only on the angle between the two spin axes). (ii) Where there is, in 
addition, a crystalline field acting ontheions. In this case the energy of the crystal 
is considered to be predominantly that of the individual ions in this field, and the 
effect of interactions is obtained by using perturbation theory. 

Since this paper was written important advances have taken place in the 
detailed knowledge of the properties of paramagnetic salts, particularly the dis- 
covery of the hyperfine splitting of the ground state of the paramagnetic ions, the 
fact that most ions are anisotropic in their properties and cannot be represented by 
free magnetic dipoles, and the idea of indirect exchange interaction. ‘These 
discoveries have made it desirable that Van Vleck’s original theory should be 
extended to cover these cases, and this is the purpose of this paper. 

An extension to take into account anisotropic indirect exchange was made by 
Opechowski (1948), who obtained eqn. (8) of this paper and also an expression for 
the mean Curie-Weiss A in terms of a general interionic interaction. However, 
Opechowski never considered in detail the effect of magnetic anisotropy on 
dipole-dipole interaction, nor did he consider the effect of hyperfine splitting, 
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which had not then been discovered in solid paramagnetics. His application of — 
his theory is limited to a discussion of copper potassium sulphate, which was _ 
largely invalidated by the subsequent discovery of hyperfine splitting. 

The anisotropic properties of an ion come about in the following way. Anion, 
with an odd number of electrons subjected to a crystalline field, experiences a 
Stark splitting so large that any normally occurring external influence (e.g. a | 
magnetic field) causes only very small admixtures of higher states with the ground | 
state. In this case the ground state of the ion can be put into 1: 1 correspondence | 
with the states of a spin 1/2, provided that the magnetic moment associated with | 
this spin is supposed to depend on its orientation (Pryce 1950). ‘Thus the energy 
E of sucha spin ina field H is H .g . S where S is the spin vector, and g is a dyadic 
(or a tensor of rank 2). Writing this in the more usual form #= —H .p where wp 
is the magnetic moment, we can equate pw to —g.S. 

Going over to a tensor notation and using the dummy sufhx summation 
convention, this can be written u,= —4¢.,0,, where pz, is the component of the 
magnetic moment along the eth (cartesian) axis, o, 1s twice the component of 
the spin along the nth axis, and f is the Bohr magneton. g,, is a tensor of rank 2 
called the g-tensor, and is a generalization of the gyromagnetic ratio which is 
appropriate to the case of free ions. When such a system is treated quantum 
mechanically, the components a, are the Pauli matrices | 


rey On _(0 -i tee 
Ashes ooo sO LENO ee 


In this picture the ion is said to have an ‘effective spin 1/2’ and an ‘anisotropic g’. 
At temperatures where only the ground doublet is occupied it is mathematically 
simpler to treat the ion as though it were such a spin 1/2 than to treat the real ion 
exactly. 

Examples of substances containing such ions are all the rare earth 
ethylsulphates with even atomic number, except gadolinium ethylsulphate, and 
many of the sulphates and double sulphates of divalent ions of the iron transition 
series,e.g. Co( NH,),(50,)24.6H30. 

In some of these substances the ions may have a hyperfine splitting of the 
ground level; e.g. in Co”* all the ions have a hyperfine splitting since the only 
naturally occurring isotope-is °*°Co with nuclear spin 7/2. On the other hand, 
naturally occurring cerium ions have no hyperfine splitting, while some naturally 
occurring neodymium ions have a hyperfine splitting and others have not. The 
effect of a hyperfine splitting is similar to that of a Stark splitting in Van Vleck’s 
theory: it restricts the orientations which the electron spin can assume at low 
temperatures, and hence modifies the interaction specific heat (or entropy) and 
the susceptibility. ‘This is in addition to the Schottky anomaly which it introduces 
into the specific heat. Most hyperfine splittings are very small (i.e. less than 
0-1°K xR overall), and can thus be treated by the method of series expansion in 
powers of 1/7 just like the interactions, instead of requiring the perturbation 
procedure which Van Vleck used for Stark splittings. 


Part Il. GENERAL THEORY 
§ 2. GENERAL CONSIDERATIONS 


Suppose the partition function Z for the crystal, an assembly of N ions, can 
be written (assuming for the time being no hyperfine splitting) 
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Z=2"(14 A/T + BT? +.C/T* 4 DITt BEIT 8, PS cetbes (1) 
It will be shown later that A=0. 
Hence the antropy S is given by 


7] 
S= ap(RT In Z) 
RB 2kC Be? 
=NkIn2— "pp — “py —3k{D— Fh TH Ye Hotes (2) 
and the susceptibility y is given by 
0 
x= Lim i aq (in 4) 
pereiplicop 0Cyl a B 1) 
= Lim {757 “fs oH a ran(?- 5) =F Figg (#- BC) + os i: 
Sie (3) 
Now if W is the energy matrix for the whole assembly 
W 
Z=Spur| exp (— gz) | | 
_s 1 ie W ws W4 W> 
~ POF" RTT DRT? GRTS * 24R*T! T2ORT® T 
_ ‘Spur (W) _ Spur (W?) 
oe ~  R Spur (1) 2 OR? Soa(l) 
= opus) Spur (W*) 
ae 6k? Spur (1) a ZAR Spur (1) irl ore eae (4) 
Re Spur (W*) | 
~  120k* Spur (1) | 


Since the spur of a matrix does not depend on the representation chosen, any 
convenient representation can be used. In general, we shall use a representation 
with oc, diagonal, where the z-axis is chosen to simplify the working by invocation 
of symmetry arguments. It is necessary to calculate only the principal values of 
the susceptibility, since its value in any other direction can be obtained from its 
well known transformation law, that of a tensor of rank 2. 


§ 3. NOTATION 


Let Latin suffixes 7, j, etc., refer to individual ions, and a pair of suffixes in 
brackets (7) refer to a pair of ions counted once, e.g. Xy,;)W,,; is the total interaction 
energy of the crystal, if W,, is the interaction energy of ions 7 and j. 

Let Greek suffices «, 8, ... refer to cartesian axes; i.e. they are tensor suffices. 
The dummy suffix summation convention will be used for Greek suffices. Since 
in cartesian coordinates there is no distinction between co-variance and contra- 
variance, all tensor indices will be written in the lower position. Although tensor 
notation is unnecessary for the first term of the expressions for the entropy and 
susceptibility, and even makes the working look cumbersome, it is retained 
throughout since its use simplifies enormously the more complicated later terms. 

The following well known property of the Pauli matrices for the same ion will 


be used: ae d 
Fj4F jp = up + LE ypy Fis 


Aye! 


676 JF. M. Daniels 


where 96,, is the Kronecker delta symbol, i.e. 


5 [0 «AB 
we 1 a= 8 
and ¢,,, are the antisymmetric symbols, i.e. : 


0 if any two of «, f, y are the same 


Expy = 1 +1 if ay is an even permutation of xyz 


—1 if «By is an odd permutation of xyz 
Using this relation, products of the o’s referring to the same ion can be reduced 


to sums of the o’s. 
In the 2*-dimensional product space for the whole crystal it is seen that 


Spur (i) ge 2 Spur (o;,,) =0 
0 ing a ee (5) 
Spur (0;,0;) = ie ale 
etc. 


$4. INTERACTION WITHOUT HYPERFINE SPLITTING 


Now the o’s, and the products of o’s for the same ion, are components of a 
vector, and as the interaction ney W,, between two ions 2 and7 is a scalar which 
depends on the o;,’s and the o,’s, the most general form for W,, is 


Wij = PijapPiaPip | 

where P;;,g is a tensor of rank 2. 
This eee both the case of isotropic exchange, where W,; = — (2/h)J,,S, -S5 | 
(or P. ‘jap = J; Sap/2h? in tensor notation) where./,,is the ener integral beat } 
ions 7 ne is aid also the case of pure magnetic "dipole-dipole interaction where | 


Wee YB; 3(u;- ri; )(Wj r;;) 


3 5 
"yj Vij 


or, in tensor notation, 


pe B Sieakjep — 3Siar8iprV ipa ijn 
‘job 4 is Sines 


r,;° 


where 7; is the distance between the ions 7 and j, and 7;;, is the component of 7, 
along the A-axis. 
In a similar manner, the energy of the pth ion in an external magnetic field H | 
directed along the r-axis can be written W,=+HR,,o,, where Ry.=48p20[ | 

‘Then the total energy 

W=iW,, a W,, 
(i) 

= soe Pa ee ip + leaks oF po- ole) sL9) or 6 (6) 


V5 | 


Inthe previous ges ee ane effect of eee magnetic dipoles (diamagnetism | 
and temperature independent paramagnetism) has beenignored. This is because }} 
they usually contribute only some 1% to the susceptibility at 1°K, the theory | 
being applicable at temperatures near this, and can be expected to contribute }| 
even less to the entropy, which in Van Vleck’s theory depends on the square of ' 
the Curie constant at ‘high’ temperatures. Induced moments can therefore be} 
reasonably neglected. 
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Applying the results of (5), it follows that 
Spur (W)=0 ee Ree (7) 
and hence 4 vanishes, as was anticipated in (2). 
Spur (W?) = Spur ( 2 Pina %ix%ip + HER Ope ' re PrtysFryF15 + He G, ): 


q7Fqr 
In this the term independent of H is 
Sey) DD Pijnp Pays Fine 5%) 
(ij)(k1) 
which equals 292 ()PijxePijag Since Spur (0;.0;90%,0;)=0 unless =k and j=l, 
when it is 2%8,,3;5. The term of degree one in H, 
Spur ieee H % Pink pel TixPi8% re + va %n7i8) } ) 


is zero, Since Spur (0;..0;0)) = 0, as is easily seen since 7j by definition. Physical 
intuition demands that this term should vanish, since the square of the energy 
cannot intuitively be expected to depend on the sign of the applied magnetic field. 
Finally, the term of degree two in H in Spur(W?) is 


H? Spur (> Ry eRe pear) = HER Ry 


since Spur(o,,0,,)=0 unless p=g, when it is 2%8,,. Hence 
Spur (W?) — oe { és, PrijapPijop + TERE Ros } a ee BRS Gd (8) 
(ij) Dp 


Other spurs can be worked out in a similar manner, for instance 
Spur (W?) = 26 2 PrijupP; 10d sips —- As i) PrjapRiokjp- eapand (9) 
(ig)(il) ii) 
(91) 
Of Spur(W+#) only the term of degree two in H will be evaluated here. A 
typical term of W* of degree two in H is 
FP? Pip Fix 058 Pry sFRy 15 Rpo GyoliarSas 
and up to 24 permutations of the factors of each term are to be summed to give W?. 


Only products of two or four o’s of the same ion survive the summation over the 
permutations: hence the spur of this term is found, after some manipulation, to be 


ee gts Peed 


“15 6% PrijepPijap - = Ry Kye 
(ij) 
+8 see iiapL iiyp iD Pocalqealgty)) ee) \etaates (10) 


at * Pian Es rio Ria Ria + Rip Rj) 
43 SPP Rie + Rj Rin) 


§ 5. ‘THE EFFECT OF HYPERFINE SPLITTING 


The energy of an isolated ion in zero external magnetic field, but with hyperfine 
splitting, can be written 
W, = Fag 


where F;,,, and Q;,5 are tensors seen ae to the ion, and I, is the nuclear spin 
vector, represented by a (2/+ 1) x (27+ 1) matrix ina single particle representation 
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(Abragam and Pryce 1951). The the energy of the crystal becomes 
W= ae iain + HER p9 + UH Oren tr be pte [50 ppl gage eee (11) 


ajap 


O can be, and neater is, ee so that Spur (QhenLye fine 0, and this convention — 
is adopted in the rest of this paper. } 

The partition function can be written Z=Spur[exp {—(W./RT + W,/kT)}l, | 
where W, is the hyperfine part of the energy and W, is the rest. Z can be | 
factorized into two parts, one depending entirely on the hyperfine splitting tensors 
and the other independent of them, only if W, and W, commute. ‘This is not 
the case unless F=0. It is thus not possible in general to consider the effects of | 
hyperfine splitting separately from the effects of interaction, and the contribution 
to the energy from hyperfine splitting must be treated along with the rest of the 
energy in the expansion in powers OLE 

One effect of nuclear spin is to increase the multiplicity M of the states of ad q 
crystal. If there are K, nuclei with nuclear spin J,, where &,K,=N, the 
multiplicity M is increased from 2" to'29 (27, + 1)™(27, +1)™. ... 

Hence Spur(1)=™@. Also Spur(W)=0, and hence A=0 as before. 

It is not necessary to evaluate all the terms which occur in the spurs of powers 
of W; since those terms which do not contain the interaction tensor P;;,, lead to 
the entropy and susceptibility without interaction, and are more easily and 
exactly calculated using a single particle model (see for example Bleaney 1950, 
1951); while those terms which contain the interaction tensor but no hyperfine 
splitting tensor (F or Q) have already been evaluated apart from allowance for the 
increased multiplicity. Hence only terms of degree zero and two in H, containing 
both the interaction tensor and the hyperfine splitting tensors need now to be 
evaluated. Such terms will be called ‘mixed terms’. 

There are no such terms in the coefficients of 1/T? and 1/7. Inthe expression 
for the entropy, when H =0, the coefficient of 1/7, 

B 1 [ Spur(W4) Spur (W)?)? 
ee 24k*| Spur(1) -34 Spur (1) a Se 3 oe 
contains two mixed terms. 

Let Spur (W?)/Spur (1) be denoted by Y, + Y, when H =0, where Y,, depends 
on the hyperfine splitting tensors, and Y, does not. ‘Then the second part of (12), 
—3{Spur(W7*)/Spur(1)}", has one mixed tetm, OY or. 

For the first part of (12) which comes from Spur ( W) the only mixed terms in 
W* with non-zero spur are of the type 


Prjeep Pip tty Thy 718 Qaenl oe Lin Qriut radi + Pijap Fix FipP, rlyoFky A EY guPq oul, ren?r elon 
together with up to 23 other permutations of the factors in each term. The 
detailed evaluation of the spurs of these terms is very similar to the derivation of 
eqn. (10), and it is found that the mixed term of Spur(W*)/Spur(1) has a part 
6Y.Y, which cancels the mixed term from —3{Spur(W?)/Spur(1)?.  Multi- 
plying the remainder by (—3k/7*)(1/24k‘) it follows that the first mixed term 
which occurs in the expression for the entropy S is 
= Sk she | 82 eZ - 1) Pijap Pijys Kian Piya a L(L; 2 W) Pup Prijs Kin F ion} | 

T4 24h (19) 

=e Pian Pring SAM a Lie ee rte 3h; cz 1) Fan lien} | 
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The first mixed term in the expression for the susceptibility is part of the term 
Bete, 1.6. 


PP ReLec 2k ; or 
tis 7A ay (E- BC) = 74 * (coeflicient of H? in E— BC). 
: 1 _ 
Stites) B= Te {Y.+Y,+H?X,} and C= a {Y,'+ Y,'+ H?X,'}, 


where, as before, the suffix n denotes a quantity depending on the hyperfine 
splitting tensors, and the suffix e denotes a quantity independent of these tensors. 
Then the coefficient of H? in — BC is 


1 
Dk: {Y,X,’+ Y,'X,}+terms independent of F and Q. 


The only mixed terms in W® of degree two in H and with non-zero spur are of 
the type 


> 
ae P. jab Pi58-L pe Ppolq:FqrO al gad, Sut Ome nal rn 


2 
ae Jae PrijopFiaFj¢RpoF polar Far sau Pead Pie Orels 


Siu ™m 
together with up to 119 other permutations of the factors in each term. 

The evaluation of the spurs of these terms is again similar to the derivation of 
eqn. (10), and it is found that the mixed term in EF proportional to H® contains a 
part —(1/12k°)Y,X,’ which cancels part of —BC. Finally, the first mixed 
term in the expression for the susceptibility y is 


eR art VX; 
PETAR) +4 SELL + 1) Pip 


(ij) 


= 42 Pig Ria Rogtg lids + 1) Fen Pieg +34, + 1) F; 
(ii) 
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In the case of magnetic dipole-dipole interaction, the sums in eqn. (14) give a 
shape-dependent contribution to the susceptibility. (Shape dependence of terms 
in the susceptibility is discussed in more detail in §7.) 


Part II. APPLICATIONS, OF THE-GENERAL THEORY 


§ 6. ‘THE ENTROPY IN ZERO MAGNETIC FIELD 
It follows from eqns. (2a), (4) and (8) that for one gram ion 


S 1 : 
R = In2 INERT? ie one ah aio ts 


The first term, In 2, is merely the entropy of the crystal in the absence of 
interactions, i.e. in complete disorder. It is the term in 1/T°, the dominant term 
at high temperatures, which is usually the most interesting, and several particular 
cases will now be considered. It is easily seen that hyperfine splitting has two 
effects: to increase the constant term on account of the increased multiplicity, 
and to introduce an extra term in 1/T? which is a term in the expansion of the 
entropy in the absence of interactions. The sum L¢j Pig Pijaa 18 essentially 
positive, being a sum of squares, and so can never vanish unless the interaction 
between all pairs of ions is identically zero, in which case S/R =In 2 independent 
of temperature. hus all interacting assemblies of this type have a 1/7* term in 
the entropy. 
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(i) All Ions Identical 
Here the sum over all pairs, 
me apt ijop = 2N a iop- © ijaaB> 


where the latter sum is taken for one typical ion 7 over all the other ions j in the 
crystal. This is valid only if all the ions have the same interaction tensors, 10m 
each ion is situated in the same position relative to its neighbours, and if the sum 
&; Pixs Pijne converges so that it does not depend on the position of the ion z in the 
crystal. ‘Then the entropy becomes 
S 1 
R = In 2 paps Pies Pia Sto fote, 7 Sly Be ieleueralans (15) 
Now consider pure magnetic dipole-dipole interaction. ‘Then 
BP SieaBies ‘enteatore | 
4 rj 13° 
Now choose the coordinate axes to be the principal axes of the g-tensor; and 
further suppose that 2... =2 yy =2,) Sez =& Say, i.e. the ions have z-axial symmetry. 
(Axial symmetry of the g-tensor is very common, occurring at least to a first 


eg ijop — 


approximation in most of the paramagnetic salts already investigated.) | Substitut~ 


ing this tensor in the formula for the entropy, and eliminating x” + y* by the relation 
x? + y* =r? — 2”, it follows that 

S Bt 1 ‘ Riz 
R= In2— ORT? | (ait +5g,")> ri6 — 68, 1) a — 2g.°)™ 7,8 


2)\2 Bye 
+e = Pe aon =a (16) 
) 
Let RIn M—S=S'. Then S’T?/R is, at high temperatures, a dimensionless 


constant whose value depends on the substance chosen*. 


It is seen that the sums in (16) are like [* dr/r+, and hence rapidly convergent. 
If g,=g, =g, (16) reduces to 


which is Van Vleck’s formula for an isotropic spin 1/2. 


Example (i). Cerium Magnesium Nitrate Ce,Mg3(NO3),. . 24H,0O. 
This salt crystallizes in the trigonal system. ‘The cerium ions are situated in 
a simple rhombohedral lattice, and the long diagonal of the rhombohedra coincides 
with the trigonal axis of the crystals. If the crystal is described by the alternative 
hexagonal unit cell, the unit cell dimensions are a= 10-92 A, c=17-22 A, where cis 
the cell axis parallel to the crystal trigonal axis. Using these data, we find 
Deity. ee = OOD 
Dyk,7' (1° =14-76 + x 10-92-* A, 
Day hye T13 


In the evaluation of these sums the contribution of the 296 ions inside a 


sphere of radius a\/10 was worked out directly, and the contribution of all the | 


Bue specific heat C at these temperatures is also proportional to 1/T?, and 
CT?/R=2S’'T?/R. Most of the published experimental results are given in terms 

C rather than S. 

+ The positions of the cerium ions in the salt have been determined for me by 
Mr. H. M, Powell, to whom I am indebted. The detailed crystal structure is not known. 


| 
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ions outside was estimated by replacing the sum by an integral, i.e. 


Stays (la 4 0-132 


ahg A She eee 
ate 
where V is the volume occupied by one ion on the average, and 
a 0:0442 ete OU 205 
x 8 =F and = | 10 =: 
r>vi0 ” vie 


The contribution from the integral is quite small, for example it contributes 
0-29 to the total of 38-63 for &,7,;-6. 

Measurements on this substance by Cooke, Duffus and Wolf (1953) give 
£,=1-84, g,<0-1. Putting g,=0, it follows that S’T?/R=3-30x10-*% This 
is in good agreement with two experimental determinations: 3-20 x 10-® from 
experiments on adiabatic demagnetization (Daniels and Robinson 1953) and 
3-75 x 10°® from experiments on paramagnetic relaxation (Cooke, Duffus and 
Wolf 1953). It seems that the specific heat of certum magnesium nitrate can be 


explained entirely on the assumption of magnetic dipole-dipole interaction. 


Example (ii). The Ethylsulphates of the Rare Earths: M(C,H;SO,)3.9H,O 


These salts, where M is a rare earth metal, scandium or yttrium, form an 
isomorphous series, and crystallize from aqueous solution in hexagonal prisms. 
The crystal structure has been described by Ketelaar (1937). The hexagonal 
unit cell dimensions vary slightly from one salt to another; typical values are, 
e.g. for cerium ethylsulphate, a= 14-048 A, c=7-11A, c/a=0-506. The value 
of c/a is the same for all salts of the series, to within the limits of experimental 
error. Taking this value of c/a and taking the z-axis to be the crystalline hexagonal 
axis, or c-axis, we find 

t= 2453 

Dee A pam 144s 2 ope ae ee 

lly oO 
As before, these sums have been evaluated by direct summation over the ions 
inside a sphere radius a\/10, and by an integration for the ions outside. ‘The 
g-values of many of the rare earth ions in the ethylsulphates have been measured, 
and the results of fitting these values into the formula for the entropy (eqn. (16)) 
are given in table 1. 


Table 1 
Ion a(A) ray gy S 14k Reference for g-values 
Ce 14-048 3-80 0-2 9:67x10-° Cooke, Whitley and Wolf 1953 


Nd 13-992 8539 2-073 8-95 10R2 Bleaney, Scovil and 'Trenam 1952 
Sm — 13-961 0-602 0-587 cee Ome Bogie: 1052 
Er SEO Te 1-47 8°85 3-2 x10-* Bleaney and Scovil 1951 


* Value obtained by interpolation from the measured values for the other ions. 


S’T?/R has been measured for only two of these salts, certum ethylsulphate 
and neodymium ethylsulphate. ‘The method of de Haas and du Pré (1939) 
was used in each case. The value for cerium ethylsulphate (Cooke, Whitley 
and Wolf 1953), 56x 10°, is far too large to be explained on the basis of this 
theory of magnetic dipole-dipole interaction. On the other hand, the contribution 
of interactions to S’7T?/R in neodymium ethylsulphates has been deduced, from 
measurements on samples made from neodymium of unnatural isotopic 
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composition, to be 8-85 +0-25 x 10-5 (Roberts, Sartain and Borie 1952). This 


is in agreement with the calculated value of 8-95 x 10~°. 


(ii) Two Dissimilar Ions in the Unit Cell—the Tutton Salts 


This isomorphous series of salts has the formula M’XO,.M,'XO,.6H,0, . 


where M” is a divalent metal, one of Mg, Ti, V, Cr, Mn, Fe, Co, Ni, Cu, Zn, Cd, 
and is responsible for the magnetism of the salt; M’ is a monovalent metal, one 
of K, Rb, Cs, Tl, (NH,), and X is one of S, Se, Cr. The external morphology 


has been described in a series of papers by Tutton (1905, 1913, 1916) and the | 
structure has been evaluated by Hofmann (1931). The unit cell is monoclinic, | 
and its dimensions vary slightly from one salt to another; however, the lattices | 
of all the salts of the series approximate very closely to one with a:b:c=1-47:2:1, | 


the b-axis perpendicular to the ac plane, and the angle 8 between the a and ¢ axes 
106°. This representative lattice will be used throughout, and the length of the 


c-axis, 6-20 A, will be taken as the unit of length. The paramagnetism of the salt 


is due to the divalent ions, of which there are two dissimilar kinds, type A at 


(0, 0,0) and type B at (4,4,0). The three mutually perpendicular principal 
axes of susceptibility are denoted by K,, K, and K;: K; coincides with the b-axis 
and K, and K, lie in the ac plane. The angle between c and K, is denoted by # 
(see figure). In the K,K; (i.e. K, 6) plane lie two axes T, and T, which each 


make an angle « with K,; the angles % and « vary considerably from one salt to 
another. ‘The g-tensor of each ion has (at least to a first approximation) axial 
symmetry, the axis being 7, for the ions situated at (0, 0,0) say, and 7, for 
those at (3, 3,0). ‘The principal values of g are the same for all ions, and will 
be denoted by g along the appropriate T axis and by g, at right angles to this 
axis (Bleaney, Penrose and Plumpton 1949). 


Take as axes (x, y, 3) the principal axes of susceptibility (K,, Ky, Ks) 


respectively. ‘I'he values of the non-vanishing elements of the g-tensor referred 


to these axes are* 
= 2 ee a 
§ xx Ei COS 4% +2, SIn* % Go2 = 8 Sin” & +g, COs? a 
Sy =81 8 az =Se0= +(2n—#8,) cosasina, 


*'The symbol g is commonly used also for the spectroscopic splitting factor. When | 


an external magnetic field is applied along a principal axis of the g-tensor, the spectroscopic 


splitting factor has the same numerical value as the appropriate principal value of the | 
g-tensor. ‘The spectroscopic splitting factor has, however, a different transformation law, 


g?= gi? cos® 0+," sin? 0. 


SS ee ee ee eee 
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the + sign depending on whether the ion is type A or type B. The elements 
Pj. of the interaction tensor between ions 7 andj can be written down, assuming 
for the time being that the interaction is pure magnetic dipole-dipole interaction 
and using these g-values. It is then found that 


1 
Pjap-Pijces =e r.6 5s eve, “ex a oP ee a Pe a oe, | =e 28 aa 8 oe + £2)"} 
cm] 
I 9 2 9 
4 6 rr 8 {x72 soa” ee le Peo Das gets + Vi ouy 
i) 


+ 249 L( Sen" ee ae a ACE tee eey } 1 70 oo Lee (Sae Se) 


eevey Sua + 3 i¢'(Lee TS we We = 36 fe sig oop "(256 a Boia 
In the expression above, the positive sign is to be ceva if the ions 7 and 7 are of 
the same type, and the negative sign if the ions are of different types. ‘Terms 
containing z or 2° as a factor have been omitted since, on account of the crystal 
symmetry, these vanish when the summation over pairs of ions is made. ‘This 
expression is independent of the sign of g,,, and thus depends on whether the 
ions 7 and j are of the same or different types, but not on the type of the ion 7. 
When this is summed over all pairs of ions, various lattice sums occur, 


ae sige 
a ie Ome Dy 

where the suffices A and B indicate the type of ion 7 and j, the first referring to 
ionz and the second toionj. It is seen that, owing to the symmetry of the lattice, 
L444 =Lpp and X4,=Xg,4. Hence the sums over two sets of pairs can be replaced 


by V/2 times the same sum for a typical ion 7 over the same range of values of /, e.g. 
Urn) tome NE rere 


“4B > — + +BA > ABT 6° 
(i) ris° (ii) Aue Dongs” Tae 
Substituting also for g,,, 2, £2, and g,, the formula for the entropy then becomes 
Ne a oh ; i 
4 Fs Sg,4 Us Y 2 ie 2\2 2 hoes UI eae 
3) isu +48 (1° —,")” Cos* « sin® a 52 
R 64R2| & 1 is +78 


4 2 
+ (gi? cos? « +g," sin? «)* (92,54, — 64, it) 


i] tj 


a) oH) 
2, Hy Vag 1097 
+ 18(g),? cos? «+ 9,° sin? 0) 8 D4 9 ces Ghd) 
2y 2 
Jaf Pa 


+ 18(g,? sin? « +g," cos” a)g)°21, 7,439 


+ 18(g)? cos? « +g," sin? «)(g,? sin”? « +g," cos” «) 


Qe 2 
] 2 PN otear a2 2 
le + (2° —£)")* sin? « cos* « 

1 x 2 Ne. 
= , > ij 
Ky oe oe 36 y 

t. 6 Yr. 8 7.2 Vs 

oy) aj cH) i) 


where X, denotes X44 + Uz. 
j j 
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It is not convenient to evaluate these sums directly, since neither the x-axis: | 
nor the y-axis coincides with one of the crystallographic axes; and since the — 
sums evaluated for one particular salt would be inapplicable to any other salt 
with a different value of js. Instead, various lattice sums are evaluated with | 
respect to a new set of axes («’, y’, 2’) where x’ and 2’ coincide with a and 6 
respectively. The sums referred to the («, y, 2) set of axes can be obtained from | 
these using the transformation : 


x =x’ cos (%— 106°) +-y’ sin (4 — 106°) 
y=y' cos(¢— 106°) x’ sin(k— 106°) po. Sees (18) 


os. 


The 14 sums listed in table 2 are needed; only nine of these are independent 
for there are several relations based on Pythagoras’ theorem, e.g. 


Lx? + Diy" gi etl? Db 7h, ae Ee eee (19) 
Table 2 
Type of 
sum 
= Daa Lap x, x 
unction j d 
summed 
BS 2:505 1:798 4-303 0-708 
soheiicae 1-958 0-287 2°245 1-671 
PSN ae 0-086 0-990 1-075 —0-904 
ny aig t8 1-763 0-123 1-886 1-541 
Bre 0-073 0-583 0-656 —0-510 
Bye Nps 0-008 0-112 Ont2T —0-104 
Pa bai 0-454 —0-038 0-416 0-492 
were 0-013 —0-023 —0-010 0-036 
yelp? 0-465 —()-021 0-445 0-486 
x’2/r8 0-461 0-520 0-982 —0-059 | 
ey pre —(0-024 0-006 —0-:019 —0-030 | 
Pie 0-271 0-174 0-444 0-097 
¢/2qy"2 /p10 0-186 0-052 0-238 0-134 : 
ne ae Pyke 0-004 0-295 0-299 —0-290 


The unit of length in these sums is the length of the c-axis which may be taken to be 6:20 A. 


Using the unit cell described at the beginning of this section, the various lattice 
sums can be worked out. ‘These are given in table 2; those in the rectangle at 
the top left-hand corner have been worked out directly, and the rest deduced 
using the relations such as (19) between the sums. No account has been taken 
of the ions outside a sphere of radius c\/10 in the evaluation of these sums. | 
The error introduced into the specific heat by neglecting these ions is about 3%.. 
It is hardly justifiable to attempt greater accuracy, on account of the other 
uncertainties in the problem. ‘The procedure is now to calculate from these,. 
using the transformation (18), the actual sums required in any particular case, | 
and then to substitute these into eqn. (17) for S’T?/R. | 

Now it is known that exchange plays an important part in the properties of | 
the ‘Tutton salts; evidence for this lies in the ‘anomalously’ large specific heats | 
of some salts, coupled with considerable ‘exchange narrowing’ of the lines of 


: 
, 
: 
: 
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the paramagnetic resonance spectrum. Equation (17) can be expected to give 
a good estimate of the entropy only for salts where there is evidence that the 


exchange interaction is small. ‘This is so for two salts: copper caesium sulphate 


(Bleaney, Penrose and Plumpton 1949) and cobalt ammonium sulphate (Bleaney 
and Ingram 1951). The results of these calculations, and experimental values 
for comparison, are given in table 3. 


Table 3 
CuCs;(SOz)a. OHO Co(NHp(SO4)ae OHO 

of 114° (1) 130° (2) 
a 40° (1) 34° (2) 
cay 2-43 (1) 6°45 (2) 
gy 2:07 (1) 3:06 (2) 
S’T?/R calculated 0:62 x 10-4 6:14 «10-4 

hyperfine measured De SO (Sp) Si Ome | Omen) 

total measured DOS AMO 8) 19-2 x10-* (4) 


(1) Bleaney, Penrose and Plumpton 1949 
(2) Bleaney and Ingram 1951 

(3) Benzie, Cooke and Whitley 1953 

(4) Cooke, Whitley and Wolf 1953 


§ 7. 'THE SUSCEPTIBILITY 


The susceptibility is obtained from eqn. (3), the values of the coefficients 
in this equation being given by (4), (8), (9), (10) and (14). The coefficient of 
1/T in (3) comes from the second term of (8), and does not contain the interaction 
tensor; it is the familiar Langevin—Brillouin expression for the Curie constant. 
If the term in 1/7? is also considered, (3) is equivalent (to this degree of 
approximation) to a Curie-Weiss formula, for 

c c oS 
SRI Ae ie” 


is equivalent to 


c d 
X= pf aie pT? = ORO 
if ee d 1 Coefficient of H® in Spur (W®) 20 
= ae — 3k? ~-Cuneconstant x opur(l). sea. (0) 


Hyperfine splitting contributes neither to the Curie constant c nor to the 
Curie-Weiss A, neither in the absence of interactions (Bleaney 1950) nor in their 
presence, since mixed terms do not occur in Spur(W7”) or Spur (W*). ‘The first 
term which indicates a departure from a Curie-Weiss law is that in 1/7*; its 
coefficient contains an interaction term (10) and, in general, a hyperfine splitting 
term. ‘These terms will not be considered further. 


The Curie-Weiss A 
For simplicity we will first consider the case §6.1; i.e. all ions identical 
and a g-tensor with symmetry about the z-axis. Let there be pure magnetic 
dipole-dipole interaction, and let the susceptibility be measured along the 


g-axis. Then 1 


Na 3Rc 6% Pijap Ria Rip 


eo zis 53 23 -324}. 
im 8k2c a) r;;° ee 
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Now it is possible to replace Ly) by NX; only if &, for each zis the same. This 

is certainly so if &, is rapidly convergent (as in the case of sums occurring in the 

expression for the entropy, eqn. (15)), but here X(r?—32")/r? converges like 

{(7? —322)dr/r3, i.e. it is only conditionally convergent since both fdr/r and — 
fz? dr/r are each divergent. Thus the finite sum %,(7,7—3z,/ Nig 5 is not, in 
general, independent of the ion7; but it is for certain shaped specimens, namely 
spheres, spheroids, and ellipsoids (Van Vleck 1937), and for these X;,)=5NX,. 
We shall consider only spherical specimens, and shall consider the ion 7 to be the 
ion at the centre. Let the sum %,(1/r,,3—32,,7/7,;°) be computed by adding 
consecutive spherical shells centred on 7. ‘Then for shells of large radius the 
contribution of each shell can be replaced by an integral over the shell, and is 


1 [| (1 —3.cos* 6) sin 0 a dp = 0 | 


where V is the gram ionic volume and @ and ¢ are spherical polar coordinates 
for the shell. Hence 
Ae eles Bek > 32,7 Taf 1 
hotanpee ape ies EY OE era (21) 
where the sum is taken over the inside of a sphere so large that the contribution : 
of the next spherical shell is negligible. ‘The Curie-Weiss A in the perpendicular 
direction A, is given by a similar expression. ‘The value of A in any other 
direction can be obtained from the fact that the transformation law for cA is 
exactly the same as that for the susceptibility. In this particular case it is easily 


seen that 
Au 


d that f d 
an at for a powder git, 


&u'(gu" + 221”) 
It is well known that A=O for a specimen with a cubic lattice—this is the basis 
of the derivation of the Lorentz interaction field—but this is not so in general 
for a specimen with a non-cubic lattice. 
In the case of the Tutton salts, using the notation of § 6 (ii), it is found by similar 
reasoning that 
ea penis: Pits 3%," — 7, 
A, = a4 (gi? cos? « +2,7 sin? «) Y, —4+—+ 
ay 4k Ki abel ) om r,,° 
(gi? —g,”)? cos? « sin? « s 32,77 — yj" 
(gu Cos* ag," Sina). ame 


2 Rear ae | 
2 Pa Vij Ble MS 
A, = 4k ith Pe © eevee s (22) 
. 5 
: oo teat | 
(ers: Ps *'sin” & =o COS" &) 2 a Y | 
Zz 4k [su Bi dy re 
(gi? —g,")? cos? asint« | 3x? —7,,? | 
fil fi Vy | 


where the sums are again taken over the inside of a large enough sphere. | 
In order to check these formulae against experimentally measured values, 
comparison should be made only for salts where it is reasonable to suppose that 
the interaction is predominantly due to magnetic dipole-dipole coupling. This 
appears to be so for cerium magnesium nitrate, neodymium ethylsulphate, and 
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copper caesium sulphate, of the salts yet investigated. The Curie-Weiss A 
would be expected to be quite small and tedious to compute in the case of cerium 
magnesium nitrate, since the lattice of this salt is simple cubic only slightly 
distorted. Although copper caesium sulphate exhibits very nearly the specific 
heat to be expected on the basis of pure magnetic dipole-dipole interaction, its 
susceptibility temperature curve does not follow Curie’s law (Benzie and Cooke 
1950), and thus it is not the most suitable substance to use as a test of theory. 
In addition, Benzie and Cooke were unable to measure the Curie-Weiss A for this 
substance. The relevant lattice sum, %,(32,,?—7,;7)/7,°, has therefore been 
evaluated for the ethylsulphate lattice. ‘The value obtained is 18-7 x a* taken 
over the inside of a sphere radius a\/10. The values obtained for the Curie— 
Weiss A for neodymium ethylsulphate are as follows: 


A, =0-013°K, A, = —0-002°x, A powder = 0°007°K. 
A value of A for a spherical powder sample of neodymium ethylsulphate has been 
obtained by Roberts, Sartain and Borie (1953) and is 0-013 + 0-005°K. 


§ 8. CONCLUSIONS 


This theory, which is an extension of Van Vleck’s original theory of dipole— 
dipole interaction, provides formulae for calculating the entropy and susceptibility 
of a paramagnetic provided the nature of the interaction between the dipoles is 
known. In particular, it is shown that the contribution to each of these quantities 
from interaction and hyperfine splitting are additive as far as the term in 1/T°, 
and that there are contributions to the susceptibility from hyperfine splitting 
which are shape dependent and yet are not included in the Curie-Weiss A. 

In the case of magnetic dipole-dipole interaction, detailed formulae are given 
for the entropy (eqns. (16) and (17)) and for the Curie-Weiss A (eqns. (21) and 
(22)) for salts with one ion in the unit cell, and for the Tutton salts. 

When comparison is made between the calculated and experimental values 
of the specific heat (or entropy) assuming pure magnetic dipole-dipole 
interaction, it is found that, although some salts (e.g. Ce,.Mg3(NO3),..24H,O, 
Nd(C,H;SO,)3.9H,O, CuCs,(SO,),.6H,O) fit the theory well enough, the 
majority of salts show a much larger specific heat than can be accounted for only 
by magnetic dipole-dipole interaction. Exchange interaction is undoubtedly 
an. important factor in most salts, as is shown by other evidence, such as the 
narrowing of paramagnetic resonance absorption lines, and a large Curie-Weiss A. 
In hydrated salts like those considered here, the exchange interaction is most likely 
to occur through the intermediary of intervening atoms as suggested by Kramers 
(1934), and is not necessarily isotropic in character. It should be noted that, 
although the contributions to the specific heat from isotropic magnetic dipole 
interaction and isotropic exchange are additive in the 1/7* term, this is not so for 
anisotropic exchange, nor for anisotropic magnetic dipole interactions (Opechowski 


1948). 


Although the entropy and susceptibility can be calculated if the interaction 
tensors are known, it is not possible to calculate the elements of these tensors from 
measurable quantities such as the specific heat and the Curie-Weiss A’s. In 
particular, complete information about the exchange interaction between ions 
cannot be determined. This is because the unknown elements are more numerous 
than the measurable quantities, even though the number of independent tensor 
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elements is reduced on account of crystal symmetry (Opechowski 1948). Any 
other assumptions (e.g. isotropic exchange, or nearest neighbour interaction only | 
would require careful justification in the light of present knowledge. 

Finally, this theory can be applied to nuclear paramagnetics in the appropriate 
temperature range, when the interaction is due to magnetic dipole coupling. The — 
analogue of the Stark effect in a nuclear paramagnetic is the interaction between | 
the nuclear electric quadrupole moment and the orbital electrons. This can be 
so large as to leave only the lowest hyperfine doublet populated over a range of | 
temperatures for which this theory is applicable. As an example, many covalent | 
iodine compounds have a quadrupole splitting which, for '°"I, is of the order of 
0:02°x x k between the lowest two hyperfine doublets. This hee should then | 
apply at temperatures of the order of 0-001°K. | 
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Abstract. ‘The photodisintegration processes splitting the nuclei '{C and ‘SO 
completely into alpha-particles have been studied in some detail by the 
photographic plate method. It is found that, for energies below about 25 Mev 
resonances occur in the excitation functions, indicating that a compound nucleus 
interpretation may be valid. These results, and also certain data of Green and 
Gibson concerning the inelastic scattering of neutrons in carbon, are related to 
excited states of the nuclei '2C and {Be as intermediate stages in the various 
processes. Levels in '2C at 9:6 mev and 11-:3+0-3 mev occur and these yield 
first an alpha-particle and {Be in the ground state, while a third level in 'C near 
12 mev is found to yield {Be in the broad 3 Mev excited state. Other levels in 
jBe at 4-1 Mev and 17 Mev, disintegrating into two alpha-particles, are found as 
intermediate stages in these reactions. 


§ 1. INTRODUCTION 


ISINTEGRATION of those light even—even nuclei which consist of 
multiples of the extremely stable «-particle unit 3He may be expected 
to proceed in some cases by the emission of one or more «-particles, 

The nucleus {Be is, in fact, unstable in the ground state with respect to 
dissociation into two s-particles. The excited states of {Be also lead to the 
production of two s-particles where the levels are characterized by even parity 
and even total angular momentum. Other levels in {Be are believed to lose their 
energy either by emission of y-rays (as in the case of the well-known level 
17-6 Mev above the ground state) or by emission of protons or neutrons. 

The next stable even—even nucleus is 'SC, and experiments with fast neutrons 
and energetic y-rays have shown that this can be split into three «-particles. 
It remains to be determined whether this is a process of direct tripartition 
(as suggested by Chastel 1951) or via various even-parity, even-momentum 
levels of {Be, as suggested by Goward, Telegdi and Wilkins (1950). 

The nucleus '$O0 can also be split up by energetic y-rays to give four 
z-particles (Goward and Wilkins 1950). It is conceivable that this reaction 
may proceed (a) by direct quadripartition, (b) by the creation of two unstable 
‘Be nuclei, or (c) via excited levels in '{C and possibly {Be also. 

Experimental methods used in the study of these disintegrations include the 
inelastic scattering of light particles and direct photodisintegration, either by 
monoergic y-rays from a lithium+ proton source or by bremsstrahlung from a 
betatron target. Most of the published results have been obtained by using 
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photographic plates to record the tracks of particles produced when y-rays split 
up carbon and oxygen nuclei present in the photographic emulsion. ‘These » 
tracks form ‘stars’ apparently radiating from the points of disintegration, because ; 
all the processes under investigation occur within a very short interval (less. 
than 10-4 second). This fact introduces certain difficulties into the task of 
identifying intermediate stages in the reactions. 

The following reactions are discussed in ensuing sections: 

(1)siBe > 2 $He + 0-1 Mev 

(2) 4C+ hv->3 3He—7-3 Mev | 

(3) 2C+1n +4n’ +3 $He—7:3 mev | 

(4) 80 + hy 4 $He— 14-4 mev. | 

Information about reaction (1) is summarized in the review by Ajzenberg; 
and Lauritsen (1952). 

Reaction (2) has been studied in detail by Goward, 'Telegdi and Wilkins (1950), , 
by Chastel (1951) and by Eder and Telegdi (1952). Some of their results are 
compared with our own in §2 of this paper.* Reaction (3) was studied by Green) 
and Gibson (1949)+, whose results have been re-examined and re-calculated by ' 
the present authors, and certain new deductions from their data appear in §3., 
Reaction (4) was investigated by Goward and Wilkins (1950, 1952), by Millar j 
and Cameron (1950), and by Livesey and Smith (1952); a fuller discussion of § 
the available results is presented in §4. 

The theoretical treatment of these reactions has not proceeded very far, | 
although Haefner (1951) has recently discussed the excited states of {Be and 1<C. | 
A major problem is to decide whether the compound nucleus interpretation of | 
such high-energy processes is valid. A great deal of experimental information} 
is required concerning the nature of the excitation function of each reaction and} 
the angular momenta and parities of the various nuclear levels involved. Some of | 
this information may be obtained from simple experiments of the type described | 
here. This paper summarizes the results obtained from a series of photographic } 
plates exposed to bremsstrahlung of maximum energies between 26 Mev andj 
32 Mev, produced by the beta-synchrotron in the Department of Radio- 
therapeutics at Cambridge. ‘The plates used were of the Ilford C2 and E1 types, | 
developed in the usual way, and examined by two observers using microscope4 
magnifications between x 750 and x 1500. | 


| 
1 
| 


§ 2. PHOTODISINTEGRATION OF '2C INTO THREE ALPHA-PARTICLES 


This reaction was established by Hanni, 'Telegdi and Ziinti (1948), who used 
monoergic 17-6 Mev y-rays from a lithtum+ proton source. At higher energies, | 
bremsstrahlung may be used, but these x-rays have a continuous spectrum] 
extending from zero energy to the maximum energy of electrons striking thei 
target. "The energy of the photon responsible for a particular triple «-star in aj 
photographic plate may be calculated by adding 7:3 Mey to the sum of the «-particles 
energies, provided that there is no loss of energy by re-emission of a y-ray or} 
other processes. ‘That such energy loss is very unlikely in the x-ray regio | 


* Later results by Goward and Wilkins in Atomic Energy Research Establishment 
Report G/M 127 (1952) became available after this paper was prepared for publication. 

t+ Weare very grateful to Drs. Green and Gibson for permission to use their experimentah 
results. | 
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investigated is shown by the following considerations: (a) one can examine the 
variation of yield in plates irradiated with bremsstrahlung of different maximum 
energies: in every case the maximum calculated photon energy agrees closely 
with the energy of electrons striking the target; (b) the calculated lifetimes of 
excited nuclei with respect to y-ray emission are long compared with those for 
disintegrations into separate particles, where such disintegrations are possible ; 
(c) in those stars which can be measured most accurately, the vector sum of the 
%-particle momenta always agrees in magnitude and direction with the calculated 
momentum of the incident photon, within the limits of experimental error. 

The latter condition has been used as a criterion for acceptance of stars as due 
to a particular reaction (cf. Goward and Wilkins 1950). In these experiments the 
plates were exposed at right angles to the bremsstrahlung, so in the directions 
OX, OY (in the plane of the plate) the net momentum should be zero, while the 
excess momentum in the OZ direction should agree with the calculated photon 
momentum. In 146 observed triple stars, the excess momentum* was within 
2 mass-Mev units of the expected values in the three directions, and these stars 
were ascribed to the reaction: 


12C + hv 3 $He. 


About half of the stars satisfied the more rigid criterion of having a net excess 
momentum within 1 mass-Mev unit of zero, and these stars only were used for 
detailed analysis. ‘The accuracy of the estimated photon energies is limited by 
errors in range measurements, by uncertainties in the range-energy relation for 
low-energy «-particles (see Rotblat 1951, Catala and Gibson 1951), and by other 
factors. A very complete treatment of this problem has been given by Wilkins 
(1951, 1952). We estimate that the calculated photon energies should not be in 
error by more than 0-5 Mev. 

The total yield curve for the 146 stars is shown in fig. 1, which represents 
numbers plotted against photon energy at intervals of 0-5 Mev, so that in this 


10 15 20 25 30 
Photon Energy (Mev) 


Fig. 1. Yield Curve for #C-—3*He. 146 stars. 


histogram no corrections have been applied to obtain the true shape of the 


excitation function. Nevertheless, the chief feature of the curve may be distin- 
guished as a broad peak, between marked minima near 14 Mey and 20 Mev, similar 
to that reported by other authors. Goward and Wilkins (1952) have given evi- 
dence that the peak actually consists of overlapping resonance peaks. We find 
in fig. 1 that there is also a suggestion of a subsidiary peak between 11-5 and 
13-5mev. Small peaks occur in the same region in histograms published by 
Wilkins and Goward (1951 a) and by Eder and Telegdi (1952). In the light of 


* Momentum calculated as (2mE)"/?2 with mass number m and energy F in Mev. 
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evidence presented in §§3 and 4, this may be very important in helping to settle 
the question whether the observed peaks in the excitation function correspond to 
definite excited states in '2C. | 
We find from these results that the excitation function for this reaction — 
probably exhibits resonance effects in the region below 20 Mey, and that there is _ 
some evidence for a peak at 12-5 +0-5 ev. ‘These resonance effects are important 
in attempts to elucidate the actual mode of disintegration of the excited ';C nucleus _ 
because different excited levels may give rise to different modes of disintegration. — 
However, until the various peaks can be more clearly resolved (as is possible with | 
the data for 1$O in § 4), the behaviour of each group cannot be determined with any | 
certainty. | 
The problem of identifying particular modes of disintegration is rendered | 
difficult, not only by non-resolution of resonance peaks, but also by the quasi-_ 
instantaneous nature of the process and the fact that the three products are similar 
particles. Experiments with 17-6 Mev y-rays by Hanni, Telegdi and Ztinti (1948) 
have shown that, at this energy, most of the disintegrations proceed via the broad 
excited level at 3mev in {Be. The stars produced by bremsstrahlung can be 
analysed by taking the «-particle tracks in pairs and calculating, for each pair, 
the excitation energy (denoted here by f) of a possible intermediate {Be nucleus. 
For each star three values of fare obtained, and of these only one may be significant, 
i.e. the ‘significance ratio’ S is 1:3 at the most. If a histogram of all possible 
f-values be plotted, as in fig. 2, we shall expect to find a continuous distribution due 
to non-significant values with superimposed peaks corresponding to any states of | 
{Be operative in the reaction. 


20 


10 


0 5 10 15 20 
8Be Excitation Energy (Mev) 


Fig. 2. Excitation energies of ®Be in #C stars.. S=1:3. 65 stars. 


From fig. 2, the following deductions may be drawn concerning the occurrence | 
of intermediate {Be nuclei in the reaction: 

(a) A-small group of stars with f-values below 0-5 Mev presumably involved | 
;Be nuclei in the ground state. Such /-values could arise by chance, but we have | 
ascribed four stars out of the 65 stars analysed to the ground state after studying | 
their mode of occurrence, and these four stars are shown shaded in figs. 1 and 2. 

(b) A major peak occurs in the region between 2 Mev and 4 Mev, and this is too 
large to be a chance effect. It seems certain that the broad 3 mev level is respon- 
sible for many of these stars, and it is possible that the level already reported at 
4-09 Mev in {Be (see Ajzenberg and Lauritsen 1952) may also be involved, as the. 
peak is not symmetrical about 3-0 Mev. | 
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(c) At higher energies, a third definite peak occurs at 17 Mev and it is known 
that there is probably an even-momentum, even-parity level in this region, apart 
from the well-known odd-momentum level at 17-6 Mey. 

The three principal peaks mentioned here agree closely with the results of 
Wilkins and Goward (1951b). 

A further consistency test can be applied to these experimental results, 
provided that the f-value histogram exhibits definite peaks. One can test a given 
interpretation of the disintegration by seeing whether it accounts for every star in 
a suitable energy group. With this criterion we find that 57 out of the 65 stars 
analysed give at least one f-value in the ranges 0-0-5Mev, 2-0-4-5 Mev, 
16-0-18-Omev. ‘The remaining eight stars yield 24 f-values, a number insufficient 
for full analysis. 

One may also attempt to relate different modes of disintegration to the different 
peaks occurring in the yield curve, fig. 1. The four shaded stars do not, however, 
occur at a single energy. The 3 Mev level in {Be occurs over a wide energy range 
of fig. 1, up toabout 25 Mev. Above this energy, it becomes energetically possible 
for the {Be to be formed in the 17 Mev excited state, and this mode accounts for 
most of the stars between 25 mev and 30mev. It is difficult to draw definite 
conclusions concerning the small group of stars near 12-5 Mev in fig. 1, but all 
these stars show evidence of the 3 Mev level in {Be. 

Another approach to the problem of identifying modes of disintegration lies in 
plotting the angular distribution of the product particles. Unfortunately it is 
difficult to obtain significant distributions unless one can certainly identify the 
particle first emitted in each star, and this is only possible for a very small number 
of the stars considered here. 


§ 3. DISINTEGRATION OF CARBON BY INELASTIC SCATTERING OF NEUTRONS 


Green and Gibson (1949) have reported measurements on triple stars observed 
in photographic plates exposed to the high-energy neutrons from a lithium target 
bombarded with deuterons. ‘These stars are ascribed to the reaction: 

12C + in jn’ +3 $He —7°3 Mev. 

More detailed analyses have been carried out to discover the mode of disintegration. 
The compound nucleus '{C formed by the incident neutron may break up by 
emitting first a neutron, or an «-particle, or the unstable nucleus 3He. Of these 
only the re-emission of a neutron, corresponding to inelastic scattering, gave new 
results of significance. ‘The excitation energy of the 'SC nucleus left behind was 
calculated for 84 stars, and the histogram obtained is shown in fig. 3. ‘These 
calculations should give a random distribution unless definite levels in 'SC are 
involved. In fact, two peaks are observed, and the first of these is close to the 
known level at 9-6 Mey, which is known to yield an «-particle and {Be in the ground 
state. [hat this is the correct interpretation of the first group of stars (group A) 
is shown by calculating the possible {Be excitation energies for the 14 most 
accurately measured stars in this group. Figure 4(a) is a histogram of such 
f-values derived from the «-particles taken in pairs. It is seen that, in addition to 
a broad peak due to non-significant pairs, there is a sharp group with f <0-5 Mev, 
corresponding to the ground state in {Be. Moreover, 12 of these stars have one 
f-value <0-2 Mev, and the two remaining stars each have one f-value at 0-5 Mev. 

The second peak observed in fig. 3 (group B) is less well defined than the 
9-6 Mev peak, and it may be part of a continuous distribution due to non-significant 
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values. Analysis of the possible {Be f-values calculated for 14 stars in this group 


(fig. 4(6)) shows that the ground state {Be nuclei do not occur in appreciable — 


numbers, and no definite peaks occur in the histogram. It may be that the broad 


level at 3 Mev in $Be is involved, but is masked by the continuous distribution of — 
non-significant values. | One can only tentatively conclude that a possible mode of | 


disintegration of these stars is via a level in '%C at 11-8 + 0-6 Mev and the broad 
level at 3 Mev in {Be. 


15 crue 
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"C Excitation Energy (Mev) ®Be Excitation Energy (MeV) 8Be Excitation Energy (Mev) 
‘Fig. 3. Excitationenergies of 2C Fig. 4. Excitation energies of *Be in stars from the 
in the reaction #C (n, n’) 34He. reaction !2C (n, n’) 34He. (a) Group A, 
84 stars. (6) Group B. S=1:3. 14 stars in each. 


§ 4. PHOTODISINTEGRATION OF '80 INTO FouR ALPHA-PARTICLES 


This reaction has been studied in some detail by Goward, ‘Titterton and Wilkins 
(1949), by Goward and Wilkins (1950 and 1952), also by Millar and Cameron 
(1950); and the present authors have published a brief report on resonance effects 
in the yield curve (Livesey and Smith 1952). In a series of plates exposed to 
bremsstrahlung of maximum energy 32 Mev we have observed 79 quadruple stars 
which are ascribed to this reaction after calculations of the momentum balance 
asin§2. ‘The yield curve is shown in histogram form in fig. 5, and this is seen to 
display at least three peaks. A broad group occurs in the energy range 19—23-5 Mev, 
a sharper peak occurs close to 25 Mev, and there are possibly two peaks in the region 
27-30 Mev. Rather similar results have been published by Goward and Wilkins 
(1952). ‘The good resolution of the groups in fig. 5 enables one to divide the data 
easily for further analysis. 

A notable feature of these stars is the frequent occurrence of pairs of «-particles 
apparently derived from {Be in the ground state, as shown by f-values of less than 
0-5mev. In this category 22 stars have been observed: they all belong to the 
first peak in the yield curve, and they are shown shaded in fig. 5. These stars 
have been analysed in detail and, as Goward and Wilkins have reported, there is 
no evidence that the process involves the creation of two unstable {Be nuclei. 
We have therefore calculated the possible '2C excitation energies, which are shown 
in histogram form in fig. 6, where only one half of the data can be significant. 
In this diagram there is some slight indication of a group near 9-6 Mey, and, 
allowing for experimental error, 16 of the 22 stars could be explained as being due 
to the known level at 9-6mev. But, as fig. 6 shows, there are rather stronger 
indications of an excited state at 11:3 + 0-3 Mev, and this is certainly required to 
explain the remaining six stars. One can also calculate theoretically the possible 
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a-particle energies, taking a typical photon energy of 22 Mev, and disintegrations 
pvolving two possible excited states of '{C at 9-6 Mev and 11-3 Mev, both yielding 
4Be in the ground state. Facsimiles of such stars, with different angles of emission 
of the «-particles, are shown in fig. 7, where in every case «, refers to the a-particle 
first emitted. The distinguishing feature is that in the 9-6 Mev case the energy 
of x, exceeds the total energy of the other three «-particles, and the «, track is 
therefore very prominent, whereas in the 11-3 Mev case «, is less energetic and 
more symmetrical stars can occur. Stars of both types have been observed, and 
we find that each of the two ';C levels considered accounts for approximately half 
of the stars involving {Be in the ground state. 


10 


25 30 33 7 10 1S 
Photon Energy (Mev) "C Excitation Energy (Mev) 
Fig.5. Yield Curve for *O 4*He. 79 stars. Fig. 6. Oxygen stars involving 


ground state "Be: "C excita- 
tion energies. 
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Fig. 7. Star facsimiles produced via excited levels in #?C at (a) 9-6 Mev and (b) 11-3 Mev. 


Proceeding to a consideration of the remaining stars, we found it advisable to 
apply detailed analysis only to those which satisfied the more rigorous criterion 
mentioned in §2, namely, that the net excess momentum was within 1 mass-Mev 
unit of zero in each of the three directions OX, OY, OZ. In the low-energy 
group of fig. 5, nine stars satisfied this condition, and for these all the possible 
1C excitation energies were calculated. The results are plotted in fig. 8 (a), where 
the significance ratio is 1:4, and the average non-significant value for random 
events is shown by an arrow. ‘There are indications of a peak at 12:0 + 0-3 Mev 
and the consistency test shows that all the nine stars have at least one value between 
11-0and13-Omev. The {Be f-values were also calculated and are shown in fig. 9 (a), 
but here the significance ratio is only 1:6 if the process occurs via '{C and {Be 
excited nuclei, and the average random f-value is 2:5 Mev, which is close to the 
broad 3 Mev level in {Be. We can only conclude that the 3 Mev level is probably 
involved, derived from the presumed 'ZC level at 12-0 + 0-3 Mev. 
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The sharp peak at 25 Mev in the yield curve of fig. 5 consists of 16 stars, and 
nine of these satisfied the criterion for detailed analysis. The calculated excitation _ 


energies for a possible intermediate '{C nucleus are shown in fig. 8(b), and the 


f-values for 8Be in fig. 9(6). ‘There is no indication of a definite level in ‘$C, but _ 


the §Be f-values display a distinct peak at 4-3+0-2mev. The consistency test 


shows that all these stars possess one f-value between 3-9 and 4-7 Mev, and it is | 


probable that the reported level at 4-09 Mev (see Ajzenberg and Lauritsen 1952) 
is responsible for this result. We conclude that the stars produced by photons 


of energy 25-0+0-3 Mev are formed via an intermediate {Be nucleus with an | 


excitation energy of 4-3 + 0-2 Mev. 


Finally the high-energy group in the yield curve, fig. 5, may possibly consist of — 
two peaks at 28 Mev and 30 Mev, but for detailed analysis we have regarded this as _ 
one group, and the '3C excitation energies and the {Be f-values are shown in | 


figs. 8(c) and 9(c) respectively. There is no clear evidence of a ‘GC level here, — 
but a peak near 3-5 Mev in fig. 9(c) may be due to the broad 3 mey level in [Be. | 
The results would be consistent with a disintegration scheme via ‘ZC levels near 


16 mev and the 3 Mev level in {Be. 
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Fig. 8. Excitation energies of C in oxygen stars : (a) low energy group (excluding stars 
involving ground state *Be), (6) medium-energy group, (c) high-energy group. S=1 : 4. 
9 stars in each. 


§ 5. SUMMARY OF EXPERIMENTAL RESULTS 


Despite the limited number of stars examined in these experiments, the fore- 
going analyses show how the modes of disintegration of excited '{C and 80 nuclei 
may be related to the properties of {Be and '¢C as intermediate products. 

In §2 we showed that a considerable proportion of 'SC photodisintegrations 
proceed according to the scheme: 

13C* > SHe + SBe* 

*Be* > 2 $He 
Assuming that peaks in the yield curve, fig. 1, correspond to levels in the compound 
nucleus ';C, we may tentatively summarize the results as follows: 


12C level iBe level (even parity and momentum) 
12:5+0:5mev—> 3™mev 
One or | 15-0 
more to —+ 3mMmev 


levels [ 19-0 
Excitation >25 Mev — 17Mev 


EL SS a a ee a 


: 


Photodisintegration Processes in Carbon and Oxygen 697 
A few stars include {Be in the ground state as an intermediate product, and the 
4-09 mev level in {Be* may also occur. 
In §3 the following scheme was investigated : 
HC +in— in’ + 4C* 
C*— SRBe + 3He 
“Be 2 $He 
About half of the analysed stars were formed via the 9-6 Mev level in '<C and the 
ground state of {Be; the remainder may involve a '2C level at 11-8 + 0-6 Mev and 
the 3 Mev level in {Be*. 
In § 4 we found evidence for the following modes of disintegration of '80* : 


"80 level 12C level ‘Be level 


9-6 Mev —+ ground state 
22:5+1-0mev —> 11:3+0-3mev ——~ ground state 
12:0+0-3 Mev —~ (3 Mev) 
25-0 03 Mevee oa) — Ae Stee ee —> 4:3+40-2Mev 
27-30Mev —> (16mev) —~+> 3mev 
‘ (a) to (6) 
: 5 
0 5 8 4 $ 10 


ie eee ERTL ACY 8Be Excitation Energy (MeV) 


(Cc) 


10 
®Be Excitation Energy (MeV) 


Fig. 9. Excitation energies of *Be (other than ground state) in oxygen stars: (a) low- 
energy group, (6) medium-energy group, (c) high-energy group. S=1:6 for single 
®8Be occurrence. 9 stars in each. 


§ 6. DiscussION 


Experiments of this type have shown that the disintegration of these even—even. 
nuclei by high-energy y-rays proceeds in most cases by successive emission of 
«-particles rather than by direct partition. ‘The presence of well-defined resonance 
peaks in the yield curve indicates that the compound nucleus interpretation is 
valid, to some extent, for excitations not exceeding 25 Mev. Unfortunately the 
experimental conditions do not allow of great accuracy in resolving these peaks, 
so that identification of a given peak with a known level of the nucleus concerned 
is somewhat hazardous. Nevertheless, the successive stages of each disinte- 
gration process may be related to well-defined excited states of the intermediate 
nuclei, {Be and '2C. 

The Be levels concerned in these processes are those of types 0*, 2*, 4* etc., 
which can give two «-particles by quasi-instantaneous disintegration. ‘The ground 


state is almost certainly 0+, and various nuclear reactions indicate that the broad 
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level at 3mevis 2+. The high-energy photodisintegration processes in '§C yield 
the 17 mev level in $Be, the existence of which had been deduced from the experi- 
ments of Wilkins and Goward (1951b). A fourth level of {Be operative in 
photodisintegration is that at 4-09 mev, which occurs in the disintegration of 
180 by 25-0 Mev photons, and which must have even parity and even total angula 
momentum. 

These experiments have provided interesting evidence concerning excited 
states of '2C between the known level at 9-6 Mev and those near 16Meyv. Ther 
are clear indications of a level at 11-3 + 0-3 Mev yielding an «-particle and {Be in 
the ground state. Apart from this, the levels reported at 12-5 + 0-5 Mev in §2, a 
11-8 +0-6mev in §3 and at 12:0+0-3 Mev in §4 may be considered as the sama 
level, or a group of similar levels close together, since they all apparently yield 
“Be* in the 3mev state. Recently, Tittertont has reported levels at 
10-3 + 0-25 Mev, at 11-3 + 0-25 Mev, and at 13-0 + 0-25 mev as the results of experi- 
ments on the inelastic scattering of neutrons in '2C, but it will be seen that these: 
figures do not agree with the results of §3 which relate to similar experiments 
Johnson (1952) reports several new levels in '2C, at 10-8, 11-1, 11-7, 12-8 and 
13-3 Mev, but examination of his neutron spectra for the reaction '5B(d, n)'§CC 
shows that more detailed work is required in this region. We conclude that there: 
is at least one '§C level close to 12Mev which yields {Be* in the 3 Mev states 
Assuming that the latter state is 2+, it is a plausible contention that the ne leve 
is also 2+, in order to explain the preferred mode of disintegration as emission off 
an s-wave «-particle. Transition to the 0+ ground state of {Be would then require 
emission of a d-wave «-particle. In this connection, it is relevant to point out 
that the work of Telegdi (1951) on photodisintegration of '2C by 17-6 Mev y-rays 
leads to the conclusion that the '§C levels involved are probably 1+ or 2*, agains 
yielding the excited {Be* preferentially. 

The most french feature of the '$O data in §4 is the fact that the yield: 
curve (fig. 5) shows fewer peaks than the !2C yield curve (fig. 1), although the 
excitation energy is higher and a heavier nucleus is involved. It may be that the’ 
extra degree of symmetry possessed by the '{0 makes certain forms of photons 
absorption improbable, even at high energies. If the first broad level ‘at 22:5 Mev’ 
in fig. 5 represents a single '$O level, it must have three alternative modes of 
transition to levels in '§C, of comparable probability. On the other hand, 
further experiments may resolve the 22:5 Mev group into separate peaks. The peak 
at 25-0 Mev is more sharply defined than the others, and this may be due to photom 
absorption of a higher multipole type. It is possible that this group also differs 
from the others in its mode of disintegration, which may be of the type 


"80 + hv—> $Be* + $Be*. 


| 
| 
The two $Be nuclei would then be in different excited states, one of which is 
| 


found at 4:3 + 0-2 Mev. 
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The Pile Neutron Absorption Cross Sections of Bismuth 
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Abstract. The pile neutron absorption cross section of bismuth has been. 
measured as 30-8 +2:-2 millibarns. Also the activation cross section of bismuth. 
for the production of 74°Po has been measured as 20-5+1-1 millibarns. The 
difference between these two values, namely 10-3+2-5 millibarns, is claimed 
to be the activation cross section for the production of a long-lived alpha-particle 
emitting state of 71°Bi. 


§ 1. INTRODUCTION 


ATURAL bismuth has only a single isotope of mass number 209. Neutron. 
N capture by bismuth leads, therefore, to the production of 7!°Bi, which. 
is radioactive. *1°Bi decays by two methods, one being the well-known. 

decay scheme of RaE, namely 


210 Bj > 210Po 


5 day 140 day 


The other, more recently discovered, mode of decay (Newman, Howland. 
and Perlman 1950) is by the chain 


206Ph, 


, 206'T] Lieb de. 206 Ph, 
long lived 4-2 min. 


210Bj 


The neutron capture (n, y) cross section of bismuth will be the sum of the 
activation cross sections for the production of these two activities. We have: 
measured the pile neutron absorption cross section of bismuth and the activation 
cross section for the production of 71° Po. Since it can be shown that, in a pile: 
neutron spectrum, the (n, y) cross section must be very much greater than the 
(n, p), (n, «) and (n, 2n) cross sections, it follows that the pile absorption cross. 
section is almost identical with the (n, y) cross section. The difference between 
the pile absorption cross section and the activation cross section for the 
production of 7!°Po must therefore be the activation cross section for the 
production of the long lived alpha-particle emitting state in ?!°Bi (unless, of 
course, there are other undiscovered « or 8B modes of decay of *1°Bi). 


§ 2. ‘THE PILE NEUTRON ABSORPTION Cross SECTION OF BISMUTH 


The pile absorption cross section of bismuth was measured using the pile | 
oscillator method, which has been extensively described in the published literature | 


(Colmer and Littler 1951, Benoist et al. 1951, Langsdorf 1951, Littler 1950). 


The G.L.E.E.P. oscillator was used, and the absorption cross section of | 
bismuth was compared with that of boron. (We have consistently used am | 
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assumed value of 710 barns for the absorption cross section of boron, and all 
the bismuth cross section values quoted herein are based on this value.) 

Oscillation of any sample in the pile causes changes in the pile reproduction 
constant due to (Anderson et al. 1947) (a) the absorption of neutrons, (5) the 
scattering of neutrons, (c) the ‘slowing down’ or moderating effect on the 
neutrons. 

The scattering of neutrons affects the reproduction constant whilst the sample 
is in motion, but not when the sample is outside or at the centre of the pile. 
Its effect can therefore be reduced by reducing the fraction of the total oscillation 
period during which the sample is in motion. By this means we were able to 
make the scattering effect negligible compared with the absorption effect of the 
bismuth. 

To estimate the ‘slowing down’ effect on the reproduction constant for 
any substance, the assumption was made that the effect is proportional to o,é 
(Anderson et al. 1947), where o, is the scattering cross section for resonance 
neutrons and € is the average logarithmic energy loss per collision. For heavy 
water o,€ is large compared with its absorption cross section o,. Knowing 
o,, €, and o, for heavy water we were therefore able to measure the change in 
reproduction constant as a function of o,€. From this and a knowledge of o, 
and € for bismuth we thus obtained the correction for ‘slowing down’ to be 
applied to the measured cross section for the bismuth. ‘The correction was 
such as to increase the measured cross section by 0-7 millibarn. 

A further correction was applied to allow for the displacement of air by the 
sample when it moved to the centre of the pile. ‘Taking the cross section of 
nitrogen as 1-76 barns (Colmer and Littler 1950), the correction was computed 
to be 2-6 millibarns. 

After applying these corrections the value found for the absorption cross 
section of bismuth was 38-5 + 1-5 millibarns. 

After the pile measurements were completed, the bismuth sample was sent 
to the Chief Chemical Inspectorate, Ministry of Supply, Woolwich. A full 
chemical analysis was made of the sample and the following table shows the 
impurities with large absorption cross sections which were found. 


Impurity Quantity* Impurity Quantity* Impurity Quantity* 
Gadolinium <0-:02 Dysprosium <0-02 Sodium 2103 
Boron 0:05+0:005 Lead ie 7? Nickel 15-03 
Cadmium 0:25+0:-025 Zinc ‘Small Tin Wee (Oe 
Lithium AVS Antimony §+0:-25 Tron =o) 
Samarium <0-03 Silicon 5 O*5 Arsenic a 
Europium <0-01 Calcium yan dt Manganese <All 

‘Silver 104 1 Copper 4+ 0-4 Cobalt =e] 
Indium <i] Molybdenum 4+0:2 Chromium <0°5 
‘Chlorine 20+ 4 


* in parts per million. 


The total absorption cross section of these impurities per atom of bismuth 
comes to 6:9*74 millibarns. For the sake of convenience, and without introducing 
any serious error, we can rewrite this as 7-7+1-6 millibarns. ‘Therefore, 
correcting for the impurities in the sample, we obtain for the pile absorption 


cross section of bismuth a value of 30-8 + 2:2 millibarns. 
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We have also measured a sample of bismuth which was lent to us by — 


Dr. B. B. Kinsey of Atomic Energy of Canada, Ltd., and was believed to be of 
very much higher purity than our sample. From this the value obtained for the 
bismuth absorption cross section was 34-3 millibarns. No correction has been 
applied for impurities, since we were not able to have a chemical analysis made 
of the sample. 


§ 3. (n, p), (n, «) AND (n, 2n) REACTIONS IN BISMUTH 


Besides radiative capture of neutrons by the bismuth (n, y process) there 
may also be neutron absorption giving (n, p), (n, «) and (n, 2n) reactions. We 
will now investigate the relative probabilities of these different processes when 
bismuth is irradiated in a pile neutron spectrum. 

To begin with, we will consider the Q values for the (n, p), (n,~) and (n, 2n) 
processes. Starting with the (n, 2n) process, it is known, from the measurements 
of Parsons and Collie (1950), that the threshold for this reaction is 7-2 + 0-1 Mev. 
Since there will be a negligible number of neutrons in the pile with energies 
greater than 7-2 Mev, there will be no contribution to the absorption cross section 
from the (n, 2n) process. 


The reactions ?°°Bi(n, p)?°°Pb and *°Bi(n, «)?°°Tl are both exothermic, the’ 


energies released by thermal neutrons in the two reactions being 0-147 + 0-01 Mev 
and 9-23 +0-02Mev respectively. The first figure is derived from the known 
B decay energy of ?°°Pb (Wapstra 1952), and the second one by combining the 
known energy release in the B, « decay from ?1°Bi to 2°°Pb with the values for 
the energy of the capture gamma-rays in the reaction ?°°Bi(n, y)*1°Bi (Kinsey 
et al. 1951) and the 8 decay energy of ?°°Tl (Alburger and Friedlander 1951). 

Now the cross section for an (n, p) or (n, «) reaction at a given neutron energy 
is equal to the product of the cross section for forming a compound nucleus 
and the probability of emitting the charged particle. We will assume that, at 
a neutron energy of 3 Mev, the cross section for the production of the compound 
nucleus is of the same order as the geometrical cross section of the nucleus, that 
is about 3 barns. 

Since the potential barrier heights for proton and alpha-particle emission 
are about 12 and 24mev respectively, the penetrability factor for both proton 
and alpha-particle emission (Bethe 1937) is of the order of 10-7 when the energy 
of the incident neutrons is 3 Mev. 

Thus the (n, p) and (n, «) cross sections are of the order of 3 x 10-7 barn 
for a neutron energy of 3 Mev, and will be less at thermal energies. Since the 
pile neutron spectrum is predominantly a thermal one, we can therefore say 
that the (n, p) and (n, «) cross sections are negligible compared with the (n, y) 


cross section and that the radiative capture cross section of bismuth is 
30-8 + 2:2 millibarns. 


§ 4. ACTIVATION Cross SECTION OF BISMUTH FOR THE PRODUCTION OF 21°Po 


Three thin discs of bismuth (~0:4 mg cm™?) were mounted on aluminium, © 
and were irradiated in the G.L.E.E.P. together with a sample of sodium carbonate. _ 
After the irradiation, the *4Na activity of the sodium carbonate was counted | 
absolutely by the coincidence method (Putman 1950). The bismuth discs were | 


kept for several weeks (to allow all the *!°Bi to decay to 24°Po) and were then 
counted in an argon-filled 27 alpha-counter. The total counting rates were 
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determined in the usual way from extrapolated bias curves. The three discs 
gave results which were in good agreement, and measurements made at intervals 
showed that the activity decayed with a half-life of about 140 days. A measurement 
made on unirradiated bismuth showed that there was negligible «-activity in the 
original sample. 

From these measurements a value was obtained of the ratio of the cross sections 
of bismuth and sodium, which was 0-0410 + 0-0027. Taking the cross section of 
sodium as 0-50 + 0-015 barns (Colmer and Littler 1950), we have for the activation 
cross section of bismuth for polonium production 20-5 +1-5 millibarns. This 
value has been quoted previously by Colmer and Littler (1950). 

‘Two further measurements have been made of the ratio of the bismuth and 
sodium cross sections. For these measurements sodium carbonate and bismuth 
were irradiated together in B.E.P.O. The f-disintegration rates from *4Na and 
*19Bi were then compared in a 47 counter (Putman 1950) by the Isotopes 
Standardization Group of the Atomic Energy Research Establishment. Small 
corrections were applied for the contribution to the counting rate for each bismuth 
sample from the activation of impurities in the bismuth. The corrections were 
roughly determined by following the decay of some of the bismuth on a 
f-electroscope. Using the same value as before for the sodium cross section, 
the mean of these two measurements gave for the activation cross section of 
bismuth for polonium production a value of 20-4+ 1-6 millibarns. 

The two determinations of the activation cross section obtained from 
observing both the f and « decay in the chain 


a 
210Bj > 210Po > 206Ph 
agree very well together, and from them we obtain a final value for the activation 
cross section of 20:-5+1-1 millibarns. 


§ 5. Discussion 

Unless there are any other, as yet undiscovered, 8 or « modes of decay of 
219Bi, the difference between the (n, y) cross section and the activation cross 
section for polonium production, namely 10-3+2-5 millibarns, must be the 
activation cross section for the production of the «-emitting state in ?!°Bi. 

This %-emitting state is long lived (Newman, Howland and Perlman 1950), 
and hitherto its half-life has not been determined. If its activation cross section 
is 10-3 millibarns, however, it is possible to determine the half-life by comparing 
the rate of «emission from ?!°Bi with that from #!°Po in pile-irradiated bismuth, 
using as the ratio of the activation cross sections 


(10-3 + 2-5)/(20-5 + 1-1) =0-50 + 0-12. 
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Abstract. A simple method is developed for obtaining a good approximation 
to the critical size of some simple nuclear reactors when neutrons of all relevant 
energies are allowed for by dividing them into a number of energy groups. 
The method is applicable for any number of energy groups. 


§1. INTRODUCTION 


N an assembly containing fissile material the neutron population will tend 
to increase as the result of neutron induced fissions but will tend to decrease 
because of loss of neutrons over the boundaries and by capture. There is a 
critical size of the assembly in which these two effects just balance, for smaller 
_ sizes the neutron population would steadily die away and for larger sizes it would 
_ increase without limit. ‘The critical size is therefore an important parameter 
of such an assembly. 
: It is not difficult to calculate a critical size for an assembly of simple geometry 
in which all the neutrons can be treated as of the same energy. In general, 
however, neutrons will be present of a wide range of energies. One way of 
_ allowing for such a spectrum of energies is to divide the neutrons into a number 
of energy groups and use mean values of the necessary nuclear parameters for 
neutrons in each group. By increasing the number of groups it is then possible 
to approximate as near as we like to the true neutron spectrum. 

Unfortunately standard methods, such as the spherical harmonics method, 
of calculating critical sizes in multi-group theory lead to a considerable amount 
of rather complicated numerical computation. In some cases, it is possible, 
however, by means of a method developed by Professor Feynman and his team 
during the war to reduce the problem to the solution of a series of one-group 
problems. Using such methods a comparatively simple formula can be deduced 
which gives a good approximate answer for critical size. 

We will first make sucha reduction for one-component systems. 


§2. THE INTEGRAL EQUATION 
We define a one-component system as a system in which the nuclear parameters 
gw and f have values which are independent of position at every point at which they 


are not zero. 
The integral equation for a one-component critical system in t-group theory 


is then ‘ ee. 

n{r)= 2% B,, | i DATE INSACR A IWEs an i mes (1) 

jar: 
PROC. PHYS. SOC. LXVI, 8—aA 47 
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where* Kr.) -exp{— |r |e} /srrr i eee (2) 


n,r) is the density of neutrons in energy group 7 at the point r. | 
«,dx is the probability that a neutron in energy group 7 has a collision in distance 
V,8,,dx/V, is the probability that a neutron of group zis generated by a neutron | 
of group j in distance dx. | 

V, is the mean velocity of neutrons in energy group 7. 


§3. REDUCTION BY FEYNMAN’S METHOD 
This method has also been described by Davison (1950). 


Define g(r) = » Cal P) to eee (3) 
then (1) becomes nr) = [ff adr rK(r, r’) dr’ Ls f (4s 
and eliminating m between (4) and (3) 

a= E Buf [JaOK (yd cee, (5) 


which is a similar equation to (1) but with K, replaced by K;. 
Now consider the equation 


fy=C, | | | ASK vie Var. 9 eee (6) 


There is a set of eigenvalues C,,,; of C, for each of which the equation has a — 
solution f,,(r) which is finite and not everywhere zero. From experience of © 
one-group theories it is known that the dependence of f,,(r) on z is small for any © 
given value of m and so for our present purpose we will assume that f,,(r) is 
independent of 7. 

The functions f,,(r) form a set of orthogonal functions and if, as is almost 


certain, they are a complete set we can express any other well-behaved function 
in terms of them. In particular | 
g(t) = ee. Pop Y oe eee (7) 
Substituting (7) in (5) and using (6) we obtain 
: P 
=P rnifm(t) = = Pa C, fe r). oS isl hea (8) 
Normalizing the f’s so that 
| et Tat Mh nl =Omn ohe\el- 8178) \0 (9) 
(where 6,,,=0 if MAN; 8m =1) we obtain from (8) by multiplying by f,,(r)dr 
and integrating 


| : Buc Ait inte elleeenee (10) 


mi 


* It is assumed here that the system is convex. Other systems will need a more general | 
definition of K similar to that given in a later section on tamped cores. 


| 
| 
| 
| 
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§4. CONDITION FOR CRITICAL SIZE 
The condition for critical size is that not all the P,,,’s should be zero, that is. 


By yaa CS Bey @ 0 v0 eee « TROR ORC: Bu 


B 1t : Bez ‘. Cnt 
for at least one value of m. 

There is also another condition that we must satisfy and that is that the neutron 
density should be nowhere negative. That is, all the 7; must be equal to or greater 
than zero and therefore the g; should be everywhere positive. 

The only everywhere positive functions f,,(r) are those corresponding to the 

lowest eigenvalue C,,. Consequently if we satisfy equation (11) with m=1 we 
have found a critical size. 

Now, suppose we have satisfied the condition (11) for critical size with m>1. 
The function f,,(r) is negative at some points in the interior of the system and so 
must vanish on a certain surface S. If S were the boundary of the active part of 
the system we would have a smaller size than that for which we have satisfied the 
critical condition. ‘This smaller system would also satisfy the criticality condition 
(11) with C,,, as its lowest eigenvalues and /,,(r) the corresponding eigenfunction. 

Consequently to obtain critical size we put m = 1 in equation (11) leading to the 
criticality condition: 


Di ale ot Ae Lg Mine ee ie Ba 


3 Br : Ba-Cy 

The C,,; can be obtained from equation (6) which is a one-group equation for a 
system with the same boundaries and so can be solved to any desired approxi- 

' mation by standard methods. 


§5. ILLUSTRATIVE EXAMPLES 
If t=1 eqn. (12) reduces, as it should, to C,, =f). 


If t=2 we get 
(Bia = Ci1)(B22 = C2) = By2Po1- SOUT (13) 


The infinite medium solution for eqn. (6) which vanishes at a radius 6 in 

spherical symmetry and is finite at the origin leads to 
: a 
~ tan71(0/a;) we. (14) 
where 6=n/b | 

With these values of C,, eqn. (13) becomes 
{B,, tan! (8/x,) — 9} {Box tan (8/22) — 0} = By Bo) tan”? (@/a,) tan (A/a). .-.(15) 

The particular approximation used in this illustration to obtain the one-group 


_ solution, eqn. (14), is however most accurate when radius 6 is not at the boundary 
of the system but at a distance Z beyond the boundary, where the extrapolated 


47-2 


Chi 
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distance Z is roughly one half to three quarters of a mean free path for neutrons. — 
Consequently the number 6 obtained from eqn. (15) is an overestimate of the 
critical radius though the percentage error in b is small for systems large compared _ 
to the mean free path. 


§6. EXTENSION TO MorE GENERAL SYSTEMS 
(i) Systems with « and B as Functions of r 


The most general system is one in which both the «, and the f,, are functions 

of r. In this case the function K;, is defined by 
Kir, rv’) =exp{—|r—r'|a,}/4e[r—r’ Py. .ce. (16) 

where «, is the average value of «,; on the line joining r to r’. 

If «, is a function of r therefore, the developments set out in the previous 
sections are unaffected except that K is defined by eqn. (16) instead of eqn. (2). 

However, if £,, are functions of r the reduction by Feynman’s method is in | 
general not possible. There is however one case of interest for which we can use 
Feynman’s method and that is when we can write 


E=\phee! ke Sine eee (17) 


where p(r) depends on r but not on 7 or/, and A,,is independent of r. 

Such a case arises, for example, when the system consists of one material only | 
but the density of the material varies from point to point. 

The integral equation is now 


nr) = = | | | Bar) Kind, = (18) 


This equation can be reduced in a manner exactly similar to the simpler case, but 
now we have, instead of eqn. (6) 


fn=c | | | arf) K(rjr de cavaee (19) 
with (9) replaced by | | | An; (ndes (20) 


Equation (12) with £,,replaced by A,,is now the condition for critical size but 
we must interpret C,,; as the lowest eigenvalue of equation (19). 


FB 


(ii) Fissile Core in a Reflector 


Another problem that arises is to find the critical size of a fissile core in a/ 
reflector. ‘This can be solved by similar methods provided that neutrons are not { 
transferred from one energy group to another while they are travelling in the: 
reflector. 

To do this we must define K,(r, r’) in a different way, ] 

Let Kir, r’) be the probability that a neutron in energy group 7 leaving a’ 
point r’ in the core will reach the point r in the core without having a collision in} 


the core. ‘The track of the neutron from r’ to r may, of course, pass into the}! 


reflector, where it can have any number of collisions. This definition retains thet 
essential symmetry of K in r and r’ since it is just as easy for a neutron to travel on! 
the reverse track. | 


i] 


| 
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Equation (1) is now an equation for neutron densities in the core where the 


volume integral is over the core only. 


This equation can now be manipulated exactly as before leading to eqn. (12) 
as the condition for criticality, but with C,, the lowest eigenvalue of the equation 


fir) =C, | | | Pole Gra ne ee (21) 


core only 
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Abstract. The applicability. of the hypothesis of charge independence is 


discussed for the 7-meson. One consequence of this hypothesis is that the — 
frequency of charged 7-meson decay leading to a single charged 7-meson must | 


exceed one-quarter of that of the established decay into three charged 7-mesons. 


HE existence of a t-meson of mass approximately 975 m, is now well | 


established in consequence of its characteristic decay (Brown et al. 1949), | 


t++>an*++a++a-, of which about ten clear examples are now available. 
‘The preference for this mode of decay is most simply understood if the 7-meson 
is a pseudoscalar boson, as simpler decay processes would then be forbidden 
by requirements of angular momentum and parity conservation. It is of interest 
to enquire next whether an isotopic spin may be defined for the 7-meson in such 
away that the major interactions of the 7-meson are charge independent (i.e., more 
precisely, invariant for rotations in the isotopic spin space). If the 7-meson 
may be understood in terms of the known interaction between nucleon and 
a-meson, the charge independence of this interaction implies that, in general, 
the 7-meson would have a definite isotopic spin and that the total isotopic spin 
of systems involving t-mesons would be conserved. Since no r-meson of charge 
exceeding e has yet been observed, the present data would suggest strongly 
that the 7-meson would then have unit isotopic spin. On the other hand, the 
7-meson may require representation by some new meson field coupled directly 
with the nucleon and meson fields. It is usually argued that the charge 
independence of nuclear forces requires the charge independence of all mesons 
responsible for nuclear forces. However, this argument may not be relevant here 
since the slow rate of decay of the charged t-meson suggests that the 7-meson— 
nucleon interaction may be weak, and since, in any case, such a heavy meson 
would modify nuclear forces only at short distances, where little is known of the 
charge independence of nuclear forces. 

If the r-meson does have unit isotopic spin and the interactions responsible 
for its decay satisfy charge independence, there will exist restrictions on the 
relationship between the possible modes of decay of the 7-meson, so that 
experimental data on the branching ratios would be of considerable interest. 
For the t+ meson the decay (Pais 1952) r+-> 7+ +794 79 may be expected to 
compete with the established decay 7*>7++a++4+a~. Such a decay event in an 
emulsion would be difficult to distinguish from the z-decay of other heavy 
mesons, owing to the difficulty of detecting 7°-mesons, and some heavy meson 
decay events may possibly be examples} of this process. In cloud chambers 

+ In this decay process, the 7+ meson has energy less than about 60 Mev, so that it will 


not be confused with y-meson decay, where the product meson has about 110 Mev. Of the 
other heavy mesons, only K5 (Menon and O’Ceallaigh 1953) and (just possibly) KM3 


(Levi Setti and Tomasini 1952), could be interpreted as examples of this 7-meson decay | 


process. I am glad to acknowledge Dr. W. O. Lock’s guidance in the K-meson data. 
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containing lead plates, such a decay event may become apparent by the existence 

of four cascade showers related to the 7-decay event, due to the decay y-rays 

from the 7°-meson, though no events of this kind have yet been reported. 
The relation between these processes may be discussed simply, following 


the method of Van Hove (1952) and Van Hove et al. (1952). Consider first the 


differential probability of emitting 7-mesons into three particular states f, g, h 
of spatial motion—since the meson charges are specified the probability 
P(t*>atata-) is distinct from P(tt>ata-nt) and P(tt+a ata). The 
isotopic spins of the first two particles may be added to form isotopic spin t=0, 
1 or 2, and, by adding to this the isotopic spin of the third particle, three 
functions yp"Z, x17, x." may be formed for total isotopic spin T=1 and 
component mp. ‘That part of the totally symmetric wave function which contains 
the spatial states f, g, h is then a linear superposition: 

BUp( Foxe + Fix + Foxs™t)f(Yg(2)h(3) se eee (1) 
where =» indicates summation over all permutations of (123), and the coefficients 
Fy, F,, F, are dependent on the set (f, g, 2). For mp= +1, then, assuming f, g, h 
to be approximately normalized, 

P(t otata) =3 F 7/5, ] 
Plrt—eata-nt) =(Fal-/3 + Fy/2+ Fe[ 60), 
Plrt > ata) =(Fy| 3 — Fy/2-+ Fy/ 60), 2) 
PGA aan) =(Ff24+/3 84/20", | ( 
P(t arta) =(F,/2— +/3Fy//20)*, 
P(rt—>nnnt) = (Fy) /15— Fyl V3), 
so that the total probabilities for emission of mesons into the spatial state 
i, £, hare 


2 1 19 2 
~ 2b fey ae Nee aN DOG as pa, GMP eae ON fur ee xB) « 
Prt 2nt tara a Pet 5 FP + 35 Fa + 7g A( Pot Pa); 
LS ee ae ee (3) 
Pertrat 42nd) =a Bet 5 Bet 35 Fa pe AFA) 


[The appearance of three parameters Fy, F,, F, here contrasts with the result 
of Gamba (1952) for the total triple 7-emission in nucleon-nucleon collisions. 
Gamba notes that for similar particles there are just two independent states of 
isotopic spin 7 =1 formed from three states of unit isotopic spin, and his result 
has just two constants. In fact our results (3) may be written in terms of two 
constants «, 8 where «=F,?+(4/5F, —2F,)?/9, B=(2F,+ /5F,)7/9, though the 
three constants are necessary for more detailed considerations, as eqns. (2) show. 
For a given spatial state f, g, h two totally symmetric wave functions may be formed 
in addition to that totally symmetric in charge and space. If [.A, B] is the basis 
of a two-dimensional representation of the symmetric group S, on the isotopic 
spin variables, and [X, Y] that on the space variables, the wave function which 
is totally symmetric for the interchange of both spatial and isotopic spin variables 
of the mesons is AY + BX. However, we may now permute f, g, # and, as [X, Y] 
is a two-dimensional representation of 3, there must therefore be just two 
linearly independent symmetric wave functions of this type [21] x [21] (Littlewood 
1950). Corresponding to these three totally symmetric wave functions, the 
general wave function for the final state requires three coefficients, as Van Hove's 
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method indicates. Each of the wave functions of type [21] x[21] contribute to | 
the branching ratio in the same way, so that only two constants appear there.] 


If « denotes the ratio x = P(r+—>2n++77-)/P(r+ 7+ + 27°), then 
x—1 Diy the Steg he) Ve ae 


NT a. en D Vesbeteee 4 

eet 8 FetFe+ Fe 5248 (4) 
This quantity is always positive and attains its greatest value of 3 when 
Fy=4\/5F., F,=0, so thatt 1<x<4. The total decay probability is obtained 
by integrating over all such spatial states allowed by energy and momentum 


conservation, and therefore the total decay probability for t+—>7*+2n° is not | 
less than one quarter of the total decay probability for 7+—>27++7, though | 


it cannot exceed it. If no evidence can be found for a neutral 7-meson decay | 
of the r-meson{, the hypothesis of charge independence for the 7-meson decay _ 


would then be untenable. 
The charge independence hypothesis necessitates the existence of a r°-meson, 


which will have competing decay processes 79> 7+ +7 +77° and 79 7° + 79+ 779. | 


With the same notation as before P(7°>7°+7° + 7°) =(4/5F) + 2F,)?/30, which 
may possibly vanish. As for the 7* meson, 


P(° 39°) + PP Satta +m) =F Ye +P? + F,, 
as charge independence requires, and 0 < P(1°— 37°) <3P(®>at++7°+7°). 
The considerations above have neglected effects arising from the existence 


of the weak electromagnetic interactions which violate the charge independence 
hypothesis. In general, these will introduce small corrections so that con- 


servation of isotopic spin would hold only as a good approximation, but, if the — 


decay processes discussed above depended on the electromagnetic interaction for 
their very existence, isotopic spin conservation may be a very bad approximation, 
even though all other 7-meson interactions may be charge independent. However, 
such a situation would be suspected only if the decay processes could not proceed 
through charge independent interactions (e.g. the decay B°—7°+7° for a scalar 
boson B° of unit isotopic spin, as discussed by Pais (1952)). Further, if such were 
the situation, one would expect that the process r*—+>a7*+a7++7- +y would 
have higher probability than the process r+--7*++7a++7-, whereas the data 
show energy and momentum conservation to be satisfied by the three charged 
particles alone.§ ‘The existence of the electromagnetic interactions does 
imply the possibility of competing y-ray processes, such as t*>7*+2y or 
T*—>7*+n°+y, with probabilities comparable with the established decay. 


t The part of x¢’"7 which is symmetric in (123) may be extracted by the operation of 
X,/6 on x4" alone. After carrying this out, it may be seen that B=0 is the condition that (2) 
does not contain any of the wave function with symmetry [3] [3]. The other extreme 
value of « corresponds to ~=0 which, as one may easily check from the normalization of (2), 
occurs when (2) contains only this wave function. 


} It is of interest to note that the ratios P(r++27+ +-7-)/P(r*+-+7+ +4 277) are given uniquely | 


to be 1 or ¢ should the 7-meson have isotopic spin T7=2 or 3 respectively, contrary to the _ 


present evidence. 
§ These remarks would not be applicable if some intermediate heavy meson essential 


for the decay process was responsible for a failure of isotopic spin conservation, even with | 
charge independent 7-meson couplings, as energy conservation would forbid appearance of | 


this particle in a competing decay process; such a situation may in fact be the explanation of 


the contrast between the slow decay rate of the t-meson and its high rate of production in | 


cosmic rays, which Pais (1952) has recently emphasized. 
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In principle, these decay processes may be identified in cloud chamber 
observations from the number and orientation of the resulting cascade showers, 
but for the present purpose it is sufficient to note that these are additional to 
the process *—-7*+7°+7°, and increase the frequency of 7-decay events 
giving a single charged z-meson. Similar remarks apply even more strongly 
for the 7°-meson since, as for the decay of the 7°-meson, the process 7°>2y 
may possibly be the major mode of decay. However, apart from the special case 
noted above, these competing processes do not imply appreciable modification 
of the branching ratios given above for the z-meson processes. One definite 
conclusion can be stated: if the major interactions responsible for charged 
7-meson decay are charge independent, the frequency of 7-meson decay giving 
rise to a single charged 7-meson cannot be less than one-quarter of that for the 
established decay into three charged 7z-mesons. 
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Abstract. Calculated values of Ay of a large number of molecules have been | 
carefully examined: the diamagnetic anisotropy of a molecule is clearly related 
to certain features of its structure. A preliminary interpretation of this — 
relationship is attempted, in the light of a revised valence bond theory at present _ 
being developed by the author. The observed effects of structural change are 
then discussed at a more fundamental level in terms of the system of bond orders. 

Certain features of the work which are of importance in the study of carbon 
blacks and cokes are briefly pointed out. 


§ 1. SomE GENERAL CONCLUSIONS 


N previous papers (McWeeny 1951a, b, 1952, Berthier et al. 1951, 1952) } 
] calculations of the diamagnetic anisotropy Ax (i.e. the z-electron susceptibility) | 
have been made for a large number of aromatic molecules. The object of this 
final note is to point out how the dependence of Ay upon structural characteristics — 
may be interpreted. 
A careful analysis of calculated Ay values for nearly forty molecules indicates | 
that in building up large aromatic systems from a central benzene ring the | 
following principles are observed : 
(1) Addition of a =CH, group to a ring always leads to a reduction in the | 
original Ay. ‘The addition of a number of groups may be almost equivalent in | 
effect to removing the ring from the molecule. 
(11) Addition of either of the groups —C=CH or —CH=CH, has little | 
effect on Ay. 
(111) Addition of complete rings, joined to the original system by single links || 
(e.g. as in the polyphenyls) gives an increase in Ay slightly less than would be : 
expected in the absence of any conjugation across the bonds. 
(iv) Addition of complete rings by condensation (at least one side of each }) 
added ring being present in the original system, e.g. as in the polyacenes) leads } 
invariably to an increase in Ax which (in units of Axjenzone) 18 never appreciably } 
less than unity per added ring and is often much greater. The increment per ‘) 
added ring may depend on the geometry of the molecule as a whole: if the } 
added ring is in an ‘exposed’ position the increment is near to unity, but if it) 
‘fits into’ the original system, completing a roughly circular path round the} 4 
periphery, the increment may be very much greater. | 
It will be remembered that (i) and (ii) were originally put forward as} 
essentially empirical rules, based on the calculated susceptibilities of a small] 


4 
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number of systems (McWeeny 1951b): further calculations (Berthier e¢ al. 


1951) on styrene, «, «-diphenylethylene and a series of eight quinodimethanes 
suggest that these rules are indeed rather generally applicable. (iii) may be 
regarded as an extension of (i) and (ii), while (iv) is plausible on general grounds 
when we remember that, physically, the diamagnetic anisotropy arises from 
induced z-electron currents and that the larger the area of the available 
‘circuits’ the larger will be the induced magnetic dipole. An essentially 


classical approach (Pauling 1936), however, leads to results in conflict both 


with experiment and with the predictions of wave mechanics (cf. McWeeny 
1951b), and it is clearly desirable that any pictorial interpretation we may seek 


‘should emerge from a wave mechanical scheme. 


§ 2. INTERPRETATION 


All the results under discussion have been obtained using the molecular 


-orbital (MO) method, but when attention is turned from numerical calculations 


to physical interpretation this method proves less attractive. This is hardly 
surprising when we remember that an individual MO has no direct pictorial 


‘significance; the MOs may be freely transformed among themselves without 


any effect on the complete many-electron wave function, and ‘orbital’ 
quantities (e.g. one-electron energies, charge distributions, susceptibility 


contributions etc.) arise simply from a convenient mathematical resolution 
-of corresponding quantities associated with the system as a whole. In 


particular (cf. London 1937), the one-electron contributions to Ay appear to 
be physically quite meaningless, showing an irregular variation of both 
magnitude and sign. ‘The other main method of discussing electrons in 


+ + + 
006 60-- 
Fig. 1. Motion of free electron and ‘ hole’ in the VB description of a ring current. 


molecules, the valence bond (VB) method, is on the other hand more closely 
associated with a pictorial scheme, for the wave function is built up from 
many-electron ‘structures’ which correspond to states (though not eigenstates) 


-of the system as a whole, and each such structure shows an accumulation of 
-charge in certain regions and may consequently be represented by a diagram. 


In particular, we may set up structures which show a negative charge (excess 


-electron) on one atom and a positive ‘hole’ on another: it is evident that a 


time-dependent process such as a current flow, may then be pictured as the 
time development of a superposition of such structures, e.g. a shift of emphasis 
from one structure to another in such a way that the negative charge goes in one 
direction while the positive hole goes in the opposite direction (see fig. 1). 
Unfortunately the conventional VB method is fundamentally less satisfactory 
than the MO. Indeed, recent work by the author (a full account of which will 


-appear elsewhere) shows that the theory may be put in a fundamentally 
-satisfactory form only by complete reformulation;* but the whole interpretation 
-of valence bond ‘structures’ and of bonding must then undergo a profound 


* The VB calculations of Ay by Brooks (1940) are open to the same criticism, but the 


-revised theory substantiates, as we shall see, his general picture of ‘ hopping’ currents. 
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change. It is not our intention to give here any account of the revised VB method, 
but for our present purpose it is desirable to mention the following features of 
the theory. ; 


(a) VB ‘structures’, though indicated by the usual diagrams (showing links | 


between atoms with ‘paired’ spins), are mathematically re-defined and acquire 
a new significance. 

(b) A wave function corresponding to a bond between two atoms must 
contain pairs of structures which show a ‘charge hop’ across the bond (e.g, 


e=e and e—e *). Polar structures thus occur not as a refinement (e.g. Craig 
1949) but as an integral part of the theory. 

(c) A bond order may be defined which is large when structures associated 
with ‘charge hopping’ across the bond feature prominently in the wave function 
and which is small when they are less prominent, i.e. when they are energetically 
inhibited. Preliminary calculations show that the bond orders so calculated are 
in substantial agreement with those given by MO theory. 

This formulation is novel in so far as bonding can be explained only by making 
explicit provision for an electron to ‘hop’ from one atom to another. The theory 
is particularly attractive in our present discussion because it provides a link 
between the properties of a system with and without an applied magnetic field: 
both the magnetic perturbation energy and the bond orders depend upon the 
relative importance of certain polar structures. Put very naively, the electrons 
responsible for bonding would normally hop back and forth across a bond with 
equal facility, but application of a field favours hopping in one direction, 
producing a net effect in the form of an induced ring current (cf. fig. 1). The 
description should not, of course, be taken too literally, but a formal solution 
of the appropriate secular problem, along the lines indicated by Brillouin (1933) 
and Wigner (1935), lends support to this picture and suggests a useful corollary 
to (c), namely: 

(d) Magnetic perturbation terms occur which correspond to (generally) each. 
m-electron circuit in the molecule (such terms containing certain integrals. 
associated with the bonds comprising the circuit). The weight of a given term 
is determined essentially by the product of the orders of the bonds comprising: 
the corresponding circuit. 

Now direct numerical calculations of Ay for polycyclic systems, comparable: 
with those made in previous papers by the MO method, appear to be quite out 
of the question in VB theory, for the VB approach must recognize explicitly all 
the polar structures which are implicit in an MO treatment (and there may be 
millions of these: even for naphthalene there are several thousand). For the: 
same reason a rigorous and general discussion of (d) presents considerable 
difficulty and cannot be entered upon here, but we shall make considerable use- 
of (d) and, therefore, first confirm its approximate validity by examination of a 
number of one-ring systems whose bond orders are progressively changed by 
structural modifications. 

Figure 2 shows four molecules in which the bond orders in the benzene ring’ 
are increasingly affected by substitution of external groups. Taking the product 


of orders of the ring bonds as a measure of the 7-electron susceptibility we may | 


* The wave function for the first structure involves orbitals on both atoms, but in the- 
second case the left-hand orbital is missing while the right-hand is doubly occupied. 
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predict Ay (in units AYpenzene); the results are given beneath each molecule. 
The numerical values obtained by the full MO analysis (Berthier et al. 1951, 
McWeeny 1951b) are shown in brackets. The accuracy of our predictions is 
quite surprising, but the agreement may be substantiated by considering other 
molecules possessing two or more non-overlapping circuits, which might be 
expected to give independent contributions to Ay. In fig. 3 the comparison is 
extended to four such molecules, again with satisfactory results; the same 
general effect explains the somewhat unusual behaviour of the whole series of 
polyphenyls (McWeeny 1951a). It is interesting to note that the classical 
approach of Pauling would give Ay = 1-0 for the molecules of fig. 2 and Ay = 2:0 
for those of fig. 3. It is also worth noting that the z-electron susceptibility may 
be suppressed almost completely without any real approach to ‘bond fixation’ ; 
even in the last molecule of fig. 2 (which, of course, is hypothetical) the ring 
(z-) bond order is still 0-385 (as compared with 0-667 for benzene). 


0:85 (0-919) 0-27 (0-265) CX X \—— xX )- 


| 1-74. (1-868) 0:84 (0-807) 
0-32 (0-344) 0-037 (0-041) CFO a a ae 


Fig. 2. Estimates of Ay (one-ring 1-60 (1-856) 0:88 (0-853) 
molecules). (Bracketed values Fig. 3. Estimates of Ay (two-ring molecules). 
give the results of the complete (Bracketed values give the results of the 
MO calculation.) complete MO calculation.) 


Now the effect of structural modification upon the orders of bonds is fairly 
well understood, both from direct experience and from general theoretical 
considerations (cf. Coulson and Longuet-Higgins 1947, 1948). ‘The success of 
our approach in simple cases encourages us to believe that the effect upon magnetic 
properties may be discussed with equal confidence. Indeed, in passing to highly 
condensed systems, we find a pleasing continuity of interpretation for, although 
numerical estimates are no longer feasible, the observations embodied in (i), (ii) 
and (iii) show that the lowering of ring bond orders, resulting from conjugation 
outside the ring, is accompanied generally by a depression of Ay, the effect upon 
both bond order and susceptibility being most marked when the external bonds 
are classically ‘double’. 

The actual growth of highly condensed polycyclic systems (cf. McWeeny 
1951b), by addition of complete rings, obviously presents a rather less clear-cut 
situation. But the obscurity arises only from the diversity of possible electron 
paths introduced by each modification and from the mathematical intractability 
of the problem; there is no reason to suppose that the underlying picture which 
accounts successfully for (i), (ii) and (111) should be invalid in discussing (iv). 
Now the addition of a ring to an existing polycyclic system creates not only a 
new one-ring circuit but a variety of many-ring circuits: the first inference from 
(iv) is that when the ring is in an ‘exposed’ position the net effect is the addition 
of one new benzene-like ring current, new many-ring currents, or modifications 
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of those already present, being of secondary importance. ‘Two examples of — 


additions of this kind are shown in fig. 4(a), the Ay increments per added ring 


being shown in each case and being near to unity. In contrast, fig. 4(6) shows 
the effect of adding rings in such a way that ‘ gaps’ are filled, the systems thereby 
acquiring a regular peripheral circuit of large area. The very much greater 
increment per ring is presumably associated with the realization of many-ring 
paths of large area and regularity, for paths of large area are introduced also in 
the examples of fig. 4(a), without making any apparent contribution, but they 
are very irregular in form. ‘This is intuitively satisfactory, and, moreover, is 
consistent with our theoretical picture, for the perturbation energy associated 
with a molecular circuit, whilst depending on the square of the circuit area (in 


4 


(3-6) 


(a) (b) 


Fig. 4. Effect of ring additions. (Added rings are indicated by broken lines. The 
figure in brackets gives the Ay increment per added ring.) 


MO and VB theory alike), will be reduced, according to (d), by an increasing 
number of bond order factors; the most significant contributions would thus 
be associated with the roughly circular paths for which this number is least. 


§ 3. CONCLUSION 


We have now seen how the ‘empirical’ rules suggested by a large number 
of numerical results admit a qualitative theoretical interpretation in terms of 
the picture provided by a revised VB theory. It is useful to put our conclusions 
in the following form: 

(1) Addition of side groups to a polycyclic conjugated system is accompanied 
by a depression of Ay which is greater the greater the reduction in ring bond orders. 
For single rings (or systems of singly connected rings) the final Ay may be 
quantitatively estimated, being proportional (for each ring) to the product of 
orders of the ring bonds. For more complex systems the effect may be 
qualitatively discussed: if the bond orders in a ring are seriously depressed 
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(e.g. by addition of a classically ‘double-bonded’ group) the effect is likely to 
be somewhat less than would arise from striking out the affected ring; if they 
are not seriously changed (e.g. by a “single-bonded’ group) the magnetic effect 
is correspondingly smaller. 

(ii) Addition of further rings by condensation (i.e. not by single linkages) 
is accompanied by an increase in Ay near to unity for each added ring provided 
no large roughly circular z-electron circuits are thereby realized (i.e. for 
‘exposed’ rings). But when such circuits are realized the increase must be 
supplemented by many-ring contributions which play an increasing part with 
increasing circuit area. For all known hydrocarbons upper limits to this effect 
are almost certainly indicated by the results for the system of nearly circular 
molecules of up to nineteen rings (McWeeny 1951b). 

For reasons which are well appreciated, the calculations in this series of 
papers have been confined to a particular class of molecule (‘alternant’ 
hydrocarbons). ‘There seems to be no fundamental objection to the application 
of our qualitative picture to other types of molecules (containing for example 
odd-membered rings and hetero-atoms), but the simple MO treatment is open 
to considerable suspicion in such cases, and it would be difficult to justify an 
extension of the discussion. Berthier et al. have, however, made calculations 
in this field: they give, for example, the result Ay ~ 0-1 for fulvene, and it is 
satisfying to note that a low value, Ay ~ 0:3, is also predicted using the (equally 
uncertain) bond order values. 

Finally it is worth mentioning the bearing of this work upon the properties 
of cokes and carbon blacks (see McWeeny 1951a) which consist largely of 
graphite fragments of ‘molecular’ dimensions (often much less than 100A in 
diameter).* In discussing such systems interest centres upon Ay/n, n being 
the number of carbon atoms in a particle, for an average value of this quantity 
becomes (as 7 becomes large) a measure of the mass susceptibility of the material. 
Our results indicate beyond reasonable doubt that increasing condensation of 
the ‘molecules’ to a disc-like form favours a high mass susceptibility. In 
particular we may cite two examples in which first 42 and then 54 atoms condense 
by rearrangement, from an open polyphenyl chain to a hexagonal disc. These 
processes and the accompanying values of Ay/n (in units of (Ay/2)penzene) are 
set out below: 


7-ring polyphenyl — 10-ring polyacene > 13-ring hexagonal molecule 


0-89 1-90 ZAD 
9-ring polyphenyl — 13-ring polyacene > 19-ring hexagonal molecule 
0-88 1:96 4-07 


The increase is due part'y to an increase in number of rings, by more ‘efficient’ 
arrangement of atoms, and, particularly in the second case, to the simultaneous 
formation of regular circuits of large area. A tentative estimate, based on the 
Ay values of the first three molecules of the ‘disc-like’ series, suggests that 
growth of such particles to a diameter of 20-25 A might account for up to a quarter 
of the susceptibility value associated with complete graphitization. On the other 
hand linear growth, as of the polyphenyl and polyacene chains, might proceed 
without significant increase of the mass susceptibility. 

* A broader discussion of structure and magnetic properties, including temperature 
dependence etc., will be given elsewhere. 
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A Search for Polarization of High Energy Neutrons 
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Abstract. Anattempt has been made to detect polarization effects in n—p scattering. 
A beryllium target bombarded by protons was used to produce ‘polarized’ 
neutrons, and a search was made for asymmetry when these neutrons were 
scattered by hydrogen. A polarization effect of —1:6% +2:1°% was observed, 
which is to be compared with a predicted effect of +6°%. It is concluded that 
either (i) little polarization is produced in n-p scattering or (ii) the polarization 
effect is smeared out in some way when the elementary collision takes place inside 
a beryllium nucleus. 


§ 1. INTRODUCTION 


HEresults of high energy n—p scattering experiments all show approximate 
forward—backward symmetry in the scattering, with a broad minimum 


near 90° (Hadley, Kelly, Leith, Segré, Wiegand and York (1949) at 
40 and 90 Mev, Fox (1950) at 90 Mev, Brueckner, Hartsough, Hayward and 
Powell (1949) at 90 mev, Randle, ‘Taylor and Wood (1952) at 156 Mev, Guernsey, 
Mott and Nelson (1952) at 220 mev and Kelly, Leith, Segre and Wiegand (1950) 
at 260 Mev). Potential models using only central forces tend to predict angular 
distributions which are too flat in the 90° region, and the introduction of tensor 
forces (Christian and Hart 1950) or spin-orbit coupling (Case and Pais 1950) 
results in a better fit with the experimental angular distribution. ‘The interference 
terms in the scattering produced by these non-central potentials give rise to 
polarization effects (Wolfenstein 1949, 1951) which should be detectable in a 


Aouble scattering experiment. Figure 1 is a schematic plan of such an ‘n—n-n’ 


n= Neutron Beams ic 
p= Proton Scatterers 


Fig. 1. Schematic n—n—n experiment. 


experiment. ‘The initially unpolarized neutrons which are scattered twice to the 
right by the proton targets and counted at R, should be greater in number than 
those which are scattered first to the right and then to the left, and counted at L. 
The percentage polarization effect in this type of experiment is conveniently 
defined as W=100 (R/L—1), where R and L are the counting rates at R and L 
respectively. Central forces alone produce no polarization, so an experimentally 


observed effect would be clear evidence for the existence of non-central forces 


in the n—p interaction. 
PROC. PHYS. SOC. LXVI, 8—A 48 
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Unfortunately a true double scattering experiment involving two n—p events | 
is very difficult, if not impossible, with present experimental resources. However, _ 


it seemed possible that polarized neutrons could be obtained by high energy 


proton bombardment of, for example, a beryllium target. In some respects | 


neutron production at high energies can be regarded as the result of elementary 
n-p collisions inside a relatively ‘transparent’ nucleus. Wouters (1951) used 
lithium deuteride and lithium hydride targets in the Berkeley 184-in. cyclotron 
as neutron sources and observed a polarization effect of +65+3-6% with 
LiD and +1:-4+4-9°% with LiH for scattering angles of 30° in laboratory space 
(all errors quoted in this paper are standard deviations). ‘The effect predicted by 
Swanson (1951) from the Christian and Hart tensor force model, was + 12% 
for a true double n-p scattering at the energies and the angles of scattering in 
Wouters’ experiment. 

This paper describes an attempt to measure the polarization of neutrons 


produced by the bombardment of a beryllium target by protons in the Harwell | 


cyclotron. F 
§ 2. METHOD AND APPARATUS 


Principle 


An attempt was in fact made to observe a true double n—p scattering, with the 
apparatus shown in fig. 2. The first scatterer was placed close to the target inside 
the cyclotron magnet gap. Neutrons scattered at 30° and collimated through a 


Proton Beam Concrete 
Be Target Wall R 


Neutrons ac 
i = * cpa Nel atu 

Scatterer 4 8 Scatterer ete 
Any 


Fig. 2. Attempted double scattering experiment (not to scaie). 


hole in a concrete wall 3 m thick underwent a second scattering in a polyethylene 
scatterer, at a distance of about 9 m from the cyclotron. The protons produced 
at 30° to the secondary neutron beam were counted in a triple coincidence 
scintillation counter telescope. ‘The experiment was not successful because the 


triple coincidence counting rates with and without the first scatterer in position | 
were practically equal. .Some improvement might have been achieved by | 


increased shielding, better geometry and faster electronic circuits, but the chance 
of success was rather small. 

The experiment was then entirely redesigned (fig. 3). ‘Two beryllium targets 

_ were set up in the cyclotron in line with one of the collimating holes in the 1-8 m 

thick shielding wall, so that the neutrons selected by the collimator were emitted 

at 20° to the circulating proton beam bombarding one target and at 0° for the other 


target. Either a ‘polarized’ neutron beam from the 20° target or an unpolarized | 


beam from the 0° target could be selected. ‘The polarization of the neutron beam 


was analysed by scattering protons into two double coincidence telescopes at | 
+ 30° to the neutron beam. The plane of the second scattering could be rotated | 


relative to the plane of the first scattering. The maximum effect should occur 
when the two planes coincide and the effect should be zero when the angle between 
the two planes is 90°. 


oa 
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When the second scattering is in a horizontal plane, the scattering of protons 
into the telescope R corresponds to Swanson’s ¢,=0 and into L to d,=7. The 
right/left ratio for the 20° target is then given by 


Ry eee 
(=), ship pt 2PLP,) 


where P,, P, are the coefficients defined by Swanson. The factor k, which is 
equal to (R/L)o, takes account of unintentional angular misalignments or 
differences in solid angles of the counter telescopes. ‘The normalized right/left 
asymmetry is then 


FeV RY ae ER W 
(7) = (),,/(Z),=2 21 aan 
where W is the percentage polarization effect. 


Concrete 
Wall 


2. 
Neutron Beam Pb 
Collimator 


Be Targets im Scattering 
0° 20° 


Vacuum Tank 


Fig. 3, Final experimental set up. The details of the scattering geometry are to scale, and 
the inset shows the layout of the counter heads on the scattering table. 


When the second scattering is in a vertical plane, scattering upwards. 
corresponds to ¢,=4$7 and downwards to d,= —4$7. ‘The up/down ratios for the 
0° and 20° targets should then be equal and hence W=0 in this case. 


Scattering Geometry 


Figure 3 also shows the scattering geometry in detail. ‘The axis of the 
collimating hole in the 1-8 m thick shielding wall was taken as the datum line for 
the visual alignment of the apparatus by means of a theodolite. ‘The bombarded 
edges of the targets were set on the datum line and adjusted in position to obtain 
the required first scattering angles of 0° and 20°. Both targets could be moved 
accurately in and out of the proton beam by a simple electrical device. 

The second scatterer or radiator and the two counter telescopes were mounted 


-on an adjustable table, which could be rotated round the datum line as axis. 
Cross wires could be fitted in order to align the table by means of the theodolite. 


The radiator was mounted between two thin aluminium rods and was adjustable 


in position. The counter telescopes each consisted of two scintillation counters 
which were rigidly mounted on the scattering table, so that the centre of 


scintillators, the centre of the radiator and the datum line were all in the same 
plane. The angles between the datum line and the lines joining the centres of 
the scintillators to the centre of the radiator were fixed at 30°. 

48-2, 
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The defining aperture in the collimator consisted of a 2-54 cm diameter hole : 
in a cylinder of lead 45 cm long, which fitted inside a brass tube in the shielding — 
wall. The neutron beam striking the radiator was 3-5 cm in diameter and nearly — 
circular; the slight departure from a true circle was due to the finite height of the _ 
neutron source. | 

The visual alignment was checked by exposing an x-ray film (with polyethylene 
intensifier) in the neutron beam at the position of the radiator. Small 
misalignments were discovered with the first films and these were corrected and 
checked. The radiator was situated centrally in the neutron beam from both 
the 0° and 20° targets for all the films exposed before, during, and after, the main 
experiments. 


Targets, Radiators, Scintillators and Absorbers 


The targets were rectangles of beryllium, 2:54cmx5-08cm, and were 
bombarded on one of the 2:54cm edges. The thickness of the 0° target was 
1-1 gm cm” and the 20° target was 0-25 g cm”. | 

The hydrogen for the second scattering was obtained by using polyethylene 
and carbon radiators of equal stopping power and correcting for the inequality 
of the number of carbon atoms in the two radiators. The ratio of the molecular 
stopping powers of polyethylene and carbon was taken as 1:4. Both radiators | 
were cylinders of 2-54cm diameter, the polyethylene being 0-82 g cm™ thick 
and the carbon 0-98 g cm”. 

The scintillators were machined from plastic scintillator (1:5°% tetra- 
phenyl-butadiene in polystyrene, decay time 6x 10~% sec) to the dimensions 
4 cm x 4cmx0-4 cm and were carefully polished. They remained undisturbed 
on the photomultiplier cathodes during the whole course of the experiment. 
The distances between the centre of the radiator and the first and second | 
scintillators were 13 cm and 21 cm respectively. ‘The aperture of the telescopes | 
was defined by the second scintillator, which accepted protons scattered at angles — 
between 24-5° and 35-5° from the centre of the radiator. The total variation in 
azimuthal scattering angle for all parts of the radiators was 22° to 38°. 

The total absorber in each counter telescope (including half the radiator | 
thickness) was equivalent to 6-7 g cm™ of aluminium. 


Proton and Neutron Energies 


The proton and neutron energies used in this experiment are summarized | 
in table 1. ‘The energy loss of the highest energy protons in the first scintillator | 
was about 3 Mev and the minimum detectable proton energy in the second 
scintillator was estimated as 10 Mev (corresponding to a proton of 77 Mev entering | 
the first scintillator). ‘The effective energy of the internal proton beam was 
calculated from the previously measured single traversal spectrum (Dickson and 
Salter 1953) and the calculated number of traversals of the targets (Cassels, 
Dickson and Howlett 1951, Dickson 1951). 


Scintillation Counters and Coincidence Units | 

The counting system was designed for simplicity in construction and | 
tolerance in operation together with a short resolving time. The counter heads |} 
and coincidence units have already been described (Dickson, Salter, Gunnill, |] 
Dolley and Cassels 1952). The resolving time of the coincidence units was jf) 
8 x 10-® second. 1 
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The counter telescopes were set on counting rate plateaux by adjusting the 
gain of each photomultiplier so that all protons which produced a coincidence 
gave a certain minimum output pulse from the photomultiplier anodes. The 
photomultiplier e.h.t. voltages were then raised by 50 v above this threshold level. 
Electron transit time delays in the photomultipliers and other incidental 
unbalanced delays in the inputs to the coincidence units were balanced by 
introducing additional delay cables between the counter heads and the coincidence 
units. Counting rate plateaux were plotted with constant differences in the 
e.h.t. voltages of each pair of counters and were found to be flat up to 200 to 300 v 
above the ehreshold voltages. 


Table: 1 
0° 20° 
Proton energy, internal cyclotron beam (Mev) max. 134 150 
effective 120 135 
Neutron energy, if the production process max. 134 2 
is assumed to be equivalent to free n—p Taina, hd 87 
scattering (Mev) mean 121 120 
Recoil proton energy (Mev) meeps, 1116) 114 
min 77 Ad 
mean 91 90 


Beam Monitor 


The cyclotron beam current was monitored by a boron trifluoride counter 
which was immersed in a block of paraffin wax and placed in a position shielded 
from the cyclotron targets by about 3 m of concrete. The couniing rate of this. 
monitor was known to be linear with beam current. 


Random Counting Rate 


The random coincidence counting rate was measured by delaying the pulses 
from one counter head to its coincidence unit by an additional time which was 
an integral number of radio-frequency periods. Equal random rates were 
observed for 50 and 200 x 10~* sec delays (radio-frequency~20 Mc/s). Since 
the random rate depends on the product of the single channel rates (i.e. the 
square of the beam current), while the real rate is proportional to the beam 
current, then the ratio of the random to real rates is also proportional to the beam 
current. ‘The measured ratio of the random to real counting rates was 0-025 
at the normal full beam and was proportional to the monitor counting rate within 
the experimental errors. ‘The beam was maintained at about 30° of the full Dean 
during the main experiment, thus reducing the random rate to less than 1% of 
the real rate. 


Collection of Data 


The experiment consisted essentially of the measurement of the ratio of the 
number of proton recoils counted in the telescope R (see fig. 3) to the number in 
telescope L. The carbon effect was cancelled out in the usual way using the 
counting rates observed for the carbon radiator and background. 

One cycle of the experiment consisted of twelve observations of the 
coincidence counting rates for the polyethylene and carbon radiators and 
background for 0° and 20° targets and second scattering angles of right 30° and 
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left 30°, together with six observations of the monitor counting rate. ‘The results 
of one cycle are set out in full in table 2. R and L are the normalized hydrogen — 
counting rates for the right and left telescopes respectively and the subscripts 
0 and 20 refer to the angle of the first scattering. | 


Table 2 | 
: Time : ; Right Left 
Radiator Target (min) Monitor Right Left NEonne Manito 
Polyethylene 0) 15 23744 5766 5543 242:84+3-6 233-44+3-5 
Polyethylene 20 25 61370 5404 5088) 881d 25 82-95 d 2 
Carbon 0 7} 10887 1035 102395 95- asc 94:0+ 3-1 
‘Carbon 20 12 26412 1071 964 40541-2606 36°54+1-20 
Background 0) Z 3452 11S) 138 34-2 te oez 40-0+ 3-5 
Background 20 4 9506 190) “177, ~2070ca1-4055 4 8-One e438 | 
Eo = 154-84 2-8%, Lig ==51 F307, 

R R 

—) =1-067+3-8% — =1-039+ 4-29 

r), 1067253875 (),, 1203955 Wa 

R ie 

z) =0-9744 5:7% W = —26+56% 


§ 3. RESULTS 
Second Scattering Horizontal 


The counting cycle just described was repeated 29 times with exactly the 
same target, radiator and counter positions in each cycle. ‘The polarization 
effect W was calculated for each cycle, giving 29 values whose average was — 1-6%. 
The internal consistency of the counting errors was checked by three calculations 
of the standard deviation o of this result: (i) the total number of counts gave 
o=1-02%, (1i) the average Ro, etc. and the variance of each (from the 29 values 
of Ry etc.) were calculated giving o=1-4% and (iii) the 29 values of W gave 
a=0:90%. The high value obtained by method (ii) shows that some systematic 
errors cancelled out when R/L ratios were calculated. 

The asymmetry of the scattering from the carbon radiator was calculated for | 
each cycle, giving 29 values of W, whose average was +2:8+3°%, (standard 
deviation calculated from the 29 results). 


Second Scattering Vertical 


With the scattering table rotated to the vertical scattering position the 
up/down ratio for the 0° target was 1-025+0-015 and for the 20° target 
1:006+0:017. The ‘polarization’ effect was —1:9+2%. These are the 
averages for nine counting cycles. ‘These measurements were performed as a 
check on the behaviour of the counting system in conditions where no 
polarization was expected. 

Misalignment Tests 


The alignment of the targets, radiators and counters was carried out carefully _ 
before the main experiment and there was no reason to believe that any part of 
the apparatus was displaced at any time during the experiment. To obtain an 
estimate of the systematic errors due to small misalignments of various parts of | 
the apparatus, four series of counting cycles were performed with the counter 
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telescope and the 20° target misaligned by known small amounts. The four 
tests were: 


(1) The radiators were placed at 80° to the neutron beam, that is in 10° 
misalignment, while retaining the correct alignment of the telescope. 

(ii) The second scattering angles were changed by 1° each, to 29° right and 
31° left, by rotating the scattering table through 1° about a vertical axis through 
the centre of the radiator. The radiators were placed at 90° to the neutron beam. 

(iii) The scattering table was moved 0-5 cm to one side so that the axis of the 
table was still parallel with the neutron beam, but one edge of the radiator 
coincided with the edge of the neutron beam. 

(iv) The 20° target was moved 0-5 cm away from the datum line; a misalign- 
ment of 0-1 cm was easily detectable by the theodolite. 


The results are summarized in table 3. 


Yables 
te No. of R LR” RY’ 
Misalignment — = — 
cycles Ib kes Jb ox L} 
None 29 1-061 1-043 0-984+ 0-010 
(i) + 1-019 1-042 1-022+ 0-027 
(ii) 6 1-410 1-481 1-050+ 0-022 
(iii) 6 1-082 1-104 1-021+ 0-022 
(iv) 6 1-098 1-054 0-960 + 0-022 


The change in (R/L)’ per unit of misalignment can be conveniently expressed : 
(i) 0-0038/degree, (ii) 0-066/degree, (iii) 0-074/cm, (iv) 0-048/cm. ‘The errors in 
alignment of these four sections of the apparatus are estimated to have standard 
deviations of (i) + 2°, (ii) +0-2°, (iit) +0-1 cm and (iv) + 0-1 cm which give errors 
in (R/L)’ of (i) +0-0076, (11) +0-0132, (111) +0-0074 and (iv) +0-0048. The 
square root of the sum of the squares of these errors is +0-0176, which was 
regarded as the systematic error of the experiment and combined with the 
counting error. ‘The final value of (R/L)’ then becomes 0-984 + 0-021. 


§ 4. Discussion 


The polarization effect W=—1-6+2-1% measured in this experiment is 
consistent with the view that the neutrons produced at 20° from a beryllium target 
by high energy protons are not polarized. ‘The negative sign of the result is not 
regarded as having any real significance since it would imply that P,; and P, are 
of opposite sign, which is not very likely. ‘The probability that the result could be 
positive is 0-2, and the probability that it is greater than + 1% is 0-1, greater than 
+2% is 0-05, and greater than +3°%, is 0-01. ‘The experimental value of W is 
therefore significantly different from the value of + 6°% which Swanson’s theory 
suggests for the energies and the angles of scattering used in this experiment. 

There are two possible explanations of this result. Either the polarization 
produced in free n—p scattering (at about 130 Mev) is less than Swanson’s theory 
predicts, or the polarization is smeared out in some way when the n-p scattering 
takes place inside a beryllium nucleus. ‘The latter conclusion would be interesting 
in view of the work of Mandl and Skyrme (1952) and Strauch and Hofmann (1952). 
The neutron yield and spectrum from a beryllium target bombarded by protons, 
as calculated by Mandl and Skyrme for a ‘transparent’ nucleus, gave very 


728 J. M. Dickson and D. C. Salter 


tolerable agreement with the experimental results (Randle, Cassels, Pickavance 
and Taylor 1953). Strauch and Hofmann have shown that the peak in the — 
neutron spectrum produced by the bombardment of beryllium by 112 Mev 
protons behaves in a way that suggests that it arises from essentially free n-p 
scattering in the beryllium nucleus. 

The present result is not in very direct conflict with that of Wouters who, 
as mentioned earlier, observed an effect of 6:5 +3-6% with a lithium deuteride 
target, under conditions such that a 12% effect was expected. Wouters attributed 
his apparently low result to the fact that the majority of his neutrons came from 
the lithium component of the target. He suggests that neutrons from lithium are 
unpolarized, because of internal smearing, and this is given some support, though 
of small statistical significance, by his results for a lithium hydride target. 

It seems clear that further progress in deciding between the two explanations 
can only be made by an experiment to determine accurately the effect of a 
deuterium target alone. 
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Abstract. ‘The matrix elements occurring in the theory of radiative transitions of 
electrons and positrons for a case of spherical symmetry are expanded in the 
general case as a series of radial integrals with known coefficients. 


§ 1. INTRODUCTION 


HE treatment of problems dealing with the radiative transitions of electrons 

| and positrons generally involves the evaluation of a matrix element having 

the form M= | ‘T*(V +a. A)® dz, where and © are Dirac wave functions, 

@ is the usual Dirac operator and V and A are the scalar and vector potentials of the 

electromagnetic field (Heitler 1936a). In a case of spherical symmetryf ‘’, ®, 

V and A are decomposed into spherical waves and #l then reduces to a complicated 
series of angular and radial integrals. 

It has been found possible to write fl for all types of process in the general 
form #l=~>,a,R,, where the R,, are radial integrals and the coefficients a,, are 
known. Writing lin this form at once simplifies the setting up of a problem for 
detailed computational purposes since no account has to be taken of the angular 
integrations (which have, in fact, already been performed) and the form of the 
radial integrations can be seen immediately. 


§ 2. CALCULATION 


The method of calculation is similar to that set out by Spiers and Blin-Stoyle 
(1952) in a paper dealing with the theory of f-decay. 

The Dirac wave function for a particle with total angular momentum quantum 
numbers /, m can be expressed in spherical polar form in the following way 

WE (r, 0, 8) =cl4tHP t £4 saab) VF Ga (04). wees (1) 

Here c is a vector addition coefficient (Racah 1942) and the spherical harmonic is 
defined with the Condon and Shortley (1935) choice of phase factors. ‘The four 
components of each wave function are characterized by the variables B= +1, 
o= +4 and a takes the values +1 corresponding to the two possible types of 
solution. ‘The radial function f is determined by the particular problem under 
consideration. 

The electromagnetic potential can also be decomposed into spherical waves 
each corresponding to the total angular momentum quantum numbers j, m 
(Heitler 1936b). Inspection shows that each spherical wave can be written in 


the form 
Afr, s,A) = La(js)emys—aBlr)V**(84), wee (2) 


L 


+ Such cases are, for example, internal conversion, internal pair creation, inner brems- 
strahlung, atomic transitions, etc. 
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where s=0, 1 corresponds to the scalar and vector potentials respectively.[ — 
A\=0 for s=0 whilst for s=1, A= —1, 0, 1 and refers to the three components of the 


vector potential. 
The matrix element for a given transition then has the following form 


SA 5 JeMAe ae ae V3 = B Prey Las) lee Arr, S, == Aye dr, Sheers (3) 
G1 O2A8P Po 


where «,(1) represents the three components of the Dirac operator « and « ;(0) =0 9. 
In order to simplify the above matrix element it is convenient to deal with the 


emission (or absorption) of both Dirac particles and to characterize the created 
(or absorbed) two particle system by the total angular momentum quantum: 


numbers J, M. This can be achieved by introducing the operator D( = —7f«,) 


defined by Furry (1937, 1938) together with an appropriate vector addition — 


coefficient. Thus 


mn; JM* __ S519 m, 011 0,02 4Am* PIN st 
AN, 3 jst. V3 x ee all PR C1 — aL Da ,(s) BBs j (Fr, 5, = Aye j. dz, 


2s 
4010248882 


where 7+ indicates that the positive and negative energy levels have been 
interchanged. 


Substituting from (1) into (4) and using the following relation between vector 
addition coefficients and spherical harmonics (Spiers and Blin-Stoyle 1952) 


S59 Ixls4 Jolos m,— 6 M—m,—<o; 
py Cm, M —m, om, — Oy Oy Cu —m,—o, Be Ge (6) oe, 3 : (0¢) 


My 
2 SABA TLS)cftS cSiby U—1.-% (64) 


Cu —o,—o, o,+0,%o 
S=0,1 
L=h4+l,...|4—le| 
gives 


ie MINT ES yy ; Ile ILS S$$,.011 91 
be Fathe ae a/3 : a ep al ps)AP AILS) 57" o,— Os 6; 46,€¢,6,6A— Weta zal Da. (s) les 
OOo) P28 


x [SEO dr | VP (64) VY 8 (06) da. os... (6) 


The coefficients A}/:(JLS) are given in the Appendix and for brevity we 
have written J, + 34,8, =1,; Jo + a2By =p. 

Performing the angular integrations and using various summation properties 
of the vector addition coefhcients, the matrix element (6) for the creation (or 
absorption) of the two particle system in the state (J M; ja), j2a2) and the absorption 
(or creation) of a photon in the state (jm) reduces to 


$6: I= BiBmar aul SALI LS)y pp (SVRH ML), soe. (7) 


the summation extending over L =1,+h,.. 
L =f, +248), ly =Jo + Za2P2 and where 


REM L) = | AO gi feryr ar 


and yiui(1) = —y4u(l)=1; vi-1(1) = y_4,(1) =0; 
¥11(0) = y4-1(0) = 0; ¥1-1(0) = — y-11(0) =1. 


4-4], S=0,1; B,,8.= +1, with 


{ In the conventional gauge there is no longitudinal potential and for magnetic radiation — 


s=1, /=j whilst for electric radiation s=1, /=j+1 and s=0, J=j. 


Matrix Elements in Radiative Transitions ion 


§ 3. DiscussIoNn 


Expression (7) is perfectly general and a particular problem is characterized by 
the form chosen for the radial functions. 

Thus, for internal conversion and internal pair formation g, is chosen 
to represent an outward flux of photons and will therefore have the form 
gx(r) =iH}) ,(kr)/(kr)"? which corresponds to the emission of 1/72k quanta per 
second. In addition the values of J and L to be used are restricted by the multi- 
polarity and character (‘ electric’ or ‘ magnetic’) of the transition considered. For 
internal conversion, f/:“(r) is the radial function for an electron in an appropriate 
bound atomic state; e.g. for K-conversion (Rose 1951), a,=+1, 7,=3 and 

T= —(1—y)¥2Dr?te-"", fo tt =(1+y)"2Dr’—te-*" where oat (1—«?Z?)1? and 
D=(2«Z)’**[21P(2y+1)}! whilst f(r) is the radial function for a positron 
(since positive and negative energy levels have been interchanged) moving in the 
coulomb field of the nucleus. These functions have been given by Rose (1937) 
Bete DissMOUONT | —<h)45. 7) re ot re Bee, Op-the 
other hand, for internal pair formation, both f, and f, are Poets energy 
functions for particles moving in a coulomb field. 

For transitions involving the emission of radiation, only the transverse 
components of the electromagnetic field contribute and the term with S=0 is 
therefore dropped. Further g,=J,.,,(kr)/(kr)!* and the functions f, and f, 
will generally be of the type which are non-singular at the origin. As shown by 
Knipp and Uhlenbeck (1936), however, it is for instance permissible to treat 
inner bremsstrahlung resulting from an allowed f-transition as a first order 
process if f,, say, is replaced by an appropriate radial function representing a_ 


source at the origin. 
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APPENDIX 


The coefficients a,(js) occurring in the expression for the electromagnetic 
potential are given by 


a,(j9) =[j(g + 1)" 4j4s(f1) = —[y/(29 + 1” 
a,(ji)=1 a, a(71)=(G + Yi +1)" 
The coefficients A}(J LS) can be written in the following way 
ARS LS) = Chi, hijo |J LS). 


Iida 


-C1,,, has been given explicitly by Carlson and Rushbrooke (1950 eqn. 17): 


Ore tyeneg (Ce Rb Ii Oar 2) Ce 2h) Og ZL) 
Aegean @-I) eh) lg)! 


if 2g=1,+/,+ L is even and C;,,,=0 if l, +/,+ L is odd. 


(ji JoJ | J LS ) is the matrix element for a transformation from jj to LS coupling. 
The amplitudes of these matrix elements have been given by Pryce (1952) but, . 
to the author’s knowledge, the phases have not been published. For completeness 


-the full formulae for these matrix elements are given below. 
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If j,=h+3, Jol +t 
Cijed 290) me (W shh DN tet Dh 
2(2l, + 1)\(2h+ 1) 
slau) nett, (Oph + 2M +h 1d 
Cio WIV) =e) 9H ah 


rr : Apes it CEabe ey UME ee Cae aa!) 
Cie +11) =e 2(2L, + 12h, + IJ + (2 + 1) 

- fF th byJ+b—-hF tht b+ YF +h +h+2)? 
CnjeJ|J I-11) =e 2(2l, + 1)(2h, + 1)I(2I + 1) 


The expressions for the other matrix elements can be obtained from the | 
above by replacing J, by —/,—1 if7, =/,—4 and J, by —/,—1ifj,=1,—3. 
The phase factors ¢ are given for all cases in the table. 


Phases of the Transformation Matrix Elements <7, j,.J|JLS) 


: . (JLS) 
ie = (JO). (= (Jd tT aed, ete) 
Le al ant a =} 414 
[ae 2 ae 44 ed as = 
[nee nee ri at et ar 
ae fay + +1 = 
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Intensity Distribution among Bands of the Herzberg System of O, 


By M. E, PILLOW 
Northern Polytechnic, London 


MS. received 26th Fanuary 1953 


Abstract. Using Herzberg’s revised measurements, relative band-intensities in 
the system are calculated, first in absorption, and compared qualitatively with 
laboratory observations, and then in emission, when they are compared with 
Barbier’s measurements on the emission from the night sky. 


$1. INTRODUCTION 


ALCULATIONS on the Herzberg system of O, have until recently been 
of doubtful value because of the lack of agreed data on the bands, which 
in the laboratory can be observed only in absorption.* Here they are 
represented only by the v’=0 progression and the bands corresponding to 
lower wv’ values are extremely faint, so that the existence of some of them has 
been in doubt. MHerzberg’s latest measurements (1952) however, made at 
much greater dispersion than before and with very long absorbing paths, give 
much more reliable rotational data than were hitherto available, and establish 
with considerable probability the position of the system origin. ‘These data, 
then, have been used for a new calculation of relative band intensities in the 
system. ‘The method used is the most recent modification of the distortion 
process for wave functions (Pillow 1951, 1952). 
The lower state of the system is the same as thai of the Schumann—Runge 
bands, and these give 


w,”"=1580, xw,”=12:07, "= 1-207 x 10-8 cm. 


Herzberg’s measurements for the vibrational levels of the excited state cannot, 
unfortunately, be represented exactly by a quadratic expression in v’ +4, but 
such a formula has been fitted to them by the method of least squares, and appears 
to be sufficiently accurate for the purpose. Herzberg’s rotational measurements 
giver,’. The values used, then, are w,’ = 836-4, xw,’ =27-18, 7, = 1-534 x 10-8 cm. 


§ 2. INTENSITIES IN ABSORPTION 


No measurements on the intensities of the bands in absorption have as yet 
been made with any accuracy. ‘The microphotometer traces of Chalonge and 
Vassy (1934) and Morguleff and Vassy (1939) were made for purposes of 
wavelength measurement, and are not calibrated for intensity, and the same 
applies to the plate taken by Stopes-Roe (1948), and examined by the writer. 
All that can be fairly stated at present is that the intensities in the progression 
are small at the red end (A=2795 A), so that these bands did not appear on any 
of the earlier exposures, increase rapidly in the middle of the progression, and 
approach a maximum in the last two bands at the violet end (A=2443, 2429 A) 
where the system probably terminates in a continuum. Calculation gives a 


* Since this paper was written, Drs. H. P. Broida and A. G. Gaydon have observed 
the Herzberg lands in emission in an afterglow of helium. 
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very wide range of absolute intensities, but the order in which they are arranged | 
agrees well with experiment, as is shown by fig. 1, in which log,)J (probably | 
bearing a roughly proportional relation to plate blackening) is plotted against v’. | 
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§ 3. INTENSITIES IN EMISSION 


Now the astrophysical interest of the Herzberg system lies in its probable 
presence in the emission from the night sky. ‘Tentative identification of many 
of the bands observed in this radiation with those of the Herzberg system have 
been made by Dufay and Déjardin (1946), Déjardin (1948), Barbier (1947) and 
others. The dispersion of the spectrograms is necessarily small, being of the 
order of 100A per mm, so that identification can be made only to an accuracy 
within several angstroms. Within the range 3000-5000 J it is possible to identify, 
to this accuracy, a very large proportion of the observed bands with those of 
either the Vegard—Kaplan system of N, or the Herzberg system of O,, and the 
latter predominate in the range 3000-40004. Plates showing this region have 
been studied very fully by Barbier, and it is of interest to discover whether the 
theoretical intensity distribution in the Herzberg system is at all closely related 
to that obtaining among the observed bands. ‘The comparison is complicated 
by the fact that for many wavelengths there are likely to be two or more Herzberg 
bands superposed, and the total observed intensity will be a combination of 
overlapping components. Failing fuller resolution of the observed bands, a 
direct band-by-band comparison cannot therefore be made; a fairly close check 
is nevertheless possible. 

The table shows the intensities in the system as found by calculation, on an 
arbitrary scale, together with wavelengths. Wavelengths below 31004 were 
not registered by Barbier, and above about 40504 the Vegard—Kaplan bands 
occur prominently, so that no comparison has been attempted here. In the 
intervening range an asterisk indicates that Barbier has observed a strong band 


Band Intensities in the Herzberg System of O, (ike 
within a few angstroms of the wavelength given, and it can be seen that in all 
these cases, with one exception (3484), there is according to theory at least 
one strong band there. 


Table - 
= 0 1 2 3 4 5 6 7 8 9 10 
‘ 
. 
: | 2794 2921 3059 | 3208 3369 3544 3756 3945 | 4176 4430 4713 
p: 3s aU Bie 54 
| 2737 2859 2991 | 3143 3287 3453 3635 3833 4554 
1 4 (27> 26%. 43%) ) 60" 21 
2685 2802 2929 3064 | 3211 3371 3543 3731 4411 
; | 1 3 13 31°) 56" 70-465" wi 
| 2637 2750 2872 3002 | 3143 3295 3460 3639 4283 
‘ | oe 10 30 57%)! FO Rue 5 AO 19 
| 2593 2703 2820 2947 | 3082 3228 3386 3557 4169 
; 1 Sees 53 84* 98* 66* 20* 22 
_ | 2554 2660 2774 2896 3026 | 3167 3319 3484 4069 
: | Gt 549 03a) 213870 100", | 43t— 4% 15 
| 9519" 2622) 2733 92851 «2977 73114 3260 3419 —3591 3777 «3981 
; | A ATO 98) 5394 1130 80 15 Rie De 5 


The comparison can, however, be made more precise. ‘The calculated 
intensities have been arranged in order of wavelength, and where two bands 
have heads lying within 104A their intensities have been added together. The 
upright lines in fig. 2(a) show these total intensities plotted against wave 
number. ‘This has been done in order that comparison may be made with a 
graph published by Barbier and reproduced approximately, with his permission, 
in fig. 2(b). ‘This shows the intensities of the night sky bands, obtained from 
photometric data. It will be seen that the peaks occur for almost exactly the 
same wavelengths in the two cases. 

In comparing the heights of the peaks in the two diagrams several points 
may be noted: 

(a) The calculations have been made on the assumption of uniform 
distribution of molecules among the vibrational levels of the excited state. 
Even in the night sky this condition is unlikely to hold, and it can be seen from 
the table that peak values in the short wave part of the range considered would be 
somewhat lower if allowance were made for a smaller population of the higher 
levels. 


736 M. E. Pillow 


(b) In Barbier’s graph the background intensity is falling for v greater than | 
30000 cm. For comparison with theoretical values, therefore, his last few 
peaks might be raised somewhat. 

(c) There is nothing in the theoretical distribution to account for the sudden | 
drop in the heights of Barbier’s maxima for wavelengths above 3600A. Error’ 
in calculation, whether accidental or due to the method used, couid not be } 


(a) 40 


\ | { j 
| | \ | | 
| Pi H i ti | 
0 4 ) i 
26 2:8 3-0 


22 2-4 


w 
o 


L barbie 


Z ale 
Ss 


{ 20 


ne 24 26 28 zy 
x104 Wave Number (cm=!) 


Wave Number (cm-') 


Big. 


dependent on wavelength in any consistent way, and Barbier’s method of | 
calibration seems to allow fully for variations in plate sensitivity. A very 
tentative suggestion of absorption in the night sky may be put forward. 


$4. CONCLUSION 


The observational data are not yet sufficient for a fully quantitative comparison | 
of intensities in this system with theoretical values, but with the latest vibrational | 
and rotational measurements the calculations appear to afford a reliable standard | 
of comparison, which can be used in examining the emission of the system from: 
remote sources. 
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Band Intensities in the CN Violet System 


By M. E. PILLOW 


Northern Polytechnic, London 


MS. received 28th January 1953 


Abstract. Relative intensities for the bands of the CN violet system are calculated, 


and compared graphically with the experimental values of Ornstein and Brinkman, 
and of 'Tawde. 


suggested that a graphical comparison between calculated and measured 

band intensities for a system might lead to useful information. Such 
a comparison was carried out for the Swan bands of C,, and reported at 
the Colloquium on the Physics of Comets, at Liége (Pillow 1952b). A similar 
study of the CN system is made briefly here. 

Transition probabilities for this system have already been published (Pillow 
1951), but at the end of the same paper a further improvement in the method 
of calculation was suggested. ‘The earlier results are here slightly modified, 
using this method, and extended, and the relative transition probabilities are 
shown in the table. Intensities calculated from these are now compared with the 


I: a contribution to the 1951 Conference on Auroral Physics Pearse (1953) 


Transition Probabilities: CN Violet System 


Band Probability Band Probability 
0,0 3883 0:89 352 3584 0-16 
Ov 4216 0-09 333 3855 0-63 
0,2 4606 0-02 3,4 4168 0-16 
35 4532 0-04 
3,6 4959 0-01 
1,0 3590 0-08 4,2 3348 0-01 
ile it) 3871 0-74 4,3 3583 0-21 
ie 4197 0-11 4,4 3851 0-56 
ioe 4578 0-02 4,5 4158 0-21 
4,6 4515 0-06 
eal 3586 0-18 5s 3 3351 0:02 
Ye 3862 0-64 5,4 3584 0:27 
253 4181 0-14 Sy 5 3849 Ori 
2,4 4553 0-03 5,6 4152 0-19 
Sy 7 4502 0-06 


measured values of Ornstein and Brinkman (1931) for the same system, made 
on the intensities in the band heads, which were taken by those workers and by 
others as giving the same ratios as the corresponding lines of bands, owing to 
the very similar structure of all the bands. ‘The source was a carbon arc in air. 
Now if P represents the vibrational transition probability [Ji,,,dr|? for 
a band whose origin has wave number v we may, by making certain well-known 
PROC. PHYS. SOC. LXvI, 8—A 49 
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assumptions not discussed here, take the intensities of corresponding lines in} 
bands, and therefore the total band-intensities, to be proportional to Z~'Pyv4,, 
where Z is a factor determined by the distribution of the molecules among the: 
vibrational levels of the excited state. If the distribution were purely thermal Z~*! 
would be the Boltzmann factor exp (—hew,v' /RT) to a very good approximation. . 

For Pv* we write J,,,, and this represents the intensity to be expected ‘att 
infinite temperature’, that is, for uniform population of the excited levels. Thea) 
if the measured intensity is J, | 


log I =log I,.;, —log Z. 
Log Z should be constant for all the bands of one v” progression, and for a thermal 
distribution it should be proportional to v’. Therefore if log J be plotted againstt 


log I.a,.. we shall expect to obtain a series of parallel straight lines, which for aj 
thermal type of distribution will be equally spaced. In this case it will be: 


Log, (Ornstein and Brinkman) 
Log, (Tawde) 


! 2 0 | ; 2 
Log.) Lcalc “ 017’ Log, Teale = 0:22 UE 


Fig. 1. Fig. 2. 


possible to plot log J against log I,.,,— Av’, where A is a suitably chosen constant, } 
and to obtain a single straight line. From such a plot we can determine whether} 
the excitation is thermal in type, and the corresponding ‘ vibrational temperature’, } 
and we can examine discrepancies between theory and experiment and between} 
measured values obtained from different sources, or under different conditions. | 
I and J,,,, may be on any arbitrary scale, the slope and spacing of the lines being4 
unaffected by this. 


Figure 1 shows the comparison between calculated values and those measured | 
by Ornstein and Brinkman. From consideration of space the original plot of 
log against log J,,.;, is omitted, as well as the table of values plotted, but the 
graph of log/ against log J,,;,—0-17v' may be claimed to be very nearly linear. 
The vibrational distribution appears to correspond to a temperature T given byi] 
hew,v'/2:303RT =0-17 + 0-01, ie. T=8000 + 500°K. It may be noted that the 


very small departures from the line that do occur tend to be connected with] 
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sequences; that is, they are associated with certain small ranges of wavelength. 
It is difficult to see how errors in the calculations, whether accidental or due to: 
the approximations made, could be systematically dependent upon wavelength. 
We shall return to this point after considering Tawde’s results. 

Tawde (1936) made measurements on the same system, also using a carbon 
arc as source. A direct comparison of his published results with those of Ornstein 
and Brinkman shows good agreement except in the 0, 1 sequence, where his 
results are all higher than those of the other workers. Figure 2 shows that 
Tawde’s results, when plotted against the calculated values, give an almost 
exactly linear graph, this time with a lateral shift of 0-22v’, corresponding to a 
temperature of about 6200°K, except for the points belonging to that particular 
sequence, which are all too high. Since the sources used by the two sets of 
workers were similar, the differences between their results, as well as the small 
discrepancies noted in the first case, are most probably a matter of plate 
calibration, and it would appear that the Ornstein and Brinkman values are 
the more reliable. Other explanations of discrepancies between theory and 
experiment, and between various sets of observations, have been suggested in 
the work on C,, but they are unlikely to be relevant here. 

The calculations made here, then, seem to give results sufficiently reliable for 
comparison with observed values, and the method of comparison can equally 
well be used when calculations are made by other methods. The use of such 
‘calculated values in comparing measurements made on different sources is 
indicated here, and the use of such comparisons in astrophysical work is discussed 
elsewhere. 
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The Elastic Scattering of Neutrons by Tritons 
and of Protons by *He . 


By P. SWAN 
Department of Physics, University College, London 


Communicated by H. S. W. Massey; MS. received 19th February 1953 


Abstract. The theory of the elastic collisions of neutrons with tritons which) 
was given in an earlier paper by the author and applied to an energy of 14 Mey) 
is here extended to cover a number of neutron energies between 2:5 and 14 Mey. . 
The scattering phases are evaluated using the variational methods of Hulthén: 
and Kohn. The corresponding angular distributions for proton—*He scattering: 
are obtained by treating the coulomb field as a perturbation on the neutron-triton* 
scattering, as both cases have the same symmetry properties. | 


§ 1. INTRODUCTION 


ETAILED calculations and comparison with experiment (Buckingham,, 
iB Hubbard and Massey 1952) of the elastic scattering of neutrons by 
deuterons, using Wheeler’s resonating group structure method, hay: 
strongly favoured an exchange type of nuclear force. It therefore becomes of” 
interest to see if exchange forces are also necessary to explain neutron-triton and? 
proton—*He scattering, and if the resonating group structure method is capalied 
of giving reasonable results for the interaction of four nucleons. 
In a previous paper (Swan 1953) the theory of neutron-triton collisions was 
worked out and applied to an incident neutron energy of 14Mey. They 
calculations were based upon the following assumptions : 
(a) The nuclear potential acting between two nucleons at a distance apart is4 
given by the gaussian form 


Ur) =Vi(mM+hH+bB+w)exp(—pr?) (1) 


where M, H and B are the Majorana, Heisenberg and Barlett operators whichi} 
interchange the spatial, spatial and spin, and spin coordinates respectively of thei 
interacting particles, and m, h, b and w are constants chosen so as to determine the 
exchange character of the interaction, while satisfying the condition that the ratio! 
between the ncutron-proton singlet and triplet well-depths x~0-6. 

The well dimensions used are those derived by Breit, Hoisington and Shar 
(1939) from analysis of low energy proton-proton scattering: V)=—45 Mev) 
w=2-669 x 10”, range 7) =1/4/u = 1'936 x 10-13 cm. 
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The well dimensions derived from proton—proton scattering have been used 
because the neutron-triton interaction involves neutron—neutron and neutron— 
proton interactions in the ratio 2:1. The equality of proton-proton and 
neutron—neutron forces is assumed. 

Calculations were carried out for four types of exchange force given by: 


I Ordinary forces (WB case): m=h=0, w=3(14+x), b=3(1—2). 


Il Majorana—Heisenberg forces (MH case) : 
w=b=0,m=4(1+2x), h=}(1—x). 


III Symmetric forces (MHWB case): 
m =2b =4(1+3x), h=2w=4(1 —3x). 


IV The Serber mixture: m=w=}(1+2x),h=b=}(1—x2). 


22) 


(o) The ground state wave function (123) of the triton is given approxi- 
mately by the product of three two-body wave functions of gaussian form: 


sb(123) = 384(2/rr)® exp [—IA a? +152 +752) vee (3) 


Estimation of the binding energy Ey of the triton by the variational method 
leads to the result A= 1-436 x 10”, Ep = —5-49 Mev, the latter value comparing 
| with the experimental value of —8-3Mev. As scattering calculations are 
_ insensitive to small variations in binding energy, no appreciable error should be 

_ introduced by the use of the theoretical binding energy. 

: (c) The total wave function of the four-body system can be adequately 

tepresented by the resonating group formalism of Wheeler employing 

| approximate gaussian wave functions for the triton. 

: The only groups taken into account are the triton and neutron groups, as by 
the application of the variational method it may be shown that the deuteron plus 
two neutron groups have a negligible probability of occurrence. 

(d) The polarization of the triton by the neutron is small and may be 
neglected, as the triton with its binding energy of 8-3 Mev is a more compact 
structure than the deuteron (binding energy 2:2Mev), and consequently the 
polarization of the triton by neutrons should be much smaller than in the case of 
deuterons. As calculations on n—d scattering have hitherto neglected this effect, 
yet obtain good agreement with experiment for energies above about 3 Mev, 
below which the polarization effect is believed to be large, it follows we are fairly 
safe in neglecting polarization for neutron-triton collisions. 

Just as in the deuteron case, the size of the triton results in neutrons with 
several Mev energy and with one unit of quantized angular momentum passing 
close enough to interact quite strongly, resulting in an appreciable P phase 
contribution to scattering at a low energy where neutron—proton scattering is 
quite isotropic. 

(e) For the energy range considered below 14mev the non-central 
component of force may be represented by an equivalent central force, so that it 
is assumed that the tensor interaction leads to no appreciable deviation from the 
results obtained using purely central forces. 
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§ 2. GENERAL FORMULAE AND METHODS OF CALCULATION 


The angular distribution for the elastic scattering of neutrons by tritons into_ 
a solid angle dQ at an angle between 6 and @ +d with the incident beam direction | 
is given by do=1(0)dQ where J(0) = 317(0)+4/s(?); Ip(@) represents triplet 
scattering with the spin quantum number S=1, and J,(@) the singlet scattering, _ 
WS =, 
I,(0) and 1,(0) are expressed in terms of the phases 8, by the usual scattering | 


formula Jy, s(8) = (1/48*) |2,(20+ 1)fexp (218/"*) —1}P, (cos 6)... (4) 


It was shown in a previous paper (Swan 1953) that the radial wave equation | 
‘describing the scattering is of the form 


E ie = 2) ] fir) =U, (r) f(r) + | > Kir \frydr, oe. (5) 


where 


Kyles) = Bakr’) +7tle 1) + (BE = 3) mins 1) +P 1) + Bol”) + rl ¥). 
ee: (6) 


a, 8, y and § are numbers depending on the spin state and exchange character 
-of the interaction, and are given in table 1. If expressions (1) and (3) are used | 


Table 1 
Nuclear force law Spin state a B y ) 

(1) WB triplet 3 (5+) (+x)  2(-3+%) B(d+2) 
singlet 2 (1-+x) 8 x 2 (—3+x) 2 (3—x) 

(II) MH triplet 2(—3+6~) (itm) 2(5+x) 3 (1+x) 
singlet 2 (—3+x) 3 x 2 (1-+x) 3 (3—x) 

(III) MHWB triplet 3(-143x%) (ite)  3$(—14+27~%) B+ 
singlet oles 3 x 2 (1+5x)  (3—x) 

(IV) Serber triplet 2 (1+x) (+x)  %(3x—1) 13 (1+2) 
singlet 5 x 2 x 5 a & (Seco) 


for the potential and the ground-state wave function of the triton respectively, 
and we denote the constituent nucleons of the triton by 1, 2, 3 and the incident 
neutron by 4, then 


U,(r) = (9/8) ja) | | y223)V(A4) dR’ (7) 
qt, r’) O(r, r’), 
bi(7, r) 4 Ir; Jt 
ie : =2nrr' |” P, (cos 6) sin 86 a a ewe (8) 
STAT) (her); 
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where O(r, r’) =(9/8)8( M/h?) | yo(123)h(234)V(12) dR, 
T(r, r’) =(9/8)8( M/h?) | Y(123)(234) V(14) dR, 
N(e,r’) =$E(9/8)%( M1/h?) | (123) (234) aR, 


Perr’) = 89/8)" yl2s3s) (9) 
F v'(uo'(t) _ Var {o*(R)} 
He. F) aaeey oR) |e 
S(r, r’) =(9/8)°(.Mjn?) { Y(123)p(234)V (24) aR, 
R(r, ') =(9/8)9(.ayn) | (123)(234) V(23) aR. 
r=3(r) +he+03)—"a, r=$(ry ths +ry)—"y, 
R=r,—Prs, v(R) =exp (— 4AR?). area uy) 


By employing (1) and (3) we may evaluate analytically the integrals in (7) and (8), 
thus obtaining 
. TEER ET a Ok A ne ee re Orem Sore ee er (11) 

qr, 7’) =A, exp (— yy? — sr") Fis io(ky77’); 

tr, 1’) = Ap exp {—y2(7? +7") } Figriolarr’), 

nr, r’) = As exp {—y3(77 +7?) } Fis sia(ksr7’), 

pir, 7’) = Ay exp {—y,(7? +r°”)} 12) 

«[ (3° or + mn) Fs io(kyrr’) — 1077 F' leo) | ) 


57,7’) = As exp {—ysr? — yar} Fy 4 11a(ksr7'), 

r(r, 7) = Ag exp {—y6l7* +7) | Fry 110(ker7"’) 
where the constants A, y and « are simple functions of Vo, « and A, and 4,=4,, 
K,=K5- 4y44/0(x) is defined in terms of the half-integral Bessel function for 
unreal argument: HUES (a) = (ox /2)Y2T, 4 yIo(tX). wn ewe (13) 
From (13) it follows that the kernels have opposite signs for even and odd /, being 
attractive and repulsive respectively. 
_ The kernels t,, 2,, p,, 7, and the kernel sum q, +5,are all symmetrical in 7 and 7’, 
thus satisfying the condition for Hulthén’s variational method to be applicable. 
This symmetry condition is also necessary if a formula of the Blatt—Jackson (1949) 
type is to describe the S phase shifts for low energy scattering in many-body 


roblems: 
P heot 8=—= +5, rok rads (14) 


Kernels which could not be symmetrized would not, if they occurred, correspond 
to a physical solution to a problem. 
The asymptotic solution of the wave equation (5) is the usual form: 


fi(r)~sin (kr—$lr+8,). wee (15) 
The total elastic cross section Q for scattering is then 


4 
O= = D(21+1)(2 sin? 87+} sin288). sae (16) 
1 
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For proton—He collisions the coulomb field introduces small modifications tc 
the scattering. One may expect these modifications in 1 the phases to be about 
double those for proton—deuteron collisions. 

If we take the Rutherford scattering in the centre-of-mass system as 


1,(0) = (se) at OS (17) 


where E is the proton energy in the centre-of-mass system, the ratio R of the 
scattering through angles 6 and 6+ dé to that given by the Rutherford scatterin 
formula (17) is then 


REG aR t ows Co. Swe meee (18) 
where Ry g= 1 rh = sin? 46 exp (ia, In sin? $6)(2/+ 1) | 
x exp [27(£,— £) (exp 2in,1°8 — 1) P,(cos al. eee (19) 


a, = e”/hv, where v is the velocity of the incident protons, and 
¢,=arg [(l+1+2a,). 


The phases 7, are found from the asymptotic solution of a wave equation of thee 
same type as (5), but with U, and K,! replaced by U, and K,’, where 


U, = U, +2C(r), 
ey a See +327; r’) a h(r, r), 


Clr) = 5 (9/8)9(jre) ‘ { (123) - aR dr’, 


Blt, 7 eine | i ; G(r, r’), 2 
hee a 2arr : P, (cos 8) sin 6 dé vee ria, Le oy eae (20) 


G(r, r’) = 5 (9/8)5(aM/n2) { (123) e2 (~ + —) (234) dR 


(rr?) = 5 (9/8)* aM) | $123) — (234) aR. 


In this case the asymptotic ee of the integral equation is 
Air) ~ sin (Rr—a, In 2kr—Blr + htm). see ee (21) 


The same modification of U, and K,!' occurs for both triplet and singlet inter- 
actions. ‘The integral C(r) and the kernels may be evaluated on substitution’ 
of (1) and (3) in (20); one thus obtains 


e? 
C(r) = By es D(wor), 


1 
silt, ”) =Byrr’ exp {—alr®+r°)} | exp (—brr's)Pi(2) 


x [7 + 97? + Aca PD a, (7? + 97” + 6rr'z)l?} 
+(97? +7? + 6rr'z)— WO feo, (977 +7” + 6rr'2)*} de, 
Att; 7) = § Barr’ exp {—a(r?+r’)} 


1 
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where By=(3 M/2h?), wy SS(Ai2 HF} 
B, = 6(2/7)4?(9/8)8( M/h?)r3 2 e2, Ge HOARY Sp sas oh (23) 
a=(45/32A), b =(27/16A). 
Here (r) is the error integral 
Bene A 
(r) = a |, exp (Pde Ae one (24) 


The kernels g,(r, r’) and h,(r, r’) are again symmetrical in ry and 7’. For r>1/a» 
the ordinary force potential C(r) behaves like a coulomb potential Bye?/r; the 
latter is thus a coulomb potential cut off at the origin, and as we know the 
scattering contribution to come chiefly from the long range part of the field, the 
departure from the coulomb law for r<1/w, may be ignored to a good 
approximation. 


§ 3, CALCULATION OF THE PHASES 6, AND 7, 

The phases 5, for /=0, 1 were obtained by use of the variational principles 
due to Hulthén (1944) and Kohn (1948), but the phases 5,, 5, were found by use 
of the Born approximation. The phases , 7, were evaluated from 8p, 4,, 
respectively, by treating the coulomb field in the proton—*He interaction as a 
perturbation on the nuclear interaction, the latter being identical by charge 
symmetry with the neutron—*H interaction. 

The phases 8, 5,- 

aM he kernels G5; 67> tg) 115 Myst, Ho, Pui sor sis To, Te were plotted numerically, 
and the triplet and singlet wave equations solved numerically by variation 
methods. ‘The variational wave function for S-wave scattering was chosen as 


f(r) = {1-—A exp (— 0-377)} sin kr 
+ {M—B exp (—0-37?)}{1—exp (—0-377)} cos kr. ...... (25) 
For P-wave scattering the corresponding function is 
sin kr 


6) 1 Aexp (— 0-377) ( i ~ cos hr) 


+{M—B exp (—0-3r*)} {1 —exp (—0-37? Nee 


cos kr 


+ sin kr), tee (20) 


where A and B are two arbitrary parameters and M=tan 6). 
The factor 0-3 in (25) corresponds to a ‘mean range’ of the kernels. (25) and 
(26) satisfy the necessary boundary conditions: 


Solr) =filr) =9, 


hi(r>2)~ an al M cos kr, i 9 Ty bide Sete (27) 
sin kr COs ky "s . 
file) ~( Pe cos kr) + a1 Ps } 
In Hulthén’s method one evaluates the integral 
= it AN A ot ae, Pei ae (28) 


see —ati(1) | fle) — | Kal flr) de” «.(29) 


and K,/(r, r’)issymmetricalinrand7’. 
/ 


d? 
where Lf= a +k? — 
2 


746 P. Swan 


The function f(r) is obtained from the conditions 


Olen ror | 
I(A, B, M)=0, Zi ohie Osi ae penstocangs (30) | 
Equation (30) leads to a quadratic equation in M=tan6. Kohn’s linear 


method is based on the alternative conditions 


Clie Clear 0 ol 
eo circ 
Although Hulthén’s method has hitherto proved more accurate than Kohn’s; 
method, the former, when used together with the latter, enables us to choose the» 
correct M from the pair of solutions of the quadratic equation in Hulthén’s method. . 
Kato (1950) showed that if (30) and (31) are satisfied, then Hulthén’s and| 
Kohn’s methods are exactly equivalent, but this holds only for a good choice of f 
the wave functions f,(7) and f,(7). Consequently the two methods were worked | 
out by integration for each of the four alternative trial wave functions correspond- - 
ing to A= B=0, A40, B=0, A=0, B40, AAB SO, and the result accepted | 
which gave good agreement, say within 2%, between the two methods. 

For the evaluation of the integral J in (28), steps of 0-4 x 10-'* cm were used | 
in the numerical integration when applied to n—-%H scattering at 14Mev, but att 
the lower energies of 8 Mev and 2-5 Mev steps of 0-8 x 10-42 cm were found to» 
give sufficient accuracy. The kernels were found to extend appreciably to ai 
distance of about five times the well range, that is about 10 x 10-48 cm. 

The phases 59, 5, at 11 Mev and 5 Mev were obtained from the results at 14, 8 : 
and 2:5 Mev by intennolaiont 

A check on the accuracy of the phases was carried out in several cases by 
iterating the trail function, and the phases were found to be altered by not more ! 
_ than two per cent. A feature of the variational method is that the phase is given ; 


to an order better than the wave function itself from small r. 


The Phases yo, ;- : 
The values of 7, were found from those of 8, in two distinct steps: | 
(a) The kernel term [§g(7, 7’)—A(r, r’)] was plotted numerically for /=0,1 

and its contribution to 7, found using the formula 


= —k, 1. 6=are.tan( M+ I/k) ae (31) 


Se — =| al dr (Ser), eC RNR BC) — Mey PAUP) are (32) 


where f(r) is the solution of (5) for neutron-triton scattering. f(r’) turns | 
out to be less than 0-05 in all cases, so that the use of the formula (32) is a. 
reasonable approximation. 


(6) ‘The potential C(r) of (22) was treated as a coulomb term, although it is | 


actually cut off at the origin. ‘This approximation is valid as the scattering | 
contribution comes mainly from the long range nature of the field. 

The treatment of a coulomb potential term as a small perturbation on the : 
nuclear field has been given by Chew and Goldberger (1949). For S-wave 
scattering the phase 6,’ for the combined nuclear and coulomb field is given in | 
terms of the phase 5,° fer the nuclear field alone by the formula 


BQ + Cork cot 89’ =k cot 89?— B(Wo +1n Bro) + B?W, — BAW + .... ...-(33) 
where f is the coefficient of the coulomb potential C(r) of (22). 


The Elastic Scattering of Neutrons by Tritons and of Protons by ®He 747 


I’( —ia) ve 
0-87 —% -Ina, a= B/2k, 
C,? = 27a /(e"* — 1), In y=0-5772....(Euler’s constant), } ...... (34) 


aN | 
Wy= | -1¥2@)—en'(dr. 


Here Y7;(r) is the solution of (5) for /=0, and vg =sin (kr +8). 
As B~0-1, the higher order terms W, and W, may be neglected. For P-wave 
Scattering the corresponding expression becomes 


(1+ 22)Cys? cot 3,' + BRQ, ~2) + 6°Q,/4=H? cot 8,08 T+ In 748 ro— =| 
0 
1 f 
+P | m- x | — PW, +h In'y?Brothl]+PtWet .... veces (35) 
0. 


I"(2—1) tot) = il . 
where Q,=R,P, =35—— T(2—in) —In«a, Woe fe ¥s [Y?(r) —v,?(r)] dr 

The scattering phases 7, for proton—*He scattering are then found from (32), 
(33) and (34): Heelan? 


W, turns out to be difficult to compute, owing to the influence of the 1/r 
factor in the integrand on numerical integration, but as the effect of the coulomb 


_ field on the scattering phases is comparatively small, a rough value of W, suffices. 


In the calculations, the value (W,+In 7)) =0-40 x 10-13 cm was used for the 
S-wave scattering and (W,+In7,—47,*)=0-:10x10-% cm for the P-wave 
scattering. 

The phases for / greater than 1 were taken unchanged as for n—T scattering, 
as they are negligible in the energy region of a few Mev where the coulomb field 
produces important changes in the n—T’ phases. 


Table 2. Calculated Phases* 


(1) Neutron—Triton Collisions 


a E, Phase (I) WB (II) MH (III) MHWB (IV) Serber 
1 VS asap 1-22 1-29 1-27 1-13 
Be —0-59 —0-60 —0-54 —0-49 

AE 0-144 0-044 0-037 0-096 

Sy —0-031 —0-016 —0-005 —0-023 

0 ¢ i 1-28 1-25 1-24 1-24 
of —0-64 —0-52 —0-62 —0-45 

8. 0-108 0-026 0-038 0-061 

85 —0-017 —0-012 —0-002 —0-014 

1 ii 28 1-36 1-41 1-42 1-39 
oy —0-36 —0-42 —0-41 —0-42 

32 0-105 0-047 0-045 0-075 

35 —0-021 —0-017 —0-009 —0-019 


* Values in heavy type have been obtained by variational methods for solving the integro- 
differential equations, Other phases have been interpolated or calculated using the Born 
approximation, as indicated in the text. 
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Table 2 (cont.) 


0 {hin Se 1-47 1-18 1:38 1-36 
oy —0-41 —0:36 —0-37 —0°37 
5 0-079 0-047 0-045 0-050 
Si —0-012 —0-016 —0-012 —0-012, 
1 Galt seg 1-50 1:57 1-64 1:57. 
a —0-18 —0-26 —0-23 —0:24 
5 0-068 0-051 0-052 0-052 
Le —0-010 —0-017 —0-012 —0-013 
0 Goes. 1-71 1:51 1:58 1-62 
5, —0:23 —0-21 - —0-20 —0-19 
S 0-052 0-030 0-031 0-041 
5: —0-008 —0-017 —0-010 —0-010 
1 ome 1-99 1-86 1-94 1-81 
s) —0-089 —0-134 —0-105 —0):422 
= 0-040 0-040 0-040 0-040 
5; = = = = 
0 Sr ee 1-82 1-81 1-83 1-87 
3 Odd —0-091 —0-087 —0-105 
S 0-034 0-034 0-034 0-034 
5; = = = aie 
1 2-5 Os 2-08 2:22 2:35 2:19 
5 —0-036 —0-049 —0-040 —0-044 | 
S 0-014 0-014 0-014 0-014 
83 — = = a 
0 D5 8, 2:28 2:28 2-09 2-21 | 
os —0-044 —0-044 —0-027 —0-031 | 
3 0-012 0-012 0-012 0-012 
= _ ae foe — 
(2) Proton—*He Collisions 
as » Phase WB MH MHWB Serber 
1 14a ne 1-38 1-47 1-45 1-25 
ni —0-55 =0'57 —0-49 —0-43 
0 ee ee. 1-46 1-42 1-40 1-40 
m —0-61 —0-45 —0:59 —0-38 
1 hig ey: 1-59 1-66 1-67 1-62 
m —0-33 ~0-41 —0:39 —0-41 
0 ih Daaeer 1-74 1-32 1-62 1:59 
m1 —0-39 =0:33 —0-34 —0°34 
1 8 —‘n 1-79 1-89 1-98 1-88 
™ —0:14 =0:23 —0-19 —0-21 
0 8) me 2-07 1-81 1-91 1-95 
m —0-19 07, —0-15 —0-15 
1 Soles 2-41 5-07 535 2:21 
™ —0-069 = ()12 —0-085 —0-10 
0 5 No 2:22 2:21 2-24 2-28 
m —0-092 —0-070 —0-067 —0-085 
1 AD ie 2°54 2:67 76 2°65 
m —0-024 —0-037 —0-027 —0-031 
0 25 1 De 2-72 2:56 2-66 
m —0-026 —0-022 —0-017 —0-016 
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§ 4. RESULTS OF CALCULATION 


Figure 1 (a) compares the theoretical angular distribution.for the several types 
of exchange forces with the experiments of Coon, Bockelman and Barschall (1951) 
at 14Mev neutron energy, and it is seen that good general agreement is obtained 


Intensity of Scattering / Unit Solid Angle (barns) 


0 45 90 135 180 45 90 135 180 
Angle of Scattering in Centre-of-Mass System (degrees) 


Fig. 1. Calculated angular distributions at 14 Mev for (a) neutron-triton collisions, 
(6) proton—*He collisions, assuming WB, MH, MHWB and Serber forces. In 
(a) the experimental points are due to Coon, Bockelman and Barschall (1951). 


for exchange forces of MH and MHWB type. Ordinary forces of WB type 
result in too high a peak of back-scattering, and Serber forces yield a result 
intermediate between ordinary and exchange forces in the experimental angular 


range 70-180° (centre-of-mass system). 
In fig. 1(b) the calculated angular distributions at 14Mev for proton—*He 
collisions are seen to differ little from those for neutron—*H collisions except for 


small angles. 


S 
a 


Intensity of Scattering /Unit Solid Angle (barns) 


0 45 90 135 180 45 90 135 180 
Angle of Scattering in Centre-of-Mass System (degrees) 


Fig. 2. Calculated angular distributions at 11 Mev for (a) neutron-triton collisions, 
(b) proton—*He collisions, assuming WB, MH, MHWB and Serber forces. 
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Intensity of Scattering /Unit Solid Angle (barns) 


0 45 90 135 180 45 90 135 «180 
Angle of Scattering in Centre-of-Mass System (degrees) 


Fig. 3. Calculated angular distributions at 8 Mev for (a) neutron-triton collisions, 
(6) proton—*He collisions, assuming WB, MH, MHWB and Serber forces. 


015 


Intensity of Scattering/Unit Solid Angle (barns) 


0 45 90 135 180 45 90 B5 180 
Angle of Scattering in Centre-of-Mass System (degrees) 


Fig. 4. Calculated angular distributions at 5 Mev for (a) neutron-triton scattering, 
(b) proton—*He collisions, assuming WB, MH, MHWB and Serber forces. 


0-15 


0:10 


0-05 


Intensity of Scattering/Unit Solid Angle (barns) 


0 45 90 135 180 45 90 5 180 
Angle of Scattering in Centre-of-Mass System (degrees) 


Fig. 5. Calculated angular distributions at 2-5 Mev for (a) neutron-triton scattering, 
(6) proton—*He collisions, assuming WB, MH, MHWB and Serber forces. 
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Figures 2(a), 2(b), 3(a), 3 (6), 4(a), 4+(8), 5(a), 5(6) show the corresponding 
differential cross sections for neutron—*H and proton—*He scattering at incident 
nucleon energies of 11, 8, 5 and 2-5 Mev respectively. As the incident energy 
decreases from 14 to 8 Mev the peak of back-scattering diminishes in importance, 
particularly for proton—*He scattering, but the scattering distributions maintain 
their general character. However, at lower energies the situation changes, for 
at 5mev the back scattering peak almost vanishes, while at 2:5 Mev there is 
actually a back-scattering minimum, and the various alternative theoretical 
distributions do not differ appreciably in general shape. ‘The proton scattering 
distributions give a much lower amount of back-scattering and a greater amount 
of forward scattering than the corresponding neutron—*H calculations at 5 Mev 
and 2-5 Mev. ; 

The minimum of back-scattering at low energies is due to the occurrence of 
an S-phase considerably in excess of 7/2 together with a small negative P-phase. 
The fact that the triplet and ‘singlet S-phases approach 7 for kR-+0 may be 
understood if we note that the values of the coefficients «, 8, y, 6 in table 1 are 


_ predominantly positive, and the summed effect of the ordinary potential U(r) 


and the kernels in the wave equation (5) is equivalent to a strong attractive 
potential. Thus the S-phase must be positive, and the equivalent potential is 
strong enough to ‘pull in’ the incident wave, producing a phase z. 

The total elastic cross section for n—T scattering is illustrated in fig. 6 as a 


MH and MHWB 


Total Elastic Cross Section (barns) 


0 2 4 6 8 10 12 14 
Energy of Incident Neutron in Laboratory System (MeV) 


Fig. 6. Calculated total cross sections for neutron-triton collisions as a function of neutron 
energy, assuming WB, MH, MHWB and Serber forces. 


function of neutron energy. Little difference exists between the predictions of 
the WB, MH and MHWB forces; in fact the Serber force appears to differ more 
in that it yields a lower cross section for scattering at 14 Mev. As for neutron-triton 
angular distributions at energies other than 14Mev, no total cross section 
measurements yet exist to enable a comparison of theoretical predictions with 
experiment. 


§ 5. CONCLUSION 


A comparison of the predictions of resonating group structure, as applied to 
four-body collision problems, with neutron-triton scattering experiments at 
14mev fayours nuclear forces of exchange type as against ordinary forces. 
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Theoretical predictions of the scattering distribution of neutrons by tritons and 
protons by *He are made over a range of energies 2-5-14Mev, but no other 
experimental data are available for comparison. 
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Abstract. ‘The theory of the isothermal Hall effect is re-examined taking into 
account the finite dimension of the specimen in the direction of the Hall e.m.f. 
This involves consideration of concentration gradients, space charges, recom- 
bination processes and floating potentials at the Hall electrodes. The analysis 
leads to recommendations concerning experimental technique. 


§ 1. INTRODUCTION 


HE conventional treatments of the isothermal Hall effect in semiconductors 
are based on the important assumption that effects due to the finite breadth 
of the specimen can be neglected. This implies that the concentration of 
free charge carriers (electrons and positive holes) does not vary throughout the 
specimen in the direction of the Hall e.m.f., so that the specimen contains no 
space charges. ‘These assumptions represent a simplification of the problem 
which is often permissible. It will be shown, in particular, that in the case of 
a one-carrier system the conventional approximation is a very good one. In 


| two-carrier systems, however, concentration gradients are more important, and 


> 
| 
i 
: 


a full treatment, taking into account finite breadth, must allow for variations of 


carrier concentration, and hence also for recombination processes and the 
presence of floating potentials at the electrodes. 


§ 2. FORMULATION OF THE PROBLEM 


The relations which govern the behaviour of electrons and holes in the 


presence of a transverse magnetic field can be formulated as follows. Let the 


longitudinal electric field E,, the magnetic field H and the Hall field FE, be 
in the x, y and g directions respectively. ‘Then the hole and electron currents 
in the z direction are given respectively by 


1 d; 

Iye= CuE p+ = Hey"E ,p—eD a ce (1) 
1 ae dn 

Phe = ebu kn — 2 Heb*y?En + ebD Se, fo) oon (2) 


where yz is the mobility of holes, 6 the ratio of electron to hole mobility, D the 
diffusion constant for holes, and m and p the electron and hole concentrations 
in the presence of a sweeping field and magnetic field. ‘The generation and 
recombination of carriers in the bulk is neglected compared with surface 
recombination processes. ‘This will be justified later. ‘he effect of space 
charge barriers at the surfaces, arising from the presence of surface states, is not 


* At present on leave of absence from the Hebrew University, Jerusalem. 
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considered here. Uniform carrier velocity due to the fonprerdinal electric field 
is assumed and the usual correction can be made for a velocity distribution, 
Since the Hall e.m.f. is measured under zero current conditions, —I,,=],=L,. 
Owing to surface generation and recombination, these currents will not (separates 
vanish. Assuming complete ionization of impurity centres, the Hall field is, 


given by : dE, 4ne | 
op £=——(p- Nn+No — po) akote letters (3) 


where 7, and pf, are the equilibrium values of electron and hole concentrations, | 
In these equations, the electron and hole concentrations m and p are functions } 
of z (c.g.s. units are used). 

Two of the boundary conditions to be imposed on the above equations | r 


be taken as follows: BiayE (oa) 200e) Die ne (4) 
| (p=ndm—p)\ds <0: Rio dee eh ee (5) 
where z=a and z= —a are the boundary planes. The first of these equations 5 


involves the neglect of edge effects due to the finite extension of the specimen. 
in the x and y dimensions; eqn. (5) imposes total neutrality over the whole 
cross section. A further condition is required to ensure that there is no) 
continuously increasing accumulation or deficit of carriers at the surfaces z= +4. , 
In the simplest case, for p<mp, this would be expressed as 


Lje=slp(a)—Pol=—s-alP(—@)—Pol eee (6) 

where s, and s_, are the surface recombination velocities at =a and z= —a 
respectively. In the present case this formulation is not necessarily adequate, , 
since the above inequality may not be satisfied. In the case when it is not valid, | 
e.g. iN near-intrinsic cases, a more general expression must be used, the form / 
of which will depend on the recombination mechanism envisaged. For example, ‘ 
a trapping process on the surface similar to that considered in the bulk by? 
Shockley and Read (1952) could be employed. | 

The conventional expression for the Hall field of a two-carrier system is ¥ 
obtained by regarding the specimen as infinite. The concentration gradients 
then vanish, and the condition is obtained that dE,/dzy=0 everywhere. For ai 
finite specimen, H, must in fact be determined from eqns. (1), (2) and (3), andI 
cannot be constant, as this would require a surface charge giving rise to infinite » 
values of concentration gradients at the surfaces. he fact that E, varies with =} 
indicates that the Hall angle, which is defined as tan-!(Z,/E,), has no unique 4 
meaning in a specimen of finite breadth. 


§ 3. SOLUTION FOR ONE-CARRIER SYSTEM 
In the case of a one-carrier system (e.g. py =0), eqns. (2) and (3) reduce to 
avs 47e 
dz 
where V isthe Hall a6 brat E£,=-—dV /dz, A=p/D and* B= WHE, |e 
‘The boundary conditions imposed are 
V(0)=0, (dVide).=0.. eee (9) 


The condition n(0) =n) follows from (5) from considerations of symmetry. It is | 
sufficient to consider only positive values of z. | 


Mol €XP (AV OBS) =] ve ene (8) 
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By using the substitution U= AV +bBz, the first integration of (8) is easily 
arried out. For the second integration, the approximation exp U=1+ U+4U? 
sused. ‘This is justified by the fact that U is small compared with unity, for all 
values of s. ‘This can be verified from the solution using this approximation. 
n fact, U=0 in the conventional treatment. 

The integration yields 

L sinh (z/L) 


V(z)=V (2) {1 ie Soa IESY Beans (10) 


here V(z) is the conventional Hall potential: V(z)=—(bB/A)z, and 
=(«D/47epuny)"” =(kkT/47e?n,)'?. The Hall e.m.f. in a finite specimen 
s thus given in terms of the conventional e.m.f. by 


2V(a)=2V (a)[1—(L/a)tanh(a/L)). (11) 


t is seen that as the breadth 2a is increased the correction term is reduced, which 
is consistent with the fact that the conditions in an infinite specimen are more 
early approached. ‘Taking for example a specimen with m, = 10" (py negligible), 
=16 and 2a=0-1 cm, the correction amounts to only 0:03%. Even for the 
owest carrier concentrations and smallest crystal sizes encountered in practice, 
the departure from the accepted value will scarcely be appreciable. The 
orrection might be significant, however, in polycrystalline material. 

It should be pointed out that the departure of the Hall field from the accepted 
alue (and hence the departure from neutrality) is appreciable only near the 
surfaces; the difference in the Hall potentials in the two models reduces from 
V (a)L/aat the surface to 1/e of this value at a distance of LZ from the surfaces. 
The region of space charge is thus confined to two layers of effective thickness L 
near the surfaces z= +a. ‘The expression for L is similar in form to the Debye— 
Hiickel length, referred to in Shockley’s theory of p—n junctions (Shockley 1949). 
It may be shown that if the total space charge is regarded as distributed uniformly 
over each of these layers, the effective average electron concentrations will be 
ma) and n(—a). ‘These charges establish the Hall field, the specimen being 
regarded as a parallel plate condenser system. From eqns. (8) and (11) it can be 
shown that m(a)~n,(1+5BL). For ordinary values of FE, and H the space charge, 
and hence the value of [n(a) — ne, will be a small fraction of em). (In the example 
considered above for E,=1vcm™! and H =5000 gauss, n(a)—m) 10" compared 
with m,=10'*.) ‘Thus concentration gradients will be small, which is consistent 
with the fact that the correction term in eqn. (11) is generally trivial. ‘These 
considerations suggest that the system may legitimately be regarded as a single 
carrier one only if the condition py <n(a) — ny 1s satisfied. 


§ 4, DISCUSSION OF A 'I‘WO-CARRIER SYSTEM 


For two-carrier systems, the conventional assumptions are less justified 
because of the larger concentration gradients encountered. ‘The associated 
recombination processes at the surfaces must also be considered. A general 
solution of eqns. (1), (2) and (3) for this case is difficult and may have to be 
carried out numerically. An approximate solution will now be discussed. 

The results obtained in the single carrier case suggest that it is reasonable 
to expect the departure from neutrality, and hence the value of dE./dz, to be 
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negligible far inside the specimen, e.g. near the centre z=0. For such a region, 
integration of eqns. (1) and (2) for the case E, constant, gives 


I yh | 

= SPAR UB) = ao | xP W(AZ+ Bel, «+e. 12) 
P= @D(AE, +B) * E Saat om AN eh C7 | 
L, jb . | 

Re ebD(— AE, +bB) it E& ebD(— AE. +6B) exp [( AE, + bB)z). 


It follows from eqns. (12) and (13) that the assumption of neutrality is strictlyj 
self-consistent only if the coefficients of the exponential terms vanish, whichl 
implies that p and n each have their equilibrium values (pp) and 1) throughout! 
the region considered. The vanishing of these coefficients is realized only if 


I,=eD(AE,+B)py=ebD(—AE,+bB)m. —. wee (14) 7 | 
The right-hand equality here leads to the accepted value of the Hall field (near; 
the centre) 


OE b?n9 —Po B 
cd bny + Po As 


The left-hand equality in (14) then requires that J, should have the particulan 
value } 


bn) — 
I=1p=eBp | ene +1]o dt eed (15) 
which is the value characteristic of an infinite specimen. ‘There is, however. 
another condition imposed on J,, namely that J,/e must be equal to the rate 
of generation and recombination of carriers at the two surfaces. Only if th 
surface generation rate is large enough to allow J, to attain the value J.° cam 
eqns. (14) and (15) be satisfied. If this condition is not satisfied J, is limiteé 
to a value less than J,°, and is dependent on surface conditions. It is thus 
possible to divide the problem into two ranges according to whether the 
generation rate is sufficient to establish J,=J,° or not. These two cases wil 
now be discussed, and the range of generation rates in which each treatment is: 
valid will be indicated. 


(i) I, <I? 
In this case, corresponding to low surface generation rate, the coefficients ob) 
the exponentials in eqns. (12) and (13) cannot vanish and therefore neutrality: 
cannot be satisfied to as good an approximation as when eqns. (14) and (15) hold! 
However, the discussion can be confined to a very small region of the specimer! 
near the centre, in which the exponential terms in eqns. (12) and (13) can be 
expanded with the neglect of second and higher order terms in x. The conditior 
of neutrality is then approximately satisfied in this region if dn/dz=dp/dz at 
z=0, which leads to 
bing — Py B (1-1/6) 
vetoed Pon. 4. eplto Po). ain meee 
in the centre. his value of the Hall field may be appreciably different from the 
accepted value. In the extreme case of no recombination J,=0 and _ tha} 
departure from the accepted expression is then greatest: for example, fo» 
ly = Po the Hall field at the centre is half the accepted value. This case has beer} 
considered by Fowler (1935). As more generation and recombination are allowed 
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I,|, and hence the Hall field in the centre, increases, until finally when J,=J,° 
he accepted value is obtained. 


(i) Z,=1 
In this case neutrality is effectively maintained in the bulk, and the situation 
s somewhat analogous to that in a single-carrier system. Solutions in this range 
ill be discussed in more detail, as most of the specimens encountered in practice 
e believed to come within this category, as will be explained below. 

For the sake of simplicity a case will be considered where py is small compared 
ith z). For such a specimen, the neglect of py with respect to m in eqn. (15) 
ves 

Tje=(b--BDpa: Vl | Sako (17) 
he use of the boundary condition expressed in eqn. (6) is now permissible, and 
he hole concentrations at z= +a are obtained, namely 


p(a)= E wae | Pos P(-a)= | 1- Ce | bo ae (18) 


Thus for given surface recombination velocities s, and s_,, p(a) and p(—a) are 
determined. Also the limits of the validity of the assumption [,=J,° can be 
found. Obviously p(—a) cannot be negative and hence for s_,<(b+1)BD, 
I, cannot attain the value J,°; the rate of carrier generation at z= —a is lower 
than /.°/e. Values of s_, in the neighbourhood of that given by the right-hand 
side of the above inequality thus correspond to the transition between range (i) 
and range (ii). ‘These transition values depend on the value of B, which is 
proportional to HE,. For example, in the case of a measurement on germanium 
in which H =5000 gauss, F,,=1vcmr, the transition occurs for values of s_, in 
the neighbourhood of 500 cmsec"!. Thus, except for extremely well etched 
surfaces or high B values, most practical cases will be covered by the present 
treatment. 


| § 5. CONCLUSION 


Approximate solutions have been obtained in ranges (i) and (ii) for the Hall 
field in the centre of the specimen. ‘This field falls away in the space-charge 
region to zero at the two boundaries. In cases within range (i) the departure 
from neutrality has been shown to extend further into the specimen than for those 
in range (ii), and hence the field is constant over a larger proportion of the specimen 
in the latter cases. For the simple interpretation of experimental results, 
therefore, it is desirable to ensure that specimens fall within range (ii), since 
the field is then more uniform throughout the specimen. ‘This is readily 
achieved in practice. 

In these cases it can now be seen that, since the departures from equilibrium 
carrier concentration are effectively limited to narrow regions near the surfaces, 
bulk recombination processes can safely be neglected. ‘The time of transit for 
a carrier across the region where concentrations are disturbed can be estimated 
and is usually less than a microsecond. 

Regarding the values of the concentration gradients in range (ii), it is seen 
first that as both positive and negative charge carriers are deflected to the same 
surface, it is only the difference in added carrier concentration, and not the 
added concentration of each, which is limited to that required to establish the 
Hall field. Thus the concentration gradients near the surface may be very large 
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compared with those encountered in one-carrier systems. ‘This may be confirmed, 
numerically by inserting appropriate values for B and s, in eqn. (18). 4 

It also follows from eqn. (18) that the larger the values of s, and s_,, the 
smaller will be the departures of the hole concentrations at z= +a from y., 
This suggests that the average hole concentration gradients will be reduced by 
further increasing surface recombination rates. It thus appears that th 
conditions under which diffusion currents may be neglected, and under which 
the accepted Hall effect treatment may be applied, are approached more nearly 
as surface recombination rates are made larger. In practice this means that the 
specimens used for Hall measurements should have roughened rather than 
etched surfaces, so as to make the approximation of the accepted expression 
more legitimate. | 

It should be noted that the e.m.f. actually measured between the Hall probes 


7a 
is not only Vy= - | E,dz, but also involves contribution from the two( 


‘floating potentials’ (Bardeen 1950) V,(a) and V,(—a) at the Hall electrodes. 
The latter will in general arise if the Hall electrodes are associated with rectifyings 
barriers. The polarity of these floating potentials will be in opposition to thet 
Hall potentials. This can be seen, for example, by consideration of the casei 
of an n-type specimen with rectifying barriers at the Hall contacts. Both types: 
of carriers are deflected by the magnetic field towards the same surface z=a, 
and this surface develops a negative Hall potential. At the same time, the added 
hole concentration at this surface produces a positive floating potential across: 
the contact barrier. 

In order that the floating potentials shall be small, it is desirable that ther 
electrodes shall be free from rectifying barriers, a condition which is in any case 
favourable for sensitive measurement of the total voltage. The roughening o 
the surface, which has already been found advantageous above, will also tend tow 
reduce the floating potentials, by reducing f(a) — pp. 

Two-carrier systems of the kind here discussed are now under experimental 
investigation, and it is hoped to publish a further report in due course. The! 
preliminary results so far available provide support for the present conclusions. 

Since the preparation of this paper it has come to our notice that some aspects 
of the present problem have also been considered by Welker (1951) and by: 
Landauer and Swanson (1953). | 
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Abstract. The vibrational analysis of the spectrum of Cl,+ proposed by 
Elliott and Cameron is criticized. The magnitude of the vibrational and 
electronic constants to be expected from considerations of the electron 
configurations is discussed and it is shown that these are probably such as to 
make any analysis extremely difficult. 


$1. INTRODUCTION 


HE high-frequency emission spectrum of chlorine consists of ultra-violet 
continua and red-degraded bands stretching from 3400 to at least 55004. 
According to Elliott and Cameron (1937) a prominent feature under low 
dispersion is a series of strong bands from 5100A towards the red, grouped in 
pairs, having a separation of roughly 140 k%*, at intervals of approximately 300K. 
These show no marked heads in contrast with the rest of the spectrum where the 
band heads are well defined. 

These bands were first studied by Ota and Uchida (1928) who arranged them 
into three systems. Elliott and Cameron (to be referred to as EC) remeasured 
them obtaining much more accurate data, with which they were able to show 
that certain discrepancies in the values of Ota and Uchida were greater than any 
experimental error and that consequently their analysis could not be accepted. 
In their first paper they were unable to offer an alternative analysis but they 
definitely established the commonly-occurring differences of 627 and 600k, and 
also showed from isotopic considerations that there were probably two systems 
present, with system origins at approximately 21000 and 21340 k. 

In a later paper (1938) they extended their study by analysing the rotational 
structure of 18 bands, as a result of which they concluded that most of these 
belonged to a *II —*II transition with the system origins at 20800 and 20600xk 
approximately, a slight alteration from the values given from their previous 
study of the isotope effect. ‘They gave a vibrational analysis of this system and 
suggested that the four bands which could not be fitted belonged to another 
whose origin is near to the “II —*II, although they did not rule out the possibility 
that a 4A—‘A transition might be involved. From the even multiplicity of the 
systems they pointed out that the emitting molecule could not be the normal 
halogen but must rather be the ionized molecule Cl,*. 

More recently Deo (1948) has reported the occurrence of a number of these 
bands in a weak discharge in chlorine using a Siemens’ ozonizer. ‘The work was 
done under low dispersion and the measurements cannot compare in accuracy 
with those of EC. No attempt was made to assess their conclusions concerning 
this spectrum. 

* x (after Kayser) is here used for wave number instead of cm—! on the recommendation 
of the International Commission of Spectroscopy (Rome 1952). 
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§ 2. COMMENTS ON THE VIBRATIONAL ANALYSIS 


Examination of the Deslandres scheme for the sub-systems of *II —*II given — 


by EC shows that the proposed analysis is far from satisfactory. ‘There are an 
extraordinary number of gaps in the scheme, for, as they point out, in sub-system I 


the bands which have odd v’ values are rarely observed whilst in sub-system I the | 


bands from even v’ values are occasionally missing. The number of gaps is 
emphasized by the fact that certain bands appear in both sub-systems. It is noted _ 
that bands may be present to fill such gaps but may be overlaid by other bands. 


Next, the intensity distribution of the bands seems in conflict with the given _ 


w, values, for this follows an open Franck—Condon parabola, characteristic of | 


bands having widely different w, values, whereas the values derived from the — 


analysis are actually 645k and 572k. Although EC claim that their allocation of 
vibrational quantum numbers is justified from the isotope measurements, they 
admit that the agreement between observed and calculated isotope separations is 
not very satisfactory with three of the bands. If these are considered doubtful, 
and omitted from the analysis, the aforementioned gaps in the quantum array 
become larger and suggest a fundamental weakness in the scheme. 

Yet another difficulty in the proposed analysis arises from the value of the 
dissociation energy derived from a Birge-Sponer extrapolation. ‘This is found 
to be 4-4ev as against 2:23 which is obtained indirectly from the values of the 
ionization potentials J of Cl and Cl, and the dissociation energy D of Cl,. In the 
face of this difficulty EC suggested that one or more of these normally accepted 
values may be inerror. A critical survey of these data, however, does not support 
such a view. Whilst the ionization potential of Cl is not now in question, the 
value for Cl, might well be regarded as the possible source of error, but this was 
determined by Mackay (1924) and Mulliken (1934) observes that Mackay’s 
values of J for the halogens have been found by him to be unusually reliable. 
The other factor, the dissociation energy of Cl,, is now accepted as 2-47 ev—the 
value used by EC. It is inconceivable that this is in error by as much as 2:2 ev 
which is the discrepancy between the expected value of D(Cl,*) and that obtained 
from the Birge-Sponer extrapolation. A more reasonable view is that this 
extrapolation has given a poor result. 

This could occur if either the use of the Birge-Sponer method is unsound 
(as often is the case) or the values of w, and x,w, used in the extrapolation are 
faulty. Now Gaydon (1946) in a survey of the methods used in determining 
dissociation energies finds that the Birge-Sponer extrapolation gives reliable 
results with ionized molecules, and so we should not complain of its use in the 
present case. Accordingly, it is reasonable to explain the discrepancy between 
the two calculated D” values as being due to incorrect vibrational constants, 
particularly in view of the presence of the other discordant features in the analysis 
already mentioned. ‘This point will be further discussed in a later section. These 


comments indicate the need for a re-evaluation of the spectrum of this important 
molecule. 


§ 3. PREDICTIONS FOR Cl,+ 


In view of the foregoing remarks, attempts were made to rearrange the data 


of EC into a vibrational scheme which seemed more satisfactory to the writer, 
using their excellent reproduction of the spectrum as a guide, but without any 


success. ‘l’he main difficulty in testing possible alternative arrangements is that 


there are too many heads or structures which may be heads, and consequently 


| 
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some sort of agreement can be obtained for a number of possibilities none of 
which is consequently really satisfying. Accordingly it was decided to attack the 
problem from quite a different angle, viz. is it possible to anticipate certain 
features of the spectrum of Cl,*+ before actually studying it? In particular, it 
was reasoned that a consideration of the electron configuration of the molecule 
might lead to the prediction of the type of electron transitions involved, and also to 
the vibrational properties of the levels so that some sort of order in the mass of 
heads might suggest itself. 


3.1. Ground State 


The electron configuration of the normal state of the halogen molecule X, 
is now accepted as being o*7‘z*,1X, giving as the most probable ground state 
of the ion X,*, o?4z, *II,. The o and z orbitals are in the case of Cl,, 3po and 3pz 
in type Mulliken points out that the state o?7°*,?II,, which could be expected 
to have the same energy as the o?z‘z°, “II, will resonate quantum mechanically 
with it, az electron oscillating between the two shells, so that the configuration 
ot each could actually be represented as o?7**7**. Both of these ?II states will be 
inverted, having a doublet separation of the same order as a for the X*+ ion or 
atom X which, in the present case for Cl, amounts to 610k. ‘The mean separation 
of the two 7I states would depend upon the magnitude of the resonance between 
the z* shells and may be small enough to permit of overlapping of the doublet 
components, thus 

"Taye: “Hiyw "Ie, “Ty. 


Since the bonding co electrons are not concerned, the r value for both states should 
be the same as in neutral Cl, and consequently the w,” values can be expected to 
be of the same order, viz. 600k. It is worth noting that Mulliken has ascribed 
some bromine bands for which w,” = 362k to the ion Br,+. If this is correct then 
the ratio w(Br,*)/w(Br,)=1-12 and using this same value for Cl,*, w,” should 
be 630K. 

Thus to summarize, we can expect to find for Cl,+ four low-lying levels 
comprising two “II states with an unknown separation but with each having a 
doublet splitting of about 600k and each component of each doublet having 
an w, value of the same order. It is therefore suggestive that EC emphasize the 
recurring differences of 627 and 632k. It is also evident how this near equality 
of the w, and Av values can confuse and present difficulties in any analysis. 
A similar case arose with the 6 bands of SiF where a satisfactory analysis was 
delayed until Eyster (1937) recognized that the sequence difference was almost 
the same as the ground state doublet separation (161 k). 

In the figure the probable magnitudes of the doublet separation and 
vibrational frequency are shown for all the halogen ions and it will be seen that 
the coincidence for Cl,* makes it a particularly unfortunate choice for analysis. 
This diagram does not show the additional complication of the other *IT resonance 
state. 


3.2. Excited States 


There is a large number of states which can be excited from the ground state 
configuration to give 7°7%o where o is the anti-bonding orbital (3pa —3po, o,) 
corresponding to the main bonding orbital (3po +3pc, o,) and these are *X*(2), 
2y-(2), 2A, 2A, 42+, 42> and 4A. The corresponding transition, bonding— 
antibonding orbital in neutral Cl, reduces the vibrational frequency from 
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w,” =565K to w,” =239«K and there is no a priori reason why the same order of — 
reduction should not occur in Cl,* as the transition is essentially the same. Hence _ 


all of these levels should have an w, value of about half of w,”, i.e. about 300k. 
Another indication of the expected order of magnitude of the upper state or states 
is obtained from a study of the B values found by EC from their rotational analysis 
of some of these bands. In the halogens, the ratio B?/w, for a pair of states is 
found to be approximately constant and it is reasonable to expect the same to be 
true for Cl,+. Assuming a value of 630k for w,” the value of w,’ comes to 310k. 
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Now it is obvious that in a progression type of band system or systems when one 
of the vibrational frequencies is about half the other many coincidences or near 
coincidences of band heads will occur, thus giving a deceptive appearance of 
simplicity, which will increase the difficulty of analysis. Such a state of affairs 
occurred with the absorption spectrum of I, and a satisfactory solution was only 
obtained when Warren (1935) recognized this property of the vibrational 
frequencies. Indeed with these halogens, coincidence may not be confined to 
the band heads but may occur between branches of the same band giving a more 
deceptive appearance of simplicity which may ultimatelylead to an incorrect 
interpretation of the type of transition. 

With these predictions in mind it would appear that the spectrum of Cl,* 
should have an exceptional number of pitfalls for the investigator. With this 
particular molecule Nature seems to have arranged the vibrational and electronic 
constants to be of such magnitudes as to present very heavy odds against an 
easy analysis, and perhaps even against any satisfactory final solution. It may be 
that a study of Br.* would be more helpful in that at least one of the difficulties 
mentioned would be 1emoved, viz. the equality of w, and Av. It might then be 


possible to determine how many systems were involved, and this information | 


could be carried back to the Cl,+ case with some confidence. 


§ 4, DissocIATION ENERGY 


The foregoing arguments are in favour of rejecting the proposed vibrational — 


constants of EC and hence the value of 4-4 ev for D”. In the absence of other 


evidence, then, the value for this constant is now left open and it would appear 
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more reasonable to accept the 2:23 ev which is obtained from the data on Cl and Cl, 
which has already been discussed. ‘There is however other evidence which, if 
accepted, leads to a higher value than 2-23 ev with the consequent implication 
that the data referred to above are in error as suggested by EC in their discussion 
of their 4-4 ev value. This evidence is the selection of 20600 and 20800k as 
system origins. ‘These values are determined from isotope separations and if the 
identification of the isotopic heads is correct then it is most probable that 
D” >2:-23 ev, for the excited states must dissociate into one or other combinations 
of the ground states of the atom—ion; assuming the most favourable case of 
dissociation—the excited state into *P,j).+°P ) with even a flat potential energy 
curve giving, say, only 0-5 ev for D’ and the ground state into ?P,). +°P,—a value 
of 2-83 ev is obtained for D”. 

Rather than accept this value however, it seems more reasonable to suspect 
that, owing to the richness and profusion of vibrational structure expected, and 
also observed, certain of the heads may have been incorrectly assigned as isotopic 
heads thus raising doubt as to the validity of the extrapolation which yields the 
values quoted as system origins. 


§5. ROTATIONAL ANALYSIS 


There remains now a need to examine how far these views on the vibrational 
analysis affect the analysis of the rotational structure made by EC and also the 
resulting interpretation of the measured bands as belonging to a7II —*II transition. 

The use of the B values of EC in § 3.2 of the present paper implicitly states 
the writer’s own conviction of the correctness of the rotational analysis as far 
as the quantitative work goes. These values are just of the order to be expected 
when compared with those established for neutral Cl,. It was the failure of the 
B?/w constancy rule which led to the doubt as to the accuracy of the proposed 
w,. value. 

However the absence of a II state from the list arising from the excited 
configuration throws doubt on EC’s interpretation of their analysis. The relevant 
facts in this connection are (a) the bands do not possess a Q branch giving a choice 
of transitions from 7X —?X, 711 —?II and 7A —?A, (6) the absence of alternating 
intensities in the lines. The suggested explanation of (b) given by Kronig was 
that *2 states are not involved and that the A-type doubling is not resolved so 
that each line would consist of an unresolved strong and weak component. This 
argument leaves only 7II —*II and 7A—?A as probable transitions and because 
the ground state is expected to be *II the former was selected. 

Now this leaves out of consideration the type of coupling which occurs. 
The corresponding transition in the case of neutral Cl, is ?[1y) —'& when described 
in terms of normal A—> coupling but it is recognized that the coupling is nearer 
case c, with the transition being better represented as 0-0. On the same coupling 
scheme (case c) with Cl,*, a transition 2X —?II,). becomes $—} and will give a 
two-branch band system similar toa? —"X. Further, Kronig’s argument about 
the alternating intensities still applies but now involves (-type doubling instead 
of A-type and this now does not rule out the case c equivalent of *X—*Ilyp. 
Consequently it is suggested that the two systems studies by EC are both 
case c 4-4, transitions with a common lower state deriving from *II and the upper 


states deriving from separate *&-type levels. 
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RESEARCH NOTES 


Ferromagnetic Resonance in Colloidal Suspensions 


By D. M. S. BAGGULEY 
The Clarendon Laboratory, Oxford 


MS. received 16th April 1953 


frequencies (Griffiths 1946) a number of workers have extended the 

investigations to other metals and the results have been reviewed by 
Kittel (1951). ‘The experiments have been made using plane samples with the 
mutually perpendicular static and high-frequency magnetic fields in the plane 
of the specimen, so that in order to derive the spectroscopic splitting factor g 
a knowledge of the saturation intensity of magnetization under the actual 
experimental conditions is necessary. ‘This is not always easy to determine 
accurately and it is the purpose of this note to suggest an alternative technique 
using colloidal suspensions for which the ferromagnetic particles apparently 
behave like small spheres. 

The experiments reported here have been carried out at 290°K and wave- 
lengths of 3-14 cm and 1:20 cm. A few measurements have been made at 20°K 
and these will be discussed separately. The colloids were obtained as 
suspensions in paraffin wax either from the reduction of chemical salts at 
temperatures less than 350°c (e.g. formates, oxalates or carbonyls) or from a 
high-frequency arc discharge in hydrogen at one atmosphere pressure. ‘The 
particles remaining after centrifuging the molten wax are believed to be nearly 
spherical and about 50-100 A in diameter (Weil 1951, Svedberg 1928) so that 
their dimensions are much less than the skin depth at these frequencies and they 
may well be expected to behave like single domains (Kittel 1949). 

The formula relating the frequency vy of maximum power absorption to the 
static magnetic field H has been derived by Kittel (1948) and should be 
rigorously applicable to such small particles. For a sphere the relation is 


hiss chases A clad tae (1) 


where f is the Bohr magneton and A is Planck’s constant. ‘To check that this 
relation is applicable to the experiments described here measurements were 
made using colloidal suspensions of iron, cobalt and nickel for which metals 
the g-values are well known. ‘The measurements were made at two wavelengths 
under very different experimental conditions, those at 3 cm wavelength involving 
magnetic fields of about 3000 gauss used a technique analogous to the Bloch 
induction method of nuclear resonance whilst the measurements at 1-20 cm 
wavelength in fields of about 8000 gauss measured the microwave absorption 
using the method of magnetic field modulation. Using eqn. (1) very good 
agreement with previous results was obtained at both of these wavelengths and 
in the table we give the g-values and half line widths for the collofdal suspensions 
together with typical values obtained by previous methods (Kittel 1951); ‘These 


S INCE the first report of ferromagnetic resonance absorption at microwave 
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results make it seem reasonably clear that the particles which we have obtained 
are spherical in so far as microwave resonance is concerned and the g-value, 
which is found to be independent of wavelength, can be obtained directly 
without making any assumptions about the value of the saturation intensity | 
of magnetization. 


Substance Iron Cobalt* Nickel 

Colloidal half-width (gauss) 1200 450 550 
suspension | g 2:16 DES 2°23 

Previous measurements of g 212-017 222 2:2—2°3 


* This cobalt colloid was obtained from a d.c. arc discharge within the paraffin wax 
which was then centrifuged. . 


We have therefore a useful method allowing the investigation of ferro- 
magnetic alloy systems over a range of electron concentrations and at various 
temperatures. As an example we give some results obtained for a series of 
nickel-iron alloys which form a single phase solid solution in the range 30% 
to 100% nickel. The colloids were obtained from the high-frequency are 
discharge in hydrogen and the results of the measurements at 3-14 cm wave- 
length (which have been confirmed at 1-20 cm) are given in the figure, where 


Gg-Value 


21 


2:0 


Fe 20 40 60 80 100 
% Ni 


the experimental error is expected tc be not more than +1°% in either the 
g-value or nickel-iron concentration. It can be seen that the g-value changes 
rapidly for the range of alloys 30°, to 50% nickel falling sharply to a value 
of 2-01 at 40% nickel. We have checked that the g-value for this alloy is 
definitely greater than 2-0 by comparison with an organic free radical. The 
width of the absorption line also changes rapidly for this range of alloys, half 
the width between the half power points decreasing from about 1000 gauss 
at 30% nickel to about 250 gauss at 50° nickel. It appears that the minimum 
width may occur for an alloy having about 65° nickel. 

It is well known that the nickel-iron alloys have anomalous properties in 
the region of 40% nickel; thus there are maxima in the electrical resistance 
at 30% and in the lattice spacing at 38%, nickel whilst the Curie point has a 
minimum value at about 26%, nickel and the coefficient of expansion is a 
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minimum for the 36% alloy. Although the Bohr magneton value per atom 
has a sharp anomaly in the region of 40% Ni at 290°K this anomaly appears to 
diminish and almost disappear at the absolute zero. In order to see whether 
this last anomaly is connected with our results and to see whether the g-value 
is Sensitive to the atomic spacing we have made measurements using the 36% Ni 
and 40%, Ni alloys at 20°K and 1:20 cm wavelength. There did not appear 
to be any change in either the g-value or the line width although the resonance 
absorption was more intense than at 290°K suggesting an increase in the 
saturation magnetization. 

Gyromechanical measurements giving g’ have been reported (Barnett and 
Kenny 1952) but there does not appear to be an anomaly comparable with that 
reported here although such might be expected to occur if the relation 
g—2=2-—g’' suggested by Kittel (1949) and Van Vleck (1950) is applied to our 
results. 

A full account of these experiments is being prepared for publication. 
The author wishes to express his indebtedness to the Mond Nickel Co., Ltd., 
for the gift of the nickel-iron alloys and to Dr. J. H. E. Griffiths and Mr. J. Owen 
for helpful discussions and assistance with the experimental techniques. 
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Light Output of Potassium Iodide Crystals under Bombardment 
by Heavy Charged Particles 


By W. T. LINK anp D. WALKER 


Physics Department, University of Birmingham 
MS. received 27th April 1953 


§1. INTRODUCTION 
A LKALI halide crystals, containing a small thalltum impurity, have now 


become well established as detectors of energetic charged particles 

(Hofstadter 1948, 1949, Franzen et al. 1950, Lovberg 19515. Layloret al, 
1951, Likely and Franzen 1952). The individual scintillations produced in a 
crystal are recorded by means of a photomultiplier. The purpose of this 
communication is to report some measurements of the relative light output of 
KI(T1) crystals as a function of incident particle energy for protons of up to 
10 mev, for deuterons of up to 20 Mev, and for «-particles of up to 40 Mev. The 
relation between light output and particle energy has been found to be noticeably 
non-linear in all cases. 
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§2. EXPERIMENTAL PROCEDURE 


Freshly cleaved and optically clear crystals, containing about 0-1% of 
thallium, were used in the experiments. The crystals were exposed to weak 
external beams of protons, deuterons and «-particles from the Birmingham | 
60-inch cyclotron. The energy of the charged particles incident on the crystal 
could be varied in a known fashion by inserting aluminium foils in the beam, | 
The scintillations were recorded by means of an E.M.I. photomultiplier type 6260, 
the amplitudes of the electrical pulses on the collector being measured by means | 
of a calibrated amplifier and discriminator. Special care was taken to ensure 
that, within our working range, the overall amplification, including that of the 
multiplier itself, was independent of the amplitude of the output pulse. The 
decay time of scintillations in KI(T1) is about 1-5 x 10-® second. The integrating | 
time constant of our recording system was 6 x 10-7 sec so that the shape of the | 
output pulse tended to be determined by the rate of emission of light from the 
crystal. This may be important in comparing our results with those of other 
authors who have not always stated what integration time constant they used. 


§3. RESPONSE CURVES 


Figures 1 and 2 show the relative amplitudes of the light pulses for protons | 
and deuterons, and for «-particles, plotted as functions of the energy of the | 
particles incident on the crystal. ‘These results are typical examples chosen from 


4 


Relative Amplitude of Light Pulse 
Relative Amplitude of Light Pulse 


| : A Protons 
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Fig. 1. Response of a KI(TI) crystal to Fig. 2. Response of a KI(T1) crystal to 
protons and to deuterons. x-particles. 


a number of consistent runs with different crystals. For all energies at which 
measurements were made, the distribution of pulse heights observed from the | 
multiplier was sufficiently narrow to enable the mean pulse height to be fixed 
with an accuracy of within 2%, or better. Various checks, including a comparison | 
of the pulse heights due to low energy «-particles with those due to «-particles || 
from natural #-emitters (ThC, ThC’, RaF), confirmed that the energy scales are | 
accurate to within 1°, of the highest energy indicated. It is clear that, at low | 
energies, the amplitude of the light pulse produced by protons and by deuterons | 
is closely proportional to the total energy dissipated in the crystal, whereas for | 
a-particles the relative light output increases more rapidly than proportionally | 

| 


| 
| 


SS a rs 
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with the energy. At the higher energies, the curves for protons and deuterons 
show a definite drop below the line representing strict proportionality. By 
contrast the curve for «-particles becomes linear. 


$4. Discussion 


The slight but definite deviation from linearity which we find for protons 
of up to 10 Mev contrasts with the result of Franzen et al. (1950) who reported 
linearity up to 17 Mev. It may be noted that the same authors, as well as Likely 
and Franzen (1952), have reported that NalI(Tl) displays linearity under 
bombardment by protons of up to 18 Mev. There are no published data with 
which to compare our results from the bombardment of KI(T1) with deuterons, 
but Taylor et al. (1951) have reported that NalI(T1) displays linearity under 
bombardment by deuterons of up to 10 Mev. Our results for «particles incident 
on KI(TI) overlap and extend the observations of Raffle and Robbins (1952) 
in the region up to 8-8 Mev. In the common energy range the results are similar. 
At the lower energies, our results for KI(T1) also show a close similarity to the 
response curves reported for Nal(‘Tl) under bombardment by «-particles of up 
to 8 Mev (Lovberg 1951), and by «-particles of up to 20 mev (Taylor e¢ al. 1951). 

Figure 3 shows dL/dE, the light output per unit energy dissipated in the 
KI(T1) crystal (the arbitrary scale corresponds to those of figs. 1 and 2), plotted 
as a function of dE/dx, the energy loss per unit length of particle path in the 


© @-particles 
© Deuterons 
A Protons 


Minimum @E/a@X¥ 
(singly charged particle) 


aL /a@E (arbitrary units) 


°0-00 0-0! 0-1 10 
-dE/aX (Mev per mg cm-?) 


Fig. 3. Efficiency of a KI(T1) crystal as a function of specific energy loss. 
(The arrow indicates the minimum dE/dx for a singly charged particle.) 


crystal. The points obtained from the slopes of the smoothed proton, deuteron 
and «-particle curves of figs. 1 and 2 are shown distinctively. dL/dE exhibits 
a maximum at a value of dE/dx equal approximately to that of a 30-Mev «-particle. 


- The fall in dL/dE for large values of dE/dx is consistent with the picture of a 
limited number of luminescent centres in the crystal (Broser and Warminsky 
1951, Wright and Garlick 1953). When the density of ionization electrons 
- becomes very large the number of electrons which can be captured by luminescent 
centres tends to a limit. It does not seem profitable on the basis of the present 


measurements, however, to speculate on the mechanism responsible for the fall 
in efficiency of the crystal which we observe also at the lower values of dE/dx, 
since there remains a large unexplored range of dH/dx lying between our smallest 
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value and the minimum dE/dx of a particle carrying one electron charge. (This _ 
minimum dE/dx occurs when the kinetic energy of a charged particle is equal to 
approximately twice its rest mass.) Our smallest value of dE/dx is about 20 times — 
the minimum dE/dx of a singly charged particle. : 
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LETTERS TO THE EDITOR 


The Absorption Spectrum of Aluminium Monofluoride in the 
Schumann Region 


The existence of a number of band systems observed in the emission spectrum 
of AIF between 2500 and 87004, not all of which involve the ground state, x 1+ 
(Rowlinson and Barrow 1953, Naudé and Hugo 1953), suggested that the 
absorption spectrum of this molecule in the Schumann region would be of 
interest. Preliminary observations of this spectrum have now been made. 

AIF was obtained conveniently by heating mixtures of aluminium with 
aluminium trifluoride to temperatures of the order of 800°C; suitable experimental 
conditions were determined by Mr. N. C. Harris by observations on the 
A1I]-x1'X* system. So far, the region 1300 to 2000 A has been explored, using a 
normal incidence 1m vacuum spectrograph of reciprocal dispersion about 
8-6A mm}. Six band systems, all degraded to shorter wavelengths, have been 
found. ‘The constants of the states are given in the table, which includes all the 
singlet states of AIF now known. 


Constants of the Singlet States of AIF 


State Yo, 0 We XeWe Intensity* 
H 67392 958 7-0 3 
G 66398 948 8-0 6 
, F 65864 955 5-0 6 
. E 63739 +800 a 1 
. piA 61275 902-6 7-5 m8 
; observed 
clrt+ 57750 938-4 5-18 1 
| B 54273 862 7-0 10 
Aull 43949 803-9, 6-14 27 
x1D+ 800°5 4.9 


* The figures given for intensities are rough visual estimates for the transitions from 
x 1tXZ* on a scale of 10. 

Notes. The state c!X+ is known only through the transition c—a (system (7) of Naudé 
and Hugo). 

The state D'A is known only through the transition D—a (system (6) of Naudé and 
Hugo); we are grateful to Dr. Hugo for letting us have the conclusions of his rotational 
analysis of this system in advance of publication. 

Apart from the systems summarized above, a number of violet degraded bands have 
also been observed in the region 71000 to 80000 cm~!, of which the strongest are 71390, 
72103 and 73028 cm~; it is not yet certain that they are to be attributed to AIF. 

No intercombination system of AlF has yet been identified; the heights of the triplet 
states (Rowlinson and Barrow 1953) with respect to the singlets are therefore unknown. 


The strongest feature of the absorption spectrum is the system B-x, which 
has its 0,0 band at 1842-64, and to which about 30 bands have been assigned. 
In contrast, the c1X+—x1X+ system, with 0,0 band at 1731-64, expected from 
Naudé and Hugo’s analysis of the emission system (7), is very much weaker, and 
only three bands, the 0,0, 0,1 and 1,2 appear. 
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It seems probable that transitions from the upper states F, G, H are responsible 
for the bands of Naudé and Hugo’s system (4), while their system (8) may 
tentatively be identified with the transition B-a'lI. The 0,0 band of this system 
should lie at about 9685 A. 


Physical Chemistry Laboratory, H. C. RowLinson. 
Oxford University. R. F. Barrow. 
29th May 1953. 
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The Electrostatic Energy of Boron Nitride 


Boron nitride crystallizes in a layer structure very similar to that of graphite, 
the observed structure (Pease 1952) being one in which any atom is surrounded 
as closely as the layer structure allows by atoms of the opposite kind, so 
maximizing the electrostatic binding energy. Pease (1952) and Coulson and 
Taylor (1952) have both suggested that the difference in packing of the hexagonal 
layers in the two cases is due to the electrostatic interactions in the boron nitride. 

A calculation of the electrostatic energy of the actual boron nitride lattice, 
and of a lattice geometrically the same as the graphite lattice has been carried 
out (Morton 1953). A direct application of Ewald’s (1921) method is incon- 
clusive, as it does not allow the direct evaluation of the energy difference between 
the two structures. A high degree of accuracy in the total binding energy of 
the structures is thus necessary, but is difficult to obtain in any case in which 
the unit cell edges are far from equal, since it is then not possible to obtain 
rapid convergence in all the lattice sums which occur. The method was 
modified by considering the potential at a given atomic position as being made 
up of contributions from the charges in each separate layer: that arising from 
the layer in which the point lies takes the same form as the sums in Ewald’s 
method, but now only in two dimensions, and since the edges of the plane unit 
cell are now equal, the convergence of these sums is rapid. The potential 
from any other layer can be expressed, as far as variation parallel to the layer 
is concerned, as a sum of Fourier components with wavelength a/m, where a is 
the interatomic distance in the layer, and m may take a series of values greater 
than unity and characteristic of the lattice. ‘These components decrease with 
s, the distance from the layer, as exp (—27nz/a); the least value of nz/a for 
boron nitride is 1:5 so that the contributions from all but the first layer are 
negligible. ‘Ihe first contribution is the same for the two structures being 
considered, but those arising from layers other than that in which the point 
lies give directly the difference in electrostatic energy due to different stacking 
of the layers. ‘This method of calculation is clearly useful for any layer structure, 
even when z/a is not as large as in this instance. 

The final result is that the difference in energy between the two lattices is 
only 0-077 kg cal mole"! if we assume unit charge on each atom. This is very 
small, in fact only R7/10 at room temperature. 
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It is, however, unlikely that the net electrostatic charge carried by each 
atom is as great as one electronic unit, since this would imply that the electron 
density round the boron atoms is as great as that round the more electronegative 
nitrogen atoms. An estimate of the mean net charge can be made from Coulson 
and T’aylor’s (1952) figures, and these appear to point to a value of about 0-5 
electron per atom, making the electrostatic energies smaller by a factor four. 
The electrostatic contribution then becomes only about 0-02 kg cal mole 
and there may well be other interlayer interactions which give larger energy 
differences than this. 

We wish to thank Mr. R. S. Pease for raising the problem, and for his many 
helpful suggestions. 


Theoretical Physics Division, W.M 
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Harwell, Didcot, Berks. 
10th June 1953. 
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The Born-Yang Nuclear Model for High Energy Electron Scattering 


Employing the nuclear model with a uniform density distribution and 
characterized by the radius R=rA"? cm reasonable correlations of the theoretical 
and the experimental angular distributions of 15-7 Mev electrons scattered 
by heavy nuclei (Lyman, Hanson and Scott 1951) can be obtained by taking 
7=1-:16x10-% cm. This is close to the value 7 =1-2 x 10-1 cm for heavy nuclei 
obtained by investigating the nuclear scattering of 345 Mev protons (Gatha and 
Riddell 1952) on the basis of a similar model. On the other hand, it is well-known 
that 7~1:-4x10-% cm is required to account for the nuclear scattering of 
nucleons of lower energy. ‘This inconsistency in the effective magnitude of 7 
may perhaps be explained on the basis of nuclear models with non-uniform 
density distributions giving a greater concentration towards the centre. An 
interesting model of this type (Born and Yang 1950, Yang 1951) is described by 
the density distribution : 


p(T) =po for r< Ry 
=py expl—{(r—R,)/a}?] forr>Ry 


On the basis of a correlation between the nuclear shell structure and the above 


density distribution Born and Yang have determined that, for heavy nuclei, 


R, =0°673 7,4" cm and a=0-3277,A4® cm while on the basis of density 
normalization they have obtained p, =1-04/477r,?._ This does not fix ry but they 
have suggested that it would be of the order of magnitude 1-5 x 10-% cm. 
A better estimate of 7) has been obtained in the present investigation by considering 
the nuclear scattering of 15-7 mev electrons on the basis of this model. 
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The Born approximation has been employed to compare the uniform density. 
model with the Born-Yang model. The scattering amplitude* for a spherical 
symmetric potential in this al is given by 


f0)= pre |e V(r)sin (Kr)rdr ase (2) BI 


where K =2k sin 30 while the other symbols have the usual meanings. For an | 
electrostatic V(r) which varies as 1/r for large values of r and where V(r) and 
dV /dr are regular at r=0 one obtains through partial integrations 


_ 8amZe* i 
f0)=- as \ ple) sin (Kr) dr naa (3)4 
Using this expression one gets for the uniform density model 
fu(9) = — (6mZe?/ Ah? K*7*){sin (KR) — KR cos (KR)}/K*. ....-. (4) 


and for the Born—Yang model 
fp(9) = —(6:24mZe?/ Ah? K°r,?)[{sin (KR) — KR, cos (KRy)}/K? 


= (4/7a/2\(0/0K){P cos (KR,)—O sin (KR,)}| eee (5) 
where 
4 Kea ni Ze 24 Sex Ke) 
Paste |< og8)n. 5 Cain genset 


A numerical comparison of the scattering amplitudes given by eqns. (4) | 
and (5) with 7=1-16 x 10-18 cm was made for Au, and it was found that the two » 
would be very close for all angles if 77> =1-06 x 10-’ cm. The same value of 7% | 
gives good agreement also for Ag. Therefore on the basis of the above experiment | 
we may conclude that 77>=1x10-'¥ cm within the approximations employed. 
It remains to be seen whether this value of 7) would explain both low and high | 
energy nucleon scattering data. 

A detailed study of the usefulness of the Born—Yang nuclear model for the - 
various scattering processes has been undertaken, the results of which will be « 
published later. 


Physical Research Laboratory, A. L. MarTuour. 
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M.G. Science Institute, K. M. Gatua. 
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26th May 1953. 
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* The relativistic term drops out when comparing the scattering amplitudes. 
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REVIEWS OF BOOKS 


Superconductivity, 2nd edn., by D. SHOENBERG. Pp. x+256. Cambridge 
Monograph on Physics. (Cambridge: University Press, 1952.) 30s. 


Although the phenomenon of superconductivity has until now maintained 
its position as an unsolved mystery of science, so much new experimental 
and theoretical evidence has accumulated since the publication in 1938 of the 
first edition of Dr. Shoenberg’s monograph that in its second edition the book 
has had to be greatly enlarged and revised. An introductory chapter deals 
with the discovery of the effect (it was a happy thought to include the 
delightful portrait sketch of the discoverer) and rapidly surveys the outlines 
of the subject. The account which follows of the magnetic and thermal 
properties of macroscopic superconductors reproduces the main topics of the 
first edition, but has been rearranged and expanded to include recent results 
on thermal conductivity and thermoelectric effects. The next chapter gives 
an account of the recent investigations, experimental and theoretical, which 
have elucidated the structure of the intermediate state; of particular interest 
here are the remarkable Russian experiments which have demonstrated directly 
that the metal in the intermediate state is broken up into a complicated mixture 
of superconducting and normal regions. <A further chapter describes the 
various methods which have been used to study the depth of penetration of 
a magnetic field into a superconductor and which have provided much important 
information, not only on the absolute value of the penetration depth, but also 
on its variation with temperature, crystal orientation and magnetic field strength. 
The last chapter, which is of great interest, discusses the extent to which the 

' phenomenological theories of superconductivity, the thermodynamic theory of 
| Gorter and Casimir and the electrodynamic theory of F. and H. London have 
'been successful in correlating the experimental facts, and emphasizes that 
-recent experiments, particularly the important work of Pippard on the 
-behaviour at high frequencies, have revealed phenomena which seem to lie 
beyond the grasp of these theories. A brief sketch follows of the various 
attempts at a fundamental theory of superconductivity which have lately been 
appearing in regular succession; although it seems fairly certain now that 
superconductivity is in some way connected with the interaction between the 
electrons and the lattice vibrations in a metal, no convincing demonstration 
has yet been given of the way in which this interaction can lead to the 
characteristic properties of a superconductor. An appendix gives an extensive 
list of numerical data on superconducting transition temperatures and critical 
fields. 

It is a pleasure to read Dr. Shoenberg’s clear and critical account of the 
present state of cur knowledge of what is surely among the most remarkable 
of all physical phenomena. ‘The book can be strongly recommended to the 
general reader interested in the subject, and will be indispensable to the 
specialist. It is evident that, between the first and second editions of the book, 
the plot of the story has greatly thickened; will the third edition be able to 
announce that it has at last been unravelled ? 

E, H, SONDHEIMER, 
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Fluorescence Characteristics of Mixed Organic Crystals 


Decree WALort 


Department of Physics, University of Birmingham 


MS. received 5th March 1953 


Abstract. Experiments with mixed crystals of anthracene in naphthalene are 
described. A fluorimeter technique is used to measure crystal concentrations, and 
it is found that considerable purification of the melt occurs during crystallization. 
No significant difference is observed in the relative fractional intensity of each 
fluorescence component for excitation with 2540A radiations and with alpha- 
particles. A simple theory is formulated and agrees well with the experimental 
data. 

The equations obtained are used to explain the decrease in radioluminescence 
efficiency of organic phosphors due to radiation damage, and it is estimated that 
for anthracene each 5 Mev alpha-particle absorbed produces approximately 
2 x 10 effective non-radiative dissipative centres. 


§ 1. INTRODUCTION 

HE transfer of electronic excitation energy between molecules in organic 

crystals is demonstrated in many cases by the fluorescence properties of 

dilute solid solutions. Measurements. by Bowen, Mikiewicz and Smith 
(1949) for photon excitation and Birks (1950) for particle excitation have shown that 
energy absorbed by the host molecules can be transferred with high efficiency to 
the solute molecules, especially in systems composed of the benzene homologues 
and related compounds. 

A general criticism, however, of these results and of others, e.g. decay time 
measurements by Liebson (1952), is that crystal concentrations are given as those 
of the melts from which they were grown, whereas in all probability some 
purification will occur on crystallization. 

This paper describes some further measurements with mixed crystals in which 
this source of error was eliminated by developing a fluorimeter technique enabling 
crystal constitutions to be determined after they had been grown. ‘These results 
are described in §2 together with some observations of fluorescence quenching 
produced in pure anthracene by radiation damage and compared with a simple 
theory which is formulated in § 3. 


§ 2. EXPERIMENTAL RESULTS 


2.1. Fluorescence of Mixed Crystals 
Large, clear crystals of anthracene-in-naphthalene were grown from the melt 
by slow cooling in a thermostat bath. ‘The anthracene concentrations were 
determined by dissolving a known mass of the crystal in a known mass of pure 
benzene, irradiating the solution with 36504 radiation and, with an RCA type 
931-A photomultiplier, comparing the intensity of the anthracene emission with 
that from a series of standard solutions. Exhaustive experiments were performed 


* Now at Physics Department, Rhodes University, Grahamstown, South Africa. 
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to verify that the presence of the naphthalene in the solution did not affect the 
fluorescence of the anthracene. With this fluorimeter it was found possible to 
measure as little as one part of anthracene in 10* parts naphthalene. Because of 


the small concentrations involved great care was taken to ensure purity of the | 


materials used. Several crystals were grown and their concentrations determined 
in this manner; in all cases purification of the mixture was found to occur during 
crystallization. A melt containing 1°, of anthracene gave a crystal containing 
about 0:001% anthracene. With the comparatively crude thermostat bath 
available large, clear crystals containing greater concentrations of anthracene could 
not be grown. 


To measure the relative fractional intensities of the naphthalene and anthracene 


emissions excited by 5 Mev alpha-particles, small crystals approximately 1mm 
thick were cleaved from the large blocks and placed on the photocathode window of 
an EMI type 5311 photomultiplier. The naphthalene emission was observed 
through a thick Wood’s glass filter and the anthracene emission through a Wratten 
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Fig. 1. Fractional intensity of each fluorescence component for mixed anthracene- 
naphthalene crystals. 


Theoretical curves : A, naphthalene emission; B, anthracene emission. 


2A filter. For the photoluminescence measurements the crystals were coarsely 
powdered and spread on a glass slide placed at a fixed distance from an RCA 
type 931-A photomultiplier. A circular diaphragm was then placed over the 
powdered layer so that a standard area of this was exposed. The powder was 
illuminated with 2540A radiations and the anthracene emission selected with a 
Wratten 2A filter. ‘The results of these measurements, which were made at room 
temperature, are illustrated in fig. 1 and compared with theoretical curves drawn 
from the equations developed in §3._ The emission intensities for both photon 
and particle excitation are normalized to give 0-7 and 0-9 for pure naphthalene 
and anthracene respectively. Although they do not cover a very wide range of 
concentrations the experimental data show good agreement with theory and do 
not indicate any appreciable difference in the relative fractional intensities of 
emission for the two modes of excitation. It is unfortunate that crystals could 


not be grown with a greater anthracene content so as to test these observations 
more stringently. 


j 
' 


: 
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2.2. Quenching of Fluorescence by Radiation Damage 


Although not conclusive, the above results indicate that the energy transfer 
mechanism operates in the same manner and with the same relative effects whether 
the fluorescence is excited with photons or particles. If so we would expect that 
the decrease in radioluminescence efficiency of organic phosphors due to radiation 
damage would be described by a curve similar to that shown in fig. 1 for the 
naphthalene emission, for we may consider the production of non-radiative dis- 
sipative centres by the absorbed particle to be analogous to the insertion in the 
host lattice of impurity molecules in so far as quenching of the host emission is. 
concerned. 

This is found by Birks and Black (1951) for anthracene irradiated with 
5 MeV alpha-particles, using a particle flux of 1-1 x 10° per cm? per minute. The 
relative scintillation efficiency L is given by L =(1+KD)"! where D is the particle 
dose and K, determined empirically, is 1:0 10-4. A similar experiment was 
performed by the author using a particle flux of 1-73 x 106 per cm? per minute and a 
value of 4-8 x 10-1 found for K (Wright 1952) ; the difference can be attributed only 
to the different intensities of radiation used. One measurement was made of the 
decrease in photoluminescence efficiency using 2540 A radiations ; this was found 
to be reduced by the same extent as the radioluminescence efficiency. 


§ 3. THEORETICAL STUDIES 


In the following section we shall derive first the equations describing the 
fluorescence characteristics of mixed crystals without reference to any particular 
method of energy transfer, using the suffices X and Y to denote consideration of 
solvent and solute molecules respectively. We shall consider that the whole of 


_ the incident energy is absorbed by the host molecules and that, because of their 


lower electronic levels, energy acquired by the solute molecules is retained by 
them until it is lost by luminescence emission or thermal dissipation. 
If at time ¢ there are Sx excited molecules remaining of S,) formed initially at 


- time t =0 the number losing their energy in the interval ¢ to t + dt will be 


dSx = —(px+kxt+ P) Sx dt = —aS x dt cieleianale (1) 


where p, k, P are the probabilities in unit time of luminescence emission, thermal 
dissipation or transfer to a solute molecule. ‘The number of transferences to solute 
molecules in this interval is 


OpePS di 2p See giel  Se A (2) 


Fixing attention on these molecules, if at a total time 7’ (where 7 >?) there are Oy 
remaining in the excited state, the number removed in the interval T'to T+ dT is 


dOy=—(pytky)OydT=-bOQydT  —...... (3) 
and the number which are lost as luminescence emission is 
dy= = peOe dl == py erro dt 4 (4) 


The total amount of luminescence emission from the solute molecules in the 
interval T to T+dT is evidently 


fis 
jee | die apePsrer et Sentara (5) 
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The whole emission from the solute molecules is given by 


Ly= | Iy=PyPSol(Pyt+hy(Pxthx +P). vee (6) 
0 
From eqn. (1) it is evident that 
Lee py Sy Qrt als | (ot ea Ra eee (7) 
hence es | Tg=eSilpgciibeGR) nas ee (8) 
0 


Apart from P the constants in the last four equations are all known, for p andk 
may be evaluated from measurements of photoluminescence decay times and 
efficiencies. ‘The actual mechanism by which the electronic energy is transported 


through the crystal lattice is not known with certainty, hence a definite value for P_— 


cannot be adopted. We may consider two possibilities. 

Energy transfer in organic crystals is considered by Bowen and Mikiewicz 
(1947) and by Franck and Livingstone (1949) to be due to a resonance exchange 
process. If this is so it is unlikely that the excitation energy will do more than 
move from an excited molecule to one of its neighbours, for not only will these be 
sufficiently near for direct interaction to occur between their outer electrons and 
the expanded orbital of the excited molecule but, in addition, they will almost 
certainly screen this molecule to some extent from those further away. If we 
accept this description of the excitation energy moving through the crystal lattice 
by transfer between adjacent molecules with a mean frequency of transfer v, we 
have P=vn/N where there are N molecules, of which are impurity molecules, in 
unit volume of the crystal. Further, we might expect v to be similar in value to the 
mean frequency of thermal vibrations of the molecules, for the probability of 
transfer is greatest when these are nearest (Mott and Massey 1950); by identifying 
v with this frequency it may be evaluated from Raman spectra, compressibility 
data or the Lindemann melting point theory. 

An alternative method has been proposed by Birks (1953) in terms of photon 
absorption and emission processes. A fluorescence photon emitted by an 
excited solvent molecule may be reabsorbed by a solvent molecule, absorbed by a 
solute molecule or escape from the crystal. However, the constants involved in 
the expression for P depend upon absorption coefficients and crystal size and 
cannot be readily computed, so that a quantitative comparison cannot be made. 

Accordingly the theoretical curves illustrated are drawn only for the case 
P=vn/N. The technical decay time of anthracene has been measured as 
1-3 x 10-* sec (Liebson 1952) and the efficiency is about 0-9 (Bowen et al. 1949). 
‘The technical decay time of naphthalene has not been measured, but since in 
general photoluminescence decay times seem to be about half of the radio- 
luminescence decay times (Liebson, Bishop and Elliot 1950), a value of 
3:5 x 10-* sec has been used together with an efficiency of 0-7 (Bowen et al. 1949). 
From compressibility data the mean frequency of thermal vibrations is deduced 
to be 1-5 x 10". This value is calculated by supposing the crystal to be an isotropic 
solid and determining from bulk modulus measurements the mean force constant 


between adjacent molecules. Assuming these to be independent harmonic 
oscillators, their frequency can thus be obtained. From the Lindemann melting | 


point theory a value of 7-2 x 10! is given, but the former value is considered | 
more reliable and is used here. Inserting these numerical values in eqns. (6) and | 


| 


OO a a 
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(8), we obtain respectively the curves for the anthracene and naphthalene 
emissions which are shown in fig. 1. 

From eqn. (5) the intensity of the anthracene emission at times after the initial 
excitation may be calculated for different anthracene concentrations. If we 
define an effective decay time 7 by the equation 


fil ae ease ar 
“0 


this may be evaluated graphically. Figure 2 shows how the decay times of the 
anthracene and naphthalene emissions are expected to depend upon the anthracene 
concentration. : 

In the previous section it was noted that quenching of the host emission by 
radiation damage was similar to that produced by insertion of impurity molecules 
into the host lattice. If the effective number of non-radiative dissipative centres 
produced by each particle is s, then the number of these produced in unit volume of 
the lattice after a total dose of D particles is Ds/R, where R is the particle range. 


) wo 


Decay Time of Fluorescence (10-8 sec) 
_ 
| 


0 
1052 ewio® 10° 10-4 lo? lo-? 
Anthracene Concentration (mols/mol naphthalene) 


Fig. 2. Calculated decay time of each fluorescence component as a function of anthracene 
concentration. I, naphthalene emission; II, anthracene emission. 


Substitution of this for z in eqn. (8), using P=vn/N, should thus give the curve 
for quenching by radiation damage. Comparison with the experimental results 
will then enable s to be determined. ‘Those described in §2 for anthracene give 
s=2 « 104 for each 5 Mev alpha-particle absorbed. 


§ 4. DiscussION AND REMARKS 


Complete quantitative comparison of the equations obtained with experimental 
observations is not possible because of the dubious nature of published data. ‘Thus 
Liebson and Keller (1950) find that stilbene dissolved in naphthalene gives a lower 
intensity emission than anthracene at the same apparent concentration, whereas 
according to eqn. (6) any solute material should give the same intensity emission 
apart from variations due to differences in the luminescence efficiency of the 
molecules involved. 

However, as with other workers, their quoted crystal concentrations actually 
refer to concentrations in the mother liquor and cannot therefore be made the 
basis of quantitative discussions. ‘The enhancement of the solute emission at 
low temperatures, as found by Bowen et a/., is in accord with the theory (fig. 1), as is 
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the result found by Liebson ef al. (1950) that the decay time of an anthracene— 


naphthalene crystal was the same as that of pure anthracene. Hence from a | 


qualitative aspect, which is the only form of comparison possible, theory and 


‘experiment are in agreement. The apparent discrepancy between the results _ 


of Birks and Black for excitation with alpha-particles, and Bowen et al. for 
photofluorescence, is removed by the results illustrated in fig. 1, which show no 
differences for either form of excitation. This similarity in results for the two 
modes of excitation is also observed in the case of radiation damaged crystals. 
Unpublished studies by the author show that this similarity is in general to be 
expected, for the majority of the additional quenching in the case of particle 
excitation occurs within the first 10-!° sec, during which time a very small part of 
the total fluorescence is emitted and subsequent processes occur in the same manner 
.as under conditions of photoexcitation. 

Due to their relative ease of preparation and the higher sensitivity of photo- 
multiplier tubes for the anthracene emission, crystals of naphthalene containing 
anthracene have been extensively used for detection of ultra-violet and ionizing 
radiations. Equation (5) shows that such crystals may be unsuitable for use when 
a rapid initial rise of luminescence is required as for particle coincidence experi- 
ments. However, extremely rapid decay times may be obtained by utilizing the 
emission of the host material. Providing that the accompanying decrease in 
intensity is not too disadvantageous, phosphor decay times of the order of 
3 x 10-1 sec may be obtained. A system such as stilbene containing naphthacene, 
with suitable filters to eliminate the naphthacene emission, might prove suitable 
for this purpose. 

A further point of interest, also illustrated by eqn. (5), concerns the assumption 
of an exponential decay of luminescence for the purpose of decay time measure- 
ments; this may not be always justifiable. For the case of particle excitetion, 
when time-varying quenching mechanisms are operative and such processes as 
ion recombination times may contribute to the ultimate decay time, this assumption 
seems even less justifiable. 


§ 5. CONCLUSIONS 


By accepting the process of resonance exchange for the mechanism of energy 
transfer between molecules in organic crystals an adequate explanation can be 
given of all the observed data. ‘The frequency with which the energy is transferred 
shows that before it is emitted or thermally dissipated it passes through an average 
of about ten thousand molecules (IM =vr); due to the random nature of its motion 
the distance of migration will thus be of the order of \/ M. 

Complete acceptance of this or any other proposed mechanism, however, is 
not possible until more accurate experimental data are available. 
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Abstract. The Einstein spontaneous emission coefficients and the oscillator 
strengths due to the quadrupole moment connecting the vibrational—rotational 
levels of H,+ are evaluated using two-centre wave functions. All (v’,J’)—(v’, J”) 
lines arising from combinations of the following values of the quantum numbers 
are treated: v’=0, 1, 2 or 3; v”=0; J’ and J” =0, 2, 4, 6 or 8 (with AJ =0 +2). 

In the case of the higher harmonics serious cancellation occurs in certain of the 

integrations, but the results should be reliable as the calculations do not involve 

approximations. ‘The dipole transitions of the isotopic ions are also investi-~ 
gated, though less fully. 


§ 1. INTRODUCTION 


WING to the comparative complexity of the wave functions concerned, 
@) the hydrogen molecular ion has not been studied in the same detail as 
the hydrogen atom. The purpose of this series of papers is to remedy the 
omission as far as possible. In general the calculations will be performed with 
exact two-centre electronic wave functions; but for comparison some use will 
also be made of approximate wave functions based for example on a linear 
combination of atomic orbitals. It is hoped that the proposed investigation of 
the simplest molecular system, besides being of interest in itself, will give insight 
into other molecular systems and the methods employed in treating them. 

The present paper is devoted to the investigation of the quadrupole transi- 
tions in the x*=,+ ground electronic state, and to the investigation of the corres- 
ponding dipole transitions of systems isotopic with the hydrogen molecular ion. 
These transitions may be of importance in certain astrophysical problems. 


§ 2. QUADRUPOLE TRANSITIONS 


2.1. [he Einstein spontaneous emission coefficient A(P, Q) and the oscillator 
strength f(Q, P) for the quadrupole transition connecting an upper level P with 
a lower level Q are given by the formulae 

3278 5S 474m S 
AE A) aig ) HOW) S saan econ ee (1) 
in which c is the velocity of light, 4 is Planck’s constant, m and e are the electronic 
mass and charge respectively, v is the frequency of the radiation emitted or 
absorbed, wp and wa are the statistical weights, and S is the strength of the line, 


that is ' 
S=XS(p, q;); Aci) 
a 
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S(p;, q;) being the strength of the component joining state p, of one level to state 
q; of the other, and the summation being carried out over all components (cf. 
Condon and Shortley 1935). It has been shown (James and Coolidge 1938) that 
S(p, q) =| | Soe, ie a 4 ee arn: (3) 
with MOV EMG Py ule a's hs FSA) ete yeteae (4) 
where ‘T’, and ‘’, are the normalized wave functions of the two states, is the 
quadrupole moment operator, ./, is its scalar, % is the idemfactor, and the 
modulus squared indicates the double dot product of the enclosed tensor with its 
complex conjugate. If the position vector r of the electron is represented by 
xi +-yj +zk, where i, j and k are an orthogonal set of unit vectors the last of 
which is parallel to the internuclear line, and if all quantities are expressed in 
atomic units, then 
M =3{(y? +2" — 2x? — $R*)ii +-(2? +2? — 2y? — ER) jj 
+(x? +-y" — 22? +-R?)kk — 3xy(ij +ji) — 3ys(jk +kj) —320(ki+ik)},  ...(5) 
R being the distance between the protons. 
The complete wave Cage ‘Y’, and ‘Y", of H,*+ may be written in the product 


is = x(F|R)P ey (YY 1, 17(8,®), 
=x(r|R) Py (RV, w (0, ©), 
where yx is the ee electronic wave function, and P and Y respectively are the 


relevant vibrational and rotational wave functions. © Using (5) and taking account 
of symmetry it can readily be seen that 


[x*(r] R)M(| R) de =4M(R){—ii-jj+2kk, (7) 

with BCR Re epee 2) eke Se eee (8) 

p pom J xt(el Rostx(r|R) d= | x r|R)y2x(r|R)dr, se. (9) 

EAN AE Otek (10) 

Hence | tee dr = MO’; vo’, J”) | ii VY} (0, ®)4{ — ii —jj +2kk} 
0 0 

x Vy ye (O,®)sn@dOdB a (11) 

where Mv’, J’; v", J") = ie P* ,(R)M(R)Py (R)R2dR. oe... (12) 


The angular integration in (11), together with the summation in (2), has been 
discussed fully by James and Coolidge (1938) in connection with the quadrupole 
transitions of the neutral molecule. Their analysis, which can be taken over 
without modification, yields 


eis 4 2){2) 2423) (J? =J’ +2) 
S=|M|2x 4 2S’ +1)(2d' +1)/3(2I’ —1)(2’ +3) $ = (J =J’) a (13) 
Te areal) (21 201): =) 


Transitions in which the change in the rotational quantum number is not 0 or + 2, 
are of course forbidden. 

2.2. The Schrédinger equation for the motion of the electron in the field of 
the two protons can be solved exactly by using the confocal elliptical coordinates 
defined by the equations 

A=(17, +72)/R, (0 —0y)| Rete we oie pce (14) 
r, and 7, being the radial distances (cf. Burrau 1927, Mott and Sneddon 1948).. 
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For the Iso, state the wave function may be expressed as 
eM) oe he pe eign erected (15) 
where M(“) = S Gs Pyle oe SA rears (16) 


the P’s being the Legendre polynomials, and where 


ae S/N 
A(Q\) =(1+)"exp(—p) ® Gs) re (17) 


‘Tables of a, b, o and p (all of which depend parametrically on R) are now available 
(Bates, Ledsham and Stewart 1953) and with their aid p? and 2” can be computed 
without difficulty. We have ; 


ive) 


- ie iP | MEAT N= eM we Ri2y cos? ¢ d\ du dd, 


Acai Age) ee 


p 
ae) ON Ge ar i (18) 
r2m p+1 po 
and a | | | M(11)2A(A)2A22(22 — w2)(R/2)8 drdudb; ...... (19) 
0 —I/1 
thattis’ “ p®=n(R/2)°L4,(B,—B,)— 4(B,— 24 (By—1))) 2 ee (20) 
and Pala RQ AR oa Oe ee (21) 
Pate nee) 
phere, Mead | M@yrunda. Bee | KOI Oly i ee (22) 
=I] 1 
On substituting for M() from (16) we obtain 
Vane 
aS so ts +1’ | 
2 2 {(2s4+1)a,, (2s+2)a,,5)2 
A,= > peel rey Vata Bore LANA 
s-o48+3 | 4541 4545 (23) 
aes . 2 oy a5 (S +1) 45° ) Ao, 


(4s —3)(4s—1) * 
(2s 1)(2s Zao.) 
(4s + 3)(4s + 5) } 


which, since the series converge rapidly, may readily be evaluated. The B’s 
must be determined by numerical integration. 


For comparison it is interesting to calculate p? and 2” from the standard l.c.a.o. 
wave function 


x={exp(—7) + exp(—72)}/{2r(1+.S)P®, S=e""(1+R+4R%). 1.5.24) | 


Using this approximation in (9) and (10) we find after some elementary analysis __ 


that 4 1 ear | 
eget 32 ae 2 “ | 
an 5|1+ js (5+ 15R+6R +R) |, Re: (25) 
=> 1 eR 
e2 — ——__ 1p2 ake 2 3 
z rps 1+4R + Fp (60+ 6OR+27R?+7R +Rs) |. 2a (26) 


Table 1 gives the values of p?, 3% and M(R) based on the exact and on the l.c.a.o. 
wave functions for a range of R centred around R, the equilibrium internuclear 
separation (which is almost exactly twice the radius of the first Bohr orbit). 
As can be seen the agreement in the case of p” and 2” is poor; but, partly because 
of fortuitous cancellation of the errors in these two quantities, and partly because 
of the presence of the 4R® term (cf. formula (8)) the agreement in the case of 
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M(R) is quite good. It may be remarked in parenthesis that the instantaneous 
static quadrupole moment 


N(R) = —p(ii+jj)+(GR2—s2)kk, 2 wee (27) 
can be obtained at once from the figures in the table: for example we have 
N(2a,) = — 0°6416(ii + jj) +0-8890kk (atomic units). 
Buckingham and Reid (1953) have obtained the vibrational wave functions, 


P,,,(R), for various v and J by solving the appropriate differential equations 
numerically. Using these the integral expression for M(v’, v"; J’,J”) in (12) was 


Table 1. Data relating to the Quadrupole Moment of the Hydrogen Molecular 
Ion in the Ground Electronic State 
(in atomic units) 


| 


R p BE M(R) 
exact l.c¢.a.0. exact Vciaro: exact ikezacos 
1-0 0-4236 1-:0264 0-5204 1-1840 0-4033 0-3424 
t=: 0-4678 1:0352 0-6125 1-2666 0-5753 0-4886 
1-4 0-5120 1-0441 0:7168 1:3657 Oa. 06584 
1-6 0-5562 1-:0528 0:8341 1:-4825 1:0021 0-8503 
1:8 0-5995 1-0609 0-9652 Ori] 1-2543 1-:0632 
2-0 0-6416 1-0682 ae leeslististi() 1:7725 1:5307 1-2957 
2-2 0-6826 1:0746 1:2729 1 -9479 1:8296 1:5467 
2-4 0-7220 1-:0799 1:-4522 2-1449 2:1497 1-8150 
2-6 0:7595 1-0840 1-6501 23643 2-4894 2:0997 
2°8 0-7949 1-0869 1-8676 2:6070 28473 2-3999 
3-0 0-8281 1-0886 2:1064 2:8734 3°2217 Dea, 


computed. It will be observed from the results, presented in table 2, that contrary 
to the assumption of earlier workers this quantity is far from independent of the 
rotational quantum numbers of the connected levels. As would be expected 


| Table 2. Values of M(vu’, 0’; J’,J”) 
(in atomic units) 


v’,v =0, 0 v,v =1,0 v,v =2, 0 vv’ =3,0 

i AJ=+2 AJ=+2 AJ=0 AJ=—2 AJ—-2 AJ=0 AJ=—2 AJ=+2 AJ=0 AJ=—2 

| 1-644 Oss: == == 0-029 — — 0-005 a == 
1-663 022/955 10:34659.02375 0-032 0:02 70-023 0:006 0-004 0-003 
1-697 0-245 0-352 0-419 0:034 0-028 0-019 0:007. = 0:004 0-002 
1-745 0-209" 0°357 0-462 0:034 0-028 0-012 0:008 0-004 + 0-000 

0-364 . 0-511 0-029 0-005 0-004 —0-001 
AJ=J/—J”, 


dash signifies that the transition does not occur, and a blank space that the transition has not been treatede 


its magnitude falls off rapidly with increased change in the vibrational quantum 
number. ‘The cancellation within the integral, which is responsible for the 
fall off, naturally causes the dependence of the value of M on the form of P(R) 
and M(R) to be rather critical for the higher harmonics. ‘The sensitivity to 
P(R) is demonstrated sufficiently by the influence of rotation (cf. table 2) to which 
attention has just been directed. ‘I’o examine the sensitivity to M(R) it was 
found convenient to fit the function to a cubic 


M(R) = M)+ M,(R—R,)+ M,(R—R,)? + M;(R—R,)3, .....- (28) 


using the method of least squares to find the best values of the coefficients. If 
P(R) is represented by the Morse approximation, the integration in (13) can now 
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be done analytically (cf. Rosenthal 1935, James and Coolidge 1938, and Ishiguro, 
Arai, Mizushima and Kotani 1952). It yields 
Mv’, v") = Mogo(’ vu | Wey Xe) ae Mage’; v" | Wey Xe) ats M2g,(v’, v" | Wey Xe) 
+ M2( 0, 0 L@aielwar «4, ae oa lave Sh aie (29) 
where, for a given reduced mass, the g’s are known functions of w, and x,, the 
standard spectroscopic constants. Computations were carried out with these 


Table 3. Values of Successive Terms in the Expansion of M(v’, v”) 
(in atomic units) 


Quantum numbers Mgy Myg, My 25 M3g3 Sum. 
v’=0 v’'=0 1-526, 0-0855 0-016, —0-000, 1-627 
Vi 0 0-330s 0-013, —0-001, 0-342 

ES —?) 0 0-040, —0-019, 0-000, 0-022 

U6 0) 0-008, —0-006, —0-000, 0-002 


Table 4. Wave Numbers o (in cm~!), Einstein Spontaneous Emission Coefh- 
cients A (in sec~!), and Oscillator Strengths f of some Quadrupole Transi- 
tions of the Hydrogen Molecular Ion 


Je Oe Ax108 fx 101 o Ax10%~ #x10% o  Ax10® fx10% 
Oo) 040 ‘ 
AJ=+2 

0 176 00010 255 

DRA) 0-091 15 

4 615 0-90 51 

6 816 4-0 120 

8 
i, O ie © 
Ne ficaeeD NI=0 A Jase 9 

0205 Tae 16 220 ~ as “4 

DAD562. 298 110 2181 19 60 9014.) 05S 39 

Pr 7TASe © 33 95 2162. 17 55 7S 18 48 

(a A*\ 0) CK) 77 2130 = 16 52 1547 96 42 

8 284-45 51 1314 5-).- "33 
OO = 0 
j=) AF=0 A= 

0 4411 Bl 12 = es = La rae as 

2 4595 6-6 8°5 4235 3:2 2-6 4079 6:8 1:2 

4 4747 9-8 9-4 4195 2:9 2-5 3835 17. 2008 

6 4860 11 9-4 4132 2:7 2-4 3580 0-44 0-36 

8 4044 2-6 2-4 3316 0-050 0-052 
vu’, vu" =3, 0 
A Jee? ATO ATS? ) 

0 6343 0-5 1 a. es Es ak = as 

2 6508 1°5 1 6168 04a Fee On2 6020 0-6 0-05 

4 6629 2 1 6108 0-4 0-2 5768 0-1 0-03 | 

6 6700 3 1°5 6014 04 02 5493. <0-01 <0-01 9) 

8 5885 Oe (S09 5198 0:03 0-01 * |I 

Miedo | 


A dash signifies that the transition does not occur and a blank space that the transition | 
has not been treated. | 
‘The wave numbers may be in error by several units. In the first three cases there are | 


two significant figures in the A and f columns but in the last case there is only one 
significant figure. 
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constants taken as 2321-4cm™! and 2-89 x 10° respectively.* Inspection of 
the results in table 3 shows that the latter terms of expression (29) give an important 
contribution when the vibration quantum numbers of the connected levels differ 
by more than unity. Now these terms depend on the detailed variation of M(R)— 
they are in fact measures of the second and higher derivatives of the function at 
the equilibrium internuclear separation. ‘This makes the treatment of complex 
molecules very difficult, for the usefulness of approximate calculations, based 
even on the most accurate wave functions at present available, would clearly be 
severely limited. 

The Einstein spontaneous emission coefficients and oscillator strengths 
due to the quadrupole moment were finally obtained by numerical substitution 
in formulae (1), the frequencies of the lines being taken from the calculations of 
Buckingham and Reid (1953). Table 4 gives the results. It will be observed 
that the transitions generally become progressively weaker as Av increases 
beyond unity, but that the spread for any one harmonic is so great that there 
is a certain amount of overlap, some of the transitions being actually stronger 
than some of those in the preceding harmonic. ‘The values of A and / naturally 
present a rather complex pattern since they are controlled by several independent 
factors (the matrix elements, the frequencies and the statistical weights of the 
connected levels). 


§ 3. DIpoLe TRANSITIONS 


3.1. Consider a representative ion isotopic with H,*, the heteronuclear ion 
whose nuclei A and B are A, and A, times the mass M of the proton. It can be 
seen that the dipole moment operator is 


a5} Paget Tern hy ee (30) 


in atomic units, R being the internuclear separation and s the coordinate of the 
electron with respect to an axis along AB with origin at the mid-point of this 
line. Wu (1952) has pointed out that the associated matrix element is controlled 
almost entirely by the R-term (which arises because of excess positive charge on 
the system). ‘Taking it alone into account, and adopting the Morse approxi- 
mation, he was able to express D(v',v”), the dipole moment connecting the 
vibration levels v’ and wv”, as a function of known molecular parameters. 
Expansion of his formulae in powers of the anharmonic constant x, yields 


D(0,1) = K(1+ 4x,), 
DOM mame ay et Dec Nee te ta (31) 
DO 2 yaa ex 3K); 
i d) A, — Ae mR \12 
path Same TE ONO IES BYTE co 
where R is Rydberg’s constant. Both w, and x, are of course {(Ay +A,)/2A,A, |! 


times the corresponding parameters of the ordinary hydrogen molecular ion. 


* The values cited were obtained by the application of Dunham’s formulae (1932) to the 
electronic potential energy curve calculated by Bates, Ledsham and Stewart (1953). They 
are in accord with the earlier theoretical values of Sandeman (1935) (w.=2321°5 cm*}, 
Xe=2:92 x 10-*) and with the admittedly imprecise experimental values of Richardson 


(1938) (wp=2297 cm-!, x,=2°72 « 10-). 
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The Einstein spontaneous emission coefficients and the oscillator strengths i 
may now be found from the standard relations 
6474 ” / 827” m / " 
A(v',0") = ore Dio',2 ", flee) = aap DOU. oes (32) 
Results obtained for 'H?H* are displayed in table 5. vee with table 4. 


shows that the dipole transitions are very much more rapid than are the quadrupole } 
transitions. The high absolute magnitudes should not of course be regarded 


Table 5. Einstein Spontaneous Emission Coefficients A(v’,v”) and Oscillator 
Strengths f(v”, v’) due to the Dipoles connecting the Vibrational Levels (v’, v”) 


Transition aoe A (sec~*) if 


U vo) 
IH Ht, x*E,t 600 I 1-8 x 102 7-3. x 10-8 
Dues? 1-7 1-9 10-7 
Ons 2010-2 1-0 10-8 
“UN UN+ x2d,+ 0 1 2:2 10-2 7-4 10-9 
Pecan Oneea? 6-4 10-4 5-3 x10-11 
ee 2410-5 7-8 x 10-28 


as typical of dipole transitions of the type under discussion since, as is obvious 
from the formulae, the small values of A, and A, and the rather large value of 
x, cause the ions isotopic with H,+ to favour such transitions. ‘To illustrate 
the position the results of similar computations on 4N1°N* are included in the 
table. In carrying out the computations the values of the spectroscopic. constants 
recommended by Herzberg (1950) were used. 

Though the z-term of (30) is relatively unimportant the contribution from it 
is nevertheless of general interest since the dipole moment operator of neutral | 
systems contains no other term. 

First order perturbation theory enables the wave functions, ®, of a hetero- — 
nuclear ion to be obtained from the wave functions X of the corresponding ~ 
homonuclear ion. Noting that the Hamiltonians differ by approximately 


9 B0r=rs) _# 
872 MAA, O20R” 


it is apparent that the dipole moment connecting the states of collective quantum _ 
numbers n’ and n” is 


ae W(n', m)Z(m, n") ~ Wm,n")Z(n',m) 
Me he ) 2 foe Ey Ee Le m ae Ey cae Ey, ; 
where W(s,t)= [X,*WX,dr, Z(s,t)= i X,*2X,dr, 


the E’s are the unperturbed eigen-energies and all quantities are now in atomic 
units. Wick (1935) has discussed the reduction to a form suitable for numerical — 


evaluation. Writing 
R(s, t) = | X,*RX,dr, 


and introducing f(sp)= eee Z(s, t)Z(t, s) 


the oscillator strength for the parallel transition (s—2) it may be shown by a ! 
trivial generalization of his final result that if 2’ and n" refer to states of the same | 


—e——eEOEOeeeeeeeeeeeeee ee ee ee 


a — 
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electronic and rotational quantum numbers and neighbouring vibrational quantum 
numbers then 
301 = As Rn! nt dy J (msm) + H(n", m) 

Dn’, = 4A, GREER he. oe E,,) R(n',n {2 (hes eae ge and Do) 
the summation tle over all allowed transitions. This is the expression most 
convenient in the present problem but it is usually preferable to replace the 
term in curly brackets by $a, wher «, is the polarizability along the internuclear 
line. 

We will consider specifically the calculation of the dipole moment connecting 
the zeroth and first vibrational levels of the ground electronic state. T'o indicate 
this limitation the collective quantum numbers 7’ and n" will be replaced by 0 
and 1 respectively. 

As far as the oscillator strengths are concerned the nuclear part of the wave 
functions may be ignored and the sum for each electronic transition may be 
taken as the value /*(s,t|R,) at the equilibrium internuclear separation. It is 
known that f*(1so,, 2po,,| R,) is 0-329 (Bates 1951), and hence from the Thomas— 
Kuhn sum rule it follows that 

Dies (isos 12 | Rs) 0-0) ee | eee: (34) 
MF 2Yoy 
Reference to tables of eigen-energies (Bates, Ledsham and Stewart 1953) shows 
that the effective value of (EL, —£,,)(E, —E,,) is about 0-185 atomic units in the 
case of the 1lso,—2po, transition. It is much greater for other transitions from 
the ground electronic state.* In view of their low oscillator strengths these may, 
therefore, be neglected. 
Using the figures just cited and taking 


Xi td (mR VIP 
RO,1)= {35% (FE) | (led een en (35) 


as given by the Morse approximation, we find on numerical substitution in (32) 


and (33) that the z-term of (30) gives the spontaneous transition probability 


A(1,0) and oscillator strength (0,1) of the fundamental vibrational band of 
1H?H*+ to be 2-7 x 10-*sec! and 1-1 x 10° respectively. ‘These values, though 
still larger than the values for the quadrupole transition (cf. table 4) are 1-5 x 1077 
times smaller than the values given by the R-term (which is in reasonable agreement 
with Wu’s estimate that they should be about 10-6 times smaller). 
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Abstract. Variations with N and Z of nuclear binding energies in the radioactive 
region are compared with calculations of the energies of the lowest states of 
configurations of neutrons and protons suggested by the jj-coupling shell model 
and experimental data on spins and magnetic moments. Attention is given to 
the variations of neutron—proton interaction among the ‘outer’ nucleons which 
are indicated by the experimental binding energics. 


§ 1. INTRODUCTION 


HE occurrence of discontinuities in the binding energy of the ‘last’ 
| nucleon at the magic numbers is well known (Glueckauf 1948, Pryce 
1950, Harvey 1951, etc.). ‘These, and other regularities in nuclear properties 


| have been explained by the jj-coupling shell model of Mayer (1950). 


The success of calculations of energy level schemes using a quasi-atomic 
method based on this model (Pryce 1952, Edmonds and Flowers 1952a, b) has 
suggested that some agreement may be reached between the experimental binding 
energies and theoretical values obtained from similar calculations of ground state 


' energies of appropriate configurations of neutrons and protons. 


This paper describes an attempt to analyse in this way the data in the tables 
of nuclear binding energies in the radioactive region compiled by Way and Wood 


| (1951). 


The method of Harveyt (1951) has been followed, in which the discontinuities 


_ in binding energies which may be attributed to shell structure are isolated from 
' variations due to bulk effects (e.g. coulomb energy) by subtracting from the 
: experimental binding energies values derived from a semi-empirical mass 
_ formula, which describes the slower variations in nuclear masses with N and Z. 


Attention has been concentrated on the variation of the binding of the last 
proton with the number of neutrons and vice versa; this gives us information 
on the interactions of the protons and neutrons in the unclosed shells of the 
nuclei considered. 


§ 2. DiscUSSION OF EXPERIMENTAL RESULTS 
We denote binding energies as follows: 
E,(N, Z)=E(N +1, Z)— E(N, Z)— E(1, 9) 
E,(N, Z)=E(N, Z+ 1) — E(N, Z) — E(0, 1) 


| where E(N, Z) is the energy equivalent of the nucleus (N,Z). The quantities 


discussed are «,(N, Z) and ¢,(N, Z) where 
«.(N, Z)=E,(N, Z)— E,*(N, Z) 
«,(N,Z)=E,(N, Z)—E,*(N, Z) 
+ This method was proposed earlier by Podolanski and used by Wapstra (1948) in his 
discussion of nuclear masses. 
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and the E,*, E,* are calculated from masses given in the U.S. Atomic Energy _ 
Commission Table of Atomic Masses, computed from the following semi-empirical — | 
formula, due to Fermi: | 


‘036 
M(A, Z) =1-01464A + 0:014.4?8 — 0-0419052Z, + oe (Z—Z4)?+ ee A 
where Z , = A/(1-980670 + 0-0149624.4?) and A= +1 if A is even and Z odd 
=0 if A is odd | 


= —] if A is even and Z even. 


The values of E, and E, have been taken from the tables of Way and Wood, 
and the corresponding «, and €, are given in figs. 1 and 2. In fig. 1 «,(N, Z) | 
is plotted as a function of N for various fixed values of Z; in fig. 2 «,(N, Z) is 
plotted in the same way as a function of N. This mered of display has been 
chosen because there are in this part of the N,Z plane long rows of nuclei with | 
a fixed Z and different N, but only short rows with a fixed N and different Z. 


We consider first the behaviour of «, shown in fig. 1. The sharp drop of «, 
at the magic number 126 of N has already been remarked by Harvey. Above | 
N =126 there is a systematic even—odd variation of «, with N. This is small | 
for Z=81, 82; for Z=83, «, is larger for N even, and for Z=84, 85, «, is larger | 
for N bad: ne for the nuclei with Z>83 the A term in the semi- -empirical | 
formula does not account for the whole of the even—odd spacing. ‘These effects | 
will be discussed later in connection with the variations of the n— p interaction. 

In fig. 2 we discuss first the average variation of «, with N—i.e. ignoring the. 
even—odd effects—and then consider separately these even—odd differences. 
We see that for Z=81 e, increases with N when N<126, but decreases slightly 
with N when N2>126. On the other hand, for Z=82 and 83, €, increases with | 
N when N2>126; since there are only two points in each of these cases for } 
N <126, we say with less confidence that «, remains constant (for Z=82) and. | 
decreases (for Z=83) with N for values of N<126. | 
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The even-odd variations of ¢, with N for N>126 are regular and well 
marked. We notice first that for 7=81 they are much smaller than for Z > 82. 
The even-odd variations have the common feature that for Z even e, is greater 
for odd N, and for Z odd «, is greater for even N. For N<126 we can say 
little; the even-odd variations for Z=82 and 83 appear to be less than for 
N>126, and those for Z=81 are greater than for N>126. The irregular 
behaviour of the points for N <123 is discussed later. 


§ 3. BrnpING ENERGIES AND THE SHELL MODEL 


From the viewpoint of the jj-coupling shell model, a typical nucleus in this 
region consists of a core of 126 neutrons and 82 protons plus a number of 
neutrons and protons moving in orbits whose quantum numbers are arrived at 
partly from the original Mayer scheme (1950) and partly from experimental 
values of spins and magnetic moments (Klinkenberg 1952). A nucleus with 
less than 126 neutrons or 82 protons is equivalent to a core with the appropriate 
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number of ‘holes’, the energy of a hole being taken as minus the energy of a 
particle in the same state. The variations of, say, «, with N have been 
interpreted by Harvey and others as being due to the filling of successive orbits 
of neutrons in analogy with the cause of the variations of electron binding energy 
in atoms. However the variations of «, with N point to an interaction between 
the neutrons and protons (or holes) outside the core, the strength of which 
depends upon the states in which these particles lie. Now since the range of 
nuclear forces is small compared with the diameters of nuclei in this region 
(about one-tenth) we can get an indication of the amount of the n—p interaction 
energy for a given choice of states for the neutron and proton by computing the 
correlation between the respective wave functions. It is assumed that, if we 
neglect for the moment the even-odd variation of ¢, with N, the interaction 
energy between a proton in one orbit and neutrons in another orbit is » times 
that between the proton and one neutron in that orbit. ‘This assumption is 
supported by more refined calculations which are described later. 
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Thus a large rate of increase of «, with N in a certain region of N and Z 
should correspond to a large correlation between the neutron and proton wave 
functions with the quantum numbers which are assigned to that region of N and 
Z, and similarly a small rate of increase or a decrease of ¢, with N should 
correspond to a small correlation of the relevant wave functions. 

The correlation between neutron and proton wave functions is given by 


F 1b rala dine LC lp dips ¥) Pa. 


Calculations of this quantity have been carried out for the values of ,/,j,, 
Nylyjy given by Klinkenberg (1952). The 82nd proton is given to be in the © 
state 3s,),, and the 83rd, 84th, ... in 6hg.. The neutron holes for N<126 
correspond to the states 4p,j/. or 4psj., and the 127th, 128th, ... neutrons are 
in the state 6g9. The radial dependence of the wave functions was assumed 
to be of the harmonic oscillator type, for ease of computation. This assumption 
is a poor one for heavy nuclei, but it has been found that the variation in the 
radial integral contribution to the correlation for different choices of quantum 
numbers is unimportant. The method of calculation followed exactly that of 
Pryce (1952) in a similar problem, that of an approximate calculation of energy 
level schemes in the region of °°Pb. Use was made of his result that the levels 
of the neutron—proton system with smallest total J lie lowest. 

The results of calculation of the correlation of neutron and proton wave 
functions are as follows: + 


4Pil2, 38/9 1-23 (N <126, Z<82) 
4Ds3)2. 381) 0:96 (N <126, Z<82) 
6Bon, 38ue 0-016 (N>126, Z<82) 
4Pi jo, ONg/o 0-28 (N <126, Z>82) 
62, Ogi. 1-92 ‘(N>126, Z>82) 


Thus these results agree qualitatively with the behaviour of «,(N, Z). 
Agreement was not obtained when some other assignments of m/j consistent 
with the Mayer scheme were taken, for instance if the neutron holes were 
given the state 7i,3. These correlation calculations can, of course, only 
distinguish between states whose quantum numbers differ considerably. 

It was hoped to reproduce the even-odd variation of «, with N in a simple 
jj-coupling model representing the nucleons outside the closed shells. The 
original intention was to calculate the energies of the lowest states of systems 
(Myla Jn) "(1 Ly Jy)” for various x and y and various types of central interaction 
between pairs of nucleons. ‘The results would give the binding energies of 
the ‘last’ nucleon in systems of this kind. However, this type of calculation 
is extremely laborious for values of x or y greater than 3, and a simplification 
was therefore introduced. It was assumed that the neutrons and protons moved 
in the same orbit, making possible the use of the group theoretical methods of 
calculation of energies described by Edmonds and Flowers (1952a) for 
configurations of identical particles in jj-coupling. This is perhaps plausible 


+ The numbers given are 47 times the probability per unit volume that the neutron and 
proton coincide; the singlet and triplet states have, however, been weighted according to the _ 
strengths of singlet and triplet interaction assumed by Pryce (1952). 
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for N>126, Z>82, where the relevant neutron and proton configurations are 
6go2 and 6hg». respectively. Calculations of the energies of the lowest states 
of systems consisting of one or two protons and a variable number of neutrons 
have been carried out. The configurations considered were d,j. and fz). (since 
these were dealt with in the above-mentioned paper). Central interactions of 
various ranges and exchange types were used. Details of the methods of 
calculation are given in the Appendix. 

Figure 3 shows a typical result of calculations of this kind. It is for the 
configuration fj. and shows, for systems of (a) one proton and N neutrons, 
and (4) two protons and N neutrois, the binding energy of the last proton as 
a function of N. The interaction assumed is a central force of 5-function radial 
dependence. It was found that a central interaction of finite range with a range 
parameter corresponding to the accepted values of the range of nuclear forces 
and nuclear radius, and with a large Majorana exchange component gave a very 
similar dependence of binding energy on N to that given by a 6-function 
interaction. 


© | Proton, V Neutrons 
-j- 2Protons, NV Neutrons 


= ——---+ 


Binding Energy of Last Proton 
(arbitrary scale) 


Fig. 3. Binding energy of last proton in configuration (f7)2)", d-function interaction. 


It will be seen that the sign of the even—odd variation with N of the binding 
energy of even and odd protons agrees with the variation of «, with N. However, 
the amount of this even—odd variation, when compared with the average rate of 
rise of binding energy with N, is appreciably smaller than that observed in 
practice. This fact has not yet been accounted for; no special choice of central 
force gives an even—odd variation of binding energy with N appreciably greater 
than that for a 6-function interaction. 

The irregular behaviour of «, with N for Z=81 and N<123 may be 
attributed to the possibility that the 4p.j. and 4p,/,. neutron levels are being filled 
together in this region of N (cf. Klinkenberg 1952). 

The even—odd variations of «, with N may also be attributed to variations 
in n—p interactions ; however they are really superimposed on the normal even—odd 
variations in binding energy (taken account of by the A-term in the semi-empirical 
formula) and are hence of doubtful significance. ‘The situation when we consider 
<, is different; when n-p interactions may be expected to be small, as between 
the 82nd proton and the neutrons above 126, we see that «, varies only slightly 
with N, and this implies, when we consider just the even—odd variations, that. 
E£,, also varies only slightly with N. 
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§ 4. CONCLUSION 


The discontinuities of the binding energy of the Jast nucleon in nuclei in — 
the region of °8Pb have been shown to be partially explained by a quasi-atomic 
model of the jj-coupling type. This consists of closed shells of 82 protons and 
126 neutrons plus the appropriate number of nucleons in higher orbits or holes 
in the closed shells. 

The influence of the number of neutrons in the nucleus on the binding energy 
of the last proton has been interpreted as reflecting the variation of interaction 
between the neutrons and protons in unclosed shells or neutron and proton 
holes in the closed shells. Some success has been achieved in correlating this 
information with the results obtained by calculating the ground state energies 
of these systems of extra-core nucleons, assuming wave functions suggested by 
the Mayer scheme and by experimental evidence on spins, etc., and short range 
central interactions. 

Application of these methods to other parts of the N, Z plane is difficult, 
due to lack of accurate binding energy data. However some remarks may be 
made about the results of Harvey (1951). He demonstrates a large (~2Mev) | 
discontinuity in neutron binding energy at N=50. This should not be attributed 
solely to the difference in energy of neutron levels above and below the magic” 
number, for at N=50, as at other magic numbers, there is an unusual number 
of isotones, and nuclei exist with Z values higher than wou!d be expected otherwise 
for that number of neutrons. It seems possible that there is a strong interaction 
between protons in the higher levels and neutron holes in the closed shell in this 
region, giving the nuclei with higher than normal Z a bigger neutron binding 
energy than might otherwise occur. But there are too few binding energy data 
in this region to be sure. 


APPENDIX 


Methods of Calculation of Lowest States of Configurations (Ij)” 
of Neutrons and Protons 


The group theoretical classification of the states of configurations (/)” of 
neutrons and protons has been made by Flowers (1952). Methods of calculation 
of the energy matrices for these configurations are given by Edmonds and 
Flowers (1952a) and the lowest states for various central interactions by 
Edmonds and Flowers (1952b) (these two papers will be referred to as EF). 

It is shown that the energy of a state of (J)” is given by 

EB=eF%+eEO+eFO+... 
where the E are linear combinations of the Slater integrals F and are given 
in table 8 of EF (1952a). The F are determined by the radial dependence 
of the wave functions and central interaction assumed, and the e, depend on the 
quantum numbers n, 7, s, t, J, « of the state concerned. 

We are concerned with configurations of (a) all neutrons, (b) one proton, 
the rest neutrons, and (c) two protons, the rest neutrons. Using the notation 
of Flowers (1952), (a) includes states of type [11] 1(0000)(00)0 and [111] 
3/2(1000)(1, 3)7/2. (b) includes those of type [21] 4(1000)(1,4)7/2 and 
[211] 1(1100)(2, 1)2 and (c) includes [221] 4(1000)(1, 4)7/2 and [2211] 
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1(0000)(00)0. 7 has been taken equal to 7/2 for definiteness. For nearly all 
these states e, and e, are identically zero, and e) and e, are given by EF 1952a, 
eqn. (28). Only for those of type [211] 1(1100)(2,1)2 (i.e. those of seniority 2) 
are e, and e, non-zero. However, calculations show that e, and e, in these cases 
are of the same order as for the two-particle configuration state [11] (1100)2. 
The values of the matrix elements of e, and e, are given in EF 1952a, table 8. 
The contribution from e,E+... is in any case small for short range forces. 
For a 6-function interaction we have EY =2E®, 
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Excitation Curves of the Reactions 7Al(p, a)“*Mg and ”Al(p, y)*Si 
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Abstract. New data are presented on the excitation curve of the reaction 
27 Al(p, «)?4Mg in the range of proton energies from 400kev to 750 kev. Reson- 
ances are found which coincide with the previously known gamma-ray resonances 
at 503, 630 and 728kev. No alpha-emission is detected from the gamma-ray 
resonances at 652, 677 and 733kev. ‘The results are discussed in terms of some 
possible spin and parity assignments of the corresponding levels in 7*Si. 


§ 1. INTRODUCTION 


HE alpha-particles from the reaction ?’Al(p,«)*4Mg were first observed 

| by Freeman and Baxter (1948), who measured the Q-value and also gave 
an excitation curve with low resolution for proton energies from 500 kev 

to 900kev. An excitation curve showing resonances above 800kev has been 
reported by Shoemaker et al. (1951). In this paper we report on some rather 
more precise determinations of the excitation curves in the range of proton 
energies from 400 kev to 750kev. The Q-value of the reaction has also been 
measured and is in agreement with the recent determination of Van Patter ef al. 
(1952). ‘The excitation curve of the reaction ?’Al(p, y)?8Si has also been measured 
for comparison purposes. 


§ 2. EXPERIMENTAL ARRANGEMENTS 


Proton Accelerator 


The Glasgow H.T’. set was used as a source of protons. ‘The output voltage 
from the cascade generator was stabilized by an electronic feedback circuit with 
a time constant of j;second which maintained the average voltage constant to 
within about 100 volts. The energy spread of the proton beam was mainly 
due to small irregularities of striking of the mercury vapour rectifiers and to the 
400 c/s ripple of the cascade generator. The ripple was reduced by a resistance- 
condenser smoothing circuit. ‘The total energy spread of the beam was estimated 
to be about 1-5 kev at a proton energy of 600 kev. 


Spectrometer and Target Arrangements 


Since the alpha-particles from the reaction have a range which is less than that _ 


of the bombarding protons it was necessary to use a magnetic spectrometer to 
separate them (fig. 1). ‘The proton beam passed through slit S and struck the 
target ‘I’, which was surrounded by a tube A maintained at a negative potential 
of 100v to prevent secondary emission. An electronic current integrator was 


. ‘ 4 
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used to record the total charge reaching the target during a run. The alpha- 
particles from the target traversed tube B and those of the correct energy were 
deflected through 45° with a radius of curvature of 15 cm in tube C lying between 
the magnetic poles. The target was at a distance of 15cm from the edge of the 
magnet poles, so that, to a first order, the particles of the correct energy emerged 
from the magnetic field in planes parallel to the axis of the tube D and perpendicular 
to the plane of the diagram. ‘These particles were selected by a collimator E, 
which consisted of thin sheets of mica 10cm long with a spacing of 0-36cm. 
Thus only particles travelling within +2° of the plane of the sheets were able to 
reach the proportional counter F. ‘The counter window was a thin collodion 
film supported on a gird. ‘The counter was filled to a pressure of 5cm Hg with 
pure methane and operated at about 1200v. ‘The pulses were amplified, passed 
through a discriminator and recorded on a scaling unit. 


Scrap Section 
through Xx’ 


Fig. 1. Sectional diagram of spectrometer. 


Because of the small angle of deflection of the spectrometer there was an 
appreciable background at all magnetic fields due to multiple scattering of protons 
from the spectrometer walls. However, the pulses due to alpha-particles with 
energies above 1:5 Mev were about three times as large as any due to scattered 
protons and were constant to better than 20°. _It was thus possible to eliminate 
the effect of scattered protons by suitable setting of the discriminator bias. 

The magnet current was supplied from a generator and was stabilized and 
controlled to an accuracy within about 0:1%. Acareful calibration of the magnetic 
field as a function of the magnet current was made with a fluxmeter. This 
calibration remained constant provided that the field was always cycled in the same 
way so as to avoid hysteresis effects. The calibration was made absolute by 
measuring the alpha-particle group of energy 1:837Mev from the reaction 
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19F(p,«)!6O*. The Q-value for this reaction was taken to be 1:977Mev 
(Hornyak et al. 1950). These alpha-particles were also used as an intensity 
calibration since their absolute yield at the 340 kev resonance has been accurately 
measured by Chao et al. (1950) to be 1:5 alpha-particles per 10° protons. 


Gamma Counter 


A thick walled aluminium Geiger counter was placed close to the target to 
detect the gamma-rays. The curve published by Fowler et al. (1948) was used 
to estimate the relative efficiency of this counter for the 12-1 Mev radiation from 
27 Al(p, y)?8Si and the 6-13 Mev radiation from !F(p, «, y)!®O which was used for 
the intensity calibration. The fact that the radiation from aluminium is complex 
due to cascade transitions (Rutherglen et al. 1951) is not important because the 
counter efficiency varies approximately linearly with energy. 


Targets 
The aluminium targets were prepared by evaporating spectroscopically 
pure aluminium im vacuo on to brass plates. Preliminary experiments had 
shown that aluminium of commercial purity gave rise to spurious particle groups. 
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Fig. 2, Excitation curves for *’Al(p, y)®8Si and ??Al(p, «)?4Mg. 


§ 3. EXPERIMENTAL RESULTS 


The excitation curves for the alpha-particles and gamma-rays are shown 
in fig. 2. Measurements were made at 5 kev intervals from 350kev to 750 kev-_ 
and at 1kev intervals in the neighbourhood of resonance peaks. No alpha- 
particle resonances were detected at bombarding energies below 500kev. The 
target thickness was 10 kev for the measurements below 700 kev and 5 kev for the 
measurements between 700 kev and 750kev so that the resonances at 728 kev 
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and 733 kev could be resolved. The widths of the peaks in the excitation curves 
are almost entirely due to target thickness and the peaks are approximately flat- 
topped, as would be expected in this case. The slope of the front edge of the 
peak is due to the ripple and voltage fluctuations on the H.T. set and it is, therefore, 
only possible to say that the true widths of the nuclear resonances are less than 
1-Skey. ‘The magnet current of the spectrometer was adjusted during the runs 
so that the magnetic field was always at the value corresponding to the peak of 
the energy spectrum. ‘The counting rate at each peak, therefore, gives a measure 
of the ‘thick-target’ yield of the resonance. 

The energy spectrum of the alpha-particles was measured at the resonances 
corresponding to bombarding energies of 503 kev, 630kev and 728kev. These 
spectra are shown in fig. 3. In order to reduce the effects of target deterioration, 
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Fig. 3. Spectra of alpha-particles from ?’Al(p, «)4*Me. 


the Geiger counter was used asa monitor rather than the current integrator and 
the ordinates of fig. 3 are, therefore, the ratio of alpha-counts to gamma-counts. 
From the position of the peaks, the alpha-particle energies were calculated to be 
1:79 Mev, 1:89 Mev and 1:98 Mev at the 503 kev, 630 kev and 728 kev resonances 
respectively. The Q-values calculated from these results are 1-62 Mev, 1:60 Mev 
and 1-61mev. We estimate the total probable error of these measurements to 
be + 1%, and thus obtain a final O-value of 1:61 +0-02Mev. ‘This isin reasonable 
agreement with the value of 1-585 + 0-015 Mev found by Freeman (1950) and the 
value of 1-595 + 0-007 Mev of Van Patter et al. (1952). 

The results of the yield measurements are summarized in the table. ‘The 
yield measurements of Brostrom et al. (1947) are also included for comparison 
purposes. It will be seen that our yield measurements are uniformly lower than 
those of Brostrom et al. by a factor of about two. Part of this discrepancy is due 
to the use by Brostrom et al. of the earlier value of 1-8 disintegrations per 10° 
protons for the 1°F(p, «, y)'®O reaction (Van Allen and Smith 1941). A further 
difference of about 20° may be attributed to slightly different assumptions made 
as to the relative efficiency of their gamma-counter for radiation from fluorine 
and aluminium. However, there remains a discrepancy of about 50°, for which 
it is difficult to account. 

The ratios of the alpha-particle to gamma-ray yields are also given in the 
table for the various resonances. It will be seen that the three resonances at 
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503 kev, 630 kev and 728 kev give alpha- and gamma-yields of the same order of 
magnitude, whereas alpha-particle emission appears to be forbidden from the 
three gamma-ray resonances at 652kev, 677kev and 733kev. No resonances 
are observed which emit only alpha-particles. 


Thick Target Yields of ?’Al+p 


Ey Yields per 101° protons Brostrgm Ya 
(kev) Ys Le i Vey 
503 ilo 0-95 eZ, 1:3 
630 3-6 373 7-0 ibe 
652 = OS 1-4 27 <0-1 
677 <0-15 0°55 iil <03 
728 4-8 ious Bs, 4-2 
733 < 0-35 1-4 Bes) <0-:25 


§ 4. DIscuUssION 


On the basis of these results we can infer possible values for the angular 
momentum and parity of the levels in the **Si compound nucleus involved in 


these transitions, but we shall see that a unique determination cannot be made 


without further information. 

The ground state of *Al is known to have an angular momentum of 5/2, and 
it seems plausible from the nuclear shell model that it is a D-state and, therefore, 
has even parity. We can also assume that the ground states of *°Si and 4Mg 
are both 0, (+). 

If we first assume that the incoming protons have zero angular momentum 
(S-wave), then the compound states of *°Si will be either 2, (+) or 3, (+). 
But it is clear that only the former will be allowed to emit alpha-particles to the 
ground state of **Mg. Hence, on the basis of this assumption, we could say 
that those resonances which are observed to emit alpha-particles correspond to 
2,(+) states and those which only emit gamma-rays correspond to 3, (+) states. 
If we assume incoming P-wave protons, then a similar argument shows that the 
alpha-emitting states could be either 1,(—) or 3,(—) and the other states could 
be either 2,(—) or 4,(—). Choice of higher /-values would, of course, lead to 
further possibilities, but at such low proton energies the effect of the potential 
barrier should make the formation of such states rather improbable. 

It should be possible to obtain further information on the properties of the 
states of **Si by astudy of the gamma-radiation. | For example, the selection rules 
for gamma-ray transitions would only allow electric quadrupole radiation from a 
2,(+) state to the ground state of °*Si, and magnetic octupole radiation from a 
3,(+) state. Now the spectrum of the total gamma-radiation from all resonances 
below 750kev (Rutherglen et al. 1951) shows that cascade transitions to the 
1-8 Mev and 4:5 Mev states are more favoured than the ground state transition, 
as might be expected if electric dipole radiation is allowed to these states. 
Gamma-ray spectra from the separate resonances would be of some interest. 
For example, if all the states were formed by S-wave protons one would expect 


to observe one type of spectrum from the alpha-emitting resonances and a | 
different one from the others, with the first type containing most of the ground | 
state radiations. Preliminary measurements of these spectra have been made in — 
this laboratory with a scintillation spectrometer, and these show considerable | 
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differences between the different resonances, suggesting that at least some of 
the states are not formed by S-wave protons. It should be possible to obtain 
further information by angular distribution measurements, and it is proposed to 
make these measurements in the near future. 
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Elastic Scattering of Electrons 
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Communicated by H. S. W. Massey; MS. received 20th May 1953 


Abstract. It is shown that, to a high degree of accuracy, the scattering of fast 
electrons by atomic nuclei is independent of the model chosen for the charge 
structure of the nucleus, even if the energy of the electrons is sufficiently high for 
several of the partial scattered waves to be modified by the finite extent of the 


nucleus. 


§ 1. INTRODUCTION 


ESHBACH (1951) has shown that itis possible to adjust the nuclear radius R to 
f different models of charge distribution in the nucleus so that the scattering of 
fast electrons by nuclei is the same to a high degree of accuracy for the different 
models, provided the energy E of the incident electrons is comparatively low. The 
effect of a finite size of a nucleus on the scattering of fast electrons is thus by itself 
insufficient to determine both the charge distribution in the nucleus and the 
nuclear radius. He finds that this is so provided that the dimensionless quantity 
ER/heis muchlessthanunity.. For a heavy nucleus (A=200) this means that the 
energy is much less than 50 me?. Forsuch energies only the partial scattered wave 
of zero angular momentum is modified by the finite nucleus. The problem arises 
as to whether at higher energies, when the next partial scattered wave becomes 
important, it might be possible to determine both the charge distribution and the 
nuclear radius. A further problem is the fact that Feshbach’s result, which is 
based on an approximation to the wave function and small ER/he, is astonishingly 
correct even for values of ER/he as high as 0-9, where deviations might certainly be 
expected. 

It is the purpose of this paper to deal with these two problems. Inthe course of 
the investigation the energy at which the second partial scattered wave becomes 
important will be calculated by a semi-classical method, and an approximate 
method for calculating the variation of the scattering phases with energy and 
nuclear radius willalso be outlined. Natural units (/ =m =e = 1) willbe employed, 
so that distances are measured in units of the Compton wavelength //me and 
energies in units of the electron rest-energy me?. 


§ 2. DISTANCE OF CLOsEsT APPROACH (SEMI-CLASSICAL) 


A particular partial scattered wave for scattering of electrons by a nucleus of 
finite size will be different from the corresponding wave for a point nucleus if the 
classical path of the electrons passes through the nucleus. 

At the distance of closest approach d, the energy of a classical electron in 


a potential V(r) is E=(1—v)-12 4170), > ee (2.1) 
and the angular momentum is 


f=0d1 tn a ee See (2.2) 
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where v is the velocity of the electron at that distance. The angular momentum 
_ must be quantized in the usual way, 


seine ad ag De ote ek aes (2.3) 
Eliminating v from these equations, we obtain, for V(r) = — Ze?/r, 
E+A/d={lt+n(n+1)/a7y7, 0 (2.4) 
where we have written A=Ze?. Now E?>1. Hence 
Ed=—A+{n(n+ 1) ne (2:5} 


Thus the critical quantity is not the energy, but the dimensionless quantity ER, 
where R is the nuclear radius. 

Equation (2.5) can be checked against the numerical calculations of Elton 
(1950) and Parzen (1950). This is done in the table. The energy required 
for gold nuclei (Z=79, A =196) so that the n =2 wave is just negligible, can also 
be calculated from (2.5) and is 88 mce?, corresponding to ER = 1-87. 


Partial wave 


Yb, A R E ER n (from (2.5)) negligible for : 
79 196 0-0212 40 0-85 1:01 n=1 (Elton) 
82 208 0:0216 197 4-25 4-36 n=5 (Parzen) 


§ 3. MopreLt INDEPENDENCE 


The radial wave equations for the scattering of electrons by a central potential 
are the well-known equations 


[EV +11F, + 7G, =0, | 
ioe (3.1) 

2 | 

Ae ee - es | 

J 


We put Er=y and transform to f,=yF,, £n=yG,. Following Feshbach, we 


write the potential as 
r r 
Vi(r)=- =| 1-4(%) | Sores 22) 


where q(r/R) gives the deviation from pure coulomb scattering inside the nucleus. 
For r>R, g0 very rapidly. Since E>1, (3.1) can then be written 


, nti r ) | ] 
= Peer teres | feeg'| 2d =0, 
En y st +5| a(; ie | 


ape ae (3.3) 


y(t 3-22) Jean | 
Fe nm Lp = Le Wa n=9, 
Ue saprn al 5 eA \g 


where primes denote differentiation with respect toy and Y=ER. ‘This shows 
that the phase shift ¢,, due to the deviation from coulomb scattering depends only 
on Y. The coulomb radial functions, which are the solutions of (3.3) for q=0, 
will be denoted by f,,, and g,,,. 

To obtain an expression for ¢,, we note that the asymptotic expressions for 
f, and g,, are 


ie COS (y +A In 2y —_ ant a co) 


, 
| 
£, ~sin(y+Aln2y—tu7r+7,4+6,); j 


where the corresponding expressions for /.,, and g,,, are obtained by putting 
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£,=0. With this definition, f,, 1 fen and gon all vanish for y=0. From (3.3) 
and the corresponding equations with g=0 we then have 


, , ntl Aq 
Pilon allen on ae (2ufen—InBou)— vy Paden =9; 
STS, Gee ae ES Ee a ee ee (3.5) 
: eared Aq 
up Lon —Endon Weep. (Helen Balen) + --Sapen =0. 
y y J 
Subtracting, 
r 7 / / / 
5 Unfen +2 n8en) =) fen Sale “hii Sen late . 
H co Xv eo 
as [ahem + 8utond4y=[ Bafon—SnBen | 
Using (3.4), we have 
dy 
sint= >] a(B) afent Baber) 2 eee (3.6) 


Feshbach’s approximate equation (17) is obtained aes (3.6) by replacing f,,, 
and g,,, by f, and g,. We shall, however, use the approximation in which f, 
and g,, are replaced by f,,, and g,,. 


For a particular energy, ¢,, can always be made model independent by a ~ 


correct choice of Y for each model, but this choice will, in general, be dependent 
on the energy. For the scattering to be model independent at all energies, both 
¢,, and 0¢,,/0E must be independent of the choice of q(y/Y). In the approximation 
mentioned above, which is valid if the effect of g is small, 


: ‘. d 
sing,=—A| (5) (2 (3.7) 

J0 y, 

and Oo. A 2 2 4 
"On = E if Te + Sen Le secon (3.8) 


since Kdl,/0E=Yol,,/0Y. But Yoq/0Y =—ydq/dy. Hence, on integrating by 
parts, we obtain Ol, A? afar d : : : 

cos lf, aE =, (3) 5 (fa Hg iy) en (3383 
as the integrated part vanishes at both limits. ‘Thus for model independence 
we must have simultaneously 


fee) dy -cO d 
Sat cae ee d aa A oon hie ee eS 5 
J, footer) and | a (fou? + Gent) 9 (3.9) 
model independent. ‘This is possible if inside the nucleus 
fe eee eve it SOS a eee (3.10) 


(The argument in the above paragraph is essentially due to Feshbach (1951).) 
To investigate the validity of (3.10) we expand f,,, and g,,, in power series, 


ay 0, vn Lig HV Ea Ve ee eee eee (3.11) 
‘These expressions are substituted into (3.3) with q=0 and yield in the usual way 
sit pS tilt Aa eee (3.12) 


and the recurrence relations 
(s+m—n—1)ay+ Am + Om 1 =, | 
(s+m+n+1)b,, —AAy — Ay = 9. 


m— 


] 
\ 
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As f..,(0) =g.,(0) =0, we must take the positive sign in (3.12). In that case, 


m(m a 20 n)Am aL NA 4 a (Pn +m+ n+ Le eats l ihe Ju (3 : 14) 
m(m <a 20 nom ks Ona a (ee Ut Ih 1)an_1, 

and, from (3.13), 

r Pat — i 


p,tn+1° a X Casa SM esreliecctets (3.15) 


Ola 


From (3.14) we then obtain 


De 2p,+2n+3 ay 
OSES SS (p,+n+ 1)(2p,, + 1) and b= = peel wie ites (3.16) 
Hence, to order y7¢n* 
: oo, {Aut 1)(n+l—p,) 4£p. DA ) 
2 Sey anysegy on Soe See N SE ee Me ie 
Fen + Sen? =2°y { e M2, 41) yt. yoe(ib7) 
Therefore (3.10) can be satisfied provided 
(n+ U(2e,+1) 
Yea Day Seen TO)” eee, ot (3.18) 


Since p, ~n+1, this reduces to 
Ve ne Ae I tn an rr (3519) 


If E<40mce? then, as can be seen from the table, the z = 1 wave is negligible even 
for heavy nuclei, and (3.19) is satisfied form =0. Equation (3.7) then reduces to 


21 — ra 
Seas Gal ag |g (¥) tect gy ON eee (3.20) 


Hence if two models are given by (q,, Y,,) and (q,, Y,) the only quantity that can 
be determined from the scattering is 


oS ASN VEY ae ih et bis Od Carrs as 
I Matas dy I. a(#)s PN) Zen (3:21) 


This is Feshbach’s main result. 
If the two models are the surface and homogeneous models of charge 
distribution, then 


q=1a yo 7<%: q,=9, y>Y;,; | 
Gala (3-35) VaV edn 0) ve YG. | Fae Se 
ave Vea Gare bt h | 
In that case the two integrals in (3.21) reduce to 
Ve 3,20 
BA Ob E Tielke On Darl Oona)? ats (3.23) 
so that for model independence 
Y, 3 1/220 2 
ve -(5-5) pate Pel Veer (3.24) 


For Z=1 to 82, py varies from 1-0 to 0-8, but (3.24) stays remarkably constant 
at 0-77. This is the value obtained by Feshbach for the ratio Y,/Y,, using his 
approximation which makes Y,/Y,=,/(3/5), independent of Z. Since Fesh- 
bach’s approximation and the one used here are likely to err in opposite directions, 
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the ratio Y,/Y,, will probably be the same for an exact calculation. This is 
borne out by the excellent agreement between Feshbach’s result and the exact 
calculations of Acheson (1951). 

At higher energies, when the »=1 wave is significant, it would seem that 


model independence could not be achieved, since on the one hand (3.19) willno — 


longer be satisfied, and on the other py in (3.23) has to be replaced by p,, which 
will lead to different values for Y,/Y;, for model independence for the »=0 
and 2=1 waves. This latter fact will not make any appreciable difference, since 
(3.24) is such a slowly varying function of pp. If po is replaced by py = 1-9 to 2:0, 
then Y,/Y,=0-81, and if by p.=2:9 to 3-0, then Y,/Y,=0-83. The inclusion 
of higher order partial waves will thus not lead to improved differentiation 
between models. 

It remains to see whether the »=0 wave remains model independent for 
Y 21/24. For this part of the investigation we shall use Feshbach’s approxi- 
mation since it is easier to deal with, and we have already shown that the two 


approximations lead to the same results. We therefore replace fg and g.9 in — 
(3.6) by fo and gp, where we use the radial wave functions for the shell model — 


which inside the nucleus are 
ae : 
liye (- sin $u — cos tu) and Costs Gi, eeeaee (3.25) 
where we have put u=2y(1+A/Y,), and A is a constant which is determined 
from the amplitude of the asymptotic wave. With this notation, 
q=1-zu<U,; q,=0,u>U,; U,=2014A/Y)Y,; 
: -20(3.28) 


3u u> A 
Gi bee Din as ee Mm=0, u>Uh, Uy=2(14+5) Yh. 
After some simplification we obtain 
3. sm.U,> ~T—cos U, 
sin f= AAP} — 5 + U, + U2 +C+InU,—Ci(U)}, yg ie 
A tio *sin' UL 3 cos tie 2sin OF : 
SUC oye =a — cae T ss mn aes pee Uy— CU}, 
See (3.28) 
Gli r 2(1—cos U, 
COS Co, 2 =— pal = a} cies is (3.29) 
Alon A 6 6sin U;, 
cos Con Sa = ae ix - U,3 th, se ee (3.30) 


where C is Euler’s constant and Ci(«) is the integral cosine. (3.29) and (3.30) 
are most easily obtained directly from (3.8) and not from (3.8’). Clearly it will — 
not be possible to find a value for the ratio U,/U;, which will make the phases _ 
and their derivatives exactly the same for the two models, but if we put U, = U,+¢ | 
in (3.28) and (3.30) and equate the expressions for the phases and those for their _ 


derivatives, then, to the first power in c/U,, we obtain from both equations 
c/U,=4, 160 Oc) Uses s 2) eae eee (3.31) 


‘This is a most unexpected result, since in general the ratio U,/U,, which gives 
model independence at one energy will not do so at another energy. With the 
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value of the ratio given by (3.31) the values of f) and @¢,/dE for the two models 
differ by two to three per cent in the region Y <2. 

To sum up. At low energies (about 40 mc? for heavy nuclei) the scattering 
is model independent and the shell and homogeneous models give the same 
scattering for RJR, =0- ‘77. At high energies (about 80 mc? for heavy nuclei), 
when the »=1 wave is important, the scattering is not quite model independent 
since for the two models considered the »=0 wave is model independent for 
R,/R,=0-75 and the n=1 wave for R,/R, =0-81. 


§ 4. VARIATION OF PHasE SHIFT WITH ENERGY AND NUCLEAR RaDIUs 


Once an exact value of a phase shift for a particular energy and nuclear radius. 
has been obtained, it is desirable that neighbouring phase shifts should be obtained 
with less labour. All past experience shows that approximate values of the phase 
shifts calculated from variation principles or perturbation methods are too 
inaccurate to be useful. It is quite definitely necessary, when calculating a 
range of phase shifts, to calculate the first one exactly. The quickest way to do 
this is probably to compute the various radial functions at the nuclear radius, 
as was done by Elton (1950). The work can however be simplified by using 
y = Er as variable and by using coupled recurrence relations, such as (3.13). For 
small changes in £ and R in the neighbourhood of the exactly calculated phase 
shift the approximate expression (3.8) for 0¢,,/0E and the corresponding one for 
0f,,/0R can be employed. Alternatively, (3.29) can be used, since the constant 
A will have been determined in the course of the calculation of the exact phase 
shift. 

As an illustration we shall use the scattering of electrons of energy 40 mc? by 
gold nuclei according to the surface model. The exact phase shift is ¢) = — 0-27, 
and the approximate values of 0¢,/0E at this point are —0-0063 from (3.8) and 
—0-0078 from (3.29). Hence ¢, at 30 me? is — 0-21 or —0-19, according to which 
approximation is chosen. ‘This compares satisfactorily with the exact value 
€,= —0-20 (Acheson 1951). On the other hand, if ¢) at 40 mc? is calculated 
from (3-7) or (3-27) directly, the respective results are —0-20 and —0-17, and 
these are clearly not accurate enough. 


§ 5. CONCLUSION 


As Feshbach has pointed out, the assumption of a charge density in the nucleus 
which is constant in time is justified only if the wavelength of the incident electron 
is considerably larger than interparticle distances in the nucleus, so that we must 
have E<274mc?. For heavy nuclei this corresponds to Y<6. Since the n=3 
wave is not important until Y~4, we must restrict ourselves to energies where 
only the first three partial scattered waves are important. As was shown in § 3, 
these waves are separately model independent for different values of the ratio 
R,/R,. However, these ratios differ by so little from each other that an average 
value of R,/R,, is likely to exist which will give practically model independent 
scattering. Nuclear radii are in any case not known with very great accuracy 
(Blatt and Weisskopf 1952) and, furthermore, any difference between models 
will almost certainly be masked by the radiative correction (Schwinger 1949), 
the size of which is not known for large Z. There is then at present little hope 
that experiments on electron scattering at energies of the order of 80 me? will 
give any information about the charge structure inside the nucleus. 
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Lastly, the question arises whether a ratio R,/R,=0-8 is physically reasonable, 
and whether independent measurements of nuclear radii confirm or contradict 
this ratio. Of all the methods for measuring nuclear radii that based on the theory 
of mirror nuclei (Lu 1950) is the only one which depends directly on the charge 
distribution in the nucleus and not on the internuclear forces. Lu finds that _ 
R,/R,, =0-83, which lends strong support to the hypothesis that electron scatter- 
ing, at least to a high degree of accuracy, is model independent. 
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A Comparison of the Powder Patterns on a Sample of Grain-Orientated 
Silicon-Iron with those obtained on a Single Crystal 


By L. F. BATES anp A. HART 
Department of Physics, University of Nottingham 


MS. received 28th May 1953 


Abstract. A comparison is made of the powder patterns observed on grains 
within the surface of a polycrystalline specimen of silicon—iron with those found 
on the surfaces of a single crystal of the same material. A new pattern not 
hitherto recorded with a single crystal is described, and the conditions for the 
appearance of three different sets of patterns on polycrystalline and single crystal 
specimens are noted; data concerning domain boundary spacings are presented. 


$1. INTRODUCTION 


EW measurements with the Bitter figure technique have so far been made with 

the object of comparing the powder patterns obtained on single crystals of a 

ferromagnetic metal with the patterns obtained on a polycrystalline specimen 
of the metal. It is obvious, if such comparison is to be at all profitable, that the 
polycrystalline specimen must possess a grain structure of size adequate for 
reasonably undisturbed patterns to be formed, and that individual grains chosen 
for examination must have a definite crystal plane located in the surface of the 
polycrystalline specimen. 

Among recent experiments may be mentioned those of Martius, Gow and 
Chalmers (1951), who photographed the behaviour of domain boundaries, as 
manifested by powder deposits, in the neighbourhood of grain boundaries in a 
bicrystal of nickel. Dijkstra and Martius (1953) examined the changes in the 
domain pattern of grain-oriented silicon-steel with large grain size when the 
specimen was put under tensions within the elastic range of the material. ‘The 
grain on which observations were made had a (110) plane in the surface of the 
specimen and the [110] direction was parallel to the specimen axis along which the 
tension was applied. ‘They found that at a load of approximately 1 kg mm ~™ the 
original domain pattern vanished, and that after a transition stage with increasing 
load a new stress-induced domain pattern appeared. Nesbitt and Williams 
(1950) obtained patterns on alnico V (Alcomax), whichis, of course, polycrystalline, 
in an attempt to explain the mode of action of a magnetic field applied during 
heat treatment of such materials. In the present communication an attempt has 
been made to see how far patterns found on polycrystalline surfaces have their 
counterpart in patterns on single crystal surfaces. 


§2. EXPERIMENTS ON A POLYCRYSTALLINE Disc 


A preliminary survey of powder patterns on a specimen of polycrystalline 
grain-oriented silicon—iron provided many interesting patterns. ‘The orientation 
of the grains in the sheet specimen was such that many of them intersected the 
sheet surface in a plane near to a (110) plane, and some of the patterns obtained 
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were very similar to patterns previously observed on single crystal specimens; 
e.g. when in the demagnetized state many of the grains were crossed by 180° 


boundaries, while others carried characteristic ‘ dagger’ structures. Examples 


are given in figs. 1 and 2 (a) (Plate I) respectively. 

Three types of pattern which occurred frequently in applied fields were as 
follows : 

(a) Patterns hereafter called type (a) were in effect normal ‘lace’ patterns 


very similar to those obtained by Bates and Mee (1952) on the (110) surface of a — 


Néel block during Mode III magnetization, cf. fig. 2 (b) (Plate 1). 

(b) Patterns hereafter called type (6), which were present at the same field 
values as type (a) patterns, or at field values between those required for type (a) 
patterns and those for saturation. The type () patterns, like those on the single 
crystal specimen shown in fig. 5 (Plate III), were really made up of short lengths 
of type (a) or ‘ lace’ patterns all having very nearly the same orientation, but not 
formed into continuous lines. In the cases where type (4) patterns were produced 
from type (a) patterns by increasing the applied field, the orientations of the two 
types of pattern were not necessarily the same. 

(c) A third type of pattern, which has not hitherto been observed ona single 


crystal, was usually obtained in lower fields than those required to produce types ~ 


(a) and (b). The new pattern, called type (c), consisted of short lines of colloid 
ending in small ‘ blobs’, the lines being arranged in columns. ‘This type of 


pattern is clearly shown in fig. 3 (Plate II). The columns formed by these so- — 


called ‘ tadpoles’ usually appeared at angles of about 30° to the [100] direction. 
The type (c) pattern started as a dagger structure, characteristic of the demag- 
netized state, broke up, and later gave way to normal lace-type patterns. The 
fact that such patterns appear between the demagnetized (6-phase) state and the 
lace structure (2-phase state) indicates that they are present in a field whose value 
is suitable for the production of a 3-phase state. However, as the patterns 
persist, 1n some cases even after the lace structure is established, they cannot in 
fact be 3-phase patterns. The patterns always appeared near to the edge of the 
crystal, and it is probable that they are a special type of closure structure, masking 
a more simple elementary domain structure. Since the individual lines of the 
pattern end in well defined ‘blobs’, an arrangement of domains giving rise to 
sharply localized stray fields is indicated. 


§3. EXPERIMENTS ON A SINGLE CrysTaL Disc 


A single crystal disc of silicon—iron with its main surfaces parallel to the (110) 
plane was prepared. With this disc, attempts were made to obtain patterns 
similar to types (b) and (c) above. A comparison was also made between the 
spacing of the lines of type (a) patterns with applied field in the cases of the single 
and polycrystalline specimens. 

The dimensions of the specimens used were: single crystal: diameter of 
disc =0°755 cm, depth=0-125 cm ; polycrystal: diameter of disc=1-015 cm, 
depth =0-032 cm. ‘The approximate size of the grains viewed was 1-2 mm. 
It was found that by altering the orientation of the specimen in the applied field, 
and also the value of the field, it was possible to reproduce practically all the types 
of patterns observed on the polycrystal. Type (c) patterns were formed at the 
lateral edge of the single crystal as a stage in a transition from a dagger pattern in 
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the demagnetized state to a lace pattern structure. This is clearly shown in 
fig. 3 (Plate II), where the lace pattern lines are just appearing in a broken form. 
In this case the lines of the type (c) structure are at an angle of about 30° to the 
lace pattern lines, i.e. at 30° to the [100] direction; in this photograph the [100] 
direction was perpendicular to the applied field. In all photographs the external 
field is applied along a direction approximately parallel to the long edge of the 
photograph. A further example of the type (c) structure forming striations 
between adjacent lace-pattern lines is visible in the lower half of fig. 7 (6) (Plate 
IV), where between the main lace patterns running upwards from left to right 
there are sets of ‘ tadpoles ’ running upwards from right to left. 

Patterns of type (5) occurred on the single crystal at field values intermediate 
between those required for lace patterns and those for saturation. The patterns 
appeared for a range of orientations of the crystal with respect to the applied 
field, and their orientation with respect to the field was not fixed, fig. 5 (Plate III). 
These, and later experiments on a thinner crystal, indicate that this type of pattern 
is obtained when there is a component of the applied magnetic field perpendicular 
to the plane of the specimen surface, the (110) plane. 


$4. VARIATION OF LINE SPACING WITH APPLIED FIELD FOR PATTERNS OF TYPE (a). 
(i) Single Crystal 

The crystal was mounted on a cylindrical brass holder, and fitted between the 

pole-pieces of an electromagnet, with air gaps about 0-1 cm separating it from 


either pole-piece. ‘The specimen was always set, by means of the zero-field 
daggers, so that its [100] direction was perpendicular to the applied field. ‘The 


| patterns on the specimen surface were projected on to a ground-glass screen, and 


the spacing of the pattern lines measured directly. ‘The measurements were all 
made on parts of the specimen near its centre. Measurements were recorded as 
soon as the lines of the pattern were sufficiently well developed, and continued to 
be made for increasing field values until the colloid line deposits became so thick 
as to preclude accurate measurement. ‘The specimen was always taken through 
several cycles of magnetization before measurements were taken. After several 
sets of results had been obtained, the specimen and holder were rigidly fixed in 
position between the pole-pieces, and field measurements were made near the 
centre of the crystal. ‘The mean separation of the feet of the magnetic potentio- 
meter used for field measurements was only 0-4 cm. 

A curve of average line spacing d against field H was now drawn, fig. 10, 
curve B. It showed an initial sharp fall in d with increasing H followed by a region 
in which d approached an asymptotic value as H reached large values. ‘The curve 
was compared with a theoretical curve B’ calculated for a Néel block whose 
width was equal to the depth of the specimen used. ‘The experimental curve hada 
shape similar to the theoretical curve, but differed from it in two respects: (i) 
the experimental field values for the region where d depended sharply on H were 
several times larger than the theoretical field values given by the Néel theory, (it) 
the limiting value of d in high fields was about three times the theoretical value 
(say 70 » instead of 24 y), and the value of field at which this limiting value of d 
was reached was about twice that required theoretically. 

Series of photographs showing the appearance of the patterns for several 
field strengths are given in figs. 4 (a)-(c) (Plate II). 
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(ii) Polyerystal Specimen 

The procedure used in the case of the polycrystal specimen was very similar to 
that outlined above for the single crystal. In this case it was not usually possible _ 
to obtain lace patterns on grains whose [100] direction was perpendicular to the — 
applied field. This was probably due to the demagnetizing field in the neigh- 
bourhood of the grain under observation causing the effective field to be out of 
alignment with the external field. Normal lace patterns were obtained for angles _ 
between the [100] direction and the perpendicular to the applied field of up to45°. — 
The patterns obtained at low fields, when d was relatively large, were observed to 
be much better defined on the polycrystal specimen than on the single crystal. 

A (d, H) curve (fig. 10, curve A) was drawn, and compared with a theoretical _ 
curve A’ for a Néel block of roughly the same dimensions. Again, the curve had 
a similar shape to the theoretical curve, and the limiting value of d reached in high — 
fields was about three times the theoretical value (35 instead of 122). In this _ 
case, however, the field at which this limiting value of d was reached was of the | 
same order as the theoretically predicted field. A series of pictures of the patterns — 
on the polycrystal specimen is shown in figs. 2 (a)-(c) (Plate I). It is perhaps | 
desirable to point out that we measured an average field extending over several 
grains as distinct from the field on one individual grain. 


(ili) Experiments on Change of Thickness 


It was thought that better agreement between the results for the single crystal 
and the polycrystal specimens might be obtained if the thickness of the single 
crystal specimen were reduced to that of the polycrystal. ‘The thickness of the 
single crystal was therefore reduced in acid, so that its final dimensions were 
diameter 0-675 cm and depth 0-035 cm. ‘The measurement of line spacing on 
this specimen now proved to be more difficult, due to the very * broken’ nature of 
the patterns at the large d values (fig. 6 (a), Plate III). At higher field values the 
lines of the patterns tended to turn away from the [110] direction, even in the 
centre of the crystal ; perhaps it would therefore be wise to call them abnormal 
lace patterns. At fields of about 200 oersteds the patterns near the centre of the 
crystal were as shown in fig. 5 (Plate III). The general trend of the lines of this 
pattern appears to be more nearly parallel to the applied field than perpendicular 
to it. 

However, a (d, H) curve (fig. 10, curve B”) was drawn; it was mainly restricted 
to higher field values where d was already approaching a limiting value. Readings 
were taken around the centre of the crystal, and the curve obtained was very 
similar, and close to, the curve for the polycrystal specimen. The limiting value 
of d was the same as that for the polycrystal, i.e. almost three times the 
theoretical value. ‘The field at which this value of d was reached was larger than 
that required for the polycrystal and was about 3/2 times the theoretical value. A 
set of pictures of the patterns at the centre of the specimen is given in figs. 5-6 | 
(Plate Ii1). The patterns (Plate IV) obtained at the edges of this thin single crystal 
specimen showed certain interesting features. It was noted that, at any fixed 
value of the applied field, the patterns on the lateral edges of the disc were of a | 
type which had previously appeared near the centre of the crystal at a lower field | 
value. ‘This was attributed to the presence of a larger demagnetizing field at the — 
lateral edge of the crystal than at the centre. The orientation of the lace patterns 
at the edge of the crystal was as shown in the diagram. At points XX, fig. 9, the | 
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patterns had an orientation nearly parallel to the applied field, as shown in fig. 7 (c) 
(Plate IV) for which fig. 8 provides a key. Some examples of the orientations of 
these patterns at various fields are given in figs. 7 (a) to (d) inclusive. 
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Fig. 10. (d, H) curves for poly- and single crystal specimens. 


§ 5. CONCLUSIONS 


We therefore see that as far as line spacing with applied field is concerned the 
agreement is not good in either the case of the polycrystal or that of the single 
crystal. But owing to the shape of the specimens used, as compared with the 
perfect block postulated in the theory, very good agreement was not to be 
expected. The main fact of importance is that the results for the single crystal 
and polycrystalline specimens agree with the theory to within the same limits, 
particularly when the thicknesses are comparable. 

In general the patterns gave clear indication of the relative orientations of 
adjacent grains, for in the case of adjacent grains of almost the same orientation 
the pattern lines often crossed the grain boundaries, whereas adjacent grains 
between which there was a larger difference in orientation carried patterns 
which changed abruptly at the grain boundary (cf. figs. 2 (4), (c) (Plate I)). 
As the applied field was increased, the colloid deposits on the grain boundaries 
themselves became thicker, those on boundaries between grains of widely different 
orientation being very dense. 

In the case of all three types of pattern considered above, patterns on the 
polycrystal can be reproduced on a single crystal by adjusting the specimen 
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orientation and the applied field. In the case of type (a) patterns the good 
agreement between the experimental (d, H) curves for the two specimens is an 
indication of the close similarity of the patterns on the poly- and single crystals. 
It is interesting to note that the orientation of the (a) patterns on the polycrystal 
indicates that the demagnetizing fields of the grains surrounding the one under 
observation are such.that the effective internal field is considerably out of align- 
ment with the external applied field, even at applied field strengths of about 
60 oersteds (fig. 2 (c) (Plate I)). The general results obtained, of course, give 
further support to the view that magnetization processes in polycrystalline 
materials may be explained by consideration of results for aggregates of suitably 
orientated single crystals. 
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Abstract. Experiments were made by the powder pattern technique to determine 
the magnetic domain structure of a single crystal of nickel cut so that two easy 
directions of magnetization lay in the plane of each main surface. The closure 
domain structure is a very simple one, and from the experimental evidence a 
model is proposed which is similar to that investigated theoretically by Néel in 
the case of a single crystal of iron. 


$1. PREPARATION OF THE CRYSTAL AND EXPERIMENTAL PROCEDURE 


patterns formed on a (110) plane of a single crystal of nickel. The crystal 
was cut from an ingot into the form of a rectangular slab measuring 
1immx8mmx4mm. The surface was prepared for examination by the 
methods reported in a previous paper (Bates and Wilson 1951). After electro- 


|: this communication we report some measurements made on the powder 


| lytic polishing of the main surface and sides, their orientations with respect to the 


; 
: 


{011} and {011} planes were measured with an x-ray goniometer. Photographs 
showed that the surfaces made an angle of about 5° with the (110) planes. Before 
regrinding, the crystal was annealed to remove strains and was examined for 
evidence of domain structures. Later it was reground until from x-ray examin- 
ation the angles between its surfaces and (110) planes were less than 14°. It was 
then annealed once more at a temperature of 1000°c. 

The magnetic colloid was prepared according to the Elmore recipe (cf. Bates 
and Neale 1950). The specimen was placed between the poles of an electro- 
magnet and photographs were taken by normal light-field illumination of the 
crystal surface of the patterns formed thereon. Measurements of the spacing of 
the deposits were made, and the corresponding effective magnetic fields were 
measured with a very small magnetic potentiometer. For each measurement the 
crystal was brought to the appropriate value of the applied magnetic field several 
times. The magnetization curve for the crystal was measured using a coil in the 
usual way, together with the magnetic potentiometer. Curves connecting the 
intensity of magnetization J with the effective magnetic field H, and the spacing of 
the colloid deposits d with H, are drawn in figs. 1 (a) and 1 (6). 


§2. EXPERIMENTAL RESULTS 


Upon the application of a field along the (100) axis a system of colloid deposits 
formed. When the crystal surface under examination was inclined at 5° to the 
{011} plane, these deposits appeared as thick heavy lines perpendicular to the 


* Now at H.M. Underwater Countermeasures and Weapons Establishment, Havant. 
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quaternary axis. Such inclination would, as predicted by Néel (1944), accentuate 


the stray magnetic fields attracting the colloid particles to alternate domain — 
boundaries. Some photographs of these patterns are shown in plate I together © 


with a picture of a peculiar maze pattern formed before annealing. 
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Fig. 1 (a). Magnetization curve for nickel Fig. 1 (6). Domain spacings on (110) plane 
crystal of section shown in fig. 2. of a nickel crystal. 


After the crystal had been reground, polished and annealed, regular line 
deposits were observed upon the two planes examined (plates II and III). 
Slight overpolishing of the side which was parallel to the {011} plane produced an 
orange-peel effect which did not, however, appear to affect the regularity of the 
deposits. Close to the edge of the crystal the lines observed on the top surface 
parallel to the {011} plane became denser and frequently split into two 
components. ‘This splitting is probably due to a slight rounding at the edge 
enhancing the stray fields and causing colloid agglomeration at the intersection 
of each domain boundary with the crystal surface and not at every alternate one 
as is usually observed. 

The photographs of plate I show colloid striations ‘ springing’ from the sides. 
of the main deposits. At first it was thought that these might be ‘ tree patterns ’ 


similar to those observed by Yamamoto and Iwata (1951). As the effective field — 


was increased, however, the striations rotated in the opposite direction to that 
expected if they were tree patterns. ‘They may thus be assumed to be formed 
perpendicular to the direction of magnetization of the underlying domain on. 
which they are deposited. ‘The lines observed upon the crystal surface after 
regrinding were rather more weak and diffuse. 


Reversal of the direction of the applied field did not cause any displacement of _ 


the deposits. ‘The lines merely broke up and reformed in the same positions. 
This fact, together with the directions of the striations observed before a | 


suggests that the change in direction of the resultant induction of the crystal was. | 


accoinplished by 180° rotations of the domain magnetization vectors. 
On the side of the crystal, deposits were observed at somewhat lower fields 


than upon the main surface; plate III (a) shows the patterns observed for an 1 


effective field, over the whole crystal, of about 10 oersteds, applied parallel to the | 
100) axis. Some boundaries running from left to right can be seen which make | 
an angle of 50° to 55° with the (100) direction. One of the ‘ easy ’ directions of | 
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magnetization, a [111] axis, makes an angle of 55° with this direction. Elsewhere 
on III (a) domain boundaries which are perpendicular to the direction of the 
applied magnetic field can be seen. Apparently this photograph shows the 
transition from one mode of magnetization to the simpler two-phase mode which 
persisted right up to saturation. A slight increase in the applied field resulted 
in the complete disappearance of the oblique lines, when the straight lines 
perpendicular to the (100) axis covered the surface. 

The straight lines usually consisted of doublets as shown in plate III, (4), (c) 
and (f). If it is assumed, on the basis of plates I and II, that the magnetization 
vectors of the fundamental domains lie along two directions making equal angles 
with the (100) axis and lying in the {011} plane, then from magneto-crystalline 
anisotropy energy considerations these magnetizations at the beginning of the 
two-phase state will be parallel to the (111) and <111) directions, as depicted in 
fig. 2. Magnetization therefore proceeds by rotation of these vectors towards the 
<100) direction. 

Small prismatic closure domains required to close the flux at the edges of the 
crystal are shown in fig. 2. Calculation shows that flux closure parallel and anti- 


Fig. 2. Domain structure of nickel crystal. 


parallel to the overall induction of the crystal should be achieved by means of 
domains magnetized almost parallel to the (011) and 100) axes. Thus the 
appearance of doublets on the {011} plane having a separation equal to the width 
of two fundamental, or f, domains on the {011} plane suggests that these mark the 
boundaries of closure domains at their intersections with the side of the crystal as 
infig.2. Itis interesting to contrast these figures and their explanation with those 
of Bates and Mee (1952) for the case of the {011} plane of a silicon-iron crystal. 

It is emphasized that the observations strongly support the above model, 


_ which approximates to the domain structure postulated by Néel (1944) for a 
specially shaped crystal of iron even more closely than do the sections of crystals 
of silicon-iron examined by Bates and Mee (1952), Bozorth, Williams and 


Shockley (1949) and others, because of the absence of really complicated closure 
domains on the sides. Any attempted calculation of the dependence of d, the 
width of a fundamental domain, upon the effective field H will, however, be 
merely approximate unless it takes into account the magnetostriction strain 
energy associated with the closure domains. 
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Microwave Resonance Absorption in some Ferromagnetic 
Manganese Compounds 


By G. D. ADAM ann K. J. STANDLEY 
Department of Physics, Nottingham University 


Communicated by L. F. Bates ; MS. received 21st April 1953 


Abstract. Microwave resonance absorption has been investigated at a wavelength 
of 1:26 cm in powdered samples of manganese arsenide (MnAs), manganese 
antimonide (MnSb) and manganese bismuthide (MnBi). Experiments were 
performed over a range of temperatures from —180°c to +300°c, and detailed 
results are given, including where possible the calculated values of the 
spectroscopic splitting factor g and the measured resonance line widths. 

With manganese arsenide a g-value of 3-2 was found at room temperature, 
and this remained sensibly constant from —180°c to +45°c; above the latter 
temperature only a very small resonance absorption was detected. For the case 
of manganese antimonide the g-value ranged from 2-2 at —180°c to 2-6 at +20°c 
and decreased to about 2-1 near the Curie point, 315°c; in this material a marked 
decrease in line width with increase in temperature was found above 100°c. 
With manganese bismuthide a resonance absorption was detected only near 
—180°c and above +240°c. The g-value at —180°c was estimated to be 2-4. 

A comparison is made with other published results and their significance 
briefly discussed in the light of existing theories. 


§ 1. INTRODUCTION 


INCE the first description of ferromagnetic resonance in iron, cobalt and nickel 
(Griffiths 1946) there has been a number of investigations of the effect in 
various materials. The experimental method is to measure the high fre- 


| quency power loss in the material at constant frequency v as a function of an applied 


steady magnetic field H, which is perpendicular to the high frequency field H,. 
The loss rises to a maximum at a field H,"™** and the phenomenon shows the usual 
characteristics of a resonance effect. It has been shown classically (Kittel 1948) 
and quantum mechanically (Kittel and Luttinger 1948, Van Vleck 1950) that the 
resonance condition for polycrystalline material is given by 


y= 2 fH + (N,— NDAD +(Ne— NOP. s. (1) 
where g is the spectroscopic splitting factor, N,, N,, N, are the demagnetizing 
factors of the specimen in the three coordinate directions, and the other symbols 
have their usual significance. It will be seen that this equation permits the 
determination of a value for g for the material used from measurements of the 
resonance field H,""* at a known frequency. For free electron spins this value 
should be 2:00, whereas the results of previously reported measurements with 
various ferromagnetic materials have given g-values between 2-0 and 2-3 (for a 
summary see Kittel 1949). The reason for the relatively large differences from 
the free spin value is not clearly understood and is discussed with reference to the 
results of the present investigation in § 4. 
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The experiments to be described were performed at a wavelength of 1:26cm 
with the materials manganese arsenide (MnAs), antimonide(MnSb) and bismuthide 
(MnBi). These compounds are similar, since in all of them manganese, which is 
the ferromagnetic ion, occurs with metalloids of similar electronic configurations 
in NiAs-type crystal lattices (Oftedal 1928, Halla and Nowotny 1936). In addition, 
the saturation intensities of magnetization of the three compounds are similar 
(Guillaud 1951). | 

Polycrystalline specimens were examined in the temperature range — 180°C to 
300°c, and the width of the absorption line and the g-value were calculated when- 
ever the absorption was sufficiently large. ‘The results of these measurements are 
given in detail in §3 and are discussed in § 4. 


§ 2. EXPERIMENTAL APPARATUS AND PROCEDURE 
2.1. General Arrangement of Apparatus 
The general form of the apparatus is sketched in fig. 1. The output from the 


VX 302 klystron was fed to the cavity resonator located between the poles of an — 
electromagnet in such a way that the steady field of the electromagnet was at right _ 


angles to the high-frequency magnetic field at the bottom face of the resonator. 
The power transmitted through the cavity was measured by a silicon tungsten 
crystal detector connected to a sensitive galvanometer. 


Fig. 1. Block diagram of the apparatus. 


O, klystron oscillator; M, matching unit; W, wavemeter; F, directive feed; P, power | 


monitor; A, attenuator; R, cavity resonator; EM, electromagnet; D, detector; 
B, backing plunger. 


The steady field in the magnet gap was determined as a function:of the exciting | 


current using a fluxmeter and standardized search coils, and it is estimated that the 
fields were determined with an error not greater than 1%. 
Cylindrical cavities oscillating in the H,,, mode were used. That employed at 


room temperature and above was of the usual transmission type. It was silver © 


plated internally and was tuned by means of a micrometer-driven plunger. The 


specimen under examination was carried on a copper head which screwed into the — 


resonator body to form the lower end of the cavity. A nichrome heater wire was 
wound over the length of the resonator, insulated from it by mica, and the temper- 


ature was measured by means of a copper-constantan thermocouple which was | 
screwed into the specimen holder. Heat insulation was provided by fabricating | 
3 in. sections of input and output waveguide from German silver and by carrying | 


the micrometer tuning arrangement in a brass block at the end of a stainless steel 
tube. Asecond cavity, semi-fixed in its tuning, was used at low temperatures. Its 
body was machined from a copper block and the input and output German 
silver waveguides were filled with polystyrene so that a smaller cross section could 
be employed, ‘The guides were iris-coupled to the cavity through small holes in 
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its upper wall, and fine tuning was provided by means of a quartz rod extending 
axially into the resonator. ‘The cavity was surrounded by a Dewar vessel in which 
either liquid oxygen or a mixture of solid carbon dioxide and butyl alcohol were 
placed. 


2.2. Experimental Method 


A complete account of the theory of the method has been given by Standley 
(1949), and therefore only an outline is included here. 

As already described, the ferromagnetic material formed part of the bottom of a 
cylindrical resonating cavity. It may be demonstrated experimentally that, of the 
energy lost in such a cavity, only that dissipated in the ferromagnetic specimen is 
dependent on the strength of the applied magnetic field H,. This energy may be 
shown to be proportional to (j1pp)"” where p is the electrical resistivity of the material 
and fp =(",> + p2”)!” +p, the complex permeability being written as p=, —Zpp. 
Since the O of the resonator may be defined as the ratio of the energy stored in the 
cavity to the energy lost per radian, it follows that the magnification of the cavity 
may be expressed in the form 1/O =a+6(ugp)"”, where a and 6 are constants for a 
given cavity at a constant temperature. 

If Q, is the magnification in some reference field H), far removed from the 
resonance peak, and Q is the same quantity in a field H,, the relative energy loss in 
this latter field is proportional to (Q)/O—1). In the experimental arrangement 
used, the rectified current from the detector D, which was found to follow closely 
a square law characteristic, is proportional to Q?. ‘Thus if @ and @) are the galvano- 
meter deflections which correspond to QO and Qs, the energy lost in the specimen in 
the field H, relative to that lost in the field H, is proportional to (@)/0)"?— 1. 
When absolute values of jzz are required, it is desirable that Hy should be a very 
high field where it inay be assumed that pp>1. In the present experiments, 
values of zp were not required, and, in fact, the width of the absorption curve was 
such that jz was clearly very different from unity in the greatest field which could 
be applied. Hence, in the sequel, 6) and Qy refer to these quantities measured in 
the remanent field of the magnet (~50 oersteds), and all the absorption curves have 
been plotted relative to this point. From each curve the width of the half powe 
absorption and the value of H,"* were found, and the corresponding g-value 
obtained, using eqn. (1). 


2.3. Preparation of Specimens 


Samples of manganese arsenide, which had been prepared from constituents 
of high purity (Bates 1927), were kindly given to the authors by Professor L. F. 
Bates. As a precaution, before using these specimens in the present series of 
experiments, they were digested with hydrochloric acid, washed with alcohol, and 
finally repeatedly sorted with a permanent magnet. Colorimetric analysis of the 
final product showed that manganese and arsenic were present in equal atomic 
proportions, within 3%, which was the limit of accuracy attainable with the 
colorimeter. 

Manganese antimonide was prepared from pure constituents (Mn >99-99% ; 
Sb >99-9°%,) by heating the correct proportions of these elements in powder form 
in an atmosphere of dry argon at a temperature of 850°c for 30 hours. After 
cooling, the residue was finely powdered and purified as above. Again, colorimetric 
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analysis was used to check the composition of the final product. X-ray powder 
photographs of this material were also obtained. 

The preparation of manganese bismuthide was effected in a similar way, by 
heating powdered manganese and bismuth (Bi >99-95°%) for 6 hours at a tempera- 
ture of 370°c. Since the resulting product reacted vigorously with all strong acids, 
mechanical sorting of the powdered material with a permanent magnet had to 
be relied upon for its purification, the process being continued until a satisfactory 
colorimetric analysis was obtained. 

The specimens used in the resonance or per asus were prepared in the 
following way. A small piece of copper foil, about jin. square and 1/2000 in. 
thick, was stuck with Durofix on the head which formed ie lower end of the cavity. 
A thin layer of the same adhesive was placed on the foil and a small quantity of the 
ferromagnetic powder was shaken upon it and moulded into disc-like form, about 
3 mmacrossand0:1mmdeep. A specimen of greater size could not be used owing 
to the losses introduced into the cavity with consequent reduction in Q and hence 
in sensitivity. On completion of the resonance experiment the copper foil, still 
carrying the specimen, was removed from the head and used for the magnetometer 
measurements described below. 


2.4. Measurement of (N,—N,)I 


Griffiths (1951) and MacDonald (1951) have shown that the resonance 
equation (1) is altered when anisotropic strains are present in the ferromagnetic 
material. The form of the equation remains unaltered, however, if the terms 
accounting for strain anisotropy are included with the demagnetizing terms of the 
form (N,/—N,/)I and (N,’—N,')Z. The primed quantities are not readily 
calculated but, by means of the oscillation magnetometer devised by Griffiths and 
MacDonald (1951), the quantity (N,’— N,’) J may be measured directly. In the 
resonance experiments described, no change in the value of H,™** could be found 
when the specimen was rotated in the xz plane. Thus it was concluded that N,,’ 
and N,’ were sufficiently close to equality for the term (NV ,’ — N..’) J to be negligible, 
the resonance equation (1) then reducing to 


on {H, max [H, max +(N,/ LZ N,) ii] we =) ACES nance ae (2) 

As only small ferromagnetic specimens were used in the resonance experiment, 
a magnetometer of small moment of inertia and small natural restoring torque was 
required. ‘The final form of magnetometer used is shown in fig. 2. The body was 
a Pyrex glass rod, 5in. long and }1n. diameter at the top, tapering to }in. diameter 
at the foot. Near its upper end it carried a small wooden rectangular block and a 
mirror. Fine nylon threads, attached to each end of the body, suspended it 
between the poles of the electromagnet, so that the specimen, fixed by Durofix on 
a flat near the lower end, was in a homogeneous field. For high temperature 
measurements the body passed through a smali furnace, indicated by the dotted 
line in fig. 2, the temperature being measured by a thermometer, the bulb of which 
was placed as near to the specimen as possible. ‘The free period of the magneto- 
meter alone was of the order of 10 seconds, and the periods with specimen present 
of the order of 1 second, so that the correction due to the natural restoring torque 
was small. 
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The procedure was to measure the period of oscillation 7 in a series of 
known fields H. Then, since it may be shown that 


i iach 
Pn NaN 


where is a constant for a given magnetometer and specimen, a plot of 7? against 
1/H gives —1/(N,'—N,') I as the intercept when 77 = 

Individual measurements were reproducible to mae about 2 to 3%, and an 
overall error of the order of 5% in (N,’—N.’) J is probable. 


— Nylon Thread 


— Pyrex Glass Rod 


Furnace 


Specimen 


Fig. 2. The oscillation magnetometer. 


§ 3. EXPERIMENTAL RESULTS 
3.1. Manganese Arsenide 


Manganese arsenide exists in the ferromagnetic state up to about 45°c. At this 
temperature its crystal lattice undergoes a sudden decrease in size, and this transi- 
tion is accompanied by the rapid disappearance of its ferromagnetic properties 
_ (Oftedal 1928, Bates 1932, 1933). In addition, it exhibits temperature hysteresis 
since, on cooling, the ferromagnetic state is regained at a lower temperature 
(Bates 1927, Guillaud 1951). Susceptibility measurements indicate (Bates 1929, 
Guillaud 1951) that at temperatures between 45°c and 126°c manganese arsenide 
is probably antiferromagnetic, whereas above 126°c it is paramagnetic. 

At room temperature (18°C) absorption measurements on powdered specimens 
of this material showed that, at a wavelength of 1:26 cm, the applied magnetic field 
for maximum absorption was between 2900 and 2950 oersteds, the mean value for 
five specimens being 2920 oersteds. As can be seen from fig. 3 the absorption curve 
is broad and relatively flat, and it was therefore estimated that the location of the 
resonance field was subject to an uncertainty of about +75 oersteds. Magneto- 
meter measurements on the specimens used yielded values of (V,'— N.’) 7 between 
6900 and 7300 oersteds resulting in a mean value of 7000 oersteds for this quantity. 
Hence the g-value, calculated from (2), is 3:2 with a probable error of +3%. 

Bye 
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Results publishéd earlier (Adam and Standley 1950) reported a higher value 
for g, due to the use of a lower value of J. It has since been found that the low 
magnetic moment per unit volume was due to free manganese and arsenic in the rod 
sample used at that time. 


— Room Temperature 
—--- -183°C 


200 


Relative Absorption 


H (kilo-oersteds) 
-100' 


Fig. 3. Typical absorption curves obtained with samples of MnAs. 


Table 1 gives typical results which show that, up to 45°c, the g-value does not 
change within experimental error. The values of J used in the results above room 
temperature were obtained using a ballistic method on the material in bulk, since 
it was considered impossible, in using the magnetometer, to keep the temperature 
steady enough to measure the rapid and irreversible decrease in J on approaching 
the transition point. It was observed that J decreased slowly between room 
temperature and about 40°c, and then fell rapidly to zero in the next 4°, indicating 
a transition point close to 45°c. Above about 39°c the absorption diminished 
considerably, and the curve became very broad and flat, so that the resonance field 
in this temperature region could only be estimated to about +400 oersteds. 
Hence, taking into account also the possible error due to the rapid change in J, 
the g-value would be expected to be susceptible to an error of the order of + 10°% 
at temperatures in the neighbourhood of the transition temperature. 


Table 1. Manganese Arsenide Data. A,=1:26cm 


Temp. ; Hmax Width 
Coe ae (Oe) g (Oe) 

—183 9150 3030 2°8 4200 

— 73 8400 3000 2°9 4000 
18 6950 2920 32 4100 
32-2 6880 2910 SE) 4000 
39 6500 2950 3°22 4400 
41:7 4700 3500 3°2 4000 
42°3 3600 3690 5383} 3800 
43°5 1400 4150 3°5 
45-4 — 4700-5100 3-3-3 -6 Uncertain 


Observations were extended into the antiferromagnetic region, where a small 
absorption, which corresponded to a change in galvanometer deflection of } to 1 cm 
in 60 cm was detected up to 65°c. As far as could be judged, the position of the 
absorption peak did not alter from its position at 45°c. Thereafter, up to 250°c 
(that is, in the remainder of the antiferromagnetic region and in the paramagnetic 
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region), no absorption was detected which corresponded to a change in galvano- 
meter deflection of more than 2mm in 60cm. 

The resonance absorption in manganese arsenide was also examined at 
temperatures below rocm temperature—at about 200°k and at about 90°K. 
These low temperature measurements revealed absorption curves similar to that 
at room temperature, as shown in fig.3. The width of the resonance curve did not 
change appreciably down to 90°k, but the resonance field shifted slightly towards 
higher values as the temperature was lowered. (The curve width is defined as the 
separation in oersteds between the two fields at which the absorption is half 
maximum absorption.) At 200°K the mean value of the field for maximum 
absorption was found to be 3000 oersteds, and at 90°K 3030 oersteds. In order to 
obtain an estimate of the g-value at these temperatures it was assumed that, in the 
term (N,'’—N-.')J, the demagnetizing factor N,’—N,’ did not alter appreciably 
from its room temperature value, and that the intensity of magnetization alone 
changed. Using a corresponding states curve for j =3/2, the values of (NV, — N,’) I 
at 200°K and at 90°K were thus calculated to be 8400 and 9150 oersteds respectively. 
Hence, from eqn. (2), the estimated g-value at 200°K is 2:9, and at 90°x, 2:8. 


3.2. Manganese Antimonide 


The results obtained from absorption measurements on manganese antimonide 
differ from those obtained from similar measurements on the arsenide. This may 
be due in part to the fact that the magnetic behaviour of the two compounds is 
different, in that the ferromagnetic phase of the antimonide is terminated by a 
true Curie point at 315°c and not, as in the arsenide, by a crystallographic phase 
change at a temperature below its true Curie point (Serres 1947). 
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Fig. 4. Typical absorption curves obtained with samples of MnSb. 


In our experiments, the purified manganese antimonide was used, either 
directly or after a further heating in air to about 250°c for periods up to two hours; 
these specimens will be referred to as ‘unheated’ and ‘heated’ respectively. It 
was not possible to detect any change in the chemical composition as a result of the 
heating: x-ray powder photographs were identical, and the saturation intensity 
of magnetization was unchanged within experimental error. A different tempera- 


ture dependence of the behaviour at microwave frequencies was found, however, 
as described below. 
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At room temperature, the absorption curve is broad, having a width about 


1000 oersteds greater than that of the arsenide, with a peak in the region of 3900 


oersteds (fig. 4). As the temperature is raised, the peak moves progressively to 
higher fields, and the width at first increases slightly and then decreases appreci- _ 
ably. Very close to the Curie point there is an indication that the width increases - 
again markedly, but here the total absorption is too small for a reliable estimate of 
the width to be made. Both heated and unheated specimens showed this general 
behaviour, but between 50°c and 225°c the resonance field value increased more 
rapidly in the unheated than in the heated specimens. The values of (N,’—N,’)I 
were measured by the oscillation magnetometer method at temperatures from room 


Table 2. Manganese Antimonide Data. A,=1-:26cm 
Heated Specimens 
Temp. 


Mets max Width 
Cc) ier e (Oe) g (Oc) 
—183 7550 4950 2:2 ~6500 
— 78 7450 4050 Zs ~6700 
— 73 7450 3780 2:6 ~6700 
20 6800 3910 2-6 4850 
68 5860 4330 2°5 5350 
117 5400 5190 23 5700 
175 3890 6160 2:1 4800 
200 3190 6610 21 3900 
250 1790 7340 2-1 2600 
292 550 7990 2:0 1100 
Unheated Specimens 
Temp. , r Telstar oy Width 
(°c) Oe (Oe) g (Oc) 
—183 7550 6360 1:8 
— 78 7450 6210 1:8 
— 72 7450 5650 2-0 Uncertain 
— 62 7420 4780 2:2 
— 45 7350 4110 2-4 
20 6800 3900 2:6 4950 
67 5880 4900 23 6100 
114197 5400 5470 2:2 6050 
150 4600 6180 il 5650 
180 3740 6680 2:0 4500 
DR) 2550 7070 21 3100 


to about 210°c, at which temperature the value of J had become too small to be 
measured with any degree of certainty by this method. ‘The results are given in 
detail in table 2, and represent average results of several different specimens. 

Using eqn. (2), the g-value for manganese antimonide was calculated at various 
temperatures, and the results are given in fig. 5. _ It will be seen that the g-value 
falls from a value of 2-6 at 20°c to a value of about 2-1 as the Curie point is 
approached, the fall in g-value with temperature being more rapid for an unheated 
specimen than for a heated one. An error of not more than + 3% in the g-values 
is expected. 

When absorption measurements were extended to low temperatures, the 
difference in behaviour of the two types of specimen became more marked. In 
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the region of —75°c, the unheated specimen undergoes a change of some kind, 
while the heated specimen does not. This is apparent both from the change in 
resonance field indicated in table 2, and from the change in curve shape (fig. 4). 
‘The nature of the change has not been established, for while rough measurements 
at liquid air temperature indicate that the intensity of magnetization in the two 
types of specimen does not differ markedly, some difference cannot be ruled out. 
It has not been found possible to carry out an x-ray diffraction examination of the 
specimens at low temperatures to investigate the possibility of a crystal structure 
change in the unheated specimens. It is to be noted that the g-values quoted in 
table 2 are calculated using approximate values of (N,,’—N,’) J, obtained by extra- 
polating the room temperature values using a corresponding states curve. 

In the discussion, however, reference is made only to results obtained at 
temperatures above about 20°c and to the results obtained with heated specimens 
at low temperature. 


— ‘Heated’ Specimen 


26 
---- ‘Unheated’Specimen 


Temperature (°c) 


Fig. 5. Curves showing the variation of the calculated g-value with temperature in ‘ heated’ 
and ‘ unheated ’ specimens of MnSb. 


3.3. Manganese Bismuthide 


Manganese bismuthide exhibits pronounced ferromagnetic properties up to 
360°c, at which temperature the substance undergoes a crystallographic phase 
change, accompanied by a rapid transition to probably an antiferromagnetic state. 
This transition is marked by temperature hysteresis. ‘The antiferromagnetic 
state persists to 445°c where a second transition, to a paramagnetic state, takes 
place(Guillaud 1951). The general magnetic behaviour of manganese bismuthide 
is therefore similar to that of the arsenide. 

Specimens of this material were examined at temperatures between liquid air 
and 300°c. Only at liquid air temperatures was there a measurable absorption; 
at —75°c, and from room temperature to 240°c no resonance absorption was 
detected, while at 250°c a small absorption was found amounting to an overall 
change in galvanometer deflection of about 1cm in 60cm. ‘The magnetic field for 
maximum power absorption could not be located with sufficient accuracy, however, 
for a calculation of the splitting factor to be made at this temperature, and the 
magnitude of the absorption did not increase appreciably up to 300°c. 

At 90°K and with a wavelength of 1-26cm the observed resonance field for 
several specimens ranged from 4050 to 4200 oersteds. ‘The resonance curve was 
always broad, of the order of 5500 to 6000 oersteds. ‘The actual value of 
(N,/ — N,/) I was not determined experimentally, but an order of magnitude of the 
g-value was obtained by assuming an intensity of magnetization at 90°K of 655 c.g.s. 
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units and a demagnetizing factor of 47. The intensity was calculated from the 
saturation moment at 0°K (Guillaud 1951) using a corresponding states curve. 
With these assumptions the splitting factor at 90°K was found to be 2-4. 


§ 4. Discussion 


Certain features of interest emerge from the results presented in the previous 
section. Firstly, it is seen that in manganese arsenide the line width remains 
sensibly constant with change in temperature, whereas in manganese antimonide it 
shows a definite temperature dependence. Secondly, in the case of manganese 
arsenide the g-value does not vary with temperature within experimental error, 
while in the case of the antimonide a marked variation of g-value with temperature 
is found. Thirdly, anomalously high g-values are obtained for each of the three 
materials examined. 

It may at once be pointed out that the temperature dependence of the g-value 
and line width in manganese arsenide and in manganese antimonide cannot be 
compared directly since, as has been stated earlier, manganese antimonide possesses 
a true Curie point whereas manganese arsenide does not. Therefore the resonance 
phenomena in manganese antimonide at temperatures approaching its Curie 
temperature (315°c) cannot be studied in a similar way to those in manganese 
arsenide at temperatures in the region of its critical point (45°c). However, 
assuming that the true Curie point of manganese arsenide would occur at 126°c 
(Guillaud 1951), a comparison of the resonance absorption in the two substances 
may be made from liquid air temperature to the same reduced temperature, 
T/@ =0-78 ; that is to approximately 40°c in the case of the arsenide and to approxi- 
mately 190°c in the case of the antimonide. In addition, since it was not found 
practicable to measure the quantity (V,,’— N,’) J accurately at low temperatures, the 
possibility of a greater error in the g-values quoted at such temperatures must not 
be excluded. 

With reference to resonance line widths, results obtained on certain ferrites 
show that the line width decreases with increase in temperature, the decrease 
being more rapid at low than at high temperatures (Okamura et al. 1952, Okamura 
and Torizuka 1951, Healy 1952). In nickel, on the other hand, while there is 
evidence that at low temperatures the line width is greater than at room temperature, 
observations from 24°c to 358°c indicate an increase in line width with increase in 
temperature (Bloembergen 1950). The line widths in manganese arsenide and 
manganese antimonide do not follow a temperature dependence of either of these 
forms, although there is some resemblance between the behaviour of the antimonide 
and that of the ferrites. 

From Bloembergen’s work, it is evident that surface imperfections affect the 
measured width of the resonance line. Using a nickel specimen which had been 
annealed and electrolytically polished, he found at room temperature a line width 
of the order of 1000 oersteds. Standley (1949) found, for a nickel specimen 
which had been annealed but not polished in any way, that the same quantity was. 
about 2000 oersteds while, for a specimen of coarse nickel powder, we have obtained 
a line width of 5000 oersteds. In nickel, then, the apparent width is decreased by a 
factor of about 5 in changing from a powdered specimen to one whose surface is 
plane and free from blemishes. Hence, in view of the fact that all the specimens. 
used in the present experiments were in powder form, a considerable amount of the 
line width would be expected to result from the irregular nature of the surface. At 
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the same time it does not seem likely that this contribution to the line width will be 
markedly temperature dependent. 

In addition to the surface condition, the use of polycrystalline material causes 
a further experimental broadening of the line of the order of 2K,/J oersteds, where 
K, is the first order anisotropy constant. While for manganese arsenide and 
manganese antimonide neither the value nor the variation with temperature of K, 
is known, it is to be expected that A, will decrease towards zero at the Curie point. 
Hence the observed decrease in line width with temperature in manganese anti- 
monide as its Curie temperature is approached might be explained by a more 
rapid rate of decrease in K, than in J, but the magnitude of the observed change 
seems too great for this to yield, by itself, a complete explanation. On the other 
hand, the fact that a resonance absorption cannot be detected around room 
temperature in manganese bismuthide is readily explained by this anisotropy 
broadening. At room temperature, K, for manganese bismuthide is 10’ erg cm 
(Guillaud 1949) and hence the width from this cause alone would be of the order of 
3 x 10*oersteds. Around 90°K, the anisotropy constant is sufficiently small for 
the line width to be of a reasonable value, while the small absorption detected above 
250°c points to the fact that here too the anisotropy constant is small, but the total 
absorption has also decreased owing to the decrease in I. 

It will be seen that the observed line widths in manganese arsenide and 
manganese antimonide are of the same order of magnitude as that in powdered 
nickel. ‘Therefore, since the intensities of magnetization of the three materials 
are approximately the same, and K, is likely to be greater for manganese arsenide 
and manganese antimonide than for nickel, the line widths in good single crystals of 
these manganese compounds are expected to be quite small. 

Moreover, a contribution to the line width in the arsenide and the antimonide 
due to eddy current damping (Kittel and Herring 1950) cannot be ruled out since 
these materials have conductivities of the same order of magnitude as those of 
metals. This effect, which should be absent in the non-conducting and semi- 
conducting ferrites, gives the right kind of temperature dependence, since it will 
be greatest at low temperatures. 

To sum up, it would appear that the observed variation in line width with 
temperature in manganese arsenide and manganese antimonide cannot readily be 
explained by one mechanism alone, but might be accounted for in terms of an 
anisotropy contribution in addition to a contribution arising from the conduction 
electrons. However, it can at least be said that spin-lattice interaction does not 
appear to play an important part in determining the line width in these manganese 
compounds, for this interaction should result in an increase in line width with 
increase in temperature. 

Turning to the question of g-values, there seems at present to be no satisfactory 
reason which might account for the fact that eqn. (2) yields anomalously high 
g-values for the materials examined and, in addition, for the temperature dependent 
g-value in the case of manganese antimonide. 

A basic assumption made in deriving eqn. (1) is that the static magnetic field 
H., is sufficient to magnetize the specimen to saturation. Since the resonance 
field for manganese arsenide is only about 3000 oersteds and that for the antimonide 
about 4000 oersteds, it seemed possible that this condition might not be fulfilled 
for these materials. However, in the measurement of (N,’—N,’)/ by the 
oscillation magnetometer, a linear relationship between 7” and 1/H exists only if [ 
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has a constant (i.e. saturation) value (Griffiths and MacDonald 1951). ‘Thus the 
occurrence of a non-linear relationship at low fields may be construed as indicating 
lack of magnetic saturation of the material. We have found that there is no 


departure from linearity of the (7°, 1/H) graph, within experimental error, for | 


either manganese arsenide or manganese antimonide in fields greater than about 
2500 oersteds, and therefore conclude that in each case the material is saturated 
at resonance. 

The use of the resonance equation (1) may also be questioned on the grounds 
that it holds strictly only for an undamped system. » Although the mechanism of 
relaxation is not yet understood, considerable success has been achieved in repre- 
senting the experimental curve shapes by empirical damping terms in the equations 
of motion (Kittel 1947, 1948, Bloembergen 1950, Yager et al. 1950). Bloembergen’s 
equations, based on the nuclear work of Bloch, introduce a relaxation time7) to 
account for the damping, and yield 


1 
w= TH (NY N,) Ie (NN, Ta ee (3) 
2 


as the condition for maximum absorption, where w =27v and y=ge/2mce. ‘This 
equation reduces to eqn. (1) when 1/7,?<w. For nickel, Bloembergen finds 
1/T,?~w*/400, so that his use of eqn. (1) is correct within the limits of experimental 
error. It has been found for the three nickel specimens already discussed that, 
although the surface of the specimen affected the line width, the resonance field 
was unaltered. Comparison of Bloembergen’s resonance curve for nickel with 
that for manganese arsenide shows that if a fivefold broadening due to the surface of 
the specimen is allowed for in the latter case, agreement between the two curve 
widths is obtained. It is therefore concluded that T, for manganese arsenide, and 
hence also 7’, for manganese antimonide will be of the same order of magnitude as 
for nickel. The calculated g-values do not therefore appear to be affected by 
neglecting the damping term in eqn. (3). 

In addition, in his discussion of ferromagnetic resonance absorption, Van Vleck 
(1950, 1951) has pointed out that the interaction between spin-orbit coupling and 
orbital valence will give rise to non-magnetic pseudo-dipolar forces which might 
influence the resonance frequency, particularly in the case of non-cubic crystals. 
Such forces, which are of comparatively short range, also give rise to magnetic 
anisotropy, and hence a correlation might be expected between the g-value and the 
anisotropy of the material. It may therefore be significant that the high g-values 
found in this investigation occur in materials whose anisotropy is known or 
expected to be high, and that the decrease in the g-value with increase in tempera- 
ture in manganese antimonide follows the expected decrease in the anisotropy as 


the Curie point is approached. However, the published experimental evidence on 


the connection between anisotropy and g-value is at present inconclusive. 
Temperature dependent g-values which might be correlated with changes in 
anisotropy have been found in copper and cobalt ferrites (Okamura et al. 1951, 
Okamura and Kojima 1952), but Healy (1952) has found no such correlation 
possible in nickel ferrite. 

Finally it is of interest to draw attention to the measurements which have now 
been made by various authors on materials in which the manganese ion is presum- 


ably the ferromagnetic carrier. Some of these are recorded in table 3, and it will 


be noted that in all these materials it is reasonable to deduce from their various 
magnetic data that the manganese ion is in an S state spectroscopically. ‘Thus it is 
clear that, in the absence of any orbital contribution, a g-value close to the free spin 
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value is obtained, but in manganese arsenide, antimonide and bismuthide where an 
S state is not postulated (Guillaud 1951) a spectroscopic splitting factor differing 
markedly from 2-00 is found. 


§ 5. CONCLUSION 


This investigation was undertaken in an attempt to determine parameters 
upon which the experimental value of the spectroscopic splitting factor depends. 
The crystallographically similar series of materials manganese arsenide, 
antimonide and bismuthide was chosen for this purpose, since certain factors 
(§ 1) remain constant or change only slightly through the series. From the results 
obtained it can be stated that (a) the g-values differ markedly from the spin only 
value 2:00, (b) in manganese antimonide the g-value found varies with 
temperature, and (c) there may be a connection between the g-values in the 
three materials and the known or inferred (manganese arsenide) high 
crystalline anisotropy. 


Table 3. Spectroscopic Splitting Factors for Various Ferromagnetic Materials 
containing Manganese 


Material g A (cm) Author 
Manganese ferrite 2:05 1S Yager et al. (1951) 
Manganese zinc ferrites 2:01-2:06 1:25 Yager et al. (1951) 
Heusler alloy 2:01 1:25 Yager and Merritt (1949) 
Manganese nitride Mn,N 2-00 1:26 Adam and Standley (unpublished) 


In connection with points (5) and (c) further experiments with material of 
high anisotropy would be of interest, and it is hoped to carry out similar 
measurements with cobalt, whose K values are high and reasonably well known. 
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The Ultra-Violet Band Spectrum of Carbon Monoselenide 
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Abstract. An improved source of the CSe band system in emission has been 
discovered which has enabled a partial rotational analysis of seven bands to be 
made. ‘The value derived for,” is 1:67A. No evidence against the view that the 
main system is !II-1¥, in which the !II state is greatly perturbed, has been obtained. 


$1. INTRODUCTION 


HE ultra-violet spectra of CS and of CSe present a number of problems of 
| some interest, since although their strong band-systems appear at first sight 
to be analogous to the a! II-x!'X*+ system of CO, there exist marked irregulari- 
ties in the vibrational and rotational constants derived by Crawford and Shurcliff 
(1934) for CS, and in the vibrational constants of CSe (Barrow 1939). These 
irregularities have been attributed to strong perturbations of the 'II states, as 
happens in the case of CO (Coster and Brons 1934, Schmidt and Gero 1935, Budo 
and Kovacs 1938), of SiO (Lagerqvist and Uhler 1953) and of SiS (Lagerqvist, 
Nilheden and Barrow 1952). However, Howell (1947) has suggested that the CS 
and CSe systems are really *II—1X, analogous to the Cameron bands of CO. This 
view is not supported by later work on CS: thus the extended rotational analysis 
made by Laird (1952), using high dispersion plates most kindly placed at our 
disposal by Professor F. H. Crawford, shows that it would be very difficult to 
interpret the system as other than 'II—1S, and the apparent strength of the system 
in absorption (Laird 1952, Dyne and Ramsay 1952) also favours this interpretation. 
The present work is concerned with some further observations on the transition in 
CSe: 
§2. EXPERIMENTAL 


The spectrum of CSe was first excited by Rosen and Désirant (1935), who used 
an electrodeless discharge in a silica tube containing selenium and deposited carbon. 
Barrow (1939) used a positive column discharge in a silica capillary to which were 
admitted pellets of aluminium and selenium with a small amount of hydrocarbon 
grease. Following the preparation of CSe, by Ives, Pittman and Wardlaw (1947), 
a much improved source of the CSe spectrum has now been obtained. This 
consists of an electrodeless discharge excited by an oscillator running at about 30 m 
through methylene chloride and selenium vapour. CO impurity was effectively 
cut down by working at as high a pressure of methylene chloride as possible, and 
apart from the CSe bands, the only other bands excited with any strength arose 
from the 2X—*IT system of HCI+. 

Satisfactory spectrograms were taken on a Hilger quartz Littrow instrument 
(E.478) in about 100 minutes on Ilford Process plates. The region 2000 to 6000A 
was examined for other systems of CSe, but none was found. 
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The CSe system was also sought in absorption by the methods which had 
proved successful for CS, NS and CF, (Barrow 1950, Laird, Downie and Barrow 
1952, Laird, Andrews and Barrow 1950). However, it is evidently more difficult 
to set up an adequate stationary concentration of CSe than of CS, for no trace of 
the CSe system appeared in absorption. 


§3. VIBRATIONAL ANALYSIS 


We were able to make somewhat more certain measurements of the band-heads 
than was possible on the 1939 plates. The list given in table 1 therefore replaces 


Table 1. Band-Heads of CSe 


v', Uv" v (cm?) Intensity el v (cm~) Intensity 
— 36194°3 2; Oy al 34114-4 5 
170 35960-9 4 te 33916°6 5 
Pee | 769-4 3 2-3 745°8 3 
Se?) 571-7 3 — 641 2} 
4, 3 392-6 0 3, 4 570°3 2 
54+ 191-8 2 — B1BE5 2 
O50 141-1 10 — 207:7 1 
iL 34934°3 5 OQ, 2 101-9 2 
Sip, Pd 751-2 1 i 32911-0 3 
— 660-6 4 2, 4 7526 2 
— 326-7 1 — 230°5 2 
1, 4 31918 -6 1 


In addition to these bands, there appear to be inner heads to the 0, 0 and 1, 1 bands 
and to the unidentified band at 34661 cm! at about 35080, 34870 and 34620 cm7}! 
respectively. ‘These change in appearance somewhat according to resolving power, and 
it is not certain that they are other than fortuitous groupings of perturbed lines. 


the earlier table. However, the main outline of the vibrational analysis, in which, 
although the upper state vibrational intervals vary quite irregularly, the ground 
state intervals and the intensity distribution run normally, is unaltered. ‘There 
remain a number of unassigned bands of considerable intensity which do not 
appear to fit into the main Deslandres scheme. Some of these heads may perhaps 
arise from large perturbations of the main system rotational levels as in CS, but the 
band at 2884 is so strong as to suggest that there is more than one system of CSe 
in this region. 
$4. ROTATIONAL ANALYSIS 

The rotational structure of many of the bands is fairly open, and a partial 
analysis of seven bands, the 0,0, 0,1, 1,0, 1,1, 1,2, 2,1 and 3,2, has been carried 
out, although the resolving power was equivalent to not more than about 1 cm™!. 
For these bands it was fairly easy to pick out an intense branch, presumed to be the 
Q branch and, since these branches could be followed to quite small J values, 
generally in the region of 5 to 10, the numbering of the branches could be established 
without difficulty. The analysis then proceeded as follows : 

(i) Values of AG) ,”, AG,,.” and of «” were obtained from the differences 
Q()o,0-— QH)o,1, QY)1,0-— QW)1,1 and QWV),,1-QW)i,2. Thus were found 
AG), ;" =1026-1, AG, ,"=1016-4, «” =0-004, cmt. 

(ii) The values of the band-origins and of B”—B’ were then obtained by 
fitting the Q lines to formulae 


QU) ~ »—-(B’—B’)J(J +1). 
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The results of these calculations are summarized in table 2. 

(iii) he determination of the absolute values of B presents of course much 
greater difficulty. The R lines form heads at J ~5 to 6, and the returning lines are 
for the most part not well resolved. However, a number of fragments of what 
appeared to be P-branch lines could be detected, especially in the range J ~20 to 
J~40. The usual combination differences could then be formed, and the assign- 
ments checked by comparison between appropriate bands. Finally the values 
of B” were determined by averaging values of Ay F’(J)/(J + 1) and of A, F'"(J)/(J +3), 
and using a value of D” calculated from Kratzer’s relation. ‘The results are given 
in table 3. From these figures, B,” =0-580 —0-004(v” + 3), and, with the values 
of AB given in table 2, we derive the values of B’ given in table 4. 


Table 2. Constants for Q lines (em) 


v’, v0" Range of J Vo B’—-B By’—B,’* 
0, 0 7-43 35134-6 0-091 0-091 

Os 7-30 34108°5 0-087 0-091 

ils © 13-33 35954°6 0-082 0-082 
Let 8-32 34928 -0 0-077 0-081 

Uy ey? 6-25 33911-2 0-072 0-080 
Dp al 12-35 35761 °4 0-092 0-096 
Shyer 19-44 GSD/Se1L) 0-123 0-131 


* Calculated with «”=0-004. 


Table 3. Values of B’ (em=+) 


i” an re ‘Be 
® By Be (mean) 
0 0:577 Or579 

1 0:574 0-580 0-580 
2 OSG 0-581; 


* with a” =0-004. 


Table 4. Values of B’ (cm) 


v 0 1 2 3 
lay 0-487 0-497 0-482 0-447 


There must exist lines arising from the less abundant molecule CSe’’, which 
should be about half as intense as those from CSe*®. However, the separations 
expected in these bands are quite small (about 1 cm~ or less for all the bands 
whose rotational structure has been examined, except for the 0,1 and 1,2) and a 
search for isotopic lines and heads was unsuccessful. 


$5. Discussion 


The molecular constants derived in the present work are collected in table 5. 


Table 5. Molecular Constants of CSe 
State I We Baxad)a 13% a re (A) 
(11) 35134-, 840 ee 0-50 bak 1-80 
1y)4 0 KOSS. 4-8. 0-585 0-004 1-665 
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In this table the vibrational constants have been derived from the values of vy 
given in table 2. It is not possible, nor indeed has it meaning, to give precise 
values for the upper state constants, for the values neither of B’ not of AG’ 
_ (which are 819-6, 833-4 and, less certainly, 828-9cm™ for 0-1, 1-2, and 2-3 
respectively) run smoothly. Thus the analysis indicates that there are large 
perturbations, both of the vibrational and of the rotational levels in the upper state, 
and the simplest assumption about the upper state remains that it is 1II, heavily 
perturbed by interaction with other states yet to be identified. 

It remains to see what independent checks of the rotational analysis outlined 
here canbe made. — First the value of «” may be compared with that calculated from 
the Pekeris relation (Herzberg 1950), «= 6(x«,w, B.?)"?/w,—6 B?/w,. This gives 
a” =0-0037, in good agreement with the experimental value of 0:004cm™. Next 
the value of 7,” may be considered. ‘The best comparison seems to be with OCSe: 
here the length of the C-Se bond is found to be 1:709A. In OCS, the C-S 
distance is 1-559, 0-025 A longer than in CS (the distances in OCS and OCSe are 
from microwave spectra: see Crawford and Mann 1950). This suggests that the 
value of r,” for CSe should be about 1-709 — 0-025 = 1-68, A, about 1°% bigger than 
the value derived from the rotational analysis. ‘The agreement is satisfactory. 

Thus it may be concluded that the original vibrational scheme for the CSe 
system is supported by rotational analysis: a number of complexities remain, 
however, which are likely to be unravelled only after a detailed study of high 
dispersion spectrograms. 
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A Proposed Structure for Certain Domain Configurations on 
a Single Crystal of Nickel* 
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1951) of Bitter figures observed upon the surface of a crystal of nickel cut 

as a rectangular parallelepiped having its main surface parallel to a (111) 
plane and two of its sides parallel to (112) planes. It was suggested that the 
fundamental domains, occupying the main fraction of the volume of the crystal, 
would take the form of sheets perpendicular to the direction of the applied 
magnetic field, i.e. to the (Oil) direction. In this case they would, in the 
condition of zero internal magnetic field, be magnetized alternately parallel to the 
two [111] axes making angles of approximately 35° with the (011) direction. 
Neither of these [111] axes is parallel to the {111} surface on which the regular 
straight line colloid deposits were observed. Alternatively, it was proposed that 
the fundamental domains could be magnetized along the two [110] axes, making 
angles of 60° with the applied field direction, but calculation shows that the 
second structure is unlikely on account of the increased magnetic energy associated 
with it due to the magneto-crystalline anisotropy and the magnetic field. 

Referring to Bates and Wilson (1951) and comparing the patterns formed upon 
the (111) and (112) planes, i.e. upon the top and sides of the crystal, it can be 
seen that whereas the lines on the latter planes exhibit a fine structure and appear 
relatively broad, those on former planes do not, and indeed appear much narrower. 
If we postulate a model based upon fundamental domains whose magnetization 
vectors initially lie parallel to [111] axes, and assume that these vectors sym- 
metrically approach the direction along which the magnetic field is applied as the 
latter is increased, then we need also to have a closure domain structure which 
does not allow the formation of free magnetic poles upon the surface of the crystal, 
for the presence of such free poles would mean instability in the structure. 

As pointed out by Néel, satisfactory flux closure may be accomplished by two 
sets of closure domains. Each set serves to provide a closed path for the 
component of magnetization perpendicular to the surface, one set in a direction 
parallel to the applied field—p domains—and the other partly antiparallel to 
this direction—q domains. ‘They may be revealed by the powder pattern 
technique as a series of bands having a fine structure (Bates and Mee 1952) or as 


lines of unequal spacing, e.g. doublets, as shown in a paper by Bates and Wilson 
(1953): 


i tsstier tices observations have recently been reported (Bates and Wilson 


* The work described in this Note is part of a thesis approved by the University of 
Nottingham for the degree of Ph.D. 


| Now at H.M. Underwater Countermeasures and Weapons Establishment, Havant. 
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The nature and regularity of the lines observed upon the (111) plane of the 
crystal suggests that one set of these closure domains is absent. On the (112) 
plane both sets appear to be present. The domain structure, which appears to be 
correct, is drawn in the figure. A section of the crystal is cut away in the figure 


Proposed domain structure. 


to reveal the magnetization of the fundamental domains, marked f. The mag- 
netization of each of these is resolved into three components in the diagram. One 
is parallel to the direction of the applied field representing the magnetization J, 
which is measured by a coil wound round the crystal, while the second and third 
components are respectively perpendicular to the (111) and (112) planes. 

Only p-type closure domains are present on the {111} surface. Magnetic 
colloid collects in the stray fields set up by the thin lines of free poles occurring on 
the surface in the place of antiparallel closure domains. These stray fields act in 
opposition to the applied field, and it was observed that as the latter was increased 
the deposits of colloid particles grew weaker. 

Both p and q closure domains are present on the (112) plane, and their 
directions of magnetization are marked in the figure. Calculations similar to 
those performed by Néel (1944) show that antiparallel closure may be effected 
along directions as drawn, only slightly inclined to the (111) axis perpendicular 
to the direction of the applied magnetic field. Magnetization of the crystal 

/ occurs by rotation of the magnetization vectors of the fundamental domains 
towards the direction of the applied field. ‘This takes place in the (110) plane 
containing the directions of magnetization of the fundamental domains and the 

: direction of the applied field, and is accompanied by an increase in the ratio of 

the relative volumes occupied by the p and q domains. 

| The above model appears to fit the observed facts very well but, as pointed 

: out elsewhere, the desired confirmation by determining the direction of magneti- 

zation of the surface domains is very difficult in the case of nickel. 

This work was carried out in the Physics Department of the University of 

: Nottingham under the supervision of Professor L. F. Bates as part of a programme 

| sponsored by the Electrical Research Association, to whom I am indebted for 
| permission to publish. 
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A Note on the 'B(a, p)'*C Reaction 


By G. MANNING anv B. SINGH 
Department of Physics, Imperial College, London 


Communicated by S. Devons; MS. received 30th Fune 1953 


and several other authors (see Hornyak et al. 1950) from studies of the 

MB(x, p)8C reaction, the «-particles being obtained from natural 

radioactive sources. Creagan (1949), using 7 Mev helium ions from a cyclotron, 
but with poor energy resolution, failed to find the level. 

No conclusive evidence has been found of a 0-7 Mev level in °C from any 


A POSSIBLE level of 18C at about 0:7 mev has been reported by Perkins (1950) 


of the following reactions: 1C(d, p)!#®C, 12C(n, y)!2C, #C(p, p’)!8C, N(8*)Cae 


although it is energetically possible and no y-ray of 0-7 Mev has been observed 
from °C (Ajzenberg et al. 1952). 
Confirmation of this level is of considerable theoretical interest since there 


is no known corresponding level in the mirror nucleus #N. It was therefore 


decided to restudy the 1°B(«, p)!®C reaction with better energy resolution. 

A thin electromagnetically separated 1°B target of 5 wg cm? on a copper 
backing was bombarded with a few microamperes of singly charged helium ions 
from the electrostatic generator. An excitation curve (see figure) was taken for 
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the ground state proton group, detected with a proportional counter at 90° in 


the laboratory frame, for bombarding energies in the range 0-5—1-5 Mev with | 


energy resolution better than 4 kev. ‘The excitation curve shows two peaks 1 


corresponding to levels in N at 12:-47+0-03 Mev and 12:39 + 0-03 Mev, which 
agree well with known levels. A third peak corresponding to a level of !4N at 


12-29 + 0-03 Mev confirms a suspected level. Above 1:4mey the excitation — 


function follows the same trend as that given by Heydenberg (1953). 
An Ilford C2 nuclear emulsion plate, 200 microns thick, was used to study 
the proton groups emitted from the target at a bombarding energy of 1-5 Mev. 
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Four proton groups were found. Three of these corresponded to transitions to 
the ground state of 8C and to known levels at 3-68 and 3-89mev. The fourth 
group was due to the !'B(«, p)C reaction (see table). No indication was found 


(1) (2) (3) 


SC ground state 1 1 
18C 3-68 Mev level D 2 
18C 3-89 mev level 5 WS 
MC ground state 0:25 0:5 


ombarding energy 1:5 Mev ; (1) groups corresponding to transitions to following levels ; 
(2) relative intensity at 90° ; (3) relative intensity at 150°. 


of groups corresponding to a level in #C at 0-7 Mev, or to the known level at 
3-08 Mev, either at 90° or 150° in the laboratory frame. A little but not violent 
anisotropy was indicated. 

The amount of labour necessary to obtain a small upper limit to the yield of 
a group corresponding to a level at 0-7 Mev by the above method is prohibitive. 
Therefore, greater statistical accuracy was obtained by examining the energy 
distribution of the emitted protons at 90° in the laboratory frame, using a 
proportional counter biased to count differentially, with aluminium absorbing 
foils. ‘This simple technique allowed a large solid angle to be used with adequate 
energy resolution. Bombarding energies of 1-14Mev and 1:54Mev were used 
and no indication was found in either case of a level at 0-7 Mev: the upper limit 
to the intensity of a proton group associated with such a level is less than 2% that 
of the ground state intensity for 1-14mev bombarding energies, and less than 
0-5 % for 1-54 Mev bombarding energies. 

We should like to thank Professor S. Devons for suggesting the problem - 
and for many helpful discussions, and Dr. P. E. Hodgson for assistance in 
searching the plates. One of us (G.M.) is indebted to the Department of 
Scientific and Industrial Research for financial assistance, and the other (B. S.) 
wishes to thank Patna University for study leave. 
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CECCERS TO, THEsEDIMOR 


Thermal Conductivity of Silver at Low Temperatures 


The theories of Wilson (1937) and Makinson (1938) indicate that the thermal | 
resistance R of a metallic element in which conduction is by electrons may be 
expressed as the sum of an impurity resistance Ry and an ‘ideal’ resistance Rj. 
Scattering of the electrons by small scale lattice imperfections can be expressed by 
the term R,= A/T, and thermal vibration scattering by R,, which for T7<© is 
given by BT”. Experiments previously reported on gold (White 1953) indicate 
that 2 lies between 2:0 and 2:1, in support of the theoretical value m =2 suggested by 
Wilson and Makinson. | 

The thermal conductivity of silver in various states of physical purity has been 
determined at temperatures between 2 and 160°kK with experimental methods _ 
similar to those used for gold. Silver of purity greater than 99-999°,, was 
supplied as a2 mm diameter rod by Messrs. Johnson, Matthey, and measurements 
were made on the following specimens : 

Agl JM4606, 2 mm diameter rod. 

Ag2 JM4606, 2 mm diameter rod, annealed at 650°c, grain size ~0-1 mm. 
Ag3 JM4606, 1-16 mm diameter rod, drawn from Ag2. 

Ag4 JM4606, 1-16 mm diameter rod, annealed at 650°c. 

Ag5 JM4606, Ag4 after being removed and replaced in cryostat. 

The results (fig. 1) indicate the remarkable decrease in Ry produced by 
annealing, the constant A falling from 8-4 to 0-03 cm deg” per watt. This is 
equivalent to reducing the residual electrical resistance by a factor of nearly 300. 
Whereas Ag! shows no maximum in the thermal conductivity, measurements on 
Ag2, rendered difficult by very high conductivity and comparatively large diameter, 
indicate a maximum of almost 200 w cm™! deg“! at about 7°x. The effect of 
drawing to a smaller diameter has probably introduced additional chemical. 
impurities into Ag3, Ag4 and Ag5, accounting for the reduction of the maximum 
in the annealed specimens to a little over 100 wcm! deg. The random 
experimental error in the majority of the results is estimated to be less than 1%, | 
but the very high values of conductivity may be in error by as much as 3% owing | 
to the difficulty of measuring the very small temperature gradients along the | 
specimen. 

As with gold, the specimens in the higher state of purity, i.e. with lower impurity | 
resistance Ro, have an ideal resistance R; = R—R,, appreciably smaller than for the 
less ‘pure’ specimens. Figure 2 indicates this clearly, showing that for temper- 
atures below 0/5=40°K the ideal resistance may be expressed by the relations 


R,= 2:86 x 10-° T°? for Ag1, Ag3 (unannealed). 1 

R,= 1-06 x 10° T?* for Ag2, Ag4, Ag5 (annealed). | 

The Wilson—Makinson theory indicates that B is related to the Debye : 
characteristic temperature @, the number of free electrons per atom N and the | 


limiting value of the ideal thermal resistance R,, by the equation B= C R,, N23/@?, | 
Experimental evidence that, for silver, m differs from 2, makes it of little value to | 


4 
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calculate the constant C. If, however, a 7° relation is fitted to the experimental 
data at 25°xK, then substituting © = 220°K (MacDonald 1952), R,,= 0-220 cm deg w? 
and N = 1, C is found to be approximately 12 for the annealed specimens and 16 
for the unannealed specimens. These values are in agreement with those found 
for gold, but considerably lower than the value 95-3 of Wilson and Makinson and 
1-7 predicted by Sondheimer (1950). 

The results for silver and gold indicate that : (a) RyT is sensibly constant for a 
particular specimen ; the small systematic variations occurring with some gold 
specimens may be related to the minimum in the residual electrical resistance. 
((6) Doubt is cast on the validity of the Wilson—Makinson prediction that B is a 
jconstant for an element and that »=2. Experiments indicate that a large 
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Fig. 1. ‘Thermal conductivity of silver. Fig. 2. ‘Ideal’ thermah 


resistance of silver. 


increase in purity, i.e. in A = RyT, introduces a decrease of up to 30% in B. This 
may be interpreted as a apne: from the additive resistance Re ocrneen in the 
‘direction of, but of greater magnitude than, that predicted by Sondheimer. In 
addition a value of m greater than 2 may be required to express the experimental 
results. 


The author is grateful to Mr. W. R. G. Kemp and his assistants for supplying 
liquid helium and to Dr. P. G. Klemens for helpful discussion. 


Division of Physics, G. K. WHITE. 
National Standards Laboratory, 
Commonwealth Scientific and Industrial Research 
Organization, Sydney, Australia, 


18th May 1953. 


MacDona Lp, D. K. C., 1952, Progress in Metal Physics, 3, 42. 
Makinson, R. E. B., 1938, Proc. Camb. Phil. Soc., 34, 474. 
SONDHEIMER, E. H., 1950, Proc. Roy. Soc. A, 203, 75. 

Wuite, G. K., 1953, Proc. Phys. Soc. A, 66, 559. 

Witson, A. H., 1937, Proc. Camb. Phil. Soc., 33, 371. 


846 Letters to the Editor 


On the Geometry of Angular Correlation Experiments 


Church and Kraushaar (1952) have recently indicated a fairly general method 


to correct angular correlation data for the finite angular resolution of the counters. | 


They obtain the correction coefficients by numerical calculation from the experi- 
mentally determined angular resolution of the apparatus for annihilation radiation. 
The calculations are somewhat laborious; moreover, the counters will in general 


have different detection areas for annihilation quanta and the rays relevant in the 


actual experiment so that the procedure is not always applicable. 
In this laboratory, we use the more satisfactory direct evaluation of the expected 


coincidence rates. In the important case of two circular detectors looking at a _ 
perfectly centred point source (for the practical realization of these two ideal | 


conditions see the original study by Walter, Huber and Ziinti (1950), or the reviews 


by Frauenfelder (1952), and Deutsch (1951)) it leads to simple and rigorous — 


formulae which we report here for the convenience of other workers. 
If the correlation function is W(#)=Xa,,P,(cos@), the coincidence rate 


becomes K(0)=Ada;C (a) C. (8); (css), = eens (1) 


where 6 is the angle between the two vectors from the source to the counter 
centres, A is a constant containing detection efficiencies etc., and «, f are the 
angular radii of the first and second counters respectively. The correction 
factors C,, are given by 


C (a= | : P,(cos 6) sin 6 0. 


The P,, are employed in the usual normalization P,(1)=1. The proof of (1) is 
substantially that of Frankel (1951) and needs no comment. 
Explicit expressions for the C,,(x) in a form suitable for computation are: 


Co(x) =2 sin? (x/2) 
C(x) = Co(x) 
C,(x)=Co(x)(1 +2cosx +cos2x)/4 


(1 +cosx)/2 
( 

C3(x) =Co(x)(6 +11 cosx +10 cos 2x +5 cos 3x)/32 
(9 
( 


a(%) = Co(x) 
3(X) = Co(x)(30+58 cosx +56 cos 2x +49 cos 3x +42 cos 4x + 21 cos 5x)/256 
6(%) = Co(x)(50 + 100 cos x + 95 cos 2x + 90 cos 3x +78 cos 4x + 66 cos 5x 

+ 33 cos 6x)/512 
C,(x) = Co(*)(1225 + 2450 cos x + 2380 cos 2x + 2310 cos 3x + 2156 cos 4x 


C +18cosx +16cos 2x + 14cos3x+7 cos 4x)/64 
C 


C 


+ 2002 cos 5x + 1716 cos 6x + 1430 cos 7x +715 cos 8x)/163 84 | 


The expressions for odd n have been included in the list because they are needed — 
in experiments on correlations following a nuclear reaction; there the transform- | 


ation from the centre-of-mass system to laboratory angles introduces odd terms 
in ( 1). In angular distribution experiments odd terms may also appear because 
of interference (in such an experiment only one C,, appears in (1), since there is 
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only one counter). ‘The adaptation of these formulae to detectors whose 
sensitivity is not uniform over their faces, or to annular detectors, such as 
6-spectrometers, will be obvious. 


Cavendish Laboratory, E. BREITENBERGER. 
Cambridge. 
27th June 1953. 
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The Second Virial Coefficient near Absolute Zero 


Under the above title Green (1952) has published in this journal an account 
of calculations of the second virial coefficient of gases obeying an intermolecular 
force law of the Lennard-Jones (1924) type with cut-off. It is claimed by him 
that ‘‘this is, so far as the author is aware, the first rigorous theoretical calculation 
of any physical quantity at liquid helium temperatures’’. Moreover, Green 
states that ‘‘ Massey and Buckingham (1938), Gropper (1939), de Boer (1940) 
and Kahn (1938) later attempted to extend calculations (of the second virial 
coefficient) to lower temperatures, but their method also fails in the interesting 
region below 2°K”’. I feel that the second statement is incorrect, and that thus 
Green’s claim is not justified. 

Green expands the second virial coefficient in terms of a quantity B(=1/RT) 
and obtains a power series in inverse powers of 8. ‘The expression given by 
Green for the second virial coefhicient B holds only up to a temperature slightly 
less than 1°k, but according to Green extended calculations could probably make 
the development useful up to the A-point (2-2°K). 

On the other hand, de Boer (1940, especially pp. 40-52, see also de Boer and 
Michels (1939), Massey and Buckingham (1938)) made numerical evaluations of 
the exact general quantum mechanical expressions for B given by Uhlenbeck 
and Beth (1936), Beth and Uhlenbeck (1937) and Kahn (1938) in the temperature 
range from the absolute zero up to 5°K. ‘This method consists in expressing B in 
terms of the phase shifts 7, of the wave function at infinity. ‘These phase shifts 
are calculated numerically for all values of /, but it turns out that only ) contributes 
to B up to about 0-7°K, while even at 5°K one only needs to take /=0, 2, 4, 6. 
At higher temperatures the calculations become rather too cumbersome. Instead 
of an expansion in terms of 8, we have here an expansion in terms of / but it can 
be shown (de Boer 1940, p. 47) that this is also essentially an expansion in 
terms of 1/f. 

It seems thus to me that not only do the expressions of B given by Kahn, 
Massey and Buckingham, and de Boer hold near the absolute zero, but they also 
extend upwards to higher temperatures than can be reached by Green’s method. 

From correspondence with Professor Green, | have learned that his claim is 
based on the fact that earlier writers use the so-called phase-shift formula which, 
according to him, depends on the equation 


mIN(A—NOR =n, nee (1) 
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where N,(k) and N,%(k) are the number of energy levels corresponding to / with _ 
wave numbers less than k for the case with, and the case without, interaction. — 
Equation (1) should then be an approximation, since the left-hand side is a 


discrete, and the right-hand side a continuous, function of R. r | 


It seems to me that eqn. (1) is incorrect, since one is dealing with a continuous | 
spectrum, so that one must apply instead of (1) the equation 


ap R)= pA) On,feR, 1) = Sarees (2) 

where p,(k) and p,°() are the level densities (see de Boer 1940, p. 45, ter Haar 1953). 

The misunderstanding may be due to the fact that in order to take the 
continuity of the spectrum into account, one first assumes the pair of molecules 
to be present in a finite volume and then lets the volume go to infinity, thus 
coming back to the continuous spectrum and at the same time going over from the 
number of levels to the level density.* 

In conclusion, I may add that Professor de Boer has given me permission to 
say that he entirely agrees with the remarks of this note. I should also like to thank 
Professor R. E. Peierls for a discussion on the subject of this letter. 


Department of Natural Philosophy, D. TER Haar. 
The University, St. Andrews. 
18th June 1953. 
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* One might ask whether one should not take into account the fact that the system is — 
enclosed in a finite volume. Apart from the fact that this would only affect the results at 
temperatures of the order of h?/mV?/*k, that is, about 10~1!°x, the difficulty arises that the 
wave function of a pair of molecules can no longer, without enormous complications, be 
split into two factors, one pertaining to the movement of the centre of gravity, the other 
pertaining to the relative motion. Moreover, from the expression at the top of p. 1026 of 
Green’s paper, and from other similar expressions, it appears that Green himself is also 


making the usual assumption of an infinite volume, that is, using a boundary condition at 
infinity. 


Observation of the 4050 A Band Group in a King Furnace 


Much interest currently attaches to the production and origin of a group of 
bands around 4050 a, which occur in emission in cometary spectra. Bands 
appearing to be identical with the comet features have been produced in the 
laboratory by Herzberg (1942) and other workers. Study of rotational structure 
and isotope effects in the strongest band, at 4049 a, led Douglas (1951) to the | 
conclusion that the emitter was possibly the linear triatomic C3. In a recent 
paper Rosen and Swings (1953) review existing knowledge, and discuss the 
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sources and conditions in which the bands have been observed, for instance, 
discharges, flames, photolysis. It therefore seems worth reporting observation 
of the stronger bands of the group, during initial trials of a new King-type 
vacuum furnace recently erected in this laboratory. 

In these trials, graphite tubes of 13 in. length, 4 in. bore, } in. wall, have been 
heated by passage of currents of up to 1100 a, to temperatures above 2800°Cc; this 
limit has been set by rapid volatilization of the graphite. Initial heating of a new 
graphite tube is accompanied by the appearance of a number of emission lines, 
but a short run at high temperature suffices to drive off the responsible impurities. 
The only emission features then remaining, with the tube above 2500°c, are the 
Swan system of C,, which appears very strongly, and the five strongest bands 
listed in table 1 of the paper by Rosen and Swings. In spite of the fact that the 
photographs so far obtained suffer from a good deal of background continuum 
coming from the wall of the furnace-tube, much of the rotational structure of the 
4050 A group is plainly visible. For the first exposures, the furnace-chamber 
was pumped continuously, the pressure of residual gas being below 0-05 mm Hg. 
Repetition, with a slow current of hydrogen at 5 mm pressure passing through 
the furnace, did not appear to affect sensibly the intensities of either Swan or 
4050 a bands. 

Another relevant detail is that when, after prolonged running, a furnace-tube 
fails, the spectrum of the resulting arc shows no sign of CH. Bands of the 
latter radical are notoriously easy to excite, and these details suggest that, in 
distinction to what has previously appeared the case, the 4050 A bands can occur 
in the absence of appreciable hydrogen. 

Rosen and Swings have emphasized that appearance of the bands seems to be 
connected with the process of formation of solid carbon particles. It is very 
probable that this is the case also when the bands are generated in the furnace. 
The reason for this statement is that if the temperature of the graphite tube is 
raised above about 2650°c, then, accompanying rapid volatilization, a sort of 
“horizontal rain’ of incandescent particles is observed to proceed from the 
interior of the tube and impinge on the end windows. ‘The fine dust which 
thus accumulates appears to be carbon. 


Department of Astrophysics, W. R. S. GarTON. 
Imperial College, London. 
16th July 1953. 
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Galvano-Magnetic Effects at High Frequencies 


Although the magneto-resistance effect in metals has been investigated 
thoroughly in the case of direct currents, comparatively few measurements have 
been made at high frequencies. For bismuth Blunt (1948) found no appreciable 
departure from the d.c. value for frequencies up to 3-5 Mc/s. Measurements 
of the reflectivity of bismuth in the visible and infra-red regions (Heaps 1926, 
McLennan et al. 1932, Englert and Schuster 1932) have led to the conclusion 
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that the change in resistivity is zero for wavelengths less than about 8u. More 


recently Heaps (1950) has obtained results with a bismuth cavity which indicate — . 
that at 3000 Mc/s the magneto-resistance change is of the order of half the d.c. _ 


value. 

As a first step towards a theoretical interpretation of these results we have 
investigated the effect for the free-electron model, taking into account relaxation 
effects but excluding ‘anomalous’ effects (Reuter and Sondheimer 1948) and 
terms involving the displacement current. We consider a semi-infinite metal, 
with the h.f. electric field (& ,(z), &,(z), 0)e’” parallel to the surface and a constant 
magnetic field H perpendicular to the surface. he current density (J ,(2),J,(2), 0) 


is calculated in the usual way (cf. Sondheimer and Wilson 1947), except that the 


Boltzmann equation includes a term containing the angular frequency w (cf. 
Reuter and Sondheimer 1948). Combination with Maxwell’s equations leads to 


a pair of simultaneous differential equations which may be solved for &,(z) and » 


& ,(z). The quantity of interest is the surface impedance defined by 
ZEA) i | J,(z)dz, with | ~ d,(2)d2=0, 
40 0 


and a straightforward calculation gives 


70D) = Ay (ae) (1+ ior)? E + {1 + PY" i ee (1) 


where «=eH/me, oy is the d.c. conductivity and 7 is the time of relaxation of 
the conduction electrons. 

The real part of (1) gives the surface resistance R(H) which is proportional to 
the absorption coefficient, and the relative change in resistance is given by 
AR/R(0), where AR= R(H)— R(0). It is of interest that the free-electron model 
leads to a non-zero change in RF at high frequencies, in view of its prediction of a 
zero d.c. magneto-resistance effect. 

For low frequencies (w7< 1) (1) reduces to 

1/2 
Z(H) = a (ae) [12 f1si( gens ee (2) 


and AR/R(0) tends to a constant value as w->0. (‘This appears to be inconsistent 
with the zero d.c. magneto-resistance change obtained for free electrons, but it 
must be remembered that our result is valid only if the penetration depth is small 
compared with the dimensions of the specimen. For the same reason the 
expression for Z(0) must itself break down in the limit w>0; it predicts that 
Zo w' whereas for a specimen of finite dimensions Z is non-zero at w = 0.) 

For high frequencies (wr >1) the behaviour of (1) is determined by («/w)?, 
and AR/R(0) will be negligibly small when w >a. Since, for the highest magnetic 
fields obtainable, «~5 x 10” it is clear that no magneto-resistance effect is to be 
expected at optical frequencies. Detailed calculations show that AR/R(0) drops 
rapidly to zero in the frequency range wr~} to wr~4. For sodium 
t~3 x 10-™ sec, and the region of rapidly diminishing magneto-resistance occurs 
in the far infra-red, roughly between 1004 and 10. The experimental results 
of Heaps (1950) suggest that these orders of magnitude may be entirely different 
for bismuth. Although the above simple model would not be expected to apply 
to bismuth, we may infer tentatively that the relaxation time in bismuth is abnor- 
mally long (cf. Sondheimer 1952). 
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Finally, to describe the Hall effect at high frequencies we may introduce the 
“surface Hall constant’ defined by 


Y=&,(0) / (u lh ete ds) 


Corresponding to (1) we find that 


Mih)=< ao (s2)" (1 + icon)? | - 14 {1 + (; oom) fl 8) 


In general Y, like Z, is a complex quantity, so that there is a phase difference 
between the Hall field and the current. Y is independent of H only in weak 
fields; in this region Y varies as w4? at low frequencies and rises to a constant 
value when w7 >1. Instrong fields Y tends to zero as H-"? for a given frequency 
and varies as w!? for a given field. 

A full account of the calculations, including a discussion of the behaviour of 
the two-band model and the consequences for the properties of bismuth, will be 
published shortly by one of us (B.D.). 
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REVIEWS OF BOOKS 


Electronic and Ionic Impact Phenomena, by H. 5S. W. Massery and E. H. S.Buruop. 
Pp. xviii+699. (Oxford: Clarendon Press, 1952.) 70s. 


The subject matter of this book lies at the root of our understanding of 
electrical phenomena in gases. ‘The varied aspects of ionization and electrical 
discharges are only explicable in terms of the dynamical theory of the motions 
of electrons and ions in gases, and the study of discharge phenomena has been, 
and is, an important means of investigating elementary electronic and ionic 
collisional processes. In turn, knowledge thus gained has been of the greatest 
importance in the elucidation of problems of the extra-nuclear structure of the 
atom: this is particularly the case in regard to spectroscopy. Consequently, 
a modern book which gives a comprehensive account of most aspects of impact 
phenomena for particles of comparatively low energies is bound to be welcome. 
It can be said at once that Electronic and Ionic Impact Phenomena by Professor 
H. S. W. Massey and Dr. E. H. 5. Burhop has succeeded most excellently in 
doing this, and this work is likely to be the standard reference book on the 
subject for some time to come. 
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The mathematical methods and the general theory of collisions has been 
treated previously in The Theory of Atomic Collisions by Mott and Massey 
(a second edition of which, with cross references to the present book, has 
appeared), and the present book deals with the subject more from the experi- 
mental side, but wherever possible the experimental data are discussed and 
interpreted in terms of the modern theory of collisions. It is not possible 
within the confines of a brief review to deal in detail with such a comprehensive 
volume of nearly 700 pages, but the scope of the treatment can be seen from the 
chapter headings: The passage of electrons through gases, cross section ; 
The experimental analysis of the cross section of the impact of electrons with 
atoms ; Electron collisions with atoms—theoretical description (this is a parti- 
cularly helpful and useful chapter for the experimental physicist); Collisions of 
electrons with molecules ; Reflection and secondary emission from surfaces due 
to electron bombardment ; Electron collisions involving emission of radiation ; 
Collisions under gas kinetic conditions ; The passage of homogeneous electrons 
through gases ; The collision of positive and neutral atoms with surfaces ; 
Recombination. The preparation of a work of this magnitude, involving as it 
does a highly detailed survey of a vast number of published papers, must have 
required considerable time, but by the inclusion of a short appendix with notes 
the authors have been able to include the most recent work on the decay of 
electron density and on the nature of the various ions in discharges. 

The relevant experiments are considered in some detail, and the actual 
results of the various authors are given rather than their conclusions. This 
procedure is an admirable feature of the book, greatly enhancing its value for 
reference purposes. For example, in discussing the question of ionization of 
gas atoms in collisions with positive ions, the enormous amount of published 
experimental work on this particular aspect is reviewed in some detail in 
Chapter 8, where all the elementary data on cross sections for ionization are 
given. Such an analysis would perhaps be even more valuable to the reader if 
set against the background of a critical assessment of the various experimental 
techniques employed, as there is considerable variation in the published values 
of the cross sections found by different observers ; this is all the more important 
today in view of the work of Horton and Millest in 1946. While on the subject 
of positive ions, it may perhaps be worth pointing out that in the account on 
page 547 of the calculation of the secondary emission coefficient y for various 
metals from the Townsend expression for the growth of an ionization current, 
or from the resulting breakdown criterion, it should have been noted that the 
procedure is only valid provided that some test does show that the electron 
emission was actually due only to impact of positive ions ; this is necessary 
because a precisely similar expression for the growth of ionization current (and 
therefore for the static breakdown criterion) is obtained if the emission were 
due to the incidence of photons, but a knowledge of the shape of the (y, X/p) 
curve is usually sufficient to establish which of the processes in fact predominated. 

Considering the comprehensiveness of the work, the number of misprints in 
this book is extraordinarily small, but it is perhaps worth pointing out one 
because this is not immediately obvious from the text. In Appendix 1 on 
page 649 the sentence saying that Biondi measured the recombination coefficient 
of electrons containing 1°/, of argon states that he found the coefficient to be 
less than 10° of that observed in pure helium ; this should read pure argon. 
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‘The indexes and references are, however, insufficiently detailed for so valuable 
-a book. The authors deserve every congratulation for undertaking the prepar- 
ation of an up-to-date account of work in this field and for succeeding so admir- 
ably in producing a book which is indispensable to those interested in 
fundamental collisional processes of electrical phenomena in gases. The 
general production of the book by the Oxford University Press is excellent. 


F. LLEWELLYN JONES. 


Advanced Mathematics in Physics and Engineering, by A. BRONWELL. 
Pp. xvit+ 475. (London: McGraw-Hill, 1953.) 51s. 


There is at present no lack of books on mathematics written specifically 
for engineers and physicists. Professor Bronwell, writing in language familiar 
to the engineer, gains much by avoiding the more ambitious and formal nature 
of many of these, and his book is, on balance, a worthwhile addition. The 
author does claim “‘a moderate balance of mathematical rigour”’, but this 
seems to rest mainly on a liberal use of such terms as “continuous ”’, 
“ differentiable”’, “‘regular”’, and “‘ assuming it exists”. Since these are 
not particularly well defined in the text, if at all, it is unlikely that the average 
reader will take much notice of them. 

Choice of material is interesting and varied and the presentation is very 
clear apart from a certain looseness of language (e.g. “‘ we can put 0/dz=0”’). 
Layout and typography are excellent and only a few minor misprints were 
noted. Many problems are worked out in the text and a set of examples, with 
answers, is provided after each chapter. ‘The main topics discussed are 
infinite series, Fourier series and integrals, solution of differential equations 
including Bessel’s equation and Legendre’s equation, vector analysis, functions 
of a complex variable, Laplace transforms, vibrations, hydrodynamics, heat 
flow, electromagnetic theory and roots of polynomials and stability criteria. 

The work on convergence of series leaves much to be desired. Little is 
given in the way of proofs and, in the course of the proof that absolute 
convergence implies convergence, the author implicitly assumes what he is 
supposed to be proving. Other weaknesses are the statement of Taylor’s 
theorem given, and the suggestion that convergence of series of complex terms 
should be examined by separation into real and imaginary parts. In fact 
nowhere in the book is the convergence of complex series treated on its own 
merits and nothing is said about even the simplest of tests for convergence of 
integrals although the need for such convergence is frequently mentioned 
later on. ‘The various cases that arise in the series solution of differential 
equations are very clearly explained and the account of Bessel functions is 
particularly good. Legendre functions, however, receive much less attention 
and only one recurrence relation is given. 

The chapter on vector analysis is, in general, quite adequate. The 
cartesian components of the curl of a vector are defined by means of a certain 
line integral, but the question as to whether the quantity so defined is in fact 
a vector (i.e. that the components retain their form on change of axes) is not 
raised. The section on Gauss’ theorem is not very convincing. In the next 
chapter, equation (4) is certainly not Schrodinger’s equation, as stated. 
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The chapters on hydrodynamics, heat flow and electromagnetic theory 
constitute attractive introductions to these subjects, but time differentiation. 
following the motion, which students usually find difficult, is dismissed too 
lightly and there is a mistake on p. 283 where it is stated that, in steady _ 
irrotational flow, the constant in Bernoulli’s equation varies from one © 
streamline to another. The section on functions of a complex variable is — 
clearly presented. It consists mainly of the theory of residues, contour 
integration and simple conformal transformations. This chapter ends with 
the Schwarz—Christoffel transformation, proved for a closed polygon. In the 
example given on a semi-infinite strip the reader is left to wonder what happens 
to the vertex at infinity. 

The final chapter contains an elementary account of Laplace transforms 
and the Mellin inversion integral. An example of the latter involving a branch 
point would not have been out of place. A. N. GORDON, 


Thermal Diffusion in Gases, by K. E. Grew and T. L. Isss. Pp. xi+143. 
(Cambridge: University Press, 1952.) 22s. 6d. 


Thermal diffusion has become well known, largely as a result of the appli- 
cation made of it by Clusius and Dickel to the separation, or partial separation, - 
of isotopes in the years just before the war. Readers of Chapman and Cowling’s 
book on the theory of gases will know that it has the additional interest of being 
the manifestation of a rather obscure term in the higher approximations of gas 
theory. 

This Cambridge Monograph treats the matter from both points of view, 
beginning with an historical outline which shows that, in gases, the theory 
preceded observation of the effect, although this had been noted experimentally 
in liquids before the theory for gases was developed. ‘lhe treatment is naturally 
not as deep as that of Chapman, but it is enough to give the general physicist 
an understanding of the theory. ‘There is a chapter on the effect in liquids, and 
on the converse effect, first observed by Dufour in 1873. J. H. A 


Colloque sur la Sensibilité des Crystaux et des Emulsions Photographiques, Paris, 
1951, Mémoires et Discussions. Pp. xii+380. (Paris: Editions de la 
Revue d’Optique théorique et instrumentale, 1953.) 


In September 1951, the fourth of the recent series of photographic 
conferences was held in Paris, following meetings in preceding years at Liége, 
Zurich and Bristol. ‘These conferences, with their pleasantly informal 
atmosphere, attracted large numbers of research workers from the photographic 
industry and the universities all over the world, mainly from amongst those 
who are interested in the fundamental problems of photographic sensitivity, 
and in the properties of nuclear research emulsions. 

The present volume contains all the papers submitted to the conference, 
and much of the discussions which followed the presentation of the papers. 
The number of communications was large, sixty-eight, and the range of 
subjects covered extended from crystal physics via the properties of the latent 
image and the mechanism of development to the photographic aspects of work 


with nuclear research emulsions—a wide range indeed, giving a good indication _ 


of the state of non-secret research into these subjects at the time of the 
conference. 
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All the papers are printed in French, original or translation as the case may 
be, and whether or not this is a good thing is very much a matter of personal 
taste. Whatever one’s opinion, however, the question of language is not such 
an important one here, for this is not a book for the private bookshelf: it is 
a collection of papers which should find its place in the reference libraries both 
because of the intrinsic value of the matter it contains, and as a record of the 
state of fundamental photographic research in 1951. A. J. HERZ. 


Calculus of Variations with Applications to Physics and Engineering, by ROBERT 
WEINSTOCK. Pp. x+326. (London: McGraw-Hill, 1952.) 55s. 6d. 


Many of the laws of mathematical physics can be set up in two alternative 
ways; a law may be formulated either as a partial differential equation or as the 
necessity for a definite integral to have its extreme value. ‘The first approach is 
the more common one, so much so that it has often been said that the aim of 
physics is to express all its laws in this form. The second method is less easy to 
understand but has the advantage of including the boundary conditions directly. 
Also, where a solution in terms of known functions is impossible, it leads to 
approximate methods which are often useful and are pants) appropriate for 
use with high-speed computing machines. 

This book deals with both the mathematical theory of the calculus of variations 
and its application to a selection of problems in physics. ‘These include examples 
on the dynamics of particles, electrostatics and geometric optics, but the main 
emphasis is on eigenvalue problems for which the associated differential equation 
is of the Sturm—Liouville type. ‘The general treatment is clear and the amount 
of prior mathematical knowledge required by the reader is reasonably limited. 
A set of examples at the end of each chapter, with hints on their solution, fill in 
the details of proofs which are curtailed in the text and apply the results to further 
problems. 

The physics student might be slightly misled at a few places. ‘Thus the 
author gives the impression that Schrodinger originally formulated his equation 
independently of de Broglie’s work. Also in the application of the Ritz method 
to the helium atom no physical explanation is given for the device of treating the 
nuclear charge as an adjustable parameter. ‘These minor criticisms will not 
reduce the value of the book, especially to students of theoretical physics. 

Ta CB: 


Température et équilibre thermique dans une flamme de diffusion, by PIERRE BARRET. 
Pp. iiit+114. (Paris: Publications Scientifiques et ‘Techniques du 
Ministere de:l’Air (No. 273), 1952.) 1200 fr. 


Contribution a la théorie des ondes liquides de gravité en profondeur variable, by 
Maurice Rosgau. Pp. ii+89. (Paris: Publications Scientifiques et 
Techniques du Ministére de |’Air (No. 275), 1952.) 1300 fr. 
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Patterns on single crystal disc; applied field along [110]. 
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Fig. 6 (c). H==260 0 


Patterns near centre of thin single crystal; applied field along [110]. 
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applied field along [110]. 
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Bitter figures obtained on crystal surface 5° away from the (110) plane. 
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Bitter figures observed on the side of the crystal shown on plates I and II. (110) plane. 
Magnification » 43:5. H -> [100]. 
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On Perturbation and Variation Methods 


By R. E. B. MAKINSON np J. S. TURNER 
School of Physics, University of Sydney, Sydney, Australia 


Communicated by H. S. W. Massey; MS. received 13th March 1953, and in final 
form 11th Fune 1953 


Abstract. It is pointed out that the notation of the theory of functionals and the 
theorem in it analogous to ‘l'aylor’s theorem facilitates a compact discussion of 
perturbation and variation methods in quantum mechanics, both for bound 
state and scattering problems. 

With this aid it is shown (1) how stationary expressions required for variation 
methods may be sought and found, (1i) that the perturbation and variation methods 
are virtually identical, (111) that second order perturbations and expressions 
stationary to the second order may be found similarly, though these are 
complicated. ‘The form found for the second order perturbation of bound 
states differs from that commonly used in that it does not explicitly involve the 
eigenfunctions of states other than that perturbed. 


§ 1. INTRODUCTION 


T would seem that the theory of functionals (Volterra 1930) is not well 
| known among physicists, although the notions of a functional and a 

functional derivative find some place in current literature. It is felt by 
the authors that those notions and a few of the theorems from that theory 
greatly clarify the derivation and presentation of well-known results in the 
perturbation and variation methods of dealing with wave equations, and facilitate 
their extension as is shown in §§ 3-6. 

Discussions similar to that following may be given of any physical problem 
in which we are interested in eigenvalues which depend on a given function 
(as functionals of it) or, for example, in diffraction problems where the field at 
a distance depends on the function specifying the shape of the diffracting body. 
The transmission coefficient of a potential barrier as a functional of the function 
defining the barrier may be discussed similarly (cf. di Francia 1950a, b). 

In Appendix I a brief summary is given of the notation and some results 
required in the present discussion. 


§ 2. FUNCTIONAL EXPANSIONS FOR ASYMPTOTIC PHASES 
Consider the differential equation 
LG={L1,+4(r)}G=GO" + {2-114 1)/+¢4(r)}G=0...... (2.1) 
which arises when an electron is in the field of a centre of short-range force with 
potential function given by —2mé¢(r)/h?, 1=0, 1, 2,.... 
(a) If k?>0 the problem is one of scattering (Mott and Massey 1949, p. 19), 
and we have to find the value of 7, in the asymptotic form for large 7 of the 
solution G which vanishes at r=(0. Various normalizations of G are possible: 


G so CONSE. SIMs ye ee fo eR ag Altoe nen (2:2) 
Gio sky tania Goskr) “ge yl yy liskidees (2.3) 
Cae COb i, SLT COS RY. Pa gh = ES, (2.4) 
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We will adopt (2.3) in the following and regard tan, as a functional of ¢(7), 


depending as a function also on the parameters k, /, and write it as tan n[¢(x); Rk]. _ 


(If (2.4) had been adopted the most convenient functional to consider would have 
been cot7,, and if (2.2), 7.) 


(b) If k2= —K*<0 the electron is bound and the problem of interest is 


to find the values K,,? of K® (which then give the binding energy EF, =h?K,,?/2m) 
for which solutions G, are zero at the origin and at infinity. We write K,,” as 
the functional K,,2[4(x«); /]. We may put this problem in a form similar to 
that of (a) by noting that for large r 


G~const.e-“"=sinh Kr+tanhécoshKr _...... (2.5) 


with suitable normalization, and we have to determine the values of K? for which © 
tanh = —1, i.e. an imaginary phase angle has to be infinite. We write tanhé 


as tanh €[¢(r); /]. 


In both cases we shall be interested in the changes of the functionals when 


the function ¢(7) is varied by, say, d¢(7), and we may, using the analogue of | 


Taylor’s theorem (Appendix I, eqn. (A1)), put 
tany[d(7) + d¢(7) ; k] = tan [4(7); 2] 


+ [- tan /[(r); 713 R18A(17,) dr, 


i ie 
E Dm [ . tan m'LP(7) 5 71725 R18 (11)8G(72) dry dre 


The expansion for tanhé[¢(r);/] is formally the same. In less simple 
scattering and bound state problems tany and tanhé are functionals of more 
than one function, each of the latter depending on more than one variable, but 
we would proceed on similar lines. 

It is necessary next to find expressions for the functional derivatives of 
tan 7, which appear in (2.6). 


Iilustrating the calculation of the first and second functional derivatives of tan 7 [d(r)]. 


§ 3. SCATTERING PERTURBATION OF POTENTIAL 


The first functional derivative, tann,[¢(r);7,,k], is given by dtan7,/dA, 
where 6 tan, is the small change in tan 7, resulting from a small bump in d(r), 
localized at r=r,, of area 5A =J84(r)dr (see figure). If the solution G+8G 
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of (2.1) is being integrated out from its zero value at r=0, it follows the 
unperturbed form G until it suffers at r, a change in gradient 


r+A 
Gin) | __délr)ar 


to the first order, i.e. —G(r,)5A, its magnitude being unchanged to the same 
order. Supposing the integration is continued from 7, outwards, G+6G will 
follow some solution H(r) of (2.1) which is linearly independent of G and whose 
asymptotic form (cf. (2.3)) is 

H(r) ~(1+0d4+...)(sinkr+const.coskr). —...... 3.1) 
Thus GG;)=A); G(R) =cAGT =A) aoe (Sezz} 
The Wronskian of these two solutions is independent of 7; thus, equating its 
values at r, and at large 7, we have 


G(r) H"(n)—H(r,)G'(7,)=—Rotann, Ss... . (3:3) 
neglecting second order terms on the right. Hence 
k6 tan n, 
6A = — yt AD DIE Tes ah bee reste 3 
Cr) oy 
so Canny OAT), 71, =k Gry) ee 2 eres (3:5) 


and (2.6) gives for the first order perturbation of tan, the well-known * 
expression 


tan 4(r) + 64(r) ; k] =tany,[d(r); k] + : iF G(r oo (Ia) ata reaecae (3.6) 


The second order perturbation requires calculation of the second functional 
derivative tan 7,"[4(r); 71,72, k], which involves calculating the term proportional 
to 6A4,5A, in the dtany, produced by two bumps in ¢(r) at 7, and r, of areas 

| 6A, and 6A, respectively. ‘That term, divided by 54,6Ag, is the required 


| derivative. 
Let r_, r~ be the lesser and greater of r,, 72. We use the equations (see figure) : 


Gr = (7_), Gia =0 tn 2G es )—H (Lyin ee (377) 

Hirt =J (9), ET 0A (80) el AG eas (3.8) 
arising from the changes in slope at r_ and r.. Also, from the condition that 
the Wronskians are independent of 7, 

Gri ey Ar 2)G (42) = Gr, A re) Are) Gre) asses (3.9) 
and Goa) I ged (rs )G (ra) khBAo tang, © Oe eds. (3.10) 
the value of the Wronskian for large r. Here B is the constant appearing in 
J(r) ~ B {sin kr + (tan yn, +6 tan 7,) cos kr}. 


These equations give 


Retan Dt G (he OA (Fe 7 s:)0 cee eas taecie ier (3:10) 

If DO) =r AOA. Grek Pest) © nan, (3.12) 
then, from the constancy of the Wronskian, / is that solution of 

G(r)h'(re,r) Are, ee tC A nn (3.13) 

viz. h(r -,r) = —G(r_-)G(r) la a) GO one (3.14) 


* cf. Mott and Massey (1949), p. 28, where small changes from ¢=0 are considered. 
57-2 
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with the constant of integration C fixed by the boundary condition h(r _,7 <) =0. 
When zeros of G(r) lie between r— and ry a different lower limit of integration — 
and a different constant are required in each range of 7 between successive zeros, 
as discussed in Appendix II. (The second order calculation thus becomes 
involved if the potential is appreciable over many half-periods of G.) 

In terms of this solution, picking out the terms in 545A. on the 
right-hand side of (3.11), 
Rtann,"[¢(r); 72, 7s, k] =a(rs)G*(r-) +a(r-)G*(r,) 

Gr \GU Are fae | eae (3.15) 
where we have put B=1+a(r_)SA_+a(r.)5A. +higher powers. Here «(7 2) 
and a(r.) are given by 
H(r) ~(1—«(r_)dA —){sin kr + const. cos kr} 


J(r) ~(1—a«(rs)SA. ){sin kr + const. cos kr} | 


where the latter is calculated supposing 54 to be zero, using equations 
corresponding to (3.12), (3.13) and (3.14). Explicitly, —«(r_)/G(r_) is equal to — 
the coefficient, P say, of sinkr in h(r_,r) for any 7, say R, large enough for H to 
have reached its asymptotic form Psinkr+Qcoskr. We may choose R to be 
a zero, p, say, of G; then h(r—,p,), h'(re, p,) calculated as shown in Appendix IT 
fix P. Similarly «(r.) may be found. We note that (3.15) vanishes if either or 
both of 7_, r= 1s a-zero of.G. 
To the second order* then 


enn) 940): Klann: 5 On)B6ln) dr 


+ ag). | ery) + alrG%(ra) + COIGOIMr 7) 
x SP(7)8P(72) dry arg, na ee (3.16) 


A physical interpretation of the various terms of (3.16) is that in the first 
order each increment d¢ of potential in a spherical shell gives rise to an elementary 


scattered wave proportional to the square of the wave function G(r) on that | 
shell. ‘The second order terms arise from successive scattering from pairs of | 


such shells. 


§ 4. BoUND STATES. PERTURBATION OF POTENTIAL 


In calculating the first functional derivative of tanh €[¢(r),/] we have again 
eqns. (3.2) and, instead of (3.3), 


G(r) A") —H@) G4) == Ketanhe —) Seas (4.1) 
to the first order. So ah eta ae ) a pl = 56%") ae (4.2) 


and __ tanh €[4(r) + 54(r); 1] =tanh é[4(7); 7] + wel he G?(r,)d¢(7,) dr,.  ... (4.3) 


“0 
We now require the change in energy AE which will bring tanh € back to its 
original value of —1. Since a change AK? is equivalent to a constant AK? added 


to ¢ we have 1 2 
0= Z| G)B$(1) + AK} dr, 
0 


* A form for the second order terms can also be arrived at on the same lines as the first 
order calculation by Mott and Massey (1949), p. 28. 
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z 2m be co. 7 00 F 
ne. Fr AE, = +AK?= — \ G,,” (7,) 8A(74) ar, || Gea Glq atic (4.4) 
} 0 0 
which is the well-known expression. 
The same result is contained in the statement : ‘‘ regarding an energy level Z,, 


of a one-particle system as a functional of the potential V(r), the first functional 
derivative of £,, at r is equal to the electron density there’. 

Calculation of the second order perturbation proceeds as for unbound states 
except that we replace (3.10) by 


GU (f.) Jt) G7, = RA 40) ee en (4.5) 

where Jd(7)~asinh Kr+6 cosh Kr, | Sand: (4.6) 
and arrive at 

— K(a+b) =8A,G*(7r,) +8A,G*(r,) + 8A, 8 Ay G(r,) G(re) h(r ec, Ts), veces. (4.7) 


where /(r7 _,1) is again given by (3.14), with the constant C fixed in the same way. 
Thus 
1 


-—K(atb)= | Gryad(ryart 5, | | Gln) G(r) Mr sr) 86(r) 86 (r2) dr, dr, 
D 7S Gps Ges Pace OF apna sebsaine aio & (4.8) 


If in (4.8) we replace 54(r) by {5¢(7) + AK?} and require the left side to be zero, 
we have a quadratic equation giving AK? correctly to the second order, viz. 


c= li G2(r){34(r) + AK} dr 


£3 = | : he G(r) G(r) A(r =, 7s ){5h(1%) + AK?} {84 (19) + AK?} dr, dr, i.e. 


AK,2 | G,2(r)dr=— |. IGITIOE 


=F] | Galea) Gulre) Mors )86(r) 560%) dr dr 


AK, | | Gylr) Guile) M(r <7) 56(%2) dry drs 
0) 0 


1 ae eco oO 
=F OK? | | Gln) Glra)Mrars)dndr, (4.9) 
and in the terms on the right AK? may be replaced by its first order approximation 


4.4). 
. ae expression differs in the second order term from that usually given in that 
it does not involve wave functions of any state other than that perturbed. 
The second functional derivative EF,” [4(r); 7,,72] is not directly obtainable 
from (4.9). 


§ 5. SCATTERING. VARIATION METHODS 


In such methods of finding approximate solutions of (2.1) with the boundary 
conditions (a) of §2 some expression F for tan, (or 7, sin 7, etc.) is discovered 
which is stationary for small deviations of G from the actual solution. We guess a 
suitable trial function G,(A, u,v...) containing parameters A, pw, v..., and with 
asymptotic form (2.2), (2.3) or (2.4) select the ‘best’ values of the parameters 
according to some criterion (which may involve F but need not), then calculate F 
using those ‘best’ values. 
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Any particular trial function G,, which we choose is not in general a solution of 
(2.1), though LG; is small, but does satisfy 


{Lo +$(r)} GEG H{P-Ul+ Dir +o (r)3G.=0  ....-- (5.1) : 
where ¢, is a potential function differing little from 4, namely ¢,= — LypG,/G,=$ + 0¢ 
Sis Coe WIM pee eH Enna Liban by TER =. (5.2) 4 


Thus we are in effect choosing a potential function differing from that given by a 
small function containing several parameters. We can finda stationary expression 
for tan 7,in the case where G; has the asymptotic form (2.3) as follows: 

Perturb the trial potential 4, by —5¢ into the given potential d. Then to the 
first order, from (3.6) and (5.2), 


: ; 
tan 7,[4(7)] =tan 7,1¢,(7) — 5¢(7)] = tan y,[4,(7)] + Fs iF G LG ar, ae (5.3) 


i.e., the expression on the right is stationary, to the first order, at the true value of | 
tan 7, for the given potential (Kohn 1948, Kato 1950). . 
The close relationship or virtual identity of the perturbation and variation 
methods is apparent from the above. ) 
An expression stationary to the second order comes similarly from (3.16), 
giving an additional term on the right of (5.3): 


Gh | | {2a(r) CWT Gr.) LGU) + ir ar) LEW) LG(.)| dr, dr, (5.4) 
Z'IRJo Jo Gi(71) 
where « and / are supposed calculated as in § 3 with ¢;, G; replacing ¢, G there. 

However ¢,, hence also 5¢, has an infinity at each zero of G, unless we happen 
to have chosen G;, so that each zero is also a point of inflection. The necessary 
elaboration of the argument of § 3 is slight in justifying (5.3), but is more extensive © 
for the second order term (5.4). ‘This is outlined in Appendix IT. 

Any expression differing from (5.3) only by terms of the second order in LG, is 
of course equivalent to it for first order calculations. Such an expression might be 
sought which would leave the second order terms always of one sign, making the 
stationary expression always a maximum or always a minimum. 

The foregoing exemplifies a manner in which forms for a functional of a 
function, stationary against small variations in the function, may be sought and 
found, rather than discovered by trial. 

Various criteria for selection of the ‘best’ values of the parameters A, p, v... 
have been proposed. ‘That of Hulthén (1944) includes the condition upon them 
that 


g=| GL G.drs0.n oe Ane (5.5) 
an 0) 


From the present point of view this amounts to choosing the trial potential 4, 
(fixed by the trial function G}) so that the first order perturbation is zero when 4, is 
varied into the given potential ¢. 

The other relations used in Hulthén’s procedure to give the parameters are 
determined from the requirements that, if the phase y; is independent of p, v.. ., 
OL /0n, OL /dv are all zero. Kohn, instead of using (5.5), regards \=tan 7, as an 
additional parameter in the trial function and requires 0F'/0\ =0, where F is given 


by (5.3). 
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The above conditions are reasonable but not of course essential or necessarily 
the best to choose; they merely make the trial function imitate one property of the 
exact wave function. One might alternatively select some or all of the parameters 
by fitting G, to the differential equation (2.1) at selected points, or one might make 
use of an integral equation known to be satisfied by 7. These various alternative 
procedures differ simply in their effectiveness in keeping second and higher order 
terms small. Some of these alternatives will be discussed elsewhere. 

Having arrived by any means at suitable values for the parameters, which fixes 
an approximate tan7;,, these are used in calculating the value of the stationary 
expression (5.3), which gives a closer value for tan, (unless (5.5) has been used 
following Hulthén, in which case the correction is zero). As pointed out by Kato 
(1950), the various procedures give results which differ by second order terms only, 
and it is not easy to see any reason why one should consistently give better results 
than another, though it would seem likely that Hulthén’s condition (5-5) would 
in general assist in keeping second order terms (5.4) small. 


§ 6. BounD STaTEs. VARIATION METHODS 


Let H be the given Hamiltonian, F the energy level and # the corresponding 
eigenfunction of asystem. If some trial function %, (approximating to %), which is 
‘well-behaved’ and normalized, is selected, this will satisfy the equation Hh, = Eh, 
for some corresponding Hamiltonian} H, differing from H bya small term 8V (q) in 
the potential energy function, F, being a constant close to FE, and q the coordinates 
of the particles in the system. 

Perturb H,into H. ‘Then the change in energy 


E-E,=— | p*8V(q),dr to the first order 
= | b*(H-Hyhedr= [bt Hydr— Ey, ee, (6.1) 


so E— {is,* Hb,dr differs from zero by second order quantities, i.e. is stationary, 
which is the well-known result. An expression stationary in the second order 
would be found by using a second order perturbation formula on the right of (6.1). 

Again we see the virtual identity of perturbation and variation methods, the 
latter amounting to choice of an approximately correct trial potential function 
containing parameters which are (usually though not necessarily) selected by the 
condition that the first order change in energy is zero on perturbing the trial 
potential into that given. 

The variation method of Kohn (1952) for energies in a periodic lattice potential 
requires, for a similar discussion, the first order perturbation formula appropriate 
to perturbed boundary conditions. 
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+ Explicit expressions for H; and E, are not needed, but could be found as follows. Since 
Ai, b= {H+ 8V(@) ee = Et ht, OV (Q) = (Et bt — Aefs)/f- In the last expression we insert for 
E,, some approximation to the value of E. Then 6V’(q) may be calculated, and if # was well 
chosen the perturbation considered in the next paragraph will be small. 
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APPENDIX [| 


A quantity F which depends on the form of a function ¢(x) over a whole range of 
x from a to 8, say, is called a functional of that function and may be written, in 


Volterra’s notation, F[¢(x); A, w...], where Au... are any parameters upon 
a 


which the quantity also depends. We may regard F as a function of the infinite 
number of variables ¢(«,), ¢(x.) . . . which are all the successive values ¢ takes in 
the range (a, b) of x. 

The functional derivative of F at the point x, may be written as 

= ee oras F’[¢(x); x] 

if we omit the limits a, b as being understood in a particular case. This is defined 
as the limit obtained by making a small perturbation 5¢(«) of d(x), localized near 
the point x,, calculating the resulting change 6 of the quantity F and taking the 
limit of the ratio 6 F/|5¢(x) dx as 5d is reduced to zero in magnitude and width; F” 
is at the same time a functional of d(x) and a function of x,. 

The second functional derivative F” [¢(x); x, x2] is defined as the functional 
derivative at x, of I’ [¢(x), x,], regarding the latter as a functional of ¢(x) containing 
the parameter x,. It may be shown that 


F" [P(x) ; x1, X2J=P" (P(x) ; x2, x]. 


The form taken by Taylor’s theorem for a functional (i.e. for a function of a 
number of variables which tends to infinity) is 


FB) +36(a)] = FAO + | FEA(@), 1 860%) dy 


17) ee 
+57] | P'EG)s 9] 56() 56( 0) dy da 
eee ee URE el, AS 
A functional equation is one of the form 
PIAS) Avis 2] = 2A, oes) ee (A2) 


where g is a given function, the way in which F depends on all the values assumed by 
¢(x) is known and we have to determine the unknown function ¢. A problem of 
this kind is to determine the potential function for a centre of force given the 
asymptotic phases for various energies and angular momenta of scattered particles. 
Solutions in terms of the solutions of a series of integral equations may be found. 
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APPENDIX IT 
The Solutions h of Equation (3.13) 


If p,, s=1, 2, 3 ..., are the successive values of r where G(r) vanishes and 
me, 7, both ie Rice an adjacent pair of these, we take 7 — as the lower limit of 
integration and C is then zero. 

Writing A(r_, r) as hr), 


(tar 
h(r.) = —G(r_)G(r See A The. Sakae Bea ete A3 
()=-Cr)6C>) |" eG (A3) 
At any of the p, it follows directly from (3.13) that 
demetietne Te er kee. (A4) 


If, however, one or more zeros of G lie between 7 — and r,, let p,, be the zero 
nextabover_. Inthe interval between, — and p,, 


Ar) = — Gr) Gr) Se ate (A5) 
h'(r) = —G(r.) G(r) iE eae Gee ee (A6) 


The limit of (A5) as 7 ,, agrees with (A 4), and from (A 6) the limit of h’(r) Bey be 
found. Inthe next interval, p,, to p,,,,, we take as the solution 


We)=-Gr JG) Gay + Cn 


$0 h'(r) = —G(r-) G(r) i, ith GMCS) leg) Celie oo (A7) 


rn (7) G(r) 
where R,,, is some point within this interval. 

The limit of h(r) as rp,, from above is again (A 4), and we determine C,, by 
equating the limit of h’(r) to that found from the first interval. Proceeding in 
this way, we may calculate the constants C in each interval between zeros 


ey Pmii---Pm+q he solution in the last interval, p,,,, to 7r,, 
e dr 
Hgts ears ines CC) 
may thus be found, and A(r..) determined ae this. 
Explicitly 
’ Y i “Rm G"(Pm) a G'(é) 1 1 
— G'(pm)Cm/G(r 2) = ia CAE) dé +. —— Gro7 OR) (A8) 
= G’ (Party) Contos Capel 1)/G(r ~ .) 
En+2 Gi (Pmsp) — G6) 1 1 
= oo E+ BD Oo ei ’s A9 
jis a G*(€) é GR 1) GR 5) ( ) 
where p=1...q and, in the last of these equations, R,,,,=rs. ‘The integrals in 


these expressions are all finite since each zero of G is a point of inflection when ¢4(7) 
is finite at those points. 

If, however, as in §5, we have a potential ¢, which is infinite like const/(r —p) at 
the points p, the integrands are infinite in the same way, but it can easily be shown 
that the above expressions for the constants C still apply, provided we understand 
the integral signs to denote the principal values (e.g. Jeffreys and Jeffreys 1946, p. 
348) of the integral. 
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Abstract. ‘The variational methods employed by several writers are discussed, - 
and their methods of choosing parameters in a trial wave function examined. 
It is pointed out that the parameters may be obtained in other ways, while still 
using the variation principle to compute an improved value of the asymptotic 
phase. The essentially equivalent process of perturbing a simple potential into 
the given form and evaluating the first order perturbation is also considered. 
The advantages and limitations of several methods proposed are examined 
numerically in a particular case of scattering by a Yukawa potential. 


§ 1. INTRODUCTION 
"Te well-known variational procedures for finding the solution, zero at 


r=0, of LG 
LG= +{P—-Ul4+)/P+d(7)}G=0 —...... (1.1) 


dr” 
which arises in calculating cross sections for scattering of a beam of particles 
by a central field of force consist in finding an expression F for a function A of 
the asymptotic phase 7, of G, which is stationary for small deviations of the wave 
function from the true solution. A trial function G,(A, u,v....) is chosen, 
the ‘best set’ of parameters (A, u,v....) determined and F calculated using 
these ‘best’ values. It is pointed out in an accompanying paper (Makinson and 
Turner 1953, to be referred to as I), that the selection of the parameters and the 
use of the stationary property are quite independent processes. 
In much of the literature on the application of the variational methods, 
however, the condition that a functional of the form 


FERAL GLG dry) Cee (1.2) 
/0 : 
is stationary for the correct wave function has been used for both these purposes. 
The parameters in G;,(A, p, v) are determined through the conditions 


dFioX=0. and .cHidp=0, OF op =O) See a ene (13) 
used by Kohn (1948) or 
= | GLC dst 
) 


( 


and dF/au=0, OF/dv=0 


as proposed by Hulthén (1944). These parameters are then used to find an 
improved value for the asymptotic phase using equations of the type 


1 ic'e) 
N=A+5 | GLiGdg (1.5) 
0 
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‘The most convenient functional to take for A will depend on the normalization 
of G, which we adopt. The relation (1.5), given by Kohn, also arises directly in 
the perturbation method described in I, where the virtual identity of the 
variational and perturbation methods is demonstrated; it is independent of the 
conditions (1.3) and (1.4). 

It is the object of the present discussion firstly to examine more closely, with 
reference to a particular example, exactly what is being done when conditions 
of the form (1.3) or (1.4) are used to find the parameters, and secondly to 
investigate the approach which uses (1.5) without reference to (1.3) or (1.4). 
It is pointed out that (1.5) also gives a means of correcting a calculation of the 
phase shift carried out using as a first approximation a simplified potential such 
as a step function. 

For a one-dimensional scattering problem we can always of course obtain a 
solution by direct numerical integration, and often nothing is saved by using other 
approximate methods. However, the present methods, although discussed here 
for a simple case, may be of interest for more complicated problems where 
non-central forces are considered. 


§ 2. THE VARIATIONAL METHODS 


We treat a problem which has been solved by the Hulthén and Kohn methods, 
and for which an accurate numerical solution is available (Lowdin and Sjolander 
1951). ‘This is the problem of S wave scattering by a potential of the Yukawa 
type, described by 

d’G 


hG= 7 


t(P te beinG=0) | oe see (2.1) 


with k=0-8, b=1°5. 
The corresponding value of 7 is known to be 0-837 082. 
Take a two-parameter trial function of a form used by Hulthén: 


G,=C{cos n, sin kr+ sin n,(1—e-")(1+he™) cos kr}. ...... (2.2) 
‘This may be normalized in various ways to give the asymptotic forms 
Gis sar (Rien; ae | eas (2:3) 
Gis kraetat i. COS kei a ©) 82 eset (2.4) 
Gr COtUH, Si RF-+ COS RT, ace ele (2.5) 


and the corresponding variational principles are found by putting A, respectively 
equal to 7, tan 7, and —cot 7, in (1.2) and (1.5) as shown by Kato (1950). 

Various methods of choosing parameters, followed by the application of the 
several forms of (1.5), will lead to slightly different values for the asymptotic phase, 
which will differ from each other and the correct value by second order quantities. 
When the parameters have been chosen by some means it is worth while to 
compare the results using two or more of these forms of (1.5), to get some idea 
of the size of the second order quantities. 

Using (2.3) and the corresponding form of (1.5), it is possible to calculate 
the values of 7 for various 7, and h, regardless of how these parameters have been 
chosen. This has been done using the analytic expression for “ given by 
Hulthén (1944), and the results are presented as a contour plot of differences 
from the exact value, i.e. (exact—7), in fig. 1(a). The conditions (1.3) and (1.4) 
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are represented on the plot by the intersection of pairs of the curves 0F/dh =0, 
dF /an,=0, Z=0. It can be seen that Kohn’s condition (1.3) leads to a saddle 


point of the plot in this case and that the Hulthen method gives a better numerical 
result, Notice that there are sets of parameters which give the exact phase shift, 
because the difference from the exact value can change sign, but that these are — 


not chosen by either (1.3) or (1.4). 


080° 


Fig. 1. (a), (4), (c): Contour plots of (jexact—7) X 10° for various 74 and h, using the trial 
function (2.2) with the normalizations (2.3), (2.4) and (2.5) respectively, and the 
corresponding forms of (1.5). (d): The parameters resulting from fitting to the differ- 
ential equation at one fixed point and one other point are shown by the full lines, which 
are labelled according to the fixed point. Also plotted are the zero contours from (a) 
and (c) and the curves used to find parameters by the Hulthén and Kohn methods. 


Similarly, using (2.4) and (2.5) and the corresponding forms of (1.5), we may 
calculate differences of 7 from the exact value for various sets of parameters. 
These are presented in figs. 1(6) and 1(c) with the relations corresponding to 
(1.3) and (1.4) again marked. In the latter case we again have a saddle point 
chosen by the Kohn condition, but in the former this gives a minimum which, 
since the difference does not change sign, is in fact the best value of the phase 
for the trial function used. All the plots have the same cross section along Y =0 
and therefore give the same value of » according to the Hulthén condition. 

It is clear then that Kohn’s condition can sometimes give better and sometimes 
worse values for the phase than Hulthén’s, according to the form of trial function 
chosen and the particular expression used of all those which are stationary to the 
first order. ‘There is of course no means of knowing which is the better when 
a problem is treated without an exact solution being available for comparison. 
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§ 3. FITTING TO THE DIFFERENTIAL EQUATION 


In using the conditions (1.3) and (1.4) we are making the trial function 
imitate one condition which holds for the true wave function, but this is not the 
only property we can use. ‘The exact wave function must of course satisfy (2.1), 
and a suitable trial function G, will be one which keeps LG, small everywhere. 
One way to secure this is to make LG, exactly zero at a number of points (as many 
as there are parameters), so chosen that the oscillations of G,LG, in between are 
small. ‘This will keep the first order terms (i.e. the integral Y) small, and thus 
give a set of parameters likely to be close to Hulthén’s values. One might select 
fitting points distributed over the region in which ¢(r) is comparable with k? 
{see fig. 2). 


3 4 5 eG ae 
b =k?/50 ie 


Fig. 2. Showing the step function used to approximate to the Yukawa potential and the 
resulting approximation to the function S. 


First, taking the trial function (2.2) we have computed the parameters 
corresponding to fitting at various pairs of points. ‘Those which fall in the 
region near Hulthén’s values have been marked in fig. 1(d), where the solid 
curves represent the range of parameters obtainable when one fitting point is 
kept fixed at the values shown. Also plotted in fig. 1(d) are the curves used in 
‘fig. 1(a), (b) and (c) to give the values of parameters in the Hulthén and Kohn 
methods, and the contours of zero (7exacp—7) taken from figs. 1(@) and 1 (c). 

It is impossible to obtain parameters close to the Hulthén values for a fit at 
zero and one other point, but other combinations may do so. Very good values 
of the phase could be obtained if any point were chosen, even zero, if the second 
fitting point were taken by chance to give a pair of parameters near the zero 
contour for the particular form of (1.5) we apply. 

This dependence of the parameters on the fitting points is the weakness of 
the method, and the criterion given for selecting them does not reliably lead in 
this case to errors as small as those given by the Kohn and Hulthén procedures. 

One would expect that the choice of fitting points would not be so important 
if a trial function containing many parameters is used, provided these are 
reasonably distributed. We consider the four-parameter form of trial function 
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used by Hulthén in the above problem: 
G,=cos 7, f(r) sin kr+sin yn g(r) coskr is sss GrBy 
with f(r)=1+cqe"+c.e", g(r)=(1—e*)(1+he”). Fitting at the two sets of 


points r=0, 0:4, 0:7, and 1:0, r=0, 1:0, 2:0, and 3-0, the latter of which is 


preferred according to the rather vague criterion given above, one finds 
F = —0:010389, Y = —0-014541, and using the form of (1.5) corresponding to 
(2.3), 7 =0-838 68, 7 =0-83691. The latter value is in error by 1 in 10*, about 
twice the error of the previous methods. In these evaluations the parameters 
obtained by solving the four linear equations given by the fitting procedure have 
been substituted in the expression (28, III) given for Y in Hulthén’s paper (1944). 

Again there is a variation with fitting points chosen, and no adequate guide 
in choosing them. The ‘best’ fitting points will depend also on the form of 
trial function taken, so no criterion of selection based only on the form of 4(r) 
and the magnitude of k? can be always reliable. 

A plot of the integrand GG; as a function of 7 is informative and shows that 
with the first set of fitting points the integrand is very small and oscillatory in 
the range r<1 but becomes large in the range 1<r<4. ‘Taking fitting points 
in this latter range reduces the size of the integrand here. 


An advantage of the fitting method would be that we need not restrict ourselves — 


to trial functions for which the integral # may be evaluated analytically. The 
parameters can be found using the simpler expression LG, =0, and the correction 
term calculated numerically.* 

When applied to linear trial functions the fitting procedure is simpler than 
Hulthén’s in that it leads to linear equations for the parameters, but this is also 
so with Kohn’s procedure and there is no saving of labour. 


§ 4. MopDIFICATIONS OF THE POTENTIAL 


The methods discussed so far have dealt with the replacement of the exact 
wave function by a trial wave function. We will now show how the perturbation 
theory can be applied when the potential is replaced directly by a simple form; 
that is, we perturb from a form of potential for which the asymptotic phase can 
easily be calculated and evaluate correction terms. As shown in I, this procedure 
is essentially the same as the variation method since in the latter the choice of trial 
function in effect selects a trial potential, and the ‘improvement’ formula (1.5) 
gives just the first order perturbation. 


The simplest function which suggests itself is a series of potential steps.- 


We will treat the same problem as before, replacing the Yukawa potential in a 
narrow interval of r by its value at some point in it, say the midpoint. That is, 


in the interval J, put R—Ul+1)fP+d(r)=R,2, say. eae (4.1) 
The solution over this interval will be 
G;= 4, SIDR, +5, COS. eu, a ener (4.2) 


The successive solutions are joined by the conditions that the ordinate and 


* A referee has drawn our attention to a procedure of selecting the parameters by mini- 
wo 
mizing ( (LG;)*dr. This avoids the difficulty of selecting suitable fitting points but is 


inapplicable if the integral cannot be evaluated analytically. If the latter is possible no 
advantage over the Hulthén or Kohn procedures is evident. 
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slope of G, should be continuous. The initial conditions will be b,=0 and 
a, arbitrary=1, say. We could avoid any difficulties which may be associated 
with the infinite potential at the origin by integrating out for a short distance. 

The value of ;/a,, the required tan 7, in the final interval J;, will be obtained 
by solving the 2 simultaneous equations for the coefficients a, and b,. The 
process of solution is most conveniently carried out on a desk calculator using a 
systematic self-checking method described for example by Milne (1949), p. 19. 
This is particularly simple here since only terms near the diagonal of the 
“auxiliary matrix’ are non-zero. 

Using the steps shown in fig. 2, we have found 7, =0-815 984 for the problem 
described by eqn. (2.1). This could of course be improved directly by taking 
more steps. It is of interest to look at the progressive phase shift 5,,/a,, as drawn 
in fig. 2, which may be regarded as an approximation to the function S used by 
Kynch (1952). It is clear that the potential out as far as x =4 has a great influence 
on the phase shift even though it is there small compared to k?(<h?/50). This 
incidentally indicates that a good set of fitting points in $3 would have been 
distributed over the range 0-3 to 4-0, where the rate of increase of S is greatest. 

The value of 7, just obtained may be improved using one of the forms of (1.5) 


and evaluating Y numerically. Y& may be put in the form oe) 56G dr 
Os 
(I, eqn. (3.6)), where d¢ is the difference between the two potentials, i.e. 
be™* 


r 


66 = ile 0h ody he ie eee tlpens eee (4.3) 

All the parts of the integrand have already been tabulated at the fitting points, 
and it is zero at the midpoints of the intervals, so the separate contributions to 
the integral may be found simply using Simpson’s rule. ‘To test the accuracy 
of this approximation additional values of the integrand were computed and 
Simpson’s rule again used. The agreement was found to be satisfactory only 
so long as the number of intervals in each half cycle of G is about 8 or 10, and 
more tabulation was necessary over the larger steps. 

Finally we obtained the value 0-004 405 3 for Y, and the values for 7 corrected 
for first order terms according to the several forms of (1.5) are tan 7 =1-104639, 
n= 0-835 08; cot 7=0-903 892, 7 = 0-835 83 ; y=0°83547. ‘The differences between 
these values, which are equivalent in the first order, give some idea of the size of 
second order terms and the number of figures we should keep in the answer. 

Forms other than the staircase approximating to the given potential were 
tried in the hope of reducing second order terms. Replacement by chords for 
example does not look at first sight very much more difficult, but it leads to a 
solution in terms of Bessel functions of fractional order with arguments rather 
complicated functions of r, which is much more difficult to handle numerically. 

Attempts to perturb from continuous potentials for which the phase shift 
may be found exactly are also difficult because of the complexity of the wave 
function, which must be evaluated in obtaining the correction terms. ‘That is, 
in applying the perturbation theory it is an advantage to have the wave function 
as simple as possible, since it is this which must occur explicitly in the correction 
term. The usual approach using a trial wave function is therefore more 
satisfactory except in a special case where both the potential and wave function 
are simple, as with the potential steps. 
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Abstract. A pair of integral equations is derived, which, together with a well- 
defined mathematical procedure, will automatically generate the elements of 
the S-matrix in their accepted renormalized form. 


§1, INTRODUCTION 


N unsatisfactory feature of quantum electrodynamics in its present state 
is that, in order to obtain finite expressions for physically measurable 
quantities, it is necessary to start with a set of equations which contain 

infinities, and to manipulate these infinities as though they were ordinary numbers. 
Dyson (1949) pointed this out near the end (pp. 1754-5) of his classical paper 
on the renormalization procedure (see also Dyson 1951), and suggested that it 
should be possible to reformulate the theory in such a way that no infinity ever 
appeared. In sucha reformulation, only the physical (renormalized) charge and 
mass of the electron should appear, and not the corresponding ‘bare’ quantities, 
which are in fact unobservable. Kallén (1952) has demonstrated that this is 
possible within the framework of the Lagrangian formalism only at the expense 
of putting infinities into the Lagrangian density. 

However, Schwinger (1951, see also Edwards 1953) has recently proposed 
an alternative formalism, which is clearly an advance on the earlier one, since the 
emphasis is on the actual propagation functions G(«) [Dyson’s S)‘(x)] and 
D(x) [Dyson’s D,’(x«)] for the electron and photon, rather than on the hypo- 
thetical functions to which they would reduce if there were no interaction. 
Schwinger’s new formulation is quite equivalent to its predecessors, and still 
requires renormalization for the elimination of the infinities. ‘The transparent 
reason for this is the survival of some of the old symbols which represent 
unobservables, notably y, in a context which corresponds to a simple vertex in 
the Feynman diagrams. ‘The principal object of this paper is to show how to 
eliminate these residual unphysical abstractions and thus to obtain a theory which 
requires no renormalization. 

A pair of closed equations is derived which, together with a well-defined 
mathematical procedure, can be used to obtain exactly elements of the S-matrix 
in their accepted renormalized form. Questions of regularization, or whether 
all terms of the S-matrix are present with their correct coefhicients—which are a 
source of practical, if not theoretical difficulty with existing methods—never 
arise. 


§ 2. PRELIMINARIES 


To those unfamiliar with Schwinger’s formalism, it should be explained that 
G(x—<x,) is the probability amplitude for the propagation of an electron from 
the point x (with coordinates X91, X92, X93, Xa) Of space-time to any other point 
x; and D(x—.x,) is the corresponding function for the photon. Full coupling 
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is assumed from the outset between the electron and photon fields, so that self- 
energy effects are already accounted for by these functions. The object in view 
is to set up a system of equations sufficient to determine G(x) and D(x), from 
which any desired element of the S-matrix is easily derived. 

We shall find it convenient to work mostly in the momentum representation, 
and accordingly define 


G(p) = | G(x)e'? -* de, 
D(k) = | D(x)e*-* dx, | 


where p=p*y,=Paya—P-Y, P-X=p’X,=PyX4—P-X, etc., and the integrations 
extend over the large region of space and time considered. We shall suppose 


that these functions are the renormalized ones; they are, therefore (provided. 


certain power series in e? converge!) well defined and finite. When there is no 


external field G(p) has one pole, for p=m, where m is the observed electron mass; — | 


also, D(k) is a function of k? =k’k, with one pole, for k2=7, where » represents 
the photon mass and must ultimately be made to vanish. The physical re- 
quirements of causality are most easily met by assigning a small imaginary part 
to both m and yw in evaluating integrals over momentum space; and p is con- 


veniently regarded as small but finite for the analysis of the infra-red catastrophe. 


Thus the form of G(p) and D(k) may be expressed by 


{Gip)i*=(p—m)fP), wee ee (2) 
and {D(k)y = (B= p2\e6h). es eee (3) 


It turns out that the normalization of f(p) and g(k?) for p=m and k? =, respec- 
tively has no observable significance, so that it may be assumed that 


fun ale. odio: ea ee (4) 
and pGaysaseey * bie “i (5) 


The function G(p) represents all Feynman diagrams describing the propa- 
gation of an electron with momentum p. We shall wish to construct from 
G(p), or any other function representing Feynman diagrams of a particular type, 
a second function which represents a new set of diagrams, obtainable from the 
former by the insertion of a simple vertex, in all possible ways. The function 
G.{p; k) obtained from G(p) in this way will then represent an electron line 
containing a vertex for the emission of a photon with momentum & and direction 
of polarization parallel to the x, axis. Thus one will have 


Gp; B)=—ieG(~)T.(0; HGP-B, see (6) 


where e is the observed electronic charge and I’,(p; k) represents the vertex 
(Dyson and Schwinger use the same notation). 

The operation which enables one to pass from G(p) to Gp; k), or more 
generally from any function F representing a type of Feynman diagrams to 
Fk), obviously corresponds to Schwinger’s functional differentiation with 
respect to the external field potential A,. Here no external field is contemplated, 
and anyway something more explicit will be required. It may be noticed, 
however, that F’ will always be the same functional of the electron momentum f, 


when no external field is present, as of p— eA in the more general (but less physical) 
case. 
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Suppose, then, that Fis regarded as a functional of an electron momentum p. 
Then F,(/) can be defined inductively by the rules 


F((l)=iey, when F=p, | 

FI) =F) +F2(l) when F=FO+ F®, 

FAN = FOOD) FMD; D+ FOP; DFXp—l when F=FO(p) Fp). 
Ba (7) 


For example, when F=p?, F,(1)=ie{py,+y,p—l)}; and when F=(p—m)-}, 
F (1) = —te(p—m)y,(p—l—m). The above rules are sufficient for our 
present purpose ; their extension to cases where more than one electron is involved 
is given in the Appendix to this paper, where a general proof is also given that the 
operation of forming F’,(/) from F corresponds to the insertion of a simple vertex, 
in every possible way, in the Feynman diagrams represented by F. 

From (7) is follows by induction that 


ie[F(p)—F(P—D}=PFP3 3 nee (8) 
hence, for the limit /=0, one has 
. OF 
ie =e ee 80\ in) eae aad ee (9) 
The vertex function which appears in (6) can be derived from 
Up \teG( Da iene ke ta (10) 
in accordance with the above rules. From the present point of view, therefore, 
the identity 2 
IDE Se OE hiat Tee We dais ts (11) 


due to Ward (1950, 1951, see also Thirring 1950) is a special case of (9). 


§3. Tue INTEGRAL EQuaTIONS 


In his paper on the renormalization procedure (1949), Dyson described two 
integral equations which are also fundamental in Schwinger’s formalism. They 
may be expressed in the form 


{G(p)}4 ={Gy(p)} +e | Tp; R)G(p—k)D(A)yo" dk... (12) 


and {D(k)}-1={D,(k)} 1+? Spur | G(p)l(p; k)G(p—R)yo" dp ...... (13) 


where G,(p) and D,(k) represent electron and photon lines without self-energy 
processes, and y,” a vertex without radiative processes. ‘These equations express 
elementary facts concerning the structure of the Feynman diagrams: for 
example, (12) can be decomposed into two equations 


G(p) = G,(p) + Gy(P)=(p)G(p), | 


X(p) = —e { Up; k)G(p —k)D(k) yo” ak, { pee 


of which the first states that all diagrams represented by G(p), except the one 
represented by G,(p), consist of one or more self-energy insertions in a simple 
electron line; and the second states that any self-energy insertion can be 
constructed from a vertex by joining an electron line and a photon line, the 
other ends of which are made to meet at a simple vertex. 

In an unrenormalized theory, G)(p), Do(k) and yo” would be finite, and 
G(p), D(k) and T,{p; k) would contain the infinities. But in the pre-renormalized 
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theory which we shall consider, the physically meaningful functions G(p), D(k) — 
and I',(p; k) are finite, and it is the unphysical abstractions G)(p), Do(k) and — 


yo" which contain the infinities. However, one may always write formally 


{Go(p)j > =a(p—m) +a 7 
{DRS O(a AO eee (15) 
Yo = ay" 
and, within certain limitations, treat a, a’, b and b’ as though they were ordinary 
numbers. 
It should be admitted at once that the equations (12) and (13) cannot be 
considered as a satisfactory basis for quantum electrodynamics. ‘They are 
equally objectionable from the mathematical point of view, and from the point 


of view of their physical interpretation. For electron and photon lines without _ 


self-energy processes, and vertices without radiative processes do not exist; 
and it is such things that G,(p), D)(k) and y,* are supposed to represent. 
However, if one can eliminate these quantities from (12) and (13), one will be left 
with equations which are invariant against renormalization, and which make 
sense both mathematically and physically. ‘That is what will now be attempted. 

The function G,(p), expressed as in (15), can be eliminated by taking (12) 
and applying the operation, defined in the previous section, which corresponds 
to the insertion of a vertex. Anticipating the well-known fact that D,(J; k) 
vanishes numerically (though not as a functional of electron momenta, which 
explains why D,,(/; k,r) does not), one has 


TP; k)= yon ie | {Pa.(b5 4,8) 
=tel',(p; DG(p—DE,(p—l; E)}G@—k-D)DDy, dl. = .0-. (16) 


This is another equation of Schwinger’s formalism, written in the momentum 
representation and formally renormalized. Setting for convenience 


Bp, !)= —-iel(p;)G(p-DDYD, ...... (17) 
it may also be written . 

TP; )=Voet | Balpsts Ryo'dl sees (18) 
After a second operation representing vertex insertion, one has 

Dia(P3 8, 7)= | Bag ls kyr )yy dl ee (19) 


If, now, yp were eliminated between (18) and (19), a completely meaningful and 
divergence-free equation would result, which is actually common to the 
unrenormalized and pre-renormalized theories. The result would not, however, 
be very useful, since one requires the function G(p), which appears only in a 
gravely mutilated form in (18) and (19). We shall show, however, that with 
the help of (2) and (4), the renormalized G(p) can be reconstructed. 

It should be noticed in advance, concerning the substitution, in a function 
d(p) of p=p’y,, of an argument m’ such that m'2=m?2, it does not follow in 
general from an equation (m’ +m)d(m')(m’ +m)=0 that d(m’)=0. But in such 
cases we shall find it convenient to write simply ¢(m’)=0, meaning in effect 
(m' + m)d(m’')(m' +m) =0. 

With this convention, it follows from (2) that 


(Gan) S07», See. ieee (20) 
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when m’?=m?. Also, with the help of (10) and (8) 
(G(p)} t= {G(m')} ++ (p—m'),T'(p; p—m’) 
(Pom ls Pm tee eee es (21) 
Further, it follows from (4) that 
D,(m' ; 0) ae MT we eheiee. in (22) 


Therefore, if one takes (18) and subtracts the same equation with p=m' and | 
k=O, one obtains 


Dp; k)=y,+ | {Bgl ls kh) By ne 030) tc dl eae ales (23) 
From (21) and (23) one has finally 
{G(p)}*=(p—m) + (p—m'y* | {Bills p—m’) — B,,(m’,; O)}yo'dl. (24) 
From this equation y,’ still has to be eliminated; this can be done with the help 
ae Yoe= Yu [Balt O)yg'dl Saree (25) 


obtained by subtracting (18) from (23). 

The eliminant of y, from (24) and (25) is the final form of our integral equation 
for G(p); it is unnecessary, however, for practical purposes actually to carry out 
the elimination. ‘The equations are easily solved to obtain power series in e? for 
{G(p)}-' and yo,, and at each stage a convergent expression is obtained for 
{G(p)}1, though not for yo,. The procedure is as follows. 

In the first approximation, one sets e?=(0 and has 


(i) (G(D)FT=P—Ms Yor=7n5 TDs R= Ve 
‘These expressions are then used to obtain, correct to order e?, 
(ii) {G(p)} 1 =(p—m) +2 | y{(p—1-my4— (ml —1— m9} 
x (p—m')(m' —1—m)y*D(1) dl, 
Yon =n & | y(n! —1—m)y,(m! — 1m) D(0) dl, 


Dp; k)=y.-@ lvde —l—m)y,{p —k—l—m)1 
= (m’ = m)ty,{m' i m)"}y*D(L) al. 


This process can be continued indefinitely. At each stage one obtains I’,(p, k) 


from {G(p)}-! by using (7) and (10), and computes B,,(p,/; k) for the next 
stage with the help of (7) and (17). At no stage beyond the first does yo, have 
any independent meaning; it is intended only for substitution in (24), where 
its divergences are removed exactly by Dyson’s ‘b-divergences’ which (cf. 
Salam 1951) arise from overlapping self-energy insertions in the Feynman 
diagrams. 

The relation between the present considerations and the ordinary 
renormalization procedure can be seen most easily by using (8) and (9) to 
express (24) in the equivalent form 


{G(0)}2=(p—m) ie | {B(0,)— BAe’, —(p—m'), ey al, «(26 


and, secondly, noticing that the constant a which appears in the relation yo’ =ay”* 
of (15), is equivalent to Dyson’s renormalization constant 7. 

An almost identical treatment can be given of the equation (13) for D(k). 
One can perform the elimination of the unphysical and divergent D)(k) by a 


0B,(m',1) 
Om 5, 
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mathematical procedure corresponding to vertex insertion in the Feynman _ 
diagrams, such as was used to eliminate G)(p). However, such a procedure | 
reduces essentially to the derivation of 


{D(k)}-2 — {D(w')} 4 = (R= BY A(R + Bo a D(e) 


On’ OL’. 
PG( p,m) | 
=1e spur | {G.(0 k)—G(p, wh’) —(R- pw) (R+B')o ae eae ap (20 


from (13), where px’ is any momentum vector satisfying p=, and G,(p, k) 
may be expressed as in (6). Equation (27), when yp is eliminated by means 
of (25), is one which holds whether the theory is pre-renormalized or not; but 
(3) and (5) are needed to determine the renormalized D(k) completely. In fact, 
with the help of (3) and (5), (27) reduces to 
{D(k)}* = (R?— pw?) 

2 i: 

sie Spur | {6.(0,4)— Gl. 1) (b= w ) e+ Ye ene | dp. (28) 
The eliminant of yy between (25) and (28) is our final equation for D(R). 

In this way the theory is reduced essentially to two equations, which 
automatically ensure the fulfilment of eqns. (2)-(5), and express in addition 
certain facts about the structure of Feynman diagrams without allusion to simple 
lines and vertices. They involve only physically significant quantities and are 
free of all divergences. When G(p) and D(k) have been determined by the 
solution of these equations, other elements of the S-matrix are readily constructed 


by the process corresponding to vertex insertion, and joining the elementary 
diagrams thus obtained. 


§4. ADDITIONAL REMARKS 


It is interesting to notice that the mathematical steps involved in proceeding 
from (12) to (26), or from (13) to (28), correspond to the insertion of two vertices 
in the diagrams for electron and photon transmission, respectively. The final 
equations are therefore disguised statements about processes which are in 
principle observable, such as Compton scattering or the scattering of light by 
light. It would, of course, be very unsatisfactory if irreducible elements of the 
S-matrix corresponding to such processes were not finite; this nevertheless is 
the case for several varieties of meson theory. 

The question naturally arises whether the methods of this paper can be used 
to obtain finite results for meson field theories. In those cases (see Matthews 
and Salam 1951) where it is known that renormalization is possible, this is 
certainly so. In other cases it would also be possible to eliminate the infinities, 
but whether the procedure could be justified on physical grounds is doubtful. 

The expression of the fundamental results of quantum electrodynamics in 
the form of closed integral equations such as (26) and (28) of this paper could 
have more than theoretical importance if an alternative could be found to the 
method of solution in powers of e?. Reasons have been given (Dyson 1952) for 
believing that these power series are at best only semiconvergent, and recent 
work by Edwards (1953) has pointed to the possibility of solving the integral 
equations in other ways. Edwards’ method was hardly systematic, and it is 
therefore perhaps worth pointing out that there is at least one practicable and 
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systematic alternative to the e? expansion: the expansion of {G(p)}-! and 
{D(k)}* in powers of (p—m) and (k®—y?) respectively. The fact that the 
coefficients need not be developed as power series in e? is encouraging. The 
radius of convergence of such power series is of course unknown, and analytical 
continuation might be required; but, as in a renormalized theory, at least at 
low energies, one does not expect wide departures from free particle states to 
be very important, the procedure is physically plausible. 
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APPENDIX 


We wish here to justify the assumption that the mathematical procedure, 
formulated in the rules (7), represents the insertion of vertices in electron lines; 
and also to generalize the rules for applications beyond those required in the text. 

A typical Feynman diagram (see Feynman 1949) can be represented by an 
expression involving the momentum of each segment of the electron and photon 
lines which it contains, thus: 


Fy = | | (11,A,)(11,B,) dk! dp’, 


A,=(pi—m)"0(Pi41-—PitR;)(teys), fF vee (29) 
B;=(Spur F;)(k?—p?)4, 


where the integrations extend only over the momenta p,’ and k,’ of the internal 
segments of the particle lines; and F’; is an expression similar in form to F). 
It should be noticed first that the rules (7) can be applied straightforwardly to 
(29), if supplemented by an additional rule 


F (1) = F%(p;; IFO (p;) + FOP) FM(p;; 1) when 
Bes POY \ FO), ¥oand nttsjende 8k Bee (30) 


necessitated by the fact that more than one electron momentum is involved. 
One obtains, in fact, from (29) 


Fol) = { { Pn <A») Av)(On>An)(UB,) 
+2,(1LA,)(T1, <;B,)By(l)\(Un>j;Bn)} aR dp, nese (31) 
where 
A,,(1) = —te(p,—m) yp; — !— m)"8( P41 — pi +; + (teri), 
Baecpurk Oke aya Mn es (32) 


This is a sum representing all diagrams which can be obtained from that repre- 
sented by Fy by the insertion of a simple vertex. 

The effect has now to be considered of eliminating the factors 5(p;,, —p; + R,) 
by performing the integrations over p,’ in (29) and (31). ‘The number of inde- 
pendent electron momenta is thereby reduced to one for each complete electron 
line, but the rules (7) and (30) are still applicable to those which survive. 

The only complication arises from the self-energy insertions in the photon 
lines, which are represented by the factors (Spur F;) in (29). ‘These can be 
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accounted for as follows. Suppose the position of the factors B; in (29), and of 
B, and B,,(1) in (31) is changed, so that each stands before the factor 


O(P; TE es ate k j)(tey;) 
representing the vertex at which the photon momentum k, is absorbed. _(It is 
left at the end if it corresponds to an externally emitted photon; ) Considering a 
sequence of factors (k,?—?)- Ae 2_ 142)-18(p:41—p;—R;) in (29), or 
(k,2—p?)-1{spur F,,(1)} . (Rj? — pw?) 18( pia — Ls in the relevant term of (31), 
one finds that by trcoriuens over fe momen all the 5-functions appearing 
in F, and F,,(l) can be removed except one, which reduces to 6(k,—k;) in F; 
and 5(k, —/—k,) in F;,(l). Because of these §-fanctions: the sequence of factor 
(spur F,)(k;? — ”)-16(p,41 —p, —k,;) can be written 


(Spur F;)(Ra? =u?) 18( Pia — Pi Ra); 
and {Spur F;,(1)}(k,? — wu?) 18(p, 41 —p; —k;) can be written 
{Spur Fy,(1)}{(Ra = 1)? — v8 (Dias —P,— Ra +!) 


The practical result is therefore as follows. at an expression / which 


involves D(k), D,(k; 1), Dj(k; 1,7) etc., one should apply the rule 
F,(1l) = FOR)F PR; D+ FMR; DFOR-l) when F= Fk) F(R). 


ea 3 

From this it follows in particular [by substituting 
FOR) ={D(k)}4, F(R) = D(k)] that 

D,(k3 l)=—teD QAR; DDT), y | \ yeaa (34) 

where P(R)=eDh) | Sao ee eee (35) 


The last two formulae may be compared with (6) and (10) respectively. In 
evaluating P,(k; /) one naturally regards P(k) as a functional of the electron 
momentum which survives in the self-energy integral. 
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The Effect of Nuclear Multipole Moments on Electron Scattering 


By K. PARKER 
Wheatstone Department of Physics, King’s College, London 


Communicated by H. S. W. Massey; MS. received 20th May 1953 


Abstract. It is shown that possible effects of nuclear multiple moments on 
electron scattering are too small for measurement with the present experimental 
technique. 


greater than about 0-1 Mev) gave contradictory results, but the experimental 

results of Van de Graaff et al. (1946), Buechner et al. (1947) and Sigrist 
(1943) are in quite good agreement with the calculations of Bartlett and Watson 
(1940), McKinley and Feshbach (1948) and Feshbach (1952) based on the theory 
of Mott (1929, 1932). Recent experiments by Kinzinger and Bothe (1952), 
Paul and Reich (1952) and Kinzinger (1953) lead to cross sections which show 
a definite deviation from the calculated values of McKinley and Feshbach for 
Z>40, especially at high angles. Improvement in the technique of high-angle 
measurement might lead to better agreement with the theory, but meanwhile 
it is of interest to investigate any possible corrections to the theoretical 
calculations. Here we consider the effect on the scattering of the perturbation 
of the coulomb field of the nucleus by the nuclear electric and magnetic multipole 
moments. 

Any treatment of the problem will be approximate since non-central forces 
are involved. The distribution of charge and current inside the finite nucleus 
gives rise to electric and magnetic multipole moments, and it is easy to calculate 
the scalar and vector potentials for points outside a sphere enclosing the nucleus. 
We now suppose that these potentials are correct at all distances 7, measured 
from the centre of the nucleus; in other words, we approximate the potentials 
by those due to a series of point multipoles situated at the centre of the nucleus. 

The theory of nuclear multipole moments is given by Blatt and Weisskopf 
(1952) and it is easily shown that if the nucleus has an axis of symmetry, as we 
shall assume, then the scalar potential at r is 


Hea= os (575) Quar1P,(c08 ©), Peet) 


n=0 \2n+1 


Be Y experiments on the scattering of fast electrons (with kinetic energies 


where © is the angle between the axis of symmetry and the direction of r.. Under 
normal physical conditions the axis of symmetry will have a completely random 
direction in space, and observable physical effects will be obtained by averaging 
over A and p, the polar and azimuthal angles of the direction of the axis of 
symmetry. Q,,, is an electric multipole moment and we have the relations 
Ze =(47)#?Qo, Qe = (1677/5)"2O.,, where e is the proton charge, Z the atomic 
number of the nucleus, and QO the experimentally measured quadrupole moment. 
The dipole term is absent from parity considerations. 
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The usual integral equation treatment (Mott and Massey 1949) gives the — 


cross section on averaging over A and yu as 
1(6, $) = {ff ep fikn .(r” —r’)} 
; 4An*ht 4a 
x b(n’, A, w(K”, A, wet V(r’, A, pe) V *(n", Aye) ar! dr". sa (2) 


where we write «V = — ed; «is some suitable expansion parameter. If we assume 
the existence of a convergent Born expansion, we may take « = Ze?/hv = Qo o/hv, 
v being the incident velocity, and expand I(0, #) as a power series in «; ¢(r, A, 14) 
is the wave function for the scattering and n a unit vector in the direction of r. 
Electrons of momentum kf are supposed to be incident along the polar axis. 


The problem is here considered non-relativistically for simplicity; the extension _ 
to Dirac’s equation is straightforward. The wave function may be written in | 


the form (Jost and Pais 1951, eqns. (6), (7)) 
w(r, A, w) =exp(iky.r)+ De® | F(rsr',r",...r) 
n=1 


n integrals 
XV A, ILO 5 Age) ss ONS LL) ee To oe eee (3) 
where the A,» dependence is solely in the terms in V;_ ky=kny where ny is a 
unit vector in the direction of the incident beam. A typical term in <V(r’, A, 1) is 


= eQn("*2P, (608 8") == e(r')"1Qyq E_ {4/(2n+1)} Vins t)¥ nn’ 


wheteds fs, «nisi Gh 2 keer Syed Selle ie ee ee (4) 
n n—|m)|)!) 12 s 
Yinnl(9; $) = eee P#(€08.0) €xp Gib), ae (5) 


and such expressions completely determine the dependence of <«V on A, um. 
Combining (1), (2) and (3) the cross section is given as a sum of terms depending 
on the Q,,. and the terms in Qoy represent the Born expansion for a coulomb 
potential. We can now show that terms in Qo9*Q,9 (7, 5 positive integers) will 
not arise because of the averaging over A, uw. Terms in Qoo' OQ,» arise as follows: 

(a) We take the Q,, from one of the potentials in (2). We must then take the 
Qoo terms in the other potential and the two wave functions. These are 
independent of A, uw. Integration over A, «1 then gives zero by the orthogonality 
relations for the Y,,,,(A, 1). 

(5) We take the Q,, from one of the wave functions. By a similar procedure 
we again get zero on averaging. 

For all actual nuclei Q,,=0 and Q,, is negligible for r>2. The largest 
perturbation term is then that in Qj)? which comes from the exp {iky.r} part 
of % taken with the Qj) term in V, so that asa first approximation to the cross 
section we have 


m2 fet . ff ° " y tS , " 
1(0,$) = sea, | | sin dd du | | exp fikn.(r” —r')} exp {ikn, «(r’—r")} 


Ze* 2 Ze? 2 
x | - a ri (3 cos?" —1) | | - SMEG cos?” —1) | dr! dr" 
ip Ti 


4 r ay 
oe (oly aul ee (6) 
em z Ne ny . , ” 
Sone Scea | | sinddy | (r’)-8(r")-S exp {ik(ny—n).(r’ —r")} 
x (3:cos? ©’ — 1)(3 ¢08?@ = 1) dridn 1 an Sle See (7) 


since the terms in Q average to zero. 
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Z,(@,¢) is the first Born approximation for coulomb scattering which, as is 
well known, is equal to the exact coulomb cross section. 

Since cos@=cosAcos@’+sinAsin 6’ cos(u—¢’), with a similar formula 
for cos@”, we may carry out the averaging over A, « with the help of the 
addition theorem for Legendre functions. This gives 


IT sinA dA duP,(cos 0’) P,,(cos ©”) = {47/(2n+1)}P,(cosw), ...... (8) 
where w is the angle between r’ and r”. Hence the second term of (6) may be 
written 

er m i s) / u / " 
1,(0,¢) = a yA {| (r')-3(r")-3 exp {tk(ny —n).(r’ —r”)}P2(cosw) dr’ dr”. . (9) 


If we take a new coordinate system with polar axis along ny—n given by (r,~, 8) 
then 


1,(0,4)= SORE | [ rye") Sexp {ik(my—n).(r/—")} 
2 (1-|m)p! 


x S 5m)! - P3(cos a’) P3'(cos a”) exp {tm(o’—")}, «se (10) 


where the addition theorem for Legendre functions has again been used. Terms 
with m0 vanish on performing the f’ and f” integrations. Hence 


2e4m2 
I,(0, 6) = ie 


where K=2ksin(6/2). The integral over «’ is evaluated by writing x=cos«’ 
and integrating by parts. Finally, 


fe it 2 
r’)+ exp (tKr’ cos «’) P,(cos «’) sin «’ dx’ dr 
Y 


pe enm: ie siny _3cosy S3siny 2 
I,(6, 6) = sya maT ys + iB y ANISH Pies ra (12) 
and the integral is evaluated by nice aps: between « and oo and letting « tend 
to zero. ‘This leads to a finite value of —4 for the integral and therefore 
Oe*m? 


(non-relativistic). 9. sued... (13) 


1,(8, 9) = Fara 


Calculations with the relativistic wave equation are essentially similar and lead to . 


Q?e'm? 1 — (o/c)? sin? (9/2) 


I,(6, ¢) = “Tei fick (GeriIVIStiC).o &.nie nen (14) 


This correction term has a maximum value of about 2 x 10-8° cm?, which is 
negligible compared with the cross section for pure coulomb scattering, this 
latter quantity being of the order of 10-23 cm. Even if it were possible to align 
nuclei so that all axes of symmetry were parallel the effect would still be small. 
The unaveraged term in Qgy is approximately 10-6 cm?. 

Similar results may be obtained by considering the magnetic moment of the 
nucleus, and here we find the largest correction term is approximately 2 x 10-8! cm? 
if we average over A, 1; without averaging, the largest term is of order 10~*6 cm?. 
This problem has been previously investigated by Massey (1930) who, using a 
somewhat different method for the evaluation of the first Born approximation, 
arrives at similar results. 
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Thus, our calculations show that the nuclear magnetic and electric quadrupole 
moments may be ignored in experiments on the scattering of fast electrons by 
nuclei. The perturbations to the cross section are so small as to be well inside 


the experimental error. Even with aligned nuclei we need an accuracy of — 


one part in a thousand to detect any effect and, as experiments with aligned nuclei 
must be performed at temperatures of less than 1°k, this is most unlikely to be 
attained. In view of the numerical values obtained it does not seem worth while 
to take into account the correction to the effect due to the finite size of the nucleus. 
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The Absorption Spectrum of SnS Vapour in the Ultra-Violet 
and Schumann Regions 


By R. F. BARROW, G. DRUMMOND anp H. C. ROWLINSON 
Physical Chemistry Laboratory, Oxford University 


MS. received 1st Fuly 1953 


Abstract. New spectrograms of the E-x system of SnS have been taken, and 
additional bands have been assigned to the short wavelength end of this system. 
A fairly short extrapolation leads to a dissociation limit at about 40850 cm~! 
above v’=0. ‘The energy of dissociation of SnS is found to be 110 kcal mole=1, 
and this value is shown to be consistent with thermochemical information. 
The absorption spectrum in the Schumann region has also been examined; 
two band systems and a region of continuous absorption have been observed. 


§1. THE E-X System oF SNS 


HE ultra-violet band systems E-x of GeS, GeSe (Drummond and Barrow 
1952b), SnO (Eisler and Barrow 1949) and SnSe (Vago and Barrow 1946) 
exhibit long v” =0 progressions from which fairly sharp dissociation limits 
have been obtained. Although the E-x system of 5nS has already been the 
subject of careful study by Rochester (1935), it was thought possible that the 
existing vibrational analysis might be capable of extension to higher values 
of v’. Earlier spectrograms taken by Mrs. E. E. Richards of the system in 
emission in a heavy current, positive column discharge enabled Rochester’s 
analysis to be confirmed, but led to no extension of the system. New pictures 
have now been taken of the system in absorption. Mixtures of stannous sulphide 
and tin were heated to temperatures around 1350°c, and the system was 
photographed on a Hilger Medium Quartz spectrograph. Measurements on 
the main part of the E-x system are in good agreement with those of Rochester, 
but new bands which—on grounds of appearance, intensity, and the occurrence 
of the ground state intervals for SnS—appear to constitute an extension of this 
system have been found in the region 2500-26204. Details of the bands are 
given in table 1. The upper-state vibrational intervals do not vary regularly 
with v’, and there appears to be a pertaibation with a maximum at about 
v'=21 or 22. As a result, the numbering of bands with v’ >23 may not be 
quite correct. 


§2. THE ABSORPTION SPECTRUM OF SNS IN THE SCHUMANN REGION 


The absorption spectrum of SnS has also been examined in the region 
1500-20004, using a 1 m vacuum grating spectrograph of reciprocal dispersion 
about 86Amm?. SnS vapour was obtained by heating SnS+S5Sn_ to 
temperatures between 1150-1250°c: the addition of Sn metal effectively 
removed S, impurity, so that the strong S, band at 1796-94 was not visible, 
but SnO bands were more persistent and were never entirely removed. 

Three features ascribed to SnS have been observed: (1) a weak system of 
red-degraded bands in the region 1860-1935 A, (i1) a v’=0 progression of three 
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strong bands at 1788-0, 1803-5 and 1819-24, (iii) a region of continuous 
absorption, sharply bounded on the short-wavelength side with a more diffuse 
long-wavelength edge. Details are given in tables 2 and 3, where these features 
are given the non-committal designations p, q and r, respectively. 


Table 1. Band Heads of the E-x System of SnS 


u,v’ A (A) v (cm7}) Intensity 
20, 0 2612°8 38262 5 
Hi O) 00-1 449 a 
?22,0 2592-6 560 3 
Psy Al 81-9 720 1 
2on2 78-4 772 1 
26,1 69:2 911 1 
24, 0 62°8 39008 @) 
Dif, il 57:8 084 1 
250) 49-8 207 6) 
28, 1 46-6 256 1 
26, 0; 29,1 36-5 413 1 
30, 1 PLD) 558 0 
Dim 26:7 565 0 
28, 0 15-6 740 0 
29,0 06:1 891 0 


Table 2. Absorption Bands Attributed to SnS 


Ava (A) yn (Gaer4) Degradation Intensity Assignment 
1933-1 SI R 0 p= Ose 
18-3 52128 R 0 p-ty1 
04-0 5) R 0 [85275 1 
1892-4 844 R 0 — 
86°5 53009 R 1 Di2n0 
75:6 Si7) R 0 — 
TBD 386 R 1 D235.0) 
60-0 762 R 0 p. 4,0 
Sen 54969"; R 5 q. 0, 2 
03:5 55449 R 8 q. 0,1 
1788-0 928 R 8 q. 0, 0 
70°9 56470 Vi 8 r 
S79) 887 R 10 r 


Table 3. States of SnS 


State 16 w Notes 
r 56890-56470 — continuum 
q 55928 _ v’ =0 progression only 
p (52220) (395) ~- 


Constants for the lower-lying states of SnS are given by Rochester (1935) and 
Shawhan (1935). 


The most interesting point about the present observations is the evidence 
that there is at least one repulsive state of SnS at about 56000 cm-!. From 
the absence of bands with v’=1 in the transition q-x!1© we may infer 
Do" ~56100—E,, and from the continuous absorption, Dy" <56890—E,. 
If the apparent strength of these transitions is interpreted as meaning that 
they are singlet-singlet transitions, then the only likely products are 


| 
| 
| 
| 
| 
| 
| 
\f 
|} 
\} 
| 
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Sn(*D,)+ S(4D,), and, from the lower limit, Dg,” ~ 109°, kcal, a figure 
which, as will be seen, fits in well with other evidence about the dissociation 
energy of this molecule. 


§3. THE DissocIATION ENERGY OF SNS 


A short graphical extrapolation of the levels in the E state leads to a limit 
at 40850 cm™' above v”=0, which should be reliable, provided only that the 
vibrational levels do not follow an unexpected course after the perturbation. 
The corresponding limit has also been observed for SnO (Eisler and Barrow 
1949), and thermochemical evidence is clear that this limit corresponds to 
dissociation into Sn(?P)+O(?P): which ?P sub-level of Sn is involved is not 
however certain, although the figures given by Drummond and Barrow (1952 a) 
suggested that Sn is in the ?P, state. ‘The present extrapolation for SnS thus 
corresponds to D)”=111+6 kcal, where the limits represent the spread of the 
3P levels of Sn+5S. 

A value of D,)’=110 kcal is supported in two ways. First, a long 
extrapolation of the ground-state vibrational intervals, using the mean of 
the constants derived by Rochester (1935) and by Shawhan (1935), gives 
D," = 120 kcal. The justification for attaching any weight to this value 
comes from a study of the oxides of this group (see, for example, Brewer 
1953), from which evidence has accumulated that the linear ground-state 
extrapolations give dissociation energies which are in very fair agreement 


with the thermochemical values, provided, of course, that the values of x,”w,” 


a 


are accurately known. 

Secondly, there is the thermochemical evidence on SnS itself. The boiling 
point of SnS is given as 1513°xK (Biltz and Mecklenburg 1909). If then it is 
assumed that the heat-capacity equation of Kelley (1949) for SnS, can be 
extrapolated to the melting point (1153°K), that the heat capacity of the liquid 
is 20 cal/mol/°c, and that the entropy of fusion is 3 cal/mol/°c (as for PbS), we 


_ find that the heat of sublimation at 298°K is 52-, kcal mole~!, using SQ». = 18-2 


for SnS, (Kireev 1946) together with values of S° and of Hy;13 — Hogg for SnS,,., 
tabulated by Kelley (1949). Combining Lg,,=52-6 kcal with the values of 
Ls,=65 kcal (the mean of the values proposed by Baughan and by Brewer, 
private communications), of QO,(SnS)= —18-6 kcal and of Q,(3S,)=14-9 kcal 
(National Bureau of Standards 1952), we obtain D"y9(SnS)=97 or 84 kcal 
according as to whether the value of $D(S,) is taken as 51 or 38 kcal, 
corresponding to the limiting values of D(S,), 4:4 or 3:3 ev (Gaydon 1953). 
Clearly this estimate is of no great precision, but it may be taken as supporting 
a value of D,’(SnS) of about 100 kcal, and as an indication that the high value 
of D(S,) is the most likely one. ‘This question will be clarified when vapour 
pressure figures become available for SnS(crystal). 

It should be noted that a much lower value, D(SnS) < 68-5 kcal, is suggested 
by the work of Shawhan (1935) on the basis of a supposed predissociation in 
the a-x system. However, no adequate analysis of all the SnS bands in the 
region of the a—x system has yet been put forward, and it seems probable that 
transitions to more than one upper electronic state are involved. A similar 
state of affairs arises in the long-wavelength bands of SnO and SnSe: in SnTe, 
what appear to be the corresponding bands are resoluble into two overlapping 
systems (Barrow and Vago 1944). Thus the explanation of Shawhan’s 
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observations may well lie in an interaction between the neighbouring states, 
and the predissociation cannot be regarded as established. 

We therefore conclude that the best value of Dy"(SnS) that can be derived | 
with the information available at present is 110 kcal. | 
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The Energy Band Structure of a Linear Metal 


By E. P. WOHLFARTH 


Department of Mathematics, Imperial College, London 


MS, received 27th May 1953 


Abstract. A tight binding calculation of the one-electron energy as a function 
of wave number is described for a linear chain of hydrogen atoms in the ground 
state. The calculation is accurate to the order of exp (—2a), where a is the 
interatomic distance (in atomic units), all non-orthogonality and energy integrals 
of this order of magnitude being included in the energy expression. A closed 
expression for the band width is derived and compared with expressions 
corresponding in their approximations to those usually made in tight binding 
calculations for actual metals. 


§ 1. INTRODUCTION 


N a recent paper Fletcher (1952, see also Fletcher and Wohlfarth 1951) has 
] carried out a calculation of the energy band structure of metallic nickel on 

the basis of the tight binding method. The approximations made in this 
calculation include the following: (i) neglect of non-orthogonality of the atomic 
wave functions based on different atoms in the crystal; (ii) use of a particular 
approximate potential field for the electrons in the crystal and in the free atom; 
(111) neglect of contributions to the matrix elements of the one-electron 
Hamiltonian operator H, other than those arising from the overlap of the atomic 
wave functions of neighbouring atoms in the crystal. 

A complete investigation of the effects of these approximations on the 
numerical results of Fletcher’s calculation would be extremely laborious in view 
of the complexity of the calculation even in its simplest form. It is proposed, 
therefore, to describe an accurate tight binding calculation for the simplest 
possible case, a linear chain of hydrogen atoms in the ground state, for which 
these effects may be examined. Here it is possible (1) to include non-orthogonality 
integrals to any order of magnitude (in the present calculation the final expressions 
are accurate to the order of exp (— 2a), where a is the interatomic distance in 
atomic units) ; (ii) to use an exact expression for the potential field ; (iii) to include 
matrix elements of H, to the same order of magnitude as in (1). 

Since the various energy and non-orthogonality integrals which occur in 
the calculation may be evaluated analytically, it is, in fact, possible to obtain a 
closed expression for the width of the energy band. Comparison may then be 
made with approximate expressions for the band width, corresponding to the 
nearest neighbour assumption with or without inclusion of the nearest neighbour 
non-orthogonality integral: The calculation also shows that the consistent 
inclusion of all the terms in the energy expression leads to the exact cancellation 
of all divergent terms of the form exp (—ma) In N, where N is the number of 
atoms, assumed large, and n=1, 2. As shown below, these terms arise through 
the use of the expression (6) for the potential field. ‘This effect does not seem to 
have been noted previously. 

Earlier work on the band structure of a linear metal on the basis of the tight 
binding approximation includes the calculation of Hoffmann and Konya (1948, 
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1951), who included the effects of non-orthogonality integrals for neighbouring 
atoms and demonstrated the effects of their inclusion in distorting the density 


of states curve from its familiar U-shaped form. Here matrix elements of H, 


for non-neighbouring atoms were neglected. Further, the values of the 
integrals included were left unspecified. Calculations for the linear molecule H, 


to give the total energy, including exchange and coulomb terms, have been 


carried out by Taylor (1951). In this work account was also taken of 
configurational interactions, a difficult task even for this simple molecule. ‘The 
effects of including non-orthogonality integrals and matrix elements of the 
total Hamiltonian operator for atoms more widely separated than nearest 
neighbours have been considered by Léwdin (1951) in his work on metallic 
sodium. This work is based on a modified tight binding approximation; clearly 
this method must be taken to a much higher degree of approximation for an 
alkali metal, where the s electrons are almost free, than in d band calculations 
for a transition metal like nickel, the d electrons being here much more ‘tightly 
bound’. In Léwdin’s calculation interactions between neighbours up to order 
nine are included. The calculations are complicated, and it is difficult to assess 
the effects of including or omitting terms of different orders of magnitude in 


the total energy expression. Other tight binding calculations which include _ 
non-orthogonality integrals to some extent include those of Coulson et al. (Coulson © 


and Taylor 1952, Duncanson and Coulson 1952, Taylor and Coulson 1952) on 
graphite and related compounds. The general non-orthogonality problem has 
been discussed by Lowdin (1950). 


§ 2. CALCULATION OF THE ONE-ELECTRON ENERGY. DIscUssIoN 


It is required to calculate the one-electron energy of the linear metal as a 
function of the wave number k. A general expression for the total energy on 
the basis of the tight binding approximation has been given by Wohlfarth (1953). 
It is noted that the one-electron energy, there denoted by F,, diverges (the 
divergence being of the form In N for a linear metal containing N atoms, see 
relations (1), (2) and (8) below), so that it is convenient to supplement F, by a 
term 2K/.N, where K is the total interaction energy of the ion cores. Since K 
is independent of wave number this effective re-definition of the energy zero has 
no influence on the band width. A similar redefinition is necessary in obtaining 
a convergent expression for the coulomb energy of the metal; this situation had 
been discussed previously by Seitz (1940, p. 360 ff.) in deriving an expression 
for the total energy on the basis of the cellular method. 

It is convenient to denote the term 2K/N by D, so that for a linear metal of 
hydrogen atoms, using atomic units, 

G 
= Sy =I 
D is (an), jee ORIG NETS (1) 
where N=2G'+1 is the number of atoms, assumed large, and a the interatomic 
distance; the term D diverges as In N as N->co, but, as already pointed out, the 
final energy expression is free of all terms involving D. 

The energy expression it is required to evaluate is, with the re-definition 

of the energy zero discussed above, 


q @ 
B=H(h)=Ey+D—{Jp+2 x J, COS (ant) [15,42 Hoty c0s (anh), Care ate (2) 
: n=1 n=1 
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expressed in atomic units. Here k is the wave number, defining the ‘ Brillouin 
zone’ by —7/a<k<zn/a, and E, is the energy of an isolated atom. Also 


T,=—[br\(V-U)d(r—an)dr(r), eee (3) 
= | dir )b(r—an)dr(r),.2uee «Soul nine ak (4) 


where ¢(r— an) is the atomic 1s function of the H atom based on the nucleus 
having position an in the chain; i.e. 


rtd et o>. 4 0 Cay al ee a Meroe (5) 
In (3) U is the potential for an electron in the field of an isolated nucleus and V 
the potential in the field of all the nuclei of the metal, so that, in atomic units, 


(Va = 42 rc bee (6) 


= r,,=|r—an| is the distance of the electron at r from the nucleus at an. 

In the present calculation the interatomic distance a is taken to be so large 
that exp (—3a) is negligible. Then only integrals J,, S,, for n<2 need be 
included in (2), since, in effect, J,, and S,, are both of order exp(—an). Using 


(4) and (5) it is easy to show that 


S,,=S(an), where S(x)=exp (—x)(1l+x+4x*) = ....,. (7) 


Also, correct to O{exp (—2a)}, 


Jy=4 E [ re 24%) de(r) =D —4 exp (=2a)(1+a)Ja, 0... (8) 


where D is given by (1). 
The integral J, may be written, using (5), 


‘ G 
jga2r | ryt exp{—(r9+7,)} dr(r) +404 & | ra) exp{ —(79+7;)} dr(r). 
: n=2 ; 


The integrals in the second term are one-electron three-centre integrals for 
which a general formula has been given by Hirschfelder, Eyring and Rosen 


(1936), giving, correct to Of{exp (—2a)}, 


J,=2 exp (—a)(1+a)+12a1S(a) y S(n), 


where Lp essa BAF xP alt) In {(n+1)/n} 
=4n- 2 >; tet os ee ean aS et (?) 
p= —2(p+1 \(p +2) ; J 
Hence J,=2 exp (—a)(1+a)+S(a)D—24a4S(a)p,, 2... (10) 
where D is given by (1) and 
3 = (7 4)76(P) 
= % ——~——— =0:098693,  — ...... i 
a ab D+ 2) i!) 
where ¢(x) is the Riemann function (tabulated by Dwight 1941). 
The integral J, may be written 
a= 2a"? ry exp{—(% +72)} dr(r) + 20 | rz) exp{—(19 +72)} dr(r) 
G “3 
447-1 5 | Pelexpl (yer) dr(r)u, on. take pilates (12) 
N=3 
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The first term in (12) may be evaluated using the general formula of Hirschfelder 
et al. (1936) and is given by 
8a-H(y +n 4a)S(2a) — Ei( —4a).S(—2a)}—2 exp (—2a)(2+a), ...... (13) 


where y is Euler’s constant and — Ei(—.) the exponential integral. The second | 
term in (12) is given by 
2 Xp = Za EE LO)y a) sentinel alec ss a (14) 
and the third term becomes 
n 


Gr ws 
6a-1,S(2a) pa i(). 
n=2 


where the function f has been defined in (9), i.e. it becomes 


G foo) 
12a18(2a) © Eg sy OY = S(2a)D— 124-8(2) Ba, ioe (15) 3 
s n=2 p=1 “P 
© (L(2p—1 
phere at 2 eT = (0-318 654i ae (16) 
p= 


The complete expression for J. is given as the sum of the three terms (13), (14) 
and (15). Inspection shows that J;~O{exp (—a)}, J,~Of{exp (—2a)}. 
The expression (2) for the energy may be written in the form E=E,—J, 
where J may be expanded to give 
J = {(Jo— D) — 2(F 2S oS2)} + {I —JoSi} 


Vici Fn J,S) Sis ods ree en) eae (17) 


where «=2cos(ak). ‘The appearance of terms of the form J,—J,)S, in 
expressions for the energy of molecules and crystals has been noted by Léwdin 
(1950), and the properties of such terms have been studied by him. On inserting 
the values of the integrals the following conclusions may be drawn: 

(i) The constant term in the energy expression (2) is free of all terms 
involving D, which have cancelled out; it may be written in the form 
E, + Ofexp (—2a)}. 

(ii) Similarly the term in x? in (17) is free of all terms involving D and is 
Ofexp (—2a)}. This term gives a measure of the distortions of the curve of E 
against k, and hence of the density of states curve, from symmetrical shape. 

(iii) Of greatest interest is the final expression for the energy band width Ey. 
‘This is given by 


E,=E(k=/a)—E(R=0)=440,—JySy}. ss ae (18) 
‘The expression (18) is accurate to the order of exp (— 2a); explicitly 
Ex =8 exp (—a){a(1—48,)+(1—128,)—12a1fy}, ...... (19) | 
again free of all terms involving D, Inserting the value of B, given by (11), 
Ey =4-84a exp (—a){1—0:30a! — 1-96a-?} + Ofexp (—3a)}. .... (20) 


The exact relation (20) for the band width may now be compared with 
approximate expressions corresponding to (i) neglect of all non-orthogonality 
integrals, and neglect of all energy integrals except those involving overlap 
between nearest neighbours (equivalent to the approximations of Fletcher’s 
calculation); (11) inclusion of the non-orthogonality integral as well as of the 
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energy integral for nearest neighbours and neglect of all other terms. The 
corresponding expressions are, respectively, 
(i) Ey =8a exp (—a)(1+a-4), sewere(al) 
Gi)" Ea =2-67@exp (—all—3a-*—6a)> ae (22) 
It is of interest to note, comparing (20), (21) and (22), that the exact band width 
is intermediate between the values given by the first and second approximations, 
in the sense indicated. 

It is hoped to extend the calculations given in this paper to two- and three- 
dimensional lattices at a later stage. It should be pointed out, however, that in 
d-band calculations the various effects considered here may enter in quite a 
different way, partly since atomic d-functions have pronounced nodal properties. 
There are reasons for believing that, with d-functions, the value of the band 
width corresponding to approximation (i) above (i.e. Fletcher’s approximation) 
lies even closer to the exact value corresponding to the relation (20). 
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Abstract. The angular distributions of scattering of 10 and 14 Mev neutrons by 
deuterons have been investigated using photographic emulsions. 1540 deuteron 
recoils entering the emulsion from a thin target of heavy wax placed in contact with — 
its surface were measured. ‘The results are shown to be in good agreement with 
the recent theoretical curves of Buckingham, Hubbard and Massey. ‘The errors 
to which the measurements are subject have been carefully considered and give a 
clear indication of the limitations of the photographic emulsion technique in an 
experiment of this nature. 


$1. INTRODUCTION 


HE problem of determining the angular distribution of neutrons scattered 

| by deuterons has been extensively investigated by several workers. The 

work has, however, been mainly concerned with neutrons of energies below 

6Mev. Athigher energies only two determinations have been reported: Grifhth, 

Remley and Kruger (1950) used a pressure cloud chamber to investigate the 

angular distribution of 12 to 13 Mev neutrons scattered by deuterons, whilst Coon 

and 'Taschek (1949) used a proportional counter telescope for a similar measure- 
ment with 14 Mev neutrons. 

These results have been compared with the recent theoretical calculations of 
Buckingham, Hubbard and Massey (1952). In these calculations the effects of 
d-wave scattering, which make appreciable contributions to the scattering at higher 
energies, have been taken into account. ‘There is reasonable agreement between 
the shapes of the angular distributions found by experiment and those calculated on 
the assumption of symmetrical exchange forces. At higher energies, however, 
there is ample room for further confirmation of the experimental results available 
at present, especially for neutrons of energies between 6 and 12 Mev. 

In the experiment described here neutrons of energies 10 and 14 Mev were 
considered and the angular distributions were determined by observations on the 
recoil deuterons detected in nuclear emulsions. 

‘The method employed has been essentially the same in principle as the one 
described in detail by Martin, Burhop, Alcock and Boyd (1950). In their experi- 
ment neutrons of energy about 3 Mev were used and deuterons at recoil angles 
between 0° and 40° in the laboratory system could be measured with reasonable 
accuracy. 

With the higher energy neutrons employed in the present experiment it has 


been possible to measure the recoil deuterons at all angles between 5° and 57° in the 
laboratory system. 
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§2. DETAILS OF THE EXPERIMENTAL ARRANGEMENT 


The neutrons were produced by the bombardment of an unseparated boron 
target by deuterons from the Cavendish Laboratory high tension generator. 
Gibson(1949) has shown that several homogeneous groups of neutrons are produced 
in this manner. Only the higher energy neutrons, the 9-4 and 13-5 Mev groups 
(when emitted at right angles to the deuteron beam), have been accepted for analysis 
in the present experiment. 

The boron target employed had dimensions 2m by 1 cm and was bombarded 
by a 60, deuteron beam of mean energy 930 kev. 

Nuclear emulsions with a layer of deuterium wax (99% of the hydrogen content 
being deuterium), of thickness 20, in contact with the surface of the emulsion 
were enclosed in thin light-tight metal cassettes and arranged radially around the 
target as shown in fig. 1. Four plates were exposed with their leading edges 10cm 


930 kev deuterons 


Unseparated 
Boron target 
2cm by!cm 
—\------ Geers: 4- 
} 135°. ! 
At ‘con i) 
| oy / 
| 7 
| a 
“ahi 


\ 


C2 Emulsions 
with wax films 
in contact. 


Fig. 1. Experimental arrangement. 


from the centre of the target; plates 1 and 4 were at an angle of 5° to the deuteron 
beam, plates 2 and 3 at 35°. With this arrangement it was hoped that the back- 
ground of stray neutrons, not coming directly from the target, would be very small. 

Ilford C2 emulsions, of thickness 200», were employed and were processed 
using the temperature cycle of Dilworth, Occhialini and Payne (1948). 


§3. THE MEASUREMENT AND SELECTION OF THE DEUTERON RECOILS 


With the plates arranged radially around the target the neutrons travelled 
through the wax film parallel to the surface of the emulsion. All deuteron 
recoils entering the emulsion at the surface and travelling forward at an angle to the 
direction of the incident neutrons were examined. 

The measurements were all taken from plate No. 2. It was estimated that the 
mean energies of the higher energy neutron groups incident on this plate were 
9-7 and 13-9mev. About 3000 deuteron recoils were measured, 1540 of which 
were accepted in the final analysis. 

Four measurements were taken on each track: L the total projected length of 
the track on the plane of the surface of the emulsion; / the projected length of the 
first straight portion of the track; « the angle between / and the direction of the 
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incident neutrons in the region of the plate under consideration; 6 the dip of the 
track over the length 7. The measurements of « and 6 were confined to the first 
straight portion / of the tracks in order to ensure that the errors arising from the 
scattering of the particles in the emulsion would not be significant. 

The angle of dip ¢ was calculated from 6 and J, 6 being corrected for the 
shrinkage* suffered by the emulsion during fixing. @ the angle of recoil of the 
deuteron in the laboratory system is given by cos @=cosacos¢. ‘The range of the 
deuterons R, is given by R,=L,/cos¢, and the corresponding energy E, was 
deduced from the range-energy relationships of Lattes, Fowler and Cuer (1947), 
Rotblat (1951), and Catala and Gibson (1951) for protons in C2 emulsions. ‘The 
energies of the neutrons responsible for the deuteron recoils were calculated from 
the relationship Z,=5 E, cos? 6. 

Only deuterons resulting from collisions with the 7, 10 and 14 Mev neutrons 
were required, and therefore energy—angle criteria were defined which could be 
employed to reject many of the deuterons resulting from collisions with neutrons of 
lower energy. 

With wax films of thickness 20 4, deuterons of small dip into the emulsion could 
lose a considerable amount of energy in the wax. ‘This loss of energy was investi- 
gated for deuterons of different energies at various angles of dip. It was concluded 
that straight tracks ending nearer than 13 from the surface of the emulsion 
(unprocessed) should be excluded for all recoil angles. 


§4. ANALYSIS OF THE RESULTS 


The recoils selected for analysis were divided into seven groups according to 
their recoil angles, each group consisting of the recoils observed in equal intervals of 
cos © where © =z — 26 is the angle of scattering of the neutron in the centre-of-mass 
system. Histograms of the distribution in energy of the incident neutrons for 
each of the seven intervals are shown in fig. 2(a). At large scattering angles peaks 
in the distributions corresponding to the higher energy neutron groups are very 
prominent, but at smaller angles of scattering the peaks are not so clearly defined. 

Three factors contribute towards the broadening and overlapping of the peaks: 
(i) errors in the measurements of L, /, « and 5; (ii) uncertainty in the direction of 
the incident neutrons because of the finite size of the target; (iii) loss in energy of 
the deuterons in the wax film. 

To determine the number of deuteron recoils belonging to each neutron group 
(in each range of recoil angles) the extent of the overlapping between neighbouring 
peaks had to be determined. The spread dE, arising from (i) and (ii) for the 
7, 10 and 14 mev groups was calculated and combined with the spread AE, due to 
the loss of energy in the wax. 

dE, was calculated from the relationship 

2 2 
(=) = (=) + 4[tan? «(da)? + tan? d(d¢d)?] 
where dx and d¢ include the mean errors arising from (i) and (ii), and dE, includes 
the mean errors arising from (i) and from the straggling of the range of the 
deuterons in the emulsion. 


* The shrinkage factor s was estimated to be 2:1 +0-15. A change ins from 1-9 to 2-3 
was not found to produce a significant change in the energy distributions shown in 
fig. 2 (a), and consequently the mean value of 2:1 has been used in all the calculations. 
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In the region of the plate where the measurements were taken a mean error of 
+1-8° has been assumed in the direction of the incident neutrons, / could be 
measured to within 1-5 « and 8 to within 2:5 u (after allowing for the shrinkage of 
the emulsion); ZL was measured to within 1-5 u for short tracks, the error increasing 
to about 5 « for the longest tracks measured; « was measured to within 0-5°. 


(a) (4) 
N a 7 and 14Mev Neutron Groups } 
&D Ne S$ 10 Mev Neutron Group 
he | re Overlap Region 
40 — Measured Distribution 


fae ja 
: ae, Dy. 


Number of Deuteron Recoils 
Number of Deuteron Recoils 


2a A 6 8 (Omens ame 14 eeeetG ld 1B enh 20 2 (rp ke Te IB ep 
8E,,/9 (Mev) 8£,,/9 (Mev) 


Fig. 2(a). Apparent energy distributions of the incident neutrons deduced from the 
observed energy of the deuterons in the seven ranges of recoil angles considered. 


Fig. 2 (6). Comparison of the experimental distributions with the distributions calculated 
assuming definite values for the various errors of measurements. 


Range of recoil angles (laboratory system) : A, 5-0° to 19:1°; B, 19-1° to 27-1°; C, 27-1° 
COLO Oa DSS 7 ONS Ot O97) “tortor 4 44 tO Dd Dy Geol 2 tO oscar 


dE,, was calculated for the three neutron groups in each range of recoil angles. 
Corresponding to the mean angle 0, in each range, several values of « and were 
considered. The value of dE,, corresponding to the mean values of « and ¢ (for 
given @) was used in the subsequent calculations. 

The spread due to the loss of energy in the wax was estimated by considering 
deuteron recoils with different dip angles originating at various depths in the wax. 
Deuteron recoils, at angle 0, produced at a depth t in the wax by monoenergetic 
neutrons, have the same initial energies (ranges R,) and can be represented by the 
generators of a cone of angle 6 with vertex O, as shown in fig. 3. For given 0 
the path d of the deuterons in the wax increases as the dip ¢ decreases. Anincrease 
in dis accompanied by a decrease in the observed range L4 = Ra —d of the deuterons 


898 T. C. Griffith 


in the emulsion, which in turn leads to an apparent decrease in the neutron 
energy deduced from the measurements made on the tracks. If OA and OB are 
tracks such that the apparent neutron energies are E,, and £,,+AE,, then the 
number n of recoils between these two limits will be proportional to dip (see fig 3). 
The fraction fof the total number of recoils N at angle 4 can be calculated for this 
interval AE, of neutron energy, f being defined as n/N. 

For a given depth in the wax regular intervals AE, can be considered over a 
range of neutron energies from E,, to Ey», where E,, is the apparent neutron energy 
computed from a deuteron track ending 13» from the surface of the emulsion, 
viz. a deuteron having the longest acceptable path in the wax, and E,,, corresponds 
to a deuteron having the shortest path in the wax, viz. at an angle ¢=0. 
The fractions f for each interval AE, between E,, and E,, can be calculated. 
These calculations were carried out for ten different values of t between 0 and 
20, f being found in the same intervals AF, for each value of t. The sum 
F=f, +fot+....+fio, where fi, fo----fio are the fractions in the same interval 
AE, for different values of t, was then found for each interval between the extreme 
limits (viz. E,, corresponding to t=19p and £,. corresponding to t=1,) of 
neutron energies expected. 


A histogram of F against FE, with intervals AE, =0-5 Mev was constructed and 
represents, to a fair degree of accuracy, the distribution of energies for a homo- 
geneous group of neutrons due to loss inthe wax. The histograms were constructed 
for the mean value of @ in each angular range for the three neutron groups under 
consideration. 

On each step of these histograms the spread dE, resulting from (i) and (ii) had 
to be superimposed. Each interval AE, was extended to AE, +2dE, and the 
height of the step was reduced so as to leave a rectangle of the same area as before. 
The final histograms were than constructed by adding the overlapping areas of 
each rectangle falling in the original 0-5 Mev steps. The shape of these histograms, 
representing the expected distribution in energy of each neutron group, could be 
directly compared with the measured distributions. 

The calculated distributions were normalized to fit the measured distributions, 
for each neutron group, in the region of least overlap, viz. for the steps of the 
histograms directly under the peaks. A comparison of the measured and 
calculated (normalized) distributions, for each angular range, is shown in fig. 2 (8). 
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After obtaining the best fit between the calculated and measured distributions 
the total number of deuteron recoils under each peak was estimated. Steps in the 
histograms were considered individually and the extent of the overlap between 
neighbouring peaks in each step was expressed as the ratio of the calculated number 
of recoils from one group to the calculated number of recoils from the other group 
inthatstep. ‘The observed number of recoils in the step was then divided between 
the groups inthis ratio. ‘Table 1 shows a typical example of the application of this 
method in estimating the total number of recoils under the peaks. 


Table 1. Extraction of the Deuteron Recoils under the Peak for the 10 Mev 
Neutron Group in the Angular Range 33-7° to 39-7° 


Ee N G iS! NS/G 

5-5 to 6-0 25 ot 1 1) 

6:0 to 6:5 18 20 3 3 

6:5 to 7:0 17 iy 6 6 a 

70 to 7:5 ite 13 10 11 

7-5) to 8-0 13 15 15 13 

8-0 to 8-5 19 16 16 19 

8:5 to 9:0 14 5 1S} 14 

9-0 to 9:5 8 10 10 8 

9-5 to 10-0 di 5 4 6 

10-0 to 10°5 5 4 D at 
Total number of recoils: 82 84 


E,—range of neutron energy (Mev); N—observed number of tracks; G—calculated 
total number of tracks (from all groups); S—calculated number from the 10 Mev group; 
N.S/G—estimated number from the 10 Mev group; [7], [14]—overlap with 7, 14 Mev group. 


Since deuterons ending within 13, of the surface of the emulsion were excluded, 
a correction factor for this loss had to be applied in each range of recoil angles. 
The observed number of recoils under each peak was multiplied by a loss correction 
factor which was estimated from the histograms calculated for the loss of energy in 
the wax. ‘The loss factor changes rapidly for small recoil angles (5° to 19-1°) and 
consequently the first range of recoil angles was divided into two groups for which 
different correction factors were applied. 


§5. BACKGROUND TRACKS 


There were three possible sources of background tracks that could be included 
amongst the accepted deuteron recoils: (a) deuteron recoils from neutrons not 
coming directly from the target; (b) proton recoils originating within 1 « of the 
surface of the emulsion could be confused with deuterons entering at the surface ; 
(c) protons from inelastic collisions of neutrons with deuterons. 

Examination of the experimental distributions for small recoil angles (where the 
most accurate measurements were taken) shows that very few tracks lie outside the 
expected distributions. It was therefore concluded that the contribution from (a) 
could be neglected. 

With wax films of thickness 20, the ratio of protons originating within 1 yj 
of the surface of the emulsion to deuterons entering the emulsion from the wax 
should be very small. This background was estimated by counting the number of 
protons originating inside the emulsion and travelling in the same direction as the 
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deuterons accepted for analysis (viz. forward and downwards), in a known volume : 
of emulsion. The number originating in a known area, within 1 of the surface - 
of the emulsion, was then obtained and can be compared with the average number of : 
deuterons observed in the same area. It was found that the greatest contribution | 
from (b) would be no more than 4% in any range of recoil angles. 

Several authors, notably Coon and Taschek (1949), Ageno, Amaldi, Bocciarellt 
and Trabacci (1947), and Griffith Remley and Kruger (1950), have estimated | 
that the cross section for inelastic collisions, d(n,2n)p (threshold 3-3 Mey), 
yielding protons of energy greater than 2 Mev, is about 10% to 15% of the total | 
cross section for n—d elastic scattering. It is not unreasonable to assume that the 
disintegration protons have a continuous energy spectrum and that therefore some | 
of them will undoubtedly be included amongst the deuteron recoils. The there | 
groups of neutrons with energies 7, 10 and 14 mevy and intensities in the ratios of | 
4:18:9 respectively (used in the present experiment) may each be expected to- 
yield disintegration protons with cross section increasing by a factor of about | 
2 from 7 to 14mev. Protons from each group will be present under the peaks — 
(figs. 2(a) and 2(b)) from which the deuteron recoils are extracted and, since the 
protons from the different groups overlap, it becomes extremely difficult to 
estimate the magnitude of the correction that should be applied. At recoil angles 
greater than 20° the ranges of the particles in the emulsion were less than 300 p, and — 
therefore it was not possible to identify the protons and deuterons satisfactorily 
by grain counting. Some of the tracks on the higher energy side of the 14 Mev peak 
are probable due to protons; atlarge recoil angles(where most of these tracks are 
observed) the errors in measurement may, for some tracks, be much greater than 
the average and consequently estimates of the proton backgrounds based on these 
observations will not be reliable. 

Some indication of the magnitude of the contribution from disintegration 
protons may be obtained from calculations based on arguments similar to those _ 
used by Griffith, Remley and Kruger (1950). Very approximate upper limits te — 
the ratio of protons to acceptable deuteron recoils in some ranges of recoil angles — 
can beestimated. After allowing for the overlapping of protons from the different 
groups (contributions from the 7 Mev group being neglected) upper limits to the 
percentage contribution of protons amongst the deuterons may be as high as 
4% to 7% for recoil angles less than 20°, increasing to 25% for the 14 Mev group 
and 20% for the 10 Mev group at recoil angles between 30° and 40° (minima of 
the angular distribution curves). At recoil angles greater than 40° the percentage 
contribution probably decreases; estimates of the upper limits could not be made 
in this region because of the serious overlapping between the peaks. 

These figures suggest that the number of protons in the distributions may be 
quite large. ‘The method of estimating the contributions has been, however, very 
approximate and almost certainly overestimates the proton contribution. There 
are two reasons for believing that the contribution is appreciably less than indicated : 
(a) for recoil angles up to 33-7° the higher energy groups are fairly well resolved 
(fig. 2(a)); this would be unlikely if a high background of protons had been present, 
(6) if 25% of the tracks in the angular range 27-1° to 33-7° were due to protons, 
then more neutrons of apparent energies greater than 15 Mev would be expected 


due to the disintegration protons of ranges greater than the deuterons elastically 
scattered by 14 Mev neutrons. 
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$6. DiscussION OF THE RESULTS 
‘The results of the measurements are shown in table 2. 


Table 2. ‘The Number of Scattered Neutrons in each Angular Range from the 
10 and 14mev Neutron Groups 


Interval of Interval of 10 Mev neutron group 14 Mev neutron group 
@ (deg) cos © (1) (2) (3) (1) (2) (3) 

Pe ses-0 to. 12:5 —0-985 to —0-906 OO) 2s a) kceie/ 
396 144 

12°5 to 19-1 —0-906 to —0-785 145 1-28 72. 1-14 
fee 19°] to 27-1 0785 to —0"585 (ave SSLEIESS) = AMEX) Oi ieil@2 74 
ae 27-1 to 33°7 —0-585 to —0-385 Se e700 95 45 1-085 49 
22) 33-7 to. 39-7 —0:385 to —0-185 SAO Seed Ot OMe te095 55 
E 39-7to45-4 —0-185 to +0-015 11359 e270) 943 OO) nls id, 
F 45-4to 51-2 +0-015 to +0:215 133ml S 184 107 ele lOO 24 
feel -2'to15 7-3 +0-215 to +0-415 TS SieeleO3 254 119 1:245 148 


{1) observed number of recoils; (2) loss correction factor; (3) total number of recoils. 


A, B....G correspond with lettering of fig 2. 


In figs. 4 and 5 the corrected numbers of recoils from the 10 and 14 Mev groups, 
in each angular range, are plotted against the angle of scattering of the neutrons in 
the centre-of-mass system. No corrections other than those for the loss in the wax 


Scattered Intensity (arbitrary units) 


Scattered Intensity (arbitrary units) 


0 30 60 90 120 150 180 0 30 60 90 120 150 180 
Angle of Scattering of Neutrons Angle of Scattering of Neutrons 
(degrees in centre-of-mass system) (degrees in centre-of-mass system) 


Fig. 4. Angular distribution of 966 scat- Fig. 5. Angular distribution of 574 scat- 


tered neutrons from the 10 Mev group. tered neutrons from the 14 Mev group 
@ experimental points. @ experimental points. 
exchange force curve for 10 mev exchange force curve for 14 Mev 
neutrons. neutrons. 
wore ordinary force curve for 11-5 mev ----- ordinary force curve for 11:5 Mev 
neutrons. neutrons. 


have been applied to the measurements because the methods of estimating the 
contribution from disintegration protons was not considered to be sufficiently 
reliable. For this reason the angular distributions cannot be regarded as being 
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strictly those for n-d elastic scattering. The approximate estimates of the 
corrections for the d(n, 2n)p reaction suggest that the shape of the distributions at 


the minima of the curves (where the ratio of protons to acceptable deuteron ~ | 


recoils is a maximum) will be slightly altered if such corrections are applied. The 
contributions from the proton backgrounds (a) and (b) are small enough to be 
insignificant in comparison with the statistical fluctuations of the measurements. 

At large recoil angles the uncertainties in the measurements are rather large 
because of the difficulties involved in estimating the overlap between the peaks. 
Especially is this so for the 10 Mev group, where an overlap exists on both sides of 
the peak. The error AE, + 2dE, in the determination of E, is large for some recoil 
angles, but the corresponding error in cos@is muchless. Consequently, within the 
errors discussed, the angular distribution between 70° and 155° in the centre-of- 
mass system for the scattered neutrons can be considered as significant. It is 


found that there is very close agreement between the angular distribution for the — 


14 Mev neutrons, measured in this experiment, and that obtained by Griffith, 
Remley and Kruger (1950) for 12 to 13 Mev neutrons. 

The angular distributions determined experimentally are compared with those 
calculated by Buckingham, Hubbard and Massey (1952), the former being 


normalized to fit the theoretical curves at large angles of scattering. ‘The shape of — 


the measured distributions, both for the 10 and 14Mev neutrons, compare 
favourably with the distributions calculated on the assumption of symmetrical 
exchange forces. Calculations assuming ordinary forces are only available for 
11-5 Mev neutrons, but this energy is sufficiently close to 10 and 14 Mev to indicate 
that the shapes of the distributions are in better agreement with the exchange force 
curve than with the ordinary force one. This, however, is not conclusive because 
the angular range covered in this experiment is the range where there is the 
least difference between the theoretical curves. Experiments extending the 
observations over a wider range of angles and with provisions for estimating more 
accurately the background of disintegration protons amongst the deuterons will 
have to be performed to obtain conclusive information about the nature of the 
forces. 

The method employed to obtain the above results has suffered from rather 
severe limitations. The large spread in the apparent energy distribution of the 
incident neutrons (fig. 2(a)) at large recoil angles indicates the limitation of the 
nuclear emulsion technique in an experiment of this nature, especially when an 
attempt is made to obtain all the data from one plate. If, however, an intense 
beam of monoenergetic neutrons were available some improvement in the 
resolution of the peaks could be achieved by employing thinner wax films and a 
smaller boron target. It should be possible, under these conditions, to extend the 
measurements to larger recoil angles and also to obtain some indication of the 
background due to the disintegration protons. 
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Abstract. Earlier calculations for auto-ionization probabilities using time- 
dependent perturbation methods are critically reviewed and improved methods 
are developed. ‘These are applied to the calculation of the auto-ionization 
probabilities for certain doubly excited states of helium. ‘The calculated 
probabilities lie in general between 1014 and 101° sec~?, confirming previous 
results. The evaluation of certain integrals involving coulomb functions is 
described in an appendix. 


§ 1. INTRODUCTION 


certain selection rules are satisfied, a radiationless transition into the adjacent 

continuum may take place. This phenomenon of auto-ionization, by reducing 
the lifetime of the level, will broaden the corresponding emission lines. Apart 
from its significance in the interpretation of atomic spectra (Shenstone 1939, 
Burhop 1952, Garton 1952) and certain types of collision problems (Fox, 
Hickam and Kjeldaas 1953), a knowledge of the lifetime of an atomic state 
towards auto-ionization is needed in estimating the rate of dissociative 
recombination (Bates 1950, Massey 1952), a process of importance in the upper 
atmosphere and in other connections. 

Time-independent perturbation theory has been used in all the published 
work. In this paper a method is developed to remove certain internal 
inconsistencies occurring in the earlier calculations and is applied to the 
calculation of auto-ionization probabilities for some doubly excited states of 
helium. The evaluation of certain integrals involving coulomb functions 
which are required is described in an appendix. 

A discussion of the identification of some helium lines in the vacuum 
ultra-violet, in the light of our results, is deferred to the following paper 
(Bransden and Dalgarno 1953 b). 


|: an energy level of an atom lies above the lowest ionization potential and 


§ 2. THEORY 


2.1. General 


If ‘; is the wave function of the initial discrete state, normalized to unity, 
and ‘F’; that of the final continuum state, normalized to have the asymptotic form 


2\1/2 
Ye (=) ry {cos(kry kt log 2kryeky (2) 25a) aes (1) 


where 4(2,....m) is the core wave function and the energy of the ejected 
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electron is k? rydbergs, then Wentzel (1928) has shown by applying the method 
of variation of parameters (Dirac 1926) that the probability of auto-ionization 
from the state ‘I’; to the state V’; is given by 


[ws (= —) Y, dr 
E Uf 


jk 


2 


y=2n per atomic unit of timet _....... (2) 


in which r;,, is the distance between the jth and Ath electrons and the integration 
is over the coordinates of all the electrons of the system. In the case of L—S 
coupling y vanishes unless the initial and final states have the same values of 
the total orbital angular momentum L and of the total spin S. If f is the 
probability of transitions from the state ‘I’; to lower discrete states, the mean 
life of the state ‘Y’, is (8+y)~1, so that the width of the corresponding spectral 
line is proportional to B+y: AE~5~x10-2(8+y) cm, where (B+y)+ is 
measured in seconds. . 


2.2. Discussion of the Theory 


Calculations of y for some doubly excited states of helium have been carried 
out by Kreisler (1935), Kiang, Ma and Wu (1936 a, b) and Wu (1944). 
Similar calculations for beryllium have been carried out by Wu and Ourom 
(1950). For the continum, Kiang, Ma and Wu, considering the (2s 3s)’5 state 
of helium, chose a wave function A(r) given by 
= 2\ ues 5 ; : 
PAT = (=) 1 COS: (R= 0.) *- apt. Manne ert (3) 
though, as Wu (1944) has pointed out, this is not accurate at any radial distance. 
The discrete wave function was of the form 


Fi(hy, Fe) =(1 — ary) exp(—a1r,)(28? 15° — 6Bra +3) exp(—Br2) «++ (4) 
(properly normalized and symmetrized), the parameters and the energy of the 


state being determined by a variational method in which the Hamiltonian was 
that of the helium atom (Ma and Wu 1936), 


Aan gitog ee nraxeaaet (5) 
io Teo 
where 7,, 72 are the position vectors of electrons 1 and 2 relative to the nucleus 
and r,.=|r,—Fr.|. In a later investigation, covering a number of transitions, 
Wu (1944) employed discrete wave functions of similar type, but for the 
continuum wave functions he solved the corresponding integro-differential 
equation for a free electron in the field of a positive helium ion, normalization 
being effected by fitting to the function (3) at large radial distances that given 
by expression (1). Unfortunately the error caused by not using the correct 
function (1) cannot be easily estimated. A more serious objection which may 
be raised lies in the choice by Wu and his collaborators of the discrete wave 
functions. These are essentially products of hydrogenic wave functions 
modified by scale factors adjusted to allow for the influence of the electron 
interaction 71,1; yet, the perturbation which causes the transition they also 
take as r,,! (cf. eqn. (2)). This procedure is clearly inconsistent; the use of 
wave functions determined by a variational method in which the Hamiltonian 


+ The atomic unit of time is 2-42 x 107" sec. 
PROC. PHYS. SOC. LXVI, Io—A 60 
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is given by (5) implies a different perturbation for the auto-ionization process, 
If the perturbation is taken to be as in formula (2) then products of hydrogen-like 
wave functions must be used. Kreisler (1935), in a calculation of y for the 


(2s 3s)8S state of helium, represented ‘’; by such a product, but he also is — 


inconsistent in that he took for A(r) the wave function of a free electron in the 
field of a screened helium nucleus. 


2.3. A Suggested Improvement to the Usual Theory 


The adoption of hydrogen-like wave functions is not ideal since the 
corresponding perturbation &r,,;-1 can scarcely be regarded as small in view 
of the fact that it makes a very considerable difference to the energy levels. 
It would seem better to use less crude wave functions and to replace &7;,~ in 
formula (2) by the smaller perturbation associated with these, which is of course 
the difference between the true Hamiltonian “ and the artificial Hamiltonian #’, 
which yields the approximate wave function exactly. 

If ‘¥," is a normalized variational wave function depending upon n para- 
meters «,, corresponding to an energy £, then «,,, E are determined by 
minimization of 

i | WY UY dr. 
The equation of which ‘’;’ is an exact solution may be written 
(H#’ — E)¥¥ =0 
where 
HA =H-V and V=|((E—2A) i, | tan eee (7) 


The function ‘’;" is then consistent with the perturbation V’’ and the probability 
of auto-ionization from state ‘I’, to a state ‘’; is given by 


y=2r|f¥i"V' dr? per atomic unit of time _...... (8) 


provided that V’ is small; otherwise ‘’; will be ill-defined and the perturbation 
theory inapplicable. It may be noted that there is no possibility of obtaining 
an exact bound eigenfunction of # with the consequent reduction of V’ and 
therefore y to zero, for ‘T’; represents a state that is not completely closed. 

To avoid the so-called ‘post-prior’ discrepancy, the perturbation V’ must 
be the same for both the initial and final states. It is therefore necessary to use 
continuum wave functions ‘I’; that satisfy the same wave equation as ‘YY, thus 


(9 =BYT;= 0. J ae See (9) 


If the core wave function 4 is a solution of the equation (#’—«)$A=0, the 
continuum wave function F(r) satisfies 


(H' —-H,—E+e)F(r)=0. 
The asymptotic form of A (r) is of the type (1) and may be conveniently written 
7 2 \1/2 
F(r)= (=) T*( 1 a*)-38) Rr) GGARn) ee nee (11) 


where k® equals the effective energy occurring in (10) and F,, G, are the regular 
and irregular coulomb functions for an attractive field corresponding to an 
electron with azimuthal quantum number / and energy k2. In any particular 


— 
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instance one must use wave functions ‘’;’; ‘’; possessing the correct symmetry 
properties, an extension that produces no theoretical difficulty. 


§ 3. AuTO-IONIZATION IN HELIUM 


3.1. Using Hydrogenic Wave Functions 
In order to provide a comparison for the method described in the previous 
paragraph and for the results of Wu et al. y has been computed for a number 
of helium auto-ionizations using hydrogenic wave functions in the formula (2). 
The Hamiltonian of the system is given by (5), so that the discrete wave 
function ‘Y; satisfies the equation 


4 
(vie+ve— = - ~ +E) Fira es) lh ep ace o (12) 

Patna 
which is separable in 7, and 7. sere the final wave function in the form 


V(r, 2) = S (a) F (Fe) EO) F (Ty) fn ane ss (13) 


the upper sign referring to a singlet and the lower to a triplet state, the functions 
¢, F are determined by the equations 


(ve . +e) b(r) =0, (ve : -c+B) F(r)=0, 


F\(r) having the asymptotic form (1). ¢(r). is simply the helium ion wave 
function whilst A(r) is given by 

a) — tee? COS.0) . a ie eee (14) 
With these forms for ‘’; and ‘;, y may be evaluated analytically. The details 


of the calculations are described in an appendix. ‘The values of y obtained for 
the various transitions investigated are given in the table. 


3.2. Using Variational Wave Functions 


The method of §2.3 has been applied to a number of states but will be 
described in detail only for the (2s?)'S—(1sks)'S transition. The discrete 
variational wave functions were taken from the work of Ma and Wu (1936), the 
wave function of the (2s?)'S state being 


We 
Lee r,) = ne (1—ar,)(1—ar,) exp a a(7, + 1o)} 


corresponding to a binding energy «. This function satisfies (H+ V’—E);Y =0 
with 
4(¢—1) yi cited 9 eae pape 


“ 


The final wave function ‘Y’;=(8/7)"?{exp (—27,) . F(r.) + exp (—2r,) . F(74)}, 
so that -F(r) satisfies 


| v4 5 ee, (gina 222) | F(r) 


oe [exp{ —2a(r+r’)}r ae 


Vi = 


dee ted 


ie dtl Fy ’) dr’ 
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and has the asymptotic form (11) with k? =(8a—4—2x). Equation (15) was 
solved using Hulthén’s variational method (1944) with trial functions of the _ 
form selected by Bransden and Dalgarno (1953 a) for a variational treatment 
of the elastic scattering of slow electrons by helium ions. It was found for the — 
(2s)21S and (2s3s)'3S states that y, given by (8), was affected only slightly by the 
inclusion of the irregular part G, of F (cf. (11)) and of a polarization term in the 
final wave function so that they were ignored for the (2s2p)'* states. With 
neglect of the G, term it becomes possible to evaluate y analytically. 

An attempt was made to apply the method taking account of polarization in 
the initial wave function 


Wy’ ("i, fe) = C1 — 2a,)(1— 2.) exp{—a(ri + 1o)} + Arq, exp{—4(71+72)$, 


but the resulting equation (10) for ¥(r) was too complicated to admit of ready 
solution. ‘To obtain some idea of the possible importance of polarization 
formula (2) was used with ’, as given by (16) and it was found that the effect 
was negligible for any reasonable value of 4. 


§ 4. RESULTS AND DISCUSSION 


The results for the various transitions are given in the table. Apart from 
the (2s3s)?S—(isks)?S transition, for which great cancellation occurs (so 
that the value of y must be considered unreliable), the results obtained by 
the two methods are in fair agreement with each other and, apart from the 
(2s2p)?P —(1skp)?P transition, also in fair agreement with the results of Wu. 
This latter transition was also evaluated using Wu’s method with a hydrogenic 
continuum wave function giving a value of y equal to 2 x 10! sect compared 
with his 5 x 1013 sec-?. This unfortunate discrepancy is again probably due to 
the effect of cancellation. 


Probability of Auto-Ionization y (in sec~) 


Presson Energy of ejected Wu's Hydrogenic Improved 
electron (rydbergs) results results results 

(2s”)1S—(1sks)!S 2:56 4x 104 4x 104 7X10 
(2s3s)1S—(1sks)!S 2°84 OS IO Sa lOes 
(2s3s)?S — (1sks)?S 2°86 ODS Ose PSS AO SCO 
(2s2p)1P— (1skp)!P 2-69 4x10 tL Scale’ 
(2s2p)?P — (1skp)?P 2-50) Syl 2x tore 8108 
(2p?)'D—(1skd)!D 2:67 tT x10" SeelOEe 
(3d?)1G — (1skg)!G S513 4x10 20s 
(3d?)!G— (2skg)!G 0-13 DEL One i 1Oe 


The general rule that the probability of auto-ionization decreases with 
increasing separation from the ionization limit is obeyed. It is generally of 
the order of 10 sect to 10! sec} so that lines originating from these levels 
have widths of the order of 108-104 cm". In order to examine the applicability 
of the time-dependent perturbation theory, the transition (2s?)!S — (1sks)!S has 
been investigated using an entirely different approach which has been briefly 
described elsewhere (Bransden and Dalgarno 1952). The procedure followed 
and the results obtained are described in detail in the following paper (Bransden 
and Dalgarno 1953 b). 
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APPENDIX 


The integrals whose evaluation is required are of the form 


| if eFryf(r) dr 


where f(r) is a coulomb function defined as the regular solution F,(r) of the 


equations 
@? Hie 
& +h 4+ = a )F (205-0 tpn (17) 


such that F,(0)=0 with asymptotic behaviour given by 

F(r)~sin(kr + ak log 2kr — lr/2 +n,;) 
where y,=arg ['(/+1—zxk). It is well known (Gordon 1928) that the regular 
coulomb function can be expressed as 


P+ 1—i«k-) , 
Fr) = exp(47ak-) eaten k(2k)! Fit eee | 
pan, aalo igi el 2 lkr a ik emo Sime he (18) 
where , F(a, 6; x) is the confluent hypergeometric series 
aa+l1) 
F(a, 6; H=1+ 55 [ORs Tienes Eauestaee (19) 
Defining Fp, n)= if ery” P(r) dr, 
0 


it is easily shown by term by term integration that 
F ((B, 0) = (2x | «| k)*? {1 — exp(— 2rrak)} |? (k? +B?) 
SEP (mec [ae wate tall 6) ee ee ae (20) 
or, more Tied ee 


F ,(B, 1) =k(2k)'[(l? + «?k-*) {(1— 1)? nto Se Leo R=*) 
x (27 | «| 4) |{1 —exp (—27ak)} |] 2(k2 + 2) alk) 
x exp(—2|«|A-1 arc tan k/f). 


The following recurrence relations may be immediately established by formal 
integration of the differential equation (17): 


eae D211) im (77 F(7)) — 208 + o)F (8B, —1—1)t 
(k? +B) F,(B, 1-1 = -2{(-1)p +0)F * (8, —1) + 21F{(B, —1—1) 


) 
(k? + B°)F ((B, m) =2(mB — 0) F )(B, n—1) + + 1) —n(n—1)}-F,(B, n—2) 
forse led) ee ee ae ae (21) 


lim {7-1 F((r)} can be written down immediately (Breit, Yost and Wheeler 1936) : 
r>0 


+ F1(B, n) diverges forn< —(/+1). 
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24 o2k-*\ue is 
ey ae WF alr)} 


lim {7-1F,(r)} =(27| «| k)¥? |{1 — exp (—27ak7)}|-1?. 
r—>0 


lim {7-1 F,(r)} = 
r—>0 


The recurrence formula (21) can be used to evaluate ¥((f, ) for all m once any 
two are known, or if we restrict ourselves to integral values of m once any one 
is known, except that integrals for which n</+1 cannot be connected with 
those for which n>/+1. This limitation may be most easily surmounted by 
use of the formula (Powell 1947, Infeld 1947) 


(aE) (SP a) HOC RFA nO), (22) 


from which follows, on multiplication by e~”’r' and integrating 
{(2+ 1)?R? + 02 PF .4(B, 1) = —(mll+ 1] + 0) F (8, l) 
+(L+ A) (214-1) Ape d=1).. oa 0 5 eee (23) 


It follows that, once F,(f, 0) and ¥,(8, —1) are known, F,(6,) can be_ 
obtained by repeated application of (23) or by the combined use of (23) and (21). 
Since F,(8, —1) is given in terms of (8, 0) by (21) and F,(f, 0) is known 
analytically from (20), the evaluation of the integrals is completed. 

Formulae similar to (21) and (23) hold for integrals involving the irregular 


r 00 


solution G(r) of (17), so that all integrals of the form| G,(r) e-*'r” dr may be 
0 


obtained in terms of the single integral | G(r) e-?* dr. 
0 
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Abstract. A variational method is developed for the calculation of radiationless 
transition probabilities, and applied to the (2s)* !S—(1sks)!S transition of helium. 
The calculated probability of 1-5 or 1-1 x 10/4 sec™! agrees well with the values 
7 or 4 x 104 sect found by previous perturbation calculations. The identification 
of certain helium lines in the vacuum ultra-violet is discussed. 


§ 1. INTRODUCTION 


ADIATIONLESS transitions may occur wherever an atomic system has been 
R excited to a level whose energy is overlapped by a continuous spectrum. 
Such processes occur as the Auger effect, auto-ionization and molecular 
predissociation, and similar transitions are of great importance in various 
nuclear phenomena, ranging from « decay to the break-up of a compound 
nucleus formed by a collision. 

Radiationless transitions may be divided, roughly, into two classes. If the 
mean lifetime of the excited state is of the same order as the time in which it 
is formed, then we may speak of the radiationless decay as forming part of a 
‘collision of the second kind’. ‘The other class of transition is that for which the 
mean lifetime of the excited state is long compared with its time of formation 
and for which the wave function is nearly closed. ‘The various phenomena 
listed in the previous paragraph belong to the latter class and the probability 
of the decay of such states is usually determined by the application of time- 
dependent perturbation theory (Dirac 1926, Wentzel 1928). In the present 
paper a variational method is employed (Bransden and Dalgarno 1952) which 
avoids the difficulties associated with the perturbation method (cf. Bransden 
and Dalgarno 1953b (preceding paper, to be referred to as I)). Although 
the method is applicable only to the decay of states belonging to the second class 
and for which the transition probability is small, this limitation], unlike the 
perturbation method, does not involve the consideration of the ‘strength’ of the 
potential terms. 


§ 2. GENERAL ‘THEORY 


The auto-ionization of an excited atomic system may be described bya 
wave function ®(1, 2,....,m) which is a linear combination of a properly 
{ Extension of the method to cover transitions which depend on the mode of formation of 


the excited state is straightforward but is unnecessary for the discussion of auto-ionization 
and similar effects. 
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antisymmetrical normalized and closed wave function ¥'(1,2,...., n), repre- 
senting the excited state and an antisymmetrical wave function Y. (1; 25 ee 
describing the final continuum state 
O12. 4 t= OF (My 2, not) dg Ny 2 ot eer (1) 
The asymptotic form of ‘; is required to be that of a product of a core 
wave function ;(2,....m) and an outgoing spherical wave 
WS 2p24 i nowy (2s... San b Coy 2 jack, alertt) are (2) 
where o(1, 2,....m) is the appropriate spin wave function and 
$(1) =7,71 exp [i(kr, + ka log 2kr,)] Py” (cos Oe", ...... (3) 


k? being the energy of the ejected electront, and the parameter « taking the 
values zero, one or two according to whether the excited system is a negative ion, 
a neutral atom or positive ion. In general the expression (2) has to be suitably 
symmetrized, but for the sake of clarity this simple extension is omitted from 
the equations. If the Hamiltonian of the system is H and we write H=«+h?, 


« being the core binding energy, then ®(1, 2, . .. . 2) cannot be an exact solution 
op tnemrave cataaon (HARE 2 a) 20 Oe (4) 
since (1, 2,....m) contains only outgoing waves and has no source. ‘lwo 


equivalent procedures are possible: we may modify the Hamiltonian H by the 
inclusion of a small imaginary potential representing the source, so that 


A= AiV arid (Ag Ol 2. en One yan (5) 
or we may write the correct wave function for the system as 
eT ea ee (6) 


where ‘I’; is some wave function that describes the process by which the excited 
level is formed. (For example if the level were formed by electron impact, 
‘Y’; would contain terms corresponding to incoming plane waves, thus allowing 
the solution of eqn. (4).) 

In order that the concept of a definite excited state represented by 
(1, 2,....,), may have significance, the lifetime of this state must be so 
long that its mode of decay is not influenced by its mode of formation.{ This 
implies that the direct coupling between the states represented by ‘’;, Y; is 
negligible and that between the pairs ‘V,, ‘’, and V’., ‘Y’; is small. If this is the 
case, then it is justifiable to ignore terms deriving from ‘Y; or depending on the 
structure of 7V when calculating the transition probability c-f. 

If the core wave function y(2,....,) is normalized to unity then from 
eqn. (3) it follows that 


WD ¥e(B/VU aT ee / 
y CECB) Cs oie ae PsA (7) 


and that the probability y of auto-ionization is given by 


_ Bak fa 
Y> GI) \es-a2) 
For the state ‘I’, to be well defined |d/c|, which is a measure of the coupling 


between states ‘I’, and ‘Y’;, must be small compared with unity, so that 
87k d 


Lea OI EAD Ake 
+ Atomic units are employed throughout. 
{ Compare with the theory of the compound nucleus, cf. Mott and Massey 1949, p. 157. 
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Define L=H—E and let ®,(1, 2,....m) be a trial function depending on p 
constants @,,, m=1, 2,...., p, the boundary conditions of ®, being those of ® 
with the exception that d, replaces d. Writing V’,=‘,+ 0, and w=,—, 
we have in the notation of Kato pane 


Hany a) = © Bf RAL er= oy Roy 2kd *d,)+ Olt) ...2:. (9) 


(27+ 7) 
where it is ead that the initial state ‘’,; (which is supposed to be exact) 
contains a continuum term of asymptotic form 
Pr(cos O)[(akor/2)"4 Fi tio(Ror) + (— 1)'J_-ata(Ror) - (e+ 2y)}1- 
As for the correct function ‘’, J(a,,, d)=0 (or by consideration of particle 
conservation, cf. Mott and Massey 1949) so it follows that 
SR Roh aston |) an ead eee (10) 

In accordance with the requirement that ‘’. shall represent a well-defined 
state, the approximation is now made that 
= | ¥*L[@] ar 
spin 
and its complex conjugate can be neglected and that the only contribution 


retained from 
y | WLW] dr 


spin 
is the imaginary source component 477k,y/(2/+ 1). Thus 
4nitkyy Saitk 
* 0 * 
Hayy dy)= ¥ | OL] dr+ GX = ory dM(d—d,) + O(0" 
The imaginary term in &,,;, [D,*L[®,] dr can be shown to be — {4771k/(21 + 1)} d,d,* 
and this can be separated by defining 


4ntk 
(Gn, %)= X | O.* L[®,] dr + ——. d,*d,. 
i 9) Pal p Lf t Th (27+ 1) tects 
Tothe first ordert iat 
a.) aren Maa ETS ea Di SIS (11) 


I, is a stationary expression for the following variational methods of 
determining the constants |d/c| and a,. Following Hulthén (1944) we 
require that oJ, be zero and hence 


Oh dae O> Lae dV=02 ef oie. (12) 


Alternatively following Hulthén (1948), Rote (1948) and Hulthén and Olsson 
(1950), we obtaint 


ol, al, Amikd 
jan. 4 od* a (21+ 1)° Asoo (13) 


+ If the excited state is formed by other means than that of electron impact, we may 
obtain eqn. (11) by using the concept of a source potential iV. "Thus 


Ty, 4,)= | DLO Jar +i | O,* bee ee rk i 0(0') +i | OV Oidr. 
‘ spin 4 = (274615 +1) 
Since for the correct ®, J=0 and as 
47 : 4ntk 
* =— 1 | OF 7 Odr= d*d 
[o L[®]dr oa d  wehave ifo VOdr=-+- QI-+1) C 


and eqn. (11) follows. 
t From the form of J, it can be shown that the auto-ionization obeys the same selection 
rules as are indicated by the perturbation method. 
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§ 3. INTEGRAL EQUATIONS 


As a check on the value of |d/c| found by the variational method and also as ; 
the starting point for the variational principle derived by Schwinger (cf. Lippman 


and Schwinger 1950, Kohn 1948), it is interesting to construct an integral 
equation for ¥’ and |d/c|. Although general formulae are readily obtained for 
a system with any angular momentum, it is instructive to fix attention on the 
example of auto-ionization of helium from a doubly excited state, of zero 
angular momentum neglecting exchange. 
The exact wave function ‘Y=’; + ‘V+ ¥’; satisfies 
(Vy? +. Vo? +4/74 4+ 4/1o—2/ryp +E +R?) V (ry, Po) =O 2 0eee (15) 


in which rj, r, are the position vectors of electrons 1 and 2 with respect to the 
nucleus and 7;)= |r, —r2|- 
It can be shown that if ‘Y’;(r,, r.) is written as 


eta Fe) =NGary) eee (16) 
where (V2+4/r+.e)x(r) =0 
then 


pay 2 LA y 2 / ff 
Frny=te | |” Kory nite) {Ss — 2's} 
ae hea eRe gM PO aor (17 a) 
Withs 6y,(77 67300 Gee 
S79 oS ey a - 6 a ee ee ee) eee (176 ) 


1 
KG )= kv Fir){G(r')+1F(r')}; r>r 


= EG) +FYF); >, ees (17) 


F(r) and G(r) being the regular and irregular coulomb functions appropriate to 
the attractive potential 2/r and energy k?. 
The Green’s function K(r, 7’) is chosen so that the asymptotic form of F(r) is 


F (ry)~1r11 exp [¢{kr, + ak! log 2kr,}] exp (27) 


sip ul ) Y 2 , , , , 1 r 
a iF I. { ae \ Xx" (rs 15 —2yo(T1', 72 yt V(1y 7 Jy ha Grae 
where 7) =arg ['(1+7ak7). 
Hence 


; eco oO yy 
d=Ark exp (in) |” | Poadx*(ra) {= —2rolra rd} Ow rare ary dr 
% 1 


From (17) and (18) the following integral equation for ‘’ may be obtained 
in a homogeneous form: 


3 V4 / / Zi f / . 
(nr, 19) =4r i ‘ GOs testo ts ) {= —2y(71', 75 )} pal ies 19! )1y*74"% dry’ dre 
with” Gir, tap Fits ) SG tetas Tita) 

+k™4d™ exp (tno) F(ry')x* (oF (Ty 72) + Vela» 72)} 
and Grit atic 1.) = K(14, 11')x(%2)x*(19’). 
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In accordance with our approximation the function ‘V; is to be neglected on 
the right-hand side of eqns. (17) and (19). Following Schwinger, it is observed 
that if any trial function ‘I’, is inserted in the right-hand side of eqn. (19), the 
resulting ‘Y° has the correct asymptotic form and may be inserted in the integral 

I= | ¥yqaq-EyP dr, dr, =0 
to give a stationary expression for d-! (cf. Kohn 1948): 
40 EXP. (tig) hy SAD Ale Pees aes (20) 
with 


% f 2 i / 
i u (71; 72) {= —2y (11, r)| G(r, Ta3 11, Te ) 


2 
, ii , , , 12 , ny 
x i= —2yo(r1's 72’) p E (ry, 72’) r927y?r9" dr,’ dr,’ dr, drs 
1 


B= [In [eure antenna} Rent 


if 2 t / , t 6 / , / 
x ice = LY ATs 5 %e )| tas ha) t (a octaiiehetig el, “dt eareeon aie 


It is interesting to notice that the substitution ‘Yo '‘l’, (the equivalent of 
Born’s approximation) in the integral equation (18) for d gives the first order 
perturbation formula discussed in paper I. In particular, if ‘’, is represented by 
(71) (rz), & being the excited state of a helium ion then ‘Y’, is orthogonal to 


x(72) and 
d= —8mk" exp (ino) | 


-oO 


J Poxtradralrn rb bryrare dr dry, +21) 


To correspond to the choice of the unperturbed function 4(7,) é(r2) for ‘I, 
F(r,) must be taken to be a coulomb function appropriate to the potential 4/r, 
rather than 2/r,; (21) is then exactly the matrix element given by the 
perturbation method with hydrogenic wave functions. t 


0 


§4. THE (2s)? 1S—(1sks) 1S HeLium TRANSITION 


The excited (2s)? 1S state of helium may be represented by the simple 
function (Ma and Wu 1936): 
3 
w, = © (1—Br,) exp (~ Br,)(1— ra) exp (— Bra) 
B being a variable parameter, and the continuum trial function ‘; by a form 
suggested by the variational calculations of the elastic scattering of electrons by 
helium ions (Bransden and Dalgarno 1953 a): 


Pe= x(2)F (13) + x(%1)F (72) with (7) =(8/7)"?e-2" 
and 
1F (r) =[F(id + ge") + (d+ be*")(1 —e-*")G], 
where F and G are the appropriate regular and irregular coulomb functions, 
and where d, g, 6 are to be determined by the variational procedure. 


As the trial function is not linear in the parameter f and the total energy of 
the system (that is the energy of the excited state) is not known from experiment, 


+ This remains true, of course, when exchange is taken into account. 
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this energy and the parameter B were taken to be the values computed by 
Ma and Wu. The evaluation of the expression (9) is rather laborious since 
many of the auxiliary integrals must be computed numerically. 


§ 5. RESULTS AND DISCUSSION 


The results obtained for y using the two sets of eqns. (12), (13), were 
1-1 x 1014 sec-}, 1-5 x 1014 sec"! respectively. These are to be compared with 
the results 4 to 7x 10sec"! obtained in paper I, using the time-dependent 
perturbation theory. In view of the approximate nature of the calculations in 
paper I, the agreement between the results must be considered extremely good, 
which suggests that the calculated auto-ionization probabilities are of the correct 
order of magnitude, if serious cancellation does not occur. 


§ 6. IDENTIFICATION OF HELIUM LINES IN THE VACUUM ULTRA-VIOLET 


Compton and Boyce (1928) have observed emission lines with wave 
numbers 279 715, 312118 and 323 206 cm whilst Kruger (1930) has observed 
the first two of these together with lines with wave numbers 310061, 311346 cm + 
the additional pair appearing on only one of the two spectrographs that he used. 
The emissions occurred when a discharge was maintained in helium gas at low 
pressure, care being taken to ensure that they did not arise from impurities. 
Kruger found the lines to be of comparable intensity. 

Although many tentative identifications have been suggested (Fender and 
Vinti 1934, Cady 1934, Wu 1934, Wilson 1935, Wu 1944) none can be considered 
certain. ‘he upper levels of these lines (if they are due to atomic helium) must 
be doubly excited and as Wu (1944) has pointed out, all doubly excited levels 
other than the (2pup)?P, (3dnd)*D etc. series, are subject to auto-ionization; 
and if the calculations are correct, lines originating from them must, in general, 
be broadened to at least 1A. Although Kruger does not specify the widths of 
the observed lines it appears not unreasonable to assign to them a maximum 
width of 0-05A* requiring the auto-ionization probability to be Jess than 
2x10"sec?. The theoretical probabilities for the various doubly excited 
states of helium are of the order 10! sec"! (paper I) apart from that for the (2s3s)3S 
term for which, because of the occurrence of cancellation, there is some doubt 
as to the correct value, which might conceivably be so small that detectable 
broadening would not ensue. ‘The decrease in intensity due to auto-ionization 
is normally very considerable, the probability of a discrete emission being of the 
order of 10% sec"! (Kreisler 1935), some 10® times less than that of auto- 
ionization. ‘There is thus a conflict between the experimental data and the 
theoretical predictions unless the upper levels are the (2s3s)?S and the (2pup)’P, 
(3dud)*D etc. series. 

Wilson (1935), Ma and Wu (1936) and Wu (1934, 1944) have computed the 
energies of some of the levels of interest. Their results are presented in the 
table together with the energies of the upper levels of the observed lines, various 
assumptions regarding the identity of the lower levels being made. 


* We are indebted to Dr. P. K. Carroll for discussion of this point. 
} Kreisler computed the probability of a discrete transition from only one doubly 


excited level, but it seems unlikely that other discrete emissions from doubly excited levels 
are much more probable. 
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It is seen that no single upper level can be the origin of more than one of the 
observed lines unless one admits the possibility of optically forbidden transitions* ; 
it then becomes difficult to reconcile the observed intensities and to believe that 
each level gives rise to only one allowed line. Even if the theoretical probabilities 
are incorrect, the problem of identification is still not easily resolved. Thus, 
unless the calculated energies are grossly in error the 279715 line must 
correspond to one of the transitions (2s2p)?P—(1s4s)S, (2s2p)?P—(1s5s)?S and 
(2s2p)?P—(1s4d)°D; all of these involve double electron jumps but the 
unobserved line (2s2p)?P—(1s2s)*5 will be expected to be more intense. It is 
not easy to estimate the error involved in the theoretical energies. Some recent 
rather elaborate calculations by Hylleraas (1950) of the energy of the (2s2p)?P 
term yield a value 58-50 ev differing by only 0-05 ev from the value obtained by 
Wilson (1935) using self-consistent field wave functions which encourages the 
belief that they are quite accurate. However, Whiddington and Priestley (1934) 
and Swift and Whiddington (1936) have reported that electron collision 
experiments show a weak transition in helium causing an energy loss of 
59-73 + 0-12 ev and astill weaker transition causing an energy loss of 63-25 + 0-13 ev 
(cf. table) and have shown that they are due to double excitation of helium atoms. 
On the basis of their calculations of the excitation cross sections in helium, 
Massey and Mohr (1935) identify the energy loss of 59-73ev as due to the 
transition (1s?)!S—(2s2p)!P and the 63-25ev loss as due to (1s?)!S—(3s2p)'P. 
The first identification requires an error of 1:-49ev in the theoretical 
energy.T 

If errors of about 2 ev (1 ev is equivalent to 8068 cm) do indeed occur, all 
the observed lines could be attributed to the (2pup)*P series, but in spite of the 
collision experiments such errors appear rather unlikely. 

However, the theoretical auto-ionization probabilities receive some support 
from the small number of lines found and from the fact that attempts by Kiang, 
Ma and Wu (1936) and by Bundy (1937) to detect a visible spectrum due to 
transitions between pairs of doubly excited states met with failure. Again high 
auto-ionization probabilities undoubtedly sometimes occur: for example, 
Shenstone (1940) has observed silver lines of widths corresponding to auto- 
ionization probabilities of some 10 sect. 

Though the position is far from satisfactory, the experimental evidence 
cannot be said to disprove the theory; but it is admittedly disturbing to note 
that Wu and Ourom (1950) were unable to reconcile the theoretical auto- 
ionization probabilities of some apparently well identified beryllium lines with 
the spectroscopic observations. 
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Photo-Fluorescence Decay Times of Organic Phosphors 


By J. B. BIRKS ‘anp W. A. LITTLE 
Physics Department, Rhodes University, Grahamstown, South Africa 


MS. received 27th February 1953, and in amended form 6th Fuly 1953 


Abstract. A method for measuring photo-fluorescence decay times to approxi- 
mately 10~*%sec is described. Observations are made of the phase and 
modulation of the light from a 7-5 Mc/s air discharge tube, and of the fluorescence 
excited by this light, using a photomultiplier modulated at 15 Mc/s. The 
decay times of anthracene, stilbene, terphenyl and diphenylacetylene crystals of 
various thicknesses have been measured. Due to the overlap of the emission and 
absorption spectra, the technical decay time f¢, of a thick crystal is greater than 
the molecular decay time (t;)) observed for a microcrystalline specimen. For 
anthracene t;= 14+ 2 musec and (t;))=3:5+1-0 musec. This value of t; agrees 
with that derived from (t,)) and the comparative technical and molecular emission 
spectra. For each of the compounds studied the molecular decay time (¢,)g9, in 
the absence of internal quenching, is of the order of 3-4 mysec. 


§1. INTRODUCTION 


used in scintillation counting, is of the order of 10-® second. Many 

observations have been reported of the decay time ft, of the fluorescence 
excited by ionizing radiations for the more important phosphors. Few direct 
measurements are available however of the decay time ¢, of the photo-fluorescence 
excited by ultra-violet radiation, apart from those of Liebson et al. (1950), who 
found that ¢; was greater than ¢;, and approximately equal to 2¢, for most of the 
organic crystals investigated. 

Previous measurements by Bowen and Lawley (1949) and Little and Birks 
(1952) have shown that the spectrum of the photo-fluorescence observed in 
transmission through an organic crystal is critically dependent on crystal 
thickness, due to the overlap of the absorption and emission spectra. Only a 
fraction of the molecular emission occurs in a spectral region to which the 
crystal is transparent, the remainder being absorbed. ‘The absorbed radiation 
will be re-emitted as fluorescence, this process of emission and absorption 
recurring until all the initial excitation energy either escapes from the crystal 
as fluorescence in the transparent region, or is dissipated thermally by internal 
conversion. Due to this ‘photon cascade’ process, the technical decay times ¢, 
and t, observed for thick crystals would be expected to correspond to the sum 
of the decay times of several molecular emissions (Birks 1953). ‘This distinction 
between the technical and molecular decay times appears to have been overlooked 
by previous observers. 

An experimental method has therefore been developed for the measurement 
of photo-fluorescence decay times, and it has been used to study the effect of 
crystal size on ¢,, and to determine the molecular decay time (t,)y for various 
organic compounds of interest. 
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§2. PRINCIPLE OF THE METHOD 


When a phosphor of photo-fluorescence decay time ty is excited by light, | 


whose intensity 

fall ismtcotin os) Vil = © ieee (1) 
is modulated at a high angular frequency 2w, the fluorescence emission is also 
modulated in intensity, but its phase lags behind that of the exciting light, and 
its degree of modulation differs from that of the exciting light. 

The decay of the fluorescence emission from an organic molecule is 
exponential (Pringsheim 1949). It is shown subsequently that the technical 
decay process, consisting of several such monomolecular decays, is also 
exponential. This is confirmed by the shape of the observed modulation curves, 
and it is in agreement with the exponential scintillation decay pulses, excited 
in organic crystals by fast electrons and recorded by other observers. A non- 
exponential scintillation decay may occur with heavy particle excitation, due to 
bimolecular quenching processes in the primary ionization column (Wright 
1953). 
The rate of emission of light by a phosphor, excited by a light pulse of 
intensity J at the time t =0, is at a time ¢ given by 

as. gL 

AF: Sire alts, akeneite (2) 
where gq is the photo-fluorescence efficiency. Hence the intensity of the 
fluorescence emission, excited by a modulated light source whose intensity is 


given by (1), is at a time ¢y 
, * 
(Se { 4 (1,4 Ipsin® et) exp {—(t)—t)/te}dt 
—« 'f 


=qI,+tqI[1—cos¢cos(2wt)—¢)] =  — ..eeve (3) 
where tan’ d= 2; 9S "| ve eral eee (4) 


and ¢ is the phase lag between the exciting light and the fluorescence emission. 
The degree of modulation of the source is 
Lnax med ae = rf (5) 
Imax ag Lrnin 21, ati I) aes 
and of the fluorescence emission is 
Me= Omar = Sinin 
poh sen 
Simax mie Sinin 
Hence the fluorescence decay time ¢, can be obtained from observations of either 
the phase lag ¢ or the relative modulation m,/m, of the fluorescence emission. 


m, = 


=m, Cosmet vi) oping are (6) 


§3. EXPERIMENTAL APPARATUS 
3.1. General Description 


A diagram of the apparatus is shown in fig. 1. The power from a 40 watt 
7:5 Mc/s 807 Hartley oscillator is fed via a concentric cable to a resonant circuit 
across the high-frequency discharge tube, whose light output is thus modulated 
at 15-0 Mc/s. The oscillator also feeds a frequency doubler stage, and the 
15 Mc/s signal is fed via a ‘coil line’ phase changer, to a constant-output tuned 


— 
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amplifier. The amplifier output, which is of constant amplitude and of variable 
phase, is applied between the photo-cathode and the first dynode of an 
RCA 931-A photomultiplier tube, thus modulating the sensitivity of the tube 
at a frequency of 15 Mc/s. The integrated current 7 from the photomultiplier 
is measured with a sensitive galvanometer. The magnitude of 7 depends on the 
relative phase of the cathode—first dynode modulating potential and the incident 


Resonant 
Circuit 


7:5 Mc/s 


Frequency 
Oscillator 


Discharge 
Tube Doubler 
UY. Filter <0 
Crystal 

2A Filter ss “ee 
Amplifier 


Fig. 1. Schematic design of apparatus. 


modulated light. The current is measured as a function of the phase difference 
between the potential applied to the discharge tube and that applied to the 
photomultiplier tube, and hence the degree of modulation and the relative 
phase of the incident light are obtained. Similar measurements on the 
fluorescence emission excited in the phosphor by the light from the discharge 
tube enable ¢, the phase lag, and m,/m,, the relative degree of modulation, to be 
determined. 


Phase Changer Reading 
@ 


0 20 40 60 80 100 120 140 160 
Phase Angle (degrees) at 7-31 Mc/s 


Fig. 2. Calibration of phase changer. 


3.2. The Design and Calibration of the Phase Changer 


The phase changer (Hund 1936) is an artificial line which consists of ten 
2H inductances wound on a single bakelite former with each inductance 
shunted to earth with a 50 pr condenser, and the line is terminated in a matched 
resistive load. A movable pick-up coil is mounted inside the coil former on a 
graduated, adjustable screw. ‘The phase changer was calibrated by comparison 
with a short length of cable of known electrical length. ‘The 15 Mc/s signal 
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from the phase changer was fed to the X deflection plates of a fast oscilloscope, _ 
and the 15 Mc/s signal from the frequency doubler was fed via an amplifier 
through a concentric cable to the Y deflection plates. The phases of the two 
signals were adjusted to give a linear trace on the oscilloscope screen. The 
introduction of a short known additional length of cable in the Y-plate channel 
caused a phase change. ‘The resultant elliptical oscilloscope trace was reduced 
to a linear trace again by an adjustment of the phase changer, whose reading 
was equated to the calculated phase change introduced by the cable. The 
calibration curve of the phase changer is shown in fig. 2. Different calibration 
runs agreed to within less than 1° of phase, i.e. approximately 2 x 10~1° second. 
The signal from the phase changer is variable over 300° and is approximately 
constant in amplitude. It is fed through a limiting tuned amplifier giving an 
output constant in amplitude to better than 0-1% over the whole range of phase. 


Relative Modulation 


Experimental 
Theoretical (eqn.(7)) 


Relative Intensity 


5 10 IS 
Pressure (cm Hg) Pressure (cm Hg) 


Fig. 3. Degree of modulation plotted against Fig. 4. Light intensity plotted against pressut 
pressure for discharge tube. for discharge tube. 


3.3. Design and Studies of Modulated Discharge Tube 


The high-frequency gas discharge tube operates at pressures of up to 15 cm Hg. 
Air is found to be the most satisfactory and convenient gas. ‘The discharge tube 
has two needle-point tungsten electrodes with 1 mm separation, sealed into a 
Pyrex tube which has a flat quartz window. ‘The unperturbed decay times of 
the excited states of the O, and N, molecules are relatively long, of the order of 
5 x 10-8 sec (Frey 1936), so that at very low pressures the degree of modulation 
of the light output from the discharge is low though the intensity is high. An 
increase in the pressure p causes collisional quenching of the excited gas molecules, 
giving a reduction in intensity, but an increase in the degree of modulation due 
to the reduced decay time. If it is assumed that the decay time of the excited 
state of the gas molecule is inversely proportional to the pressure, then the 
degree of modulation m, is given theoretically by an equation of the form 

mi=(l- ap ye eee (7) 
The relative degree of modulation of the 7-5 Mc/s air discharge has been 
measured as a function of p. ‘These measurements are plotted in fig. 3, and they 
are in good agreement with the theoretical relation (7) for values of p from 
approximately 3 cm to 15 cm Hg for a=35. The relative intensity of the light 
output as a function of p is plotted in fig. 4. The large increase in intensity at 
low pressures is due to a sudden increase in the volume of the discharge. 
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Although these measurements on the high-frequency gas discharge were 
primarily conducted to establish the optimum conditions of the modulated light 
source for the photo-fluorescence studies, the results obtained indicate that the 
experimental method should be useful in studies of the decay times of the 
excited states of gas molecules. The degree of modulation of the discharge is 
simply related to the decay time, and different spectral bands can be isolated 
and studied by the use of appropriate filters. For the photo-fluorescence studies 
an air pressure of about 5 cm Hg was used, since this gave a high degree of 
modulation combined with an adequate intensity. 


\ §4. EXPERIMENTAL RESULTS 
4.1. Decay Times 
A Wood’s glass filter, transmitting only ultra-violet radiation, was placed 
over the window of the discharge tube, and the photomultiplier output current 7 


was measured as a function of the phase difference between the discharge tube 
potential and the cathode~—first dynode potential (fig. 5, curve a). A Wratten 2A 
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Fig. 5. Photomultiplier current 7 plotted against Fig. 6. Fluorescence spectra of 
phase changer reading; a, light source; anthracene; a, microcrystals 
4, anthracene crystal. (molecular spectrum); 6, 
1 cm thick crystal (technical 
spectrum). 


filter placed between the Wood’s glass filter and the photomultiplier was found 
to absorb almost all the radiation from the discharge tube. When an anthracene 
crystal, 1 cm thick, was introduced between the two filters, a strong photo- 
multiplier signal was obtained due to the anthracene photo-fluorescence, which 
is transmitted by the Wratten 2A filter. The current 7 (corrected for the small 
background current present in the absence of the crystal) was observed as before 
as a function of phase difference (fig. 5, curve b). ‘The phase lag 6=53° + 3°, 
corresponding to t-=14-4+41-5mpsec. A similar value of $=55°+1-2°, 
corresponding to t;=15-5+0-7 mpsec, is obtained from the relative degree of 
modulation m,/m,. 

Similar measurements of f at room temperature were made on other 
anthracene single crystals, and also on single crystals of trans-stilbene, diphenyl- 
acetylene and para-terphenyl. In addition, observations were made on thin 
powdered specimens of anthracene and para-terphenyl, prepared by grinding, 
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and on microcrystalline layers of each of the four materials formed on a thin 
glass plate, by evaporation of a dilute solution of the compound in xylene. In the 
latter case it was only found possible to excite the photo-fluorescence of anthracene 
and stilbene with sufficient intensity to observe ¢,, since the absorption spectra 
of the other two compounds lie further into the ultra-violet region, where the 
emission of the source is weak. The mean observed values of t, for the various 
specimens studied are listed in the table. 


Compound Description of specimen te (my sec) t(L) (mp sec) 
Anthracene 1 cm cube 1442 AK7) 
Powder 4-84+1:5 — 
Microcrystals 3-5+1-0 — 
4% solution in benzene _ 20+ UES 
Stilbene 2 mm thick 3-0+0°8 3°1 
Microcrystals (efit O56 — 
Diphenylacetylene 2 mm thick 3:0+0°-8 D5 
Terphenyl 2 mm thick Sesser Ih, 11 
Fine powder 3-5 1-0 aa 
$°% solution in benzene — 2:5+0°5 


The values of t; reported by Liebson (1952) (t;(L)) for crystals of unspecified 
size (probably +1 mm thickness) and other specimens are shown in the last 
column of the table for comparison. 


4.2. Fluorescence Spectra 


The emission spectra of the different anthracene specimens, excited by 
monochromatic radiation of 254m wavelength, have been measured. The 
spectra were observed by transmission through the specimens using a modified 
Cenco-Sheard ‘spectrophotelometer’ with an EMI 6262 photomultiplier tube 
as the radiation detector. ‘The intensity readings were corrected for the variation 
of the sensitivity of the photomultiplier and of the transmission coefficient of 
the ‘spectrophotelometer’ with wavelength. The fluorescence spectra from 
(a) a microcrystalline specimen, and (6) a single crystal, of 1 cm thickness, 
normalized at a wavelength of 450 my, are plotted in fig. 6. The absence of 
vibrational structure is due to the low resolution of the experimental arrangement. 

The spectra of the anthracene powders were intermediate between (a) and (6), 
extending from a wavelength of about 390 mp, with an intensity peak at about 
425 mp, and coinciding with the other two spectra at wavelengths greater than 
450 mp. These powder spectra, like the corresponding decay time measurements, 
are critically dependent on the grain size. For crystal thicknesses greater 
than 1mm the spectrum is practically independent of thickness, and similar to 
that shown in fig. 6, curve b. 

The emission spectrum of a 2mm thick mixed crystal of naphthalene, 
containing 0:01°% of anthracene by weight, and excited by the 254 my radiation, 
was observed to contain two spectral components characteristic of the naphthalene 
and anthracene molecules respectively. The spectrum of the anthracene emission 
was found to be similar to that from the pure anthracene microcrystals 
(fig. 6, curve a). For mixed crystals of greater thickness and higher anthracene 
concentration, the anthracene emission spectra were intermediate between 
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(a) and (6), and similar to those from pure anthracene powders. Certain of these 
spectral measurements have been reported previously (Little and Birks 1952) 
but have not been published. 


§5. Discussion 

The dependence of the fluorescence spectra of the anthracene specimens on 
crystal size is due to the overlap of the absorption and emission spectra. For 
the microcrystalline specimens the self-absorption is practically eliminated, 
and the observed spectrum corresponds to the true molecular fluorescence of 
anthracene in the crystalline state. It is similar to that of anthracene in dilute 
solid solution in naphthalene, and it also agrees closely with that of anthracene 
in solid solution in polystyrene, observed by Koski (1951). In each case the 
complete molecular spectrum is observed because the surrounding medium is 
transparent to the emission. 

In a large crystal, a fraction of the fluorescence emitted by the molecules 
initially excited by the incident radiation is reabsorbed. This absorbed radiation 
is subsequently re-emitted as molecular fluorescence, which hence includes 
both Stokes and anti-Stokes radiation. ‘The process recurs until all the 
fluorescence emission is in the spectral region to which the crystal is transparent. 
The spectrum observed (fig. 6, curve 6) corresponds to the technical emission 
spectrum of an anthracene crystal of thickness greater than 1mm. ‘The 
probability k, of the escape of the molecular emission is given by the ratio of 
the area under the technical spectrum to the area under the molecular spectrum. 
For the thick anthracene crystals k, = 0-2 from fig. 6. The probability of absorption 
k=1-k,=058. 

The effect.of the self-absorption on the observed value of t; may be calculated. 
Let N be the number of excited molecules at time f, 1/(t»)p9 be the probability per 
unit time of molecular emission, and 1/t; be the probability per unit time of 
internal conversion. ‘Then 


dN 
— Fy =NUMte)oo + Wti—Ri(teool=NA, wees (8) 
a ae ee Oe en ee aE ee ee, (9) 
The intensity of the fluorescence emission escaping from the crystal is 
Tod RIN dle euecr cs) | ages heen ee (10) 
Hence the decay of the emission is exponential, and of technical decay time 
t= depapennl ie) Righh sn plas ietSieg Migert ee (11) 


A ke + (tool ti” 
The molecular decay time (k=0, k,=1) is 
(tr )oo 
te)o= oo dot lon 0 tt ee eee 12 
( t)o 14 (te)oo/ti qol £)oo ( ) 
where g, is the molecular photo-fluorescence quantum efficiency. In the 
absence of internal quenching (q) = 1) 


Leae (belgian tee we NS okie G (13) 
Bowen, Mikiewicz and Smith (1949) have observed gq) =0-9 for small anthra- 
cene crystals at room temperature. This represents a minimum value for q, 
since it is not certain that their specimens were sufficiently thin to eliminate 
self-absorption completely. Substituting qy=0-9, k, =0-2, (t¢)) =3°5 + 1-0 mu sec 
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in the equations above, we obtain (ty)o9 =3-9 + 1:2 musec, t,=35 + 10 mpsec, and 
te=12°6+3-5mpsec. This value of t, agrees, within the experimental error, 
with that of t-=14+2mpsec observed directly. 

The photo-fluorescence quantum efficiency gj of a solution of anthracene 
in benzene is ~0-65 (Bowen 1949). Since self-absorption will be negligible in 
a relatively dilute solution, we may equate Liebson’s value of te-=2:0+0-5 mpsec | 
to (t)o, giving (tp)y9 =3°1 + 0-8 my sec in agreement with the value obtained from 
the crystal measurements. 

The smaller difference in the values of ¢; observed for thick ie: and 
microcrystals of trans-stilbene is due to the reduced overlap of the absorptino 
and emission spectra. The reduced self-absorption of stilbene compared with 
anthracene is confirmed by the observations of Koski (1951), who compared the 
emission spectrum of a stilbene crystal with that of a dilute solution of stilbene 
in polystyrene. The data on ¢, for stilbene, diphenylacetylene and terphenyl 
indicate that (t;)g) for each of these materials is of the order of 3-4mysec. This 
is to be expected since the oscillator strengths of the optical transition from the 
first electronic excited state to the ground state, responsible for the fluorescence 
emission, are similar to that of anthracene. 

Liebson’s value of t;=11mpsec for terphenyl appears anomalous, and 
disagrees with his value of t;=6mpsec for the same material. Since t;~2t, 
we may estimate t;~3 msec from this latter measurement, in agreement with 
the general results. 


$6. CONCLUSION 


The results indicate that the photo-fluorescence molecular decay time (t¢)o9, 
in the absence of internal quenching, of the organic compounds studied is of the 
order of 3-4mysec. This is reduced to (t¢;)) for microcrystals, due to internal 
conversion, and increased to ¢; for large crystals, due to self-absorption. The 
spectral and decay time measurements on anthracene crystals show clearly that 
intermolecular energy exchange occurs by photon emission and reabsorption, as 


proposed by Birks (1953). 
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Abstract. Cosmic-ray jets are interpreted as being due to the creation of a more 
or less cylindrical penetration tunnel in the nucleus. An estimate of the energy 
transfer to the residual nucleus is made and it is shown that this arises mainly 
from the surface energy of the tunnel. The order of magnitude found accounts 
for the relatively small number of heavy tracks Ny observed. The fluctuations 
of Ny are also in rough agreement with the observations. The variation of the 
shower size n, is largely due to the variation of the tunnel length d, but there are 
also substantial fluctuations of n, for a given d. The upper limit of n, is due to 
the maximum tunnel length in AgBr, and is, above a certain energy, independent 
of the primary energy. ‘The values of n, can be obtained (in agreement with the 
facts) from a purely plural or a suitable mixed plural—multiple model for meson 
production. 


§ 1. GENERAL SURVEY 


HE cosmic-ray jets have recently been the subject of several investigations 
(Daniel et al. 1952, Kaplon and Ritson 1952, and various publications 
describing individual events, for example, Pickup and Voyvodic 1951). 
Although the statistical material is still not very great enough appears to be 
known to attempt a theoretical explanation, at least on broad and more qualitative 
lines. The characteristic features of these jets are the following: (i) The shower 
particles are emitted within a very small angle which indicates that the primary 
nucleon must have had a very high energy, >50 kmev say.* ‘The number of 
shower particles n, ranges from a few up to about 30 in AgBr. (11) The number 
of heavy tracks Ny is surprisingly small, ranging from 0 to 5, say, if we except 
a few events near the lower end of the energy region considered. ‘This is in 
contrast to the showers observed at lower energies where large values of Ny are 
quite frequent. As far as could be ascertained, the shower particles are mostly 
mesons. ‘The number of protons may be estimated to be 10-20%. A considerable 
fraction of the mesons appear to be x-mesons. But as the energies are so high, 
we shall not, in the following, distinguish between the various types of mesons. 
On account of the small value of Ny these jets, in particular those with 
Ny=0, 1 or 2, have often been interpreted as due to glancing collisions. ‘This, 
we shall show, is quite unjustified. 

The energy of the primary cannot be inferred directly from the angular 
spread ® of the jet. This would be the case if only one collision with a single 
nucleon in the nucleus took place. But as will be shown, there is no justification 
for such an assumption. In the case of a single collision the primary energy 
would be given by approximately 2/®?, in units of Mc?~1 kmev. Thus 2/? is 
a lower limit to the primary energy (in kmev) which is, in most cases, much 

* Showers initiated by primary heavy nuclei will not be considered in this paper, but a 
few a-initiated jets are included in fig. 1. For these n, has been divided by four but Ng is 
the measured value. 
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higher. We therefore use ©?, which is the quantity actually measured, to 
characterize the showers. 

In fig. 1 we have plotted the individual events observed by Daniel e¢ al. and 
by Kaplon and Ritson according to the number of jet particles n, and as a 
function of log, ®?. The first measurements are made in the photographic 
plate and refer to AgBr; a few of the smaller events may actually be due to 
C, N, O, but they cannot be identified as such and as their number is certainly 
not large we disregard this possibility. The second set of experiments refer 
to Cu and are made with an alternating set of Cu and photographic plates set 
horizontally (the direction of the jet is more or less vertical). Since the diameter 
of the Cu nucleus is only slightly smaller ($) than that of Ag we may plot both 
measurements in the same diagram. ‘The first set comprises showers with 
2/®2>50, the second set only those with 2/0?>480. There is, of course, no 
statistical relationship between the two sets of experiments. ‘The number of 
heavy tracks is indicated for each event of the first set, but could not be measured 
in the second set. 


= i ao -4 + Jog, G2 


Fig. 1. Plot of cosmic-ray jets with ng shower particles as function of the average half-angle 
¢. Fullcircles and crosses according to Daniel et al. (1952), open circles according to 
Kaplon and Ritson (1952). One event (triangle) by Lord et al. (1950). The number 
of heavy tracks Ny is attached for the first set of experiments. When this is 
bracketed, the event is initiated by an w-particle and ng (but not Ny) is divided by 
four. The theoretical curves for plural model (gp) and mixed plural—multiple 
model (gy) refer to a maximum tunnel length in Ag. The curve to the left from 
Terreaux (1951) applies to smaller energies. The upper energy scale applies 
to a maximum tunnel length, the lower scale to glancing collisions. Fluctuations of 
ng and Ny are marked on the left for maximum tunnel length. 


A substantial advance in the understanding of the jets has been made in a 
recent paper by Roesler and McCusker (1953). The picture used is this: 
At the very high energies with which we are concerned the primary nucleon will 
penetrate right through the nucleus sweeping out all nuclear matter along its 
path, together with the mesons created in the collisions. Thus a more or less 
clear-cut penetration tunnel is made through the nucleus. This, of course, is 
only true in a large nucleus (a light nucleus could not keep together) and if the 
collision is not a glancing, or near glancing, one. 
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The energy of the jet particles will degrade along the tunnel with a 
corresponding increase in the angles. So in general the shape will be that of 
atrumpet. At the entrance the radius of the tunnel will be equal to the nucleon— 
nucleon distance in the nucleus. If the primary energy is sufficiently high 
the angular spread is small and the shape will be a cylinder. Actually, we shall 
see that this phenomenological treatment of the tunnel begins to fail just when 
the shape begins to deviate from a cylinder. 

We shall accept this general picture in the following but deviate in the actual 
application. Our conclusions will also be different. We shall use the following 
unit of length: let the nuclear diameter be d,=2-8 x 10- A cm; if the cross 
section in a collision with a nucleon is geometric, i.e. 


h \2 
o=T (—) ear 14o6 1057?) cm* a 6713 x 10 cm?, 


My 
our unit of length shall be the average distance between two collisions in a 
nucleus, i.e. F, 1 a d4° 1:87 x 10-13 
eee Aue te Sy Eka, 


In these units, the nuclear diameters are d,=7-2 (Ag), 6-0 (Cu), 3-8(O). This 
is the average number of collisions in a tunnel of maximum length. ‘The average 
distance between two nucleons in the nucleus is, in these units, 1-2 dp. 

Consider now showers created by a central hit and with an energy so high 
that the tunnel is cylindrical. The number of nucleons hit is then determined by 
the diameter of the nucleus and independent of the primary energy. We expect 
then that 7, also remains constant and does not change substantially with energy. 
This will be the maximum shower size. A glance at fig. 1 shows that such an 
upper limit really exists, namely n,~30, if we except a few cases in the upper 
left-hand corner, which are characterized by a large Ny as well as a large m, and 
- acomparatively small 2/®?. These exceptional cases will be discussed below (§ 5). 
Considering the large range in energy (more than a factor 100) the constancy of 
the maximum is rather striking. ‘Thus we interpret the upper boundary of the 
events in fig. 1 as due to a penetration tunnel along the diameter dy. We shall 
see in §4 that the actual value of n, is in agreement with the plural theory. 

If we disregard the fluctuations of n,, the smaller values of n, should be due 
to impact parameters corresponding to a tunnel length less than d4. ‘Theoretically, 
the lower boundary should be due to glancing collisions and would give the 
actual multiplicity in a nucleon-nucleon collision. However, it is doubtful 
whether this theoretical lower boundary is that of the experimental points in fig. 1. 
In the photographic plate a certain bias exists against small showers.. We see 
from fig. 1 that Ny decreases as n, decreases. Showers with Ny =0 and n,=2 or 3 
have certainly not been recorded at all and when Ny=1 and n,<3 probably 
the majority of the events have been missed. It is therefore impossible to say 
where the true lower boundary lies.* 


§2. ENERGY TRANSFER TO ResIDUAL NucLEuS, EVAPORATION NUCLEONS 


When the tunnel is created a certain amount of energy is transferred to the 
residual nucleus. We shall try to estimate this energy. It is quite clear that 
only a very rough estimate can be given for this quantity. 


* From the portion of fig. 1 where both sets of experiments overlap it appears that an 
even stronger bias against small jets must have existed in the Kaplon and Ritson experiment. 
Thus we attribute no significance to the lower bound of the latter experiment. 
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We consider the residual nucleus immediately after the passage of the 
primary. The energy transferred consists then of two contributions: 

(i) Friction. Energy is directly transferred by the primary and the jet 
particles to the neighbouring nucleons which remain part of the residual nucleus. 
This contribution will be very small. 

(ii) Surface energy. When the tunnel is created the nucleus has an 
additional surface due to the tunnel. This will be the main contribution. 

First we show that (i) is very small. Consider a nucleon 1 bound to a 
nucleon 2 with a potential V(r,,). Let the nucleon 1 be in the jet line and be 
hit by the jet developed up to that point. Owing to the very high energy of the 
jet the nucleon 1 will acquire almost immediately a velocity ec. The force acting 


on nucleon 2 is Keay naan 
Thus after the collision the momentum of nucleon 2 will be of the order 


ee — drys) V 
: c = eh 


Hence the energy transferred to nucleon 2 is of the order 
EeVAZMC allen 2 I ee (1) 


If we assume V~30 mev, E=0-5 Mev. Even if we assume that each nucleon, 
originally situated in the tunnel, has four neighbours, each of which receives 
the energy (1) and if the number of nucleons along the tunnel is seven (Ag, 
maximum tunnel length) we obtain a total energy transfer of only 


Ur; AA Mev. cu. igs GR (2) 


This is far too small to account for the observed numbers Ny. ‘The estimate is. 
only correct if the nucleons, when they emerge from the tunnel, have still energies 
very much greater than Mc’. Otherwise the energy transfer is much larger 
near the end of the tunnel. 

The surface energy is much larger than (2). It will be reasonable to lay the 
surface of the tunnel through the centres of the bordering nucleons. Then the 
diameter of the tunnel is twice the average distance between two nucleons or 
2-4 in our units.* ‘The surface of the maximal tunnel in Ag is then 2-47 x 7-2. 
and the ratio of the tunnel surface to the outer surface of the Ag nucleus is 


op 240x721 
Gye 4n(-6 3 


The surface energy of a nucleus is usually given as (Rosenfeld 1948) 
15-44? mev=350 mev for Ag. We calculate the energy transfer from the 
difference of the surfaces of the original nucleus (Ag) pierced by the tunnel and 
the smaller spherical nucleus which has seven nucleons less and is in its ground 
state, assuming that the surface energy per unit area is the same for the tunnel 
and a spherical nucleus. Since the density of the nucleons is constant no change 
in volume energy occurs. his gives an energy transfer of 


U,~105 mev. 


WU depends, of course, on what is assumed for the radius of the tunnel but roughly 
the same result is obtained by counting the number of nucleon-nucleon bonds broken by 


the tunnel. 
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Both estimates are very crude but we shall probably not be far wrong if we 
assume that the energy transfer to the residual nucleus in a diametral passage 
through an Ag nucleus at extreme energies is of the order of magnitude of 


EPOROS ESO er, Seu iz eaten ee (4) 


We shall assume now that, after this excitation, a thermal equilibrium is 
established before any further particles are ejected by evaporation. This is, 
no doubt, an idealization: immediately after the creation of the tunnel, no 
significant heat energy exists; this arises only through the gradual reconstitution 
of the nucleus in forming a new spherical nucleus, and the heat thus created 
is distributed more or less uniformly over the nucleus.* Relatively fast 
non-relativistic nucleons (grey tracks) may occur, and have also been observed, 
as border line cases between the creation of the tunnel and the subsequent 
evaporation, but the sharp distinction we are making seems to be a justified 
simplification. ; 

The evaporation process for a given excitation energy has been the subject 
of an extensive theoretical investigation by Le Couteur (1950, 1952). The 
average number of heavy tracks is very nearly proportional to U in the region 
in question. According to Le Couteur 

Nee = 25:5 1052 Cl (Mev) 0-7/2 oe Wie e (5) 
(for U not too small). From fig. 1 we find that Ny for showers with n, = 25-30 
is Ny=3, excepting again the group with large Ny and ,. The corresponding 
excitation energy of 148 Mev is in remarkable agreement with the crude 
estimate (4).¢ That our estimate is in fact somewhat lower is not surprising 
because the tunnel is not exactly cylindrical but has certain irregularities due to 
the accidental distribution of the nucleons. 

Next we consider the dependence of the surface energy on the impact 
parameter y (in units of dj), or the tunnel length d, defined as the length of the 
central line of the cylinder through the nucleus (d?=d,?--4y). For small y, 
the surface energy is nearly proportional to d. ‘This changes when y is so large 
(>2-3 say) that no tunnel proper is created but merely a piece of the nucleus is 
_ knocked off. The surface of a nucleus thus mutilated is almost the same as 
that of the original nucleus. Thus we expect the energy transfer to decrease 


very rapidly when y>2-3, say. The calculation gives the following results 
(for Ag): 


y 0 1 23 3-1 3-6 
d 7:2 68 5-6 3-6 0 
U,(mev) 105 100 55 20 15 


The case y =3-6 means glancing collisions with just one or two nucleons knocked 
oft from the surface. We see that the energy transfer has decreased to half its 
maximum value at y =2-3-2:5 (if we include U,), and there we expect Ny to have 
decreased to 1-5 or so. 


* The case of 7~-capture, where the energy transfer is of the same order as (4), differs in 
this respect from our case. Here the whole rest energy is first given to a single nucleon 
creating a very hot local region (see Menon et al. 1950). Moreover, there is an excess of one 
neutron after the capture, whereas in our case this is, on the average, not the case. Owing to 
the neutron excess the number of evaporation tracks is smaller by about one. 

+ Le Couteur has shown that his results agree with the observations of stars due to 
a~-capture. 
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We shall see in §4 that for d=5-5 we expect 7, to be of the order of 14. For 
still smaller jets Ny is expected to decrease rather rapidly. 

From fig. 1 we see indeed that, broadly speaking, Ny decreases as n, decreases 
and we would thus attribute the smaller jets to larger impact parameters. 
However, for several reasons, a quantitative comparison with the experiments 
can hardly be made at the present stage: (i) It will be seen (§4) that the 
fluctuations of n, are rather large so that events with the same 7, may be due to 
a rather large range of tunnel lengths. (ii) Showers with small Ny and small », 
are likely to be missed in the scanning and therefore the statistical material 
presented in fig. 1 becomes somewhat unreliable when x, is small and may therefore 
indicate too large a value for the average Ny. Also the fluctuations of Ny become 
relatively large for small Ny. (ii) The above estimate of U only holds as long as 


all jet nucleons emerging from the tunnel have energies much greater than Mc?, — 


We shall see in §5 that this is only true for sufficiently small ©?. The events 
furthest to the left in fig. 1 are situated not far from the limits where this theory 
ceases to hold. When the energy of the emerging nucleons is not very large 
compared with Mc? the energy transfer U, is larger.* If we except the events 
with fairly large ©? the statistical material is too small for a value of Ny to be 
derived. (iv) A number of the smaller events are no doubt due to collisions with 
C, N, O nuclei. For these our theory cannot be applied at all because these 
nuclei are disrupted entirely in the collision and in this case Ny may be larger. 

As the main result of this section we can state: There is no difficulty in under- 
standing that in the creation of a jet the number of heavy tracks is small, even in a 
diametral passage through the nucleus. 

Finally a remark about real glancing collisions: In this case there is little 
change in surface energy (~15 Mev). ‘The direct energy transfer U, is quite 
negligible. Although it is doubtful whether Le Couteur’s theory holds for such 
small U, Ny is certainly less than one. A further effect is the disturbance of the 
proton—neutron equilibrium. If a neutron/proton is knocked out this favours 
somewhat the evaporation of a proton/neutron but also leads in many cases to 
B-decay. 

We conclude that in a true glancing collision it is improbable that more 
than one heavy track appears. Only cases Ny =0, or at most 1, can be glancing 
collisions (in contrast to some publications where stars with small Ny are 
interpreted as glancing collisions). 


§3. FLUCTUATIONS OF Ny 


__ The fluctuations of Ny appear to be'rather large. Near the upper limit where 
Ny=3, Ny ranges from 0 to 5. There are several causes for these fluctuations: 

(i) The fluctuations of the evaporation process with given U have also been 
studied by Le Couteur (1952). When Ny=3, he finds A,Nyq=0°8. 

(ii) If d nucleons are ejected from the tunnel half of them will on the average 
be protons, half neutrons. The chance that, in reality, m ejected particles are 
protons is tufd 

2a (‘) : 
The expected mean square deviation from the proton—nucleon equilibrium in 
the residual nucleus is then An=/d/2._ For d=7 this gives An=1-3. If such 


* A slight increase of Ny towards the left of fig. 1 can perhaps be discerned from the 
diagram. 
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a proton or neutron excess exists, this will show in the number of heavy tracks. 
The excess of one neutron is likely to reduce the number of evaporation protons 
by ~1 (Le Couteur 1952). We may therefore not be far wrong if we assume a 
fluctuation of Ny of approximately An, due to a possible neutron or proton 
excess. Thus A,Nyq~1:3. 

(ii1) The true number of nucleons ejected Nett from the average number d, 
depending on the accidental distribution of nucleons in the nucleus (even if 
this is assumed to be uniform; not every nucleon receives a central hit). A similar 
problem was considered by Terreaux (1951) in the theory of plural meson 
production when no secondary effects are considered (i.e. if only one meson is 
produced for each nucleon hit by the primary). It was found that the deviation 
of the number of nucleons hit was Ak~2 when d=7 (independent of the primary 
energy if this is >100 kmev). Accordingly the tunnel is not really cylindrical 
in shape and therefore also U, fluctuates. We may, very roughly, assume that 
U, is proportional to the actual number of nucleons ejected. This gives a 
fluctuation AU,~U,Ak/d. For d=7, this gives AU,~40 Mev. Accordingly, 
A3sNy~NygAk/d~0-9. 

Combining all these sources we obtain an expected fluctuation 


ANg={(AyN yg)? + (ApNg)? + (AgN yg)? 221-7. oe. (6) 


This quite accounts for the observed fluctuations. 


§ 4. NUMBER OF SHOWER PaRTICLES ng 


We shall see in the following section that for all the jets under consideration 
the tunnel is nearly cylindrical and that the widening out of the tunnel into a 
trumpet form begins to become significant just at the lower end of the 
B(d=1)= 2/2 scale, i.e. for 2/62 <100 say. We shall therefore in this section 
assume a cylindrical shape. 

The number of shower particles to be found depends, of course, on what is 
assumed for the process of meson production. We shall see that both purely 
plural production and mixed plural—multiple production can account for the 
o bservations, as far as n, is concerned.* 

If we consider the problem as continuous along the tunnel rather than as a 
connplicated statistical problem of collisions with individual nucleons, the 
calculation becomes very simple. 

Let t be the variable distance along the tunnel in our units. The number of 
shower particles in the jet will then increase as ¢ increases and the characteristics 
of the process will be given by dn,(t)/dt. 


(a) Plural Production 


We shall use the model first suggested by Heitler and Janossy (1950) namely, 
only one meson is produced in a nucleon-nucleon collision. If, however, t fast 
nucleons all moving in the same direction hit simultaneously one nucleon at rest 


* The plural interpretation of penetrating showers has received support through the 
experiments of McCusker, Porter and Wilson (1953) in carbon and paraffin, for primary 
energies up to 30 kmev. The hydrogen in paraffin contributes nothing to showers n, >2 
within the statistical errors, which are very much smaller than the rate to be expected if the 
showers in carbon were due to multiple processes. Thus, for F< 30 kmev, multiple processes 
must be comparatively rare. For higher energies nothing definite is known yet and we shall 
therefore also discuss briefly the case of a mixed plural-multiple production. 
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(in a many body collision) t mesons (but only one recoil nucleon) are produced.* 


We assume that the jet mesons do not produce further mesons in colliding with 


nucleons. We shall also assume the cross section to be geometric (7(h/,€)”). 

At adepth ¢, just ¢+ 1 fast nucleons are present including the primary. Assuming 

that two thirds of the mesons and half of the nucleons are charged we have 
dn,p/dt =3(t+ 1) +4 

and 


d 
re | de(R(t+1)4+4)+4=402+$d4+h. wan. (7) 
0 


The last term 4 corresponds to the primary. For d=7-2, we therefore obtain 
np = 23, and for d=d,/2=3-6, np=8. 

The number of protons in these jets is }(d+1); m,p is independent of the 
primary energy (provided that this is large enough for our considerations to be 
valid) and increases more or less like d?. 

First we see that the value n,=23 for d=d, is in fair agreement with the 
upper boundary of the observed jets, considering that , also fluctuates. (7) is the 
average. 

The fluctuation of the number of shower particles , is largely due to the 
fluctuation of the number of nucleons hit by the primary (see §3, third cause of 
fluctuations). We are here, of course, dealing not with a single primary passing 
through the nucleus but with a jet developing along the tunnel. ‘Tentatively we 
assume that the fluctuations of the number of nucleons hit is the same if the 
single primary is replaced by the jet: Thus Ak (§ 3) is the fluctuation of the 
number of nucleons hit. The fluctuations of m, thus obtained (as well as those of 
Ny) are marked on the left-hand side of fig. 1 for d=7. We see that the 
fluctuations are quite large but still smaller than the variation of n, due to the 
variation of the tunnel length, say by a factor 2. We also see that the observed 
upper limit of 2, (~30 or so) is just within the fluctuation of n, for a maximum 
tunnel length. 

The assumption of an energy independent geometrical cross section is, 
of course, purely phenomenological, supported by the fact that fig. 1 shows no 
noticeable energy dependence whatsoever. There is no theoretical basis for it. 
Pseudoscalar meson theory (unreliable though the calculations are) would gijve 
a decrease of the cross section with E. However, we are in the region where 
mesons of all kinds contribute and we know too little about the heavy mesons to 
venture any theoretical prediction. 


(b) Mixed Plural-Multiple Production 
McCusker and Roesler have considered the following simple model : 


dng 


Sars ites depth Wal Adit (8) 


where ¢y is assumed constant. ‘This may be regarded as a model for multiple 
production in a single jet-nucleon encounter. In the usual theories of multiple 
production the multiplicity is regarded as increasing with energy (see, for example, 

* This is not an arbitrary assumption but follows from the basic idea of plural production. 
We can transform the centre of gravity of the ¢ fast nucleons to rest, thus obtaining an 


assembly of t nucleons arranged along a line and these are hit by one fast nucleon. Then ¢ 
mesons are produced. 
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Heisenberg 1952). However, for our more phenomenological considerations, 
one simple model may suffice. ‘The assumption cy, independent of t means that 
it is the total energy E of the jet which is responsible for the multiplicity. F is 
constant along the tunnel and equals the primary energy. ‘To account for the 
observed independence of , on E we must also assume that cy, is, for the very 
high energies in question, independent of EF. It follows that 
Tee Cy glee 4 AE ha vskth Tek AMICI EY Yat Tee (9) 

and to reach agreement for d=d, we have to put c,;=4. The fluctuations would 
be c,,Ak(AR=2 for d=7) which is also quite large. While there is no particular 
justification for this model it should be clear that no decision in favour of a 
definite model can be derived from the jet experiments extant. 


§ 5. CONDITION FOR CYLINDRICAL TUNNEL, SHOWERS WITH LARGE Ny 


So far we have assumed that the penetration tunnel is cylindrical and we must 
find out under which conditions this is true. Roesler et al. have derived the 
condition from their diffusion equation. Without going into details of the 
diffusion problem the condition can be derived very simply. The tunnel is 
cylindrical if the angle ® of a shower particle is so small that, when it originates 
from the tunnel entrance, it remains within the tunnel. Let 7 be the radius of 
the tunnel, then ® <7r/d. Onour unitsr=1-2. Hence 

ee (Ee2/ dere le ape | eae (10) 
Hor d=—/, this means ©? <3 x 107°. 

We can now also estimate the primary energy /;; the jet energy at each stage 
is also E. We may assume that the square of the average angle in a jet—nucleon 
collision is of the order of 2Mc?/F, as is generally true for relativistic collisions. 
Thus in each collision © increases by_an amount A®?~2Mc?/E. According 
to the theory of Brownian movement ? then increases proportionally to the 
number of collisions. ‘Thus 

2227 MC; Eee 2) Te eee (11) 
The energy scale attached to fig. 1 depends then on d. For the upper boundary, 
when d=d, =7, the energy scale is given at the top of fig. 1. When d=1 (glancing 
collisions) the scale at the bottom applies (this is the scale usually applied in the 
experimental literature, but we see that for most of the showers the energies are 
higher, by a factor d, for the largest showers about 7 times larger). 

The limit where the cylindrical tunnel widens is marked in fig. 1 by the slight 
rise of the theoretical curves m,p and n,,,._ ‘This has been calculated as follows: 
The sideways extension of the tunnel is x >r and a factor x?/r? is inserted in the 
integral (7) and in (8). For x? the results of Roesler et al. have been used 
but the increase for the showers in question is so insignificant that we refrain 
from a detailed account. 

There is another limit of interest, namely the energy F, at which the emerging 
jet nucleons have an energy of order Mc?. ‘This is the region where meson 
production rapidly decreases. When E<E;, no tunnel in the above sense is 
created, or at least meson production ceases in the lower parts of the tunnel. 
Then also the direct energy transfer U, will be much larger than (2). The limit 
can only be derived from a more detailed model. If we accept 'Terreaux’s theory 
(1951, 1952) we obtain for E<E,, for example, the curve furthest to the left 

PROC. PHYS. SOC. LXVI, IO—A 62 


938 W. Heitler and Ch. Terreaux 


for one particular choice of the parameters. For the curve in fig. 1 the critical 
energy for meson production E,=1-5 Mc*; E, is then the energy where the dotted 
curves intersect. We see that E,~150 kmev, whereas E,,;~500 kmev (£,,, is the 
limit given by (10) and (11)). It also follows that when E~E,y, the average 
energy of the jet nucleons is about 5 Mc?. ; 

We can now also understand the comparatively few ‘jets with large Ny’ 
(marked by crosses in fig. 1), at least qualitatively.* ‘These are all situated in the 
neighbourhood of E~E,y). 

@ is the average angle of the jet particles which means that roughly half of the 
particles lie inside, half outside this angle. It must then happen occasionally 
that a fast jet nucleon forms an angle substantially larger than the average. In 
this case much more nuclear matter is drawn into the process, or in other words 
a second penetration tunnel is created (fig. 2). Since , is sensitive to d, n, will be 
raised considerably above the_curves calculated for a tunnel whose shape is 
determined by the average ©*. Also the surface energy will be increased. 


Fig. 2. Penetration tunnel with sideways track for moderate energies. 


Moreover, we have seen that in this region the average energy of the emerging 
nucleons is no longer very large compared with Mc?. ‘This means that also the 
direct energy transfer U, will be larger, and in addition the chance is quite 
appreciable that a recoil nucleon with energy only of the order of Mc? is formed. 
This also goes sideways and transfers a large amount of energy to the residual 
nucleus. 

It follows from these considerations that the tunnel idea breaks down as soon 
as the theoretical tunnel begins to widen. Then the fate of the individual 
nucleons must be considered. ‘The tunnel idea can only be applied when ©®? is 
so small that all particles remain well inside the tunnel. 

While it is difficult to give a quantitative account of the events described there 
is no difficulty in understanding the jets with large n, and Ny in the region where 
they are observed, namely where the tunnel idea becomes substantially invalid. 


ACKNOWLEDGMENTS 


We should like to thank Dr. K. Bleuler for interesting discussions. One of 
us (Ch. 'T’.) is indebted to the ‘Stiftung zur Férderung des Akademischen 
Nachwuchses’ fora research grant. 


* It is significant that, in the energy region considered here, showers with large Ny are 
not very frequent (Perkins, private communication), whereas at lower energies where ©? 
is larger, large Ny are the rule rather than an exception. 
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INTRODUCTION 


SCINTILLATION counter has been constructed for use as a detector in 

a lens B-spectrometer, with the purpose of obtaining a large counting 

efficiency for low energy electrons. An anthracene crystal of dimensions 

approximately 1 cm? by 2 mm was placed directly on the end of an uncooled 

EMI 5060 photomultiplier tube, optical contact being achieved with white 
vaseline. 


RESULTS 


To calibrate the instrument, electrons of a known incident energy from a 
thorium active deposit were focused on to a spot of 2mm diameter on the 
crystal and integral pulse amplitude curves were taken for various energies of 
the incident electrons. Integral pulse amplitude curves were also taken for 
very weak sources of light incident on the photo-cathode. ‘These curves are 
shown in fig. 1. For their interpretation their absolute intensities are of no 
importance; the intensity marked on the figure therefore represents only that of 
the background curve of the photomultiplier (curve G). 
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N.B. ‘The counting rate scale applies only to curve G. 
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Curves A and B are for 25 key electrons with overall multiplier voltages ot 
1500 and 1300 v respectively. They represent only a part of the integral pulse 
curves, since the discriminator scale was not large enough to deal with the full 
pulse amplitude range. The slight slope of the curves down to almost zero 
pulse height is probably due to the back-scattering of some of the incident 
electrons from the crystal. From these curves it can be assumed that for a 
bias of 40 divisions practically every pulse is counted. 

Curves C and D are for 8 kev electrons. These become almost horizontal 
at small discriminator settings. The comparison of curve D with the noise 
curve G (taken at the same multiplier voltage) shows that at the smallest workable 
bias (~20 divisions) practically all the pulses will be counted. 

By comparing the average pulse heights of curves D and F, it has been 
calculated that on an average 5-0 photo-electrons are produced by each 8 kev 
incident electron. 

Curve E is for 4 kev electrons. Extrapolating this curve to zero pulse height 
it will be seen that at least 90° of the pulses produced in the photomultiplier 
are counted at a bias of 20 divisions. 


INTERPRETATION OF RESULTS 
Statistics of the counting process. 
Seitz and Muller (1950) derived the expression 
Pele a Op ee et ee ee (ty) 

for the probability that a particle, incident on the crystal of a scintillation 
counter, produces at least one photo-electron at the photo-cathode. WN is the 
number of photons generated by the incident electron in the crystal, Q is the 
fraction of these which reach the photo-cathode and p the average probability 
that a photon, hitting the photo-cathode, will eject a photo-electron. 

If N is the average number of photons produced by electrons of a given 
energy which are completely absorbed in the crystal, the number produced by 
any one electron will fluctuate about N. It is reasonable to suppose that this 
fluctuation can be approximately represented by a Poisson distribution 


Nv 
eis ZT ec 
n! 
where P,, is the probability that 7 photons are emitted, the average number 
being NV. 
The average probability P is thus 
P=l—'exp(- NOP). (2) 


Unless the photo-cathode of the scintillation counter is cooled, it will not be 
possible to count all the pulses due to single photo-electrons owing to the 
presence of thermal emission from the photo-cathode and cold emission from 
the dynodes, etc. If the multiplier pulses are ‘ biased off’ so that only a small 
fraction of the pulses due to single photo-electrons is passed, eqn. (2) will no 
longer apply. 

In this case the probability can be expected to be somewhere between the 
probability of eqn. (2) and that of counting pulses due to at least two photo- 
electrons. This latter probability is given by 


P=1-(1+NQp) exp (— NOP). Eaeecs (3) 
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Ramler and Freedman (1950) found that the counting efficiency of their 
scintillation counter was approximately 15% for 10 kev and 50% for 20 kev 
incident electrons. Since they were using a cooled photo-cathode eqn. (2) will 
apply. It can be deduced that their efficiencies would be obtained if the Qp they | 
were employing was about 0-0025. Their value of Q was about 0-1, and if the 
p value of their photo-cathode was about 0-025 for the radiation from 
anthracene—not an unreasonably small value—the relatively low counting 
efficiency for this energy region is not surprising. 

If allowance is made for internal reflection occurring at the bottom surface 
_ of the crystal and if the light emission occurs inside the crystal (i.e. greater than 
a wavelength of light from the top surface, in order that internal reflection may 
occur at the top surface)*, for anthracene, which has refractive indices between 
1-959 and 1-556 (Winchell 1943), a value of approximately 0-6 is obtained for Q 
of the present apparatus. 

The photo-cathode sensitivity of the photomultiplier employed is 35 micro- 
amps per lumen for light from a standard tungsten filament lamp of colour 
temperature 2848°xk. This, together with the Sb—Cs photo-cathode sensitivity 
curve, leads to the quantum yield curve shown in fig. 2. 
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The emission spectrum of anthracene has peaks at 42404, 44404, and 
4700 A, the most intense one being at 4440 A (Roth 1949). It can be deduced 
then that p for this combination is of the order of 0-09, giving a value of Qp of 
about 0-05. 

Taking ©p as 0-05 and using the fact, previously established, that an 8 kev 
electron produces on the average 5-0 photo-electrons, we obtain the figure of 
80 ev as the energy expended by the electron in producing one photon in the 
crystal.t| This figure compares with 90 ev for high energy deuterons in 
anthracene (Wouters 1949), 64 ev for electrons in naphthalene (Kallman 1949) 
and 140 ev for electrons in anthracene (Hopkins 1951). 

It should perhaps be mentioned that Hopkins’ estimate was for electron 
energies greater than 30 kev. Since the average pulse-height-energy curve is 
not linear below this energy, the value obtained in the present work for 8 kev 
electrons is not strictly comparable with Hopkins’ value. 


* This is only just the case for 5 kev electrons in anthracene. 
} Assuming that all the photo-electrons produced reach the first dynode. 
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From the figure of 80 ev per photon it can be deduced from eqn. (2) that, 
if all the energy of the incident electrons is absorbed in the crystal, 100°% of 
the 25 kev electrons, 99-3°%, of the 8 kev electrons and 92% of the 4 kev electrons 
_ should produce pulses. 


The effect of electron back-scattering from the crystal. 


From the results of Schonland (1923, 1925) and Palluel (1947) it can be 
expected that for a material of the average atomic number of anthracene, about 
10% of normally incident electrons will be back-scattered. In the case at present 
under consideration, the electrons are incident at a mean angle of about 10° 
to the normal, so that it is reasonable to expect this 10°, still to apply. 

The important question that arises now is whether or not these back-scattered 
electrons will lose enough energy in the crystal, before leaving it, to be counted. 
To answer this fully, the energy spectrum of back-scattered electrons leaving 
the crystal at all angles from the normal would be required. ‘These data are 
not available and the only relevant data which are known to the author are those 
of Wagner (1930) and Chylinski (1932) for electrons incident and back-scattered 
at an angle {7 to the normal (as in reflection). 

The shape of this energy distribution does not vary markedly with energy 
for electrons incident with energies between 2 and 30 kev, or with atomic 
number Z between 13 and 79. Hence, it is reasonable to assume that the 
back-scattered electrons from anthracene under similar circumstances would 
have this type of distribution. 

The larger assumption will be made however that the energy spectrum of 
back-scattered electrons, from the problem in hand, will also be represented 
approximately by this distribution. Since this is a case of multiple scattering, 
it is not expected that this energy distribution will change sharply with back- 
scattered electron angle. 

From fig. 1 it can be assumed that electrons which lose 6 kev or more of 
their energy in the crystal will be counted. In the case of the 25 kev electrons 
(curves A and B) the results of Wagner and Chylinski show that about 95°% of 
the back-scattered electrons will have lost more than this amount of energy in 
the crystal. Thus, assuming a total of 10°% have been back-scattered, at least 
95°%, of these will be counted. ‘This figure is a minimum value because a number 
of electrons losing less than 6 kev in the crystal will still be counted. ‘Thus 
more than 99-5°% of the 25 kev electrons will be counted. 

For 8 kev electrons, similar reasoning will give an overall counting efficiency 
of 98°%, or more for a discriminator bias of 20 divisions. 

The 4 kev curve E is more difficult to interpret. It has been seen from fig. 1 
that 90°, of the pulses produced by these electrons are counted at the minimum 
workable bias of 20 divisions. It has also been calculated from eqn. (2) that 
92°%, of the electrons when completely absorbed will produce a pulse. Hence, 
assuming that the 10°%, of the incident electrons which are back-scattered produce 
no pulses at all for this low energy, a resultant counting efficiency of 70% is 
obtained. Of course, many of these back-scattered electrons will be counted, 
so this is a minimum value. Equation (3) gives an efficiency of 71-3°% for 
electrons of this energy. 

Experimentally it has been found that the counter has a workable efficiency 
down to an energy of 0:5 kev. 
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The Half-Life of '*'Ta™ and the Delayed Coincidence Method 


By H. S. MURDOCH 
School of Physics, University of Sydney, Australia 


Communicated by R. E. B. Makinson; MS. received 27th May 1953 


§ 1. INTRODUCTION 


wo methods have been used for the measurement of half-lives in the 

| range 10° to 10-® second. In either case the source is placed between 

two counters, the pulses from which are suitably sharpened or lengthened 

and fed to a coincidence circuit. In the integral method the pulse width in 

one channel is kept fixed while that in the other channel is progressively increased. 

In the differential method the pulses in both channels are of fixed width, but the 

pulses in one channel are progressively delayed with respect to those in the other 
channel. 

‘Two metastable excited states of 18"T'a occur in the B-decay of 184Hf (Barber 
1950). The half-life of the upper (610 kev) excited state of 4!’'T'a has been 
measured as 22 sec by De Benedetti and McGowan (1946), using the differential 
method, and as 20-1 + 0-7 sec by Bunyan et al. (1948), using the integral method. 
The half-life has been approximately verified by Madansky and Wiedenbeck 
(1947), Lundby (1949) and Barber (1950). The experiment described here 
was undertaken to determine the half-life more accurately. Both methods were 
used. 


Research Notes 945 


§ 2. THEORY OF THE METHOD 
The delayed coincidence rate is given by 


Cp =N[e,'ea{1 — exp (—Ar.)}+ e1e,'{1 —exp (—Az,)}], ...... (1) 


where e, and e, are the respective net efficiencies of counters 1 and 2 for the 

initial radiation, e,’ and e,’ have similar meanings for the delayed radiation, 

7, and 7, are the respective pulse widths in channels 1 and 2, A is the decay 

constant of the delayed radiation and N the number of disintegrations per second. 
In the integral method 7, is progressively increased, and we may write 


Coe All exp rae en ee (2) 


where A and B are constants. The decay constant A may be obtained by fitting 
the experimental points to a curve of this form. ‘There may also be a considerable 
constant background of instantaneous coincidences due to the presence of other 
radiation. For the decay of 1*4Hf to 15!'I'a instantaneous coincidences between 
the various y-rays following the upper excited state were found to represent 
about 50° of the maximum delayed coincidence rate.* If the pulses in channel 2 
are delayed by a time ¢, >7,, eqn. (1) becomes 


Cp =A exp [—A(tg—7)][1 —exp {—A(71 + 72) }] 
=A (i —expy —Aqp+ta)tin® 99 le eeeee (3) 


The use of a suitable delay linet eliminates the instantaneous coincidence 
background and reduces from three to two the number of parameters for which 
the experimental points must be fitted. Furthermore, if the pulse widths are 
determined by counting chance coincidences, 7,+7, is obtained more readily 
than either 7, or 7,. The value of the time delay need not be known accurately, 
as it does not affect the form of the curve. 

In the differential method ft, is varied but 7, and 7, are both fixed. For 
ta >7, eqn. (3) may be rearranged as 

Cr Ay exp (Ata)-a 4. ee esi (4) 
For this method it is of interest to calculate the most suitable value of the 
width 7, of the delayed pulses. We take as a criterion that, for a given true 
coincidence rate, the chance rate should be a minimum. ‘The ratio of chance 
to true coincidences 1s given by 
ete N(t +72) Ke Cp(t1 +72) 
© 1—exp[—A(r,+72)] ~ *[1—exp {—A(71 +72) }]? exp {—Ata—74) 


where K and K, are constants. 
Differentiation with respect to 7,+72, keeping Cy constant, yields the 
following condition for a minimum value of R: 


exp [A(71 +72) ] =1+4 2A(71 +74). 
The required solution is 
N71 +72) = 1-26. tees (0) 


* The decay of the 10~* sec excited state of '*’T'a may be considered as instantaneous for 


the purpose of the measurements described here. 
+ A time delay was used by Burson et al. (1951) to eliminate instantaneous coincidences 


for a coincidence absorption study of the delayed radiation. 
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If an approximate value of A is known the optimum value of 7, +7, can be chosen 
by means of egn. (6). The value selected for 7, should be less than the smallest 
delay used in the experiment. 


§ 3. ErrecT OF COUNTER TrmeE-LAGs 


The simple considerations of §2 must be somewhat modified for small delays 
and pulse widths because of time-lags in the counters. Assuming a normal 
distribution of counter time-lags, Bunyan, Lundby and Walker (1949) derived 
an expression for the probability of a coincidence being recorded. ‘They 
considered only the case where 7,;=7,, and where counter 1 records only the 
delayed radiation. Extending their calculations to the case where each counter 
may record either radiation (cf. Nag, Sen and Chatterjee 1950), and further, 
where the pulse widths are not necessarily equal, we obtain for the coincidence rate 


Cp =Nley eos + eree'fo], = ww wn ee (7) 
where 


n=a[6() $A) 
+4exp [—A(ta—0 — HAt,?)] | exp (A71) {1 aac Sa 
— exp (—Az9) {1 a? (Sa 
abe S| 
+4 exp [—A(O—t, — 4At,2)] | exp (Ar3) {1 18 (SN 
exp (—An) {1 +4 ei 


FA 
8(x) =n) | exp (—s4) ds, 
0 a a = is 


t, and ft, are the respective mean time-lags in counters 1 and 2 and f)//2 is the 
standard deviation of counter time-lags (assumed the same for each counter). 
In the integral method, as only 7, is varied, terms not involving r, are constant. 
If we impose the condition 
Ty ttgee hia 2-eAt © yee eee (8) 
the term in exp(—Ar,) is multiplied by a constant factor and the other terms 
in 7, are either zero or constant, hence 


Cp=A'[l—exp (—Ar)]+B’. - km (9) 
This is equivalent to eqn. (2). If condition (8) is not satisfied the coincidence 
rate will fall below that given by eqn. (9). If we also impose the condition 
ka 7 0 toa 2 Aig | oe (10) 


the term in B’ is eliminated from eqn. (9) and we have an equation of the form (3): 
Where 7, is of the same order as the counter time-lags it is not sufficient to 
merely make ¢, greater than 7, as suggested in § 2. 
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The inequality (10) also gives the condition for the minimum delay to be 
used in the differential method. For smaller values of tf, eqn. (3) is not valid. 


§ 4. EXPERIMENTAL ARRANGEMENT 


The 'S'Hf source consisted of hafnium oxide irradiated for one week in 
the atomic pile at the Atomic Energy Research Establishment, Harwell. The 
source was deposited on aluminium foil which was placed between two G.E.C. 
8 counters, with the active side facing the counter used to detect the delayed 
radiation, in order to minimize the absorption of the low energy delayed 
conversion electrons. 

The pulse width in channel 1 was 0-12 usec obtained by means of a shorted 
delay line. For the integral method the pulses in channel 2 were delayed by 
0-65 usec. ‘This was not quite sufficient to eliminate all instantaneous 
coincidences, but reduced the instantaneous coincidence rate from 50% to 4% 
of the maximum delayed rate. Pulse widths in channel 2 of from 1 usec upwards 
were obtained by means of a selector switch which varied the width of a 
univibrator pulse. For the differential method these univibrator pulses were 
differentiated to produce corresponding delays, and the width of the delayed 
pulse was fixed at 32 usec, this value being close to the optimum value given 
by eqn. (6) for a half-life of about 20 psec. 


cal 


8 
er Second, Curve A 


5B 


Coincidences per Second, Curve B 


Coincidences p 


oo 
foo} 


Coincidence Rate (sec~?) 


Q 20 40 60 80 100 720 140 0 40 80 120 
T, (Pulse Width in Channel 2) (4 sec) t4 (Delay in Channel 2) (zsec) 


Fig. 1. Integrated decay curve of 18!Ta™. Fig. 2. Differential decay curve of 18!Ta™. 
Least squares fit to experimental points. Least squares fit to experimental points. 


The pulse widths were obtained by counting chance coincidences, and were 
checked by measurement with a calibrated oscilloscope, the calibration of which 
was in turn checked against a crystal oscillator. "This oscilloscope was also used 
to measure the delays. 

§5. ExPERIMENTAL RESULTS 


5.1. Integral Method 


A sufficiently weak source was used for the chance coincidence rate to be only 
a few per cent of the true rate at the maximum value of the pulse width 7,. The 
latter was varied from 1 to 141 psec. The experimental results are plotted in 
fig. 1, the vertical lines indicating standard errors. The coincidence rates have 
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been corrected for the decay of 'S!Hf. A least squares fit with appropriate 
weighting of the experimental points yields for the half-life 19-1+0-4 usec. 
As the point at 1 usec falls on the curve, there do not appear to be any coincidence 
losses due to counter time-lags at this value of 7,. We assume, therefore, that — 
condition (8) holds, and the inclusion of this point is justified. 


5.2. Differential Method 


Delays in channel 2 of from 3-2 to 138 sec were used, and the experimental 
results are plotted in fig. 2. A least squares fit yields for the half-life 
18-6+0-2psec. The minimum delay of 3-2ysec is sufficient to ensure the 
validity of eqn. (3) and to eliminate any instantaneous coincidences. A test 
experiment was carried out with a ®°Co source to verify that the coincidence 
rate was no greater than the expected chance coincidence background for this 
value of the delay. 

5.3. Half-Life of *+Hf 

In the course of the integral experiment the counting rate in one of the 
counters was plotted over a period of 30 days. The value obtained for the 
half-life of 1*4Hf was 46+ 4 days. In assessing the half-life allowance was made ~ 
for a small progressive decrease in the efficiency of the counter, obtained by 
plotting the counting rate for a Co source over a period of three weeks and 
allowing for the known decay of ®°Co. 


§ 6. CONCLUSION 


The results obtained from the integral and differential methods agree within 
the limits of their standard errors, and we conclude that the half-life of the 610 kev 
excited state of 1°!'T'a is 18-8 sec, with an error unlikely to exceed 0-5 usec. This 
value is barely consistent with the result of Bunyan et al. (1948), and rules out 
the value obtained by De Benedetti and McGowan (1946).* 

The value obtained for the half-life of ‘Hf is consistent with recent 
determinations (Cork et al. (1950) 45 days, Seren, Friedlander and Turkel (1947) 
46 +3 days). Because of contamination with !°Hf (Hedgran and Thulin 1951), 
which has a half-life of 70 days (Wilkinson and Hicks 1949), all determinations 
of the half-life of '**Hf probably yield a value which is slightly too high. The 
observed value of the half-life would depend on the age of the sample, and also, 
to some extent, on the period of neutron irradiation in the pile and the period 
over which the half-life determination was made. The present determination 
was commenced about six weeks after irradiation. There is a need for a half-life 
determination of the separated isotope !!Hf. 
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* Note added in proof. Brown, H.N., and Becker, H. A. (Phys. Rev., 1953, 90, 328), have 
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which is consistent with our value. 
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The Compressibility of Metallic Aluminium 


By S. RAIMES 


Department of Mathematics, Imperial College, London 


MS. received 29th Fune 1953 


and cohesive energy of metallic aluminium, using a method which relies 

greatly upon the assumption that the valence electrons in the metal are 
almost free; and his results are in good agreement with experiment. It may 
therefore be of some interest to give a brief account of a different calculation of 
these quantities, which also makes use of the approximation of free electrons, 
but which is in some respects simpler and less laborious than that of Gaspar. 
Although the treatment is essentially approximate, and does not yield a good 
value for the cohesive energy, it leads with great facility to a curve of compression 
against pressure which accords very well with observation over a range of 
pressures up to 100000 kg cm, and it has the advantage that it does not require 
the use of an ion-core field of the Hartree type. 

The method is a formal extension to trivalent metals of that applied to the 
divalent metals by Raimes (1952), to which paper reference must be made for 
details omitted here. The energy of the lowest state of a valence electron in the 
metal is obtained by a procedure which is essentially that of Wigner and Seitz 
(1933, 1934), but reasonable assumptions regarding the approximate constancy 
of the wave function for the lowest state, together with the use of the experimental 
value of the third ionization potential of a free atom, permit the work to be 
carried out analytically without the explicit computation of an ion-core field. 
Assuming, in addition, that the valence electrons are very nearly free, the total 
energy per electron of a trivalent metal is found, as a function of the atomic 
radius r,, to be 


(3 sPAR(1952) has recently calculated the lattice parameter, compressibility, 


a (to? 3) , 3:60 460 1321 0-831 
Btr,)=3 (% - =) easy hoeere (asia later ae (1) 


és r 
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the terms having been kept separate for identification. The first term is the 
eigenvalue «, of the Schrodinger equation for the lowest state, when, as for the 
divalent metals, the self-consistent field of the valence electrons is ignored and 


only the potential function of the ion-core appears in the equation. The second 


term compensates for the neglect of the self-consistent field of the valence electrons, 
and is one third of the self-potential energy of the valence-electron charge 
distribution, taking this to be uniform, within an atomic sphere. The third and 
fourth terms are the Fermi and exchange energies, calculated according to the 
free-electron approximation; and the final term is the expression obtained by 
Wigner (1934, cf. Seitz 1940, p. 343) for the correlation energy, suitably 
modified for a trivalent metal. The constant 79, which is the atomic raduis corre- — 
sponding to the minimum of the curve of eg against 7,, is given by the equation 


Baan, a eee see) 
ryt Og [BS |e cot eo, et (2) 


where € = (679 — w?7)?)1?, and w? =/;, the negative of the third ionization potential 
of a free neutral atom (the second ionization potential had to be used for the 
divalent metals). In both equations (1) and (2) energies are in Rydberg units 
and lengths in Bohr units. 

Using the value of 28-44ev (Moore 1949) for J, 79 is found to be 2:13 Bohr 
units. The resulting values of the lattice parameter a, compressibility x, cohesive 
energy S, and total energy E are compared with the experimental values in the 
following table, the experimental values of « and S being those quoted by Gaspar 
as correct at 0°K. 


a(A)  «xX10!2(cm?2dyn-) SS (kcalmole)  —E (kcalmole™) 
Calculated 4-36 0-82 9 1237 
Experimental 4-04 0-95 60 1288 


The agreement between theoretical and experimental values is reasonable 
except for the cohesive energy; and a large error in the calculated S is to be 
expected in an approximate calculation of the present type, for this quantity 


0:10 


— Theoretical (0°k) 
0:08 © Experimental (0’K) 
4 Experimental (300°) 


px!0*(kg cm?) 


is the small difference between two large energies, one calculated and one 
empirical. ‘There are two principal sources of error in this work—the 
approximate analytical method of calculating the eigenvalue e, of the Schrodinger 
equation for the lowest state, and the free-electron approximation used in 
evaluating the remaining terms of E(r,)—and it may be worth mentioning that 
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an error of only 2% in ¢, for instance, would result in the observed error of 80% 
in the calculated cohesive energy; the possibility of compensating errors, 
however, must not be disregarded. 

Of greater interest, perhaps, although not computed by Gaspar, is the 
curve, shown in the figure, of compression as a function of pressure. The 
compression is defined as — Av/vo, that is, the magnitude of the change in volume 
divided by the volume vy at zero pressure; and the pressure p corresponding to 
an atomic volume 477,3/3, at the absolute zero of temperature, is given by 

a Seed 

AaB dr,’ 
and can be obtained directly from eqn. (1). Also shown in the figure are the 
experimental values of Bridgman (1948), at room temperature, together with the 
points resulting from a rough correction of these to absolute zero by a method 
due to Bardeen (1938). The theoretical curve corresponds very well with the 
latter set of points. 

Although the possibility of mutual cancellation of errors must always be 
borne in mind, it is fairly safe to conclude from the results that, for certain 
limited purposes at least, the valence electrons in metallic aluminium may be 
considered to be approximately free. 
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LETTERS” FO°THE EDITOR 


The Influence of Combined Electric and Magnetic 
Interaction on Gamma-Gamma Directional Correlation 


The influence of an external magnetic field on the gamma-—gamma directional 
correlation of “4Cd has been shown in earlier work (Aeppli et al. 1951, 1952). 
The anisotropy was measured as a function of the strength of the magnetic field 
applied perpendicular to the plane of the two counters. From this measurement 
—which showed decreasing anisotropy with increasing field strength—the 
magnetic moment of the first excited staté of 1'Cd was obtained by comparison 
with theory (Alder 1951, 1952, Alder et al. 1953). A measurement of the phase 
shift occurring in the case where the counters were not equally sensitive yielded 
the sign of the moment. 

Recently (Albers-Schonberg, Hanni et al. 1953, to be referred to as I) we 
have shown that it is also possible to measure the quadrupole moment of the 
same nuclear level by studying the effect of the inhomogeneous electric 
crystalline field in a tetragonal indium single crystal. Since in this case it is 
not possible to vary the field strength one has to measure the anisotropy as a ~ 
function of the direction of the crystal axis with respect to the counters (e.g. 
experiment 1 or 2 of I). By comparing the experimental curve with theory 
(Alder et al. 1953) one gets the magnitude of the quadrupole coupling (Albers- 
Schonberg, Alder et al. 1953, to be referred to as II). The sign cannot be 
determined in this way even if the counters are not equally sensitive. 

In this letter we will discuss the interesting effects which occur if both a 
magnetic and an electric interaction are present. This case has recently been 
treated in a detailed theoretical paper on the measurement of nuclear moments 
by angular correlation methods (Alder et al. 1953). The theory is until now 
restricted to fields with axial symmetry and, furthermore, to parallel magnetic 
and electric fields. ‘These conditions are fulfilled if one applies a magnetic field 
parallel to the symmetry axis of a suitable single crystal. The angular correlation 
function may then be calculated and depends upon the orientation of the field 
axis with respect to the counters and upon both interaction energies individually. 

One gets especially simple expressions if the fields are applied in the direction 
perpendicular to the plane of the two counters. If the undisturbed correlation 


CD eee ee W(6)=14 A..P.(cos0) a (1) 
one obtains for the disturbed correlation 


W(6)=1 Bacos 205) eee (2) 
By =(4Gs"4.,— 1/15/8G.™ 42.) EAs) | een (3) 
G22 a | I ) 
2 28 (excern: + T+ (et 2y)2 
5 1 1 
fa76 ae i ieee Eee (4) 


3) 1 1 
Fe pam yey emt e se 
seme IY ferceneserr) 


Syme l 1 
P26 se 5 + (3x —2y)? = wee vere (5) 
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This formula must be corrected for finite resolving time and is only valid for 
equally sensitive counters. The figure shows the coefficient B, in the case 
of "Cd as a function of the strength of the magnetic interaction 


Se Hr 
y=a,T= ; eee) 
for various values of the electric interaction 
eOCE.., 6 7 
K=O aT = OE GTA weh * ounce (7) 


The coefficient B,, which is related to the anisotropy «= W(m)/W(z/2)—1 by 
B,=«/(2+<«), shows a maximum at a value of y =~/2. 


0 10 20 


The coefficient B, of the angular correlation function W(#)=1-+B, cos 2@ plotted against 
the magnetic interaction y for various electric interactions x. The curves are 
corrected for finite resolving time of the coincidence circuit. The points show 
the results of one preliminary measurement with an indium single crystal source. 


This behaviour may be qualitatively understood by a semiclassical picture. 
The electric interaction causes the nuclei to precess around the symmetry axis 
with both directions of precession equally probable. ‘The magnetic interaction 
on the other hand causes a unidirectional precession. If one superimposes 
these two precessions and chooses the magnetic field so that w,=w,/2 a 
maximum cancellation of the precession is obtained which gives rise to a 
maximum in the anisotropy. 

Preliminary experiments were carried out with a single crystal source of 
metallic indium containing active In. ‘The crystal was grown and oriented 
by x-ray methods (I). A measurement of the type of experiment 1 of I was 
performed to test the orientation. In the figure the coefhcients B, obtained 
are plotted against the strength of the applied magnetic field. ‘he values are 
corrected for finite solid angle and for scattering at the pole faces of the magnet 
and can directly be compared with the theoretical curves which are corrected 
for finite resolving time of the coincidence circuit. For the strength of the 
electric interaction we obtain from this preliminary experiment v=1-6+0-2, 
which is in agreement with the value obtained from other experiments (II). 
From this value the quadrupole moment of the first excited state of "4Cd may 
be calculated (II). The figure shows that it is possible to measure in one 
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experiment the magnetic moment as well as the quadrupole moment of a short- 
lived nuclear level. At least in principle one may obtain by a least squares fit 
x and y simultaneously. 

The growth and x-ray orientation of a single crystal is rather difficult and the 
measurement is therefore only possible if the activity has a suitably long lifetime. 
It is however possible to obtain the same information by using a polycrystalline 
source together with an axial magnetic field. Since this case (where the fields 
are no longer parallel) has not yet been treated theoretically our experiments 
with polycrystalline indium metal sources cannot yet be interpreted. 

We thank F. Hanni and O. Braun for the help with the measurements and 
the calculations. 


Swiss Federal Institute of Technology, H. ALBERS-SCHONBERG. 
Ziirich, Switzerland. K. ALDER.* 
13th July 1953 E. HEEr. 
T. B. Novey.t 


P. SCHERRER. 
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Temperature Change in the Paramagnetic Resonance Spectrum of 
Copper Lanthanum Nitrate 


A radical change in the paramagnetic resonance spectra of certain cupric 
salts at low temperatures has been reported by Bleaney and Bowers (1952) and 
Trenam (1953). In dilute copper bismuth nitrate (the copper diluted with 
magnesium) the spectrum at the temperature of liquid oxygen is that of one 
paramagnetic ion per unit cell. ‘The g-value is nearly isotropic, g=2-22. We 
shall call this the ‘H..’ type of spectrum. At liquid hydrogen temperature, 
however, the spectrum was that of three ions per unit cell. The symmetry 
axes of the three ions lie parallel to the three mutually perpendicular edges of a 
cube whose body diagonal is parallel to the trigonal axis of the crystal. The 
g-value of each ion is anisotropic, g,=2-45, g,=2:10. We shall call this the 
‘L.T. form. ‘The constants A and B in the spin Hamiltonian are different 
in the two cases, giving a much larger hyperfine structure splitting in the L.T. 
spectrum. ‘Typical spectra for the two cases are shown in the figure. 

In the apparatus of the above authors it was not possible to maintain tempera- 
tures intermediate to those of the liquefied gases. Hence they could only say 
that transitions from the L.T. to H.T. form took place between 20°K and 60°x. 
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With our apparatus paramagnetic resonance measurements can be made at any 
temperature between 6°K and room temperature and we have made a more 
detailed study of this transition. We have investigated the change in the 
spectrum of copper lanthanum nitrate, both in the concentrated salt and with 
the Cu?+ ions diluted with magnesium. 


Cu/Mg =} 60°K 


Cu/Mg= Ko 24°k 


29 31 


3-0 
H (ke) 
H.T. (60°K) and L.T. (24°K) forms of spectra. The constant magnetic field is parallel 

to the trigonal axis of the crystal. 


The dilute salt. 


We made measurements over a range of temperatures on three single crystals 
of the dilute nitrate 3(Cu,Mg)(NO,), . 2La(NO,), . 24H,O : 

(i) a crystal grown from a solution where the ratio of copper to magnesium 
atoms was 1 : 200; 

(11) a crystal grown from a solution where the ratio was Cu: Mg=1: 50; 

(iii) a very dilute crystal grown from a heavy water solution (kindly lent by 
Dr. K. D. Bowers). ‘This gave very narrow lines. ‘The change from the L.T. 
to the H.'T. kind of spectrum was similar for all three specimens and occurred 
at about 38°K. 

To measure the temperature at which the change takes place we cooled 
the crystal to 20°k and then rotated it until the trigonal axis was parallel to the 
splitting field. ‘The three ions in the unit cell are then equivalent and their 
spectra overlap to give four strong hyperfine structure lines (nuclear spin of 
copper = 3/2), apart from weak lines due to quadrupole effect etc. ‘The tem- 
perature was then raised (slowly, to make sure of thermal equilibrium) and the 
appearance of the spectrum and the fields of the lines noted at intervals. 

As the temperature was raised from 20°k, the spectrum remained as the 
L.T. spectrum up to about 33°k. As the temperature was raised further, the 
intensity fell off and by 37°K it was very weak though still of the L.T. form. 
At 38° the weak spectrum appeared to be a mixture of the L.T. and H.T. kinds. 
As the temperature continued to rise, the intensity of the H.T’. spectrum 
increased while that of the L.T. fell. By 45°x the spectrum was essentially 
of the H.T. form except that its g-value was higher. It seems that the g-value 
approaches Bleaney, Bowers and 'T'renam’s value (1953) as the temperature 
rises towards 90°k. Thus we have: T'=90°K, g=2-218 +0-003 (Bleaney et al. 
1953); T=45°K, g=2-235 + 0-005 (our value). 

Concentrated copper lanthanum nitrate. 

We have examined the spectrum of this salt and found that the transition 

occurs above 90°K. Because of the concentration of the Cu?+ ions, the lines 
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‘are so wide that the hyperfine structure is not resolved. One can, however, 
distinguish the H.T. and L.T. types of spectrum by the g-values of the lines. 

The g-values measured at 90°k showed that the spectrum was of the L.T. 
type with anisotropic g-values, g,=2-41, g,=2-10, which, considering the 
width of the lines (about 100c), agree well with the g-values for the L.T. form 
of the dilute salt. As a check, the g-values were measured at 20°K and identical 
values were obtained. ‘Thus it appeared that the transition takes place above 
90°K and we therefore heated the salt above this temperature. At room 
temperature the spectrum consisted of a single line whose g-value was isotropic 
(g=2-22), which is the value of the H.T. form. ‘The gas thermometers used 
were not designed to work at such a high temperature and hence temperature 
readings in this range are not accurate. However, it seems that the transition 
takes place gradually over the range 0 to —100°c. 

At sufficiently high temperatures the Jahn—Teller effect causes distortions 
of the octahedron of water molecules surrounding the cupric ion. ‘There is a 
continuous set of configurations all giving the same energy. ‘The system 
resonates between these and consequently the H.T’. form of spectrum is isotropic 
(Abragam and Pryce 1950). At lower temperatures the rapidly fluctuating 
distortions are replaced by a static distortion which gives rise to the L.T. form 
of spectrum. The nature of this transition is not understood. | 

We propose to investigate the similar transitions which occur in the 
fluosilicate and bromate of copper. 

We wish to thank Dr. B. Bleaney and his group for drawing our attention 
to this phenomenon and for their helpful discussion. Acknowledgment is 
also due to the University for the award of a Pressed Steel Co., Ltd. research 
fellowship (D. B.) and the Department of Scientific and Industrial Research 
for a maintenance grant (A. C. R.-I.). 


Clarendon Laboratory, D. BiL. 
Oxford. A. C. Rose-INNEs. 
24th June 1953. 
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The Resonant Scattering of "Hg Gamma Rays 


The scattering of 'SHg y-rays (0-411 Mev) from liquid mercury has been 
studied with an improved technique that greatly increased the ratio of resonant 
scattering to background. About 50 millicuries of !98Au was carried by a steel 
rotor on a circular path six inches in diameter at speeds up to 8 x 104 cm sec~. 
Gamma-rays leaving the source in the forward direction fell upon interchange- 
able scatterers of mercury and lead, and the radiation scattered through about 
90° was detected by a Nal(T'l) scintillation counter well shielded against direct rays. 
A discriminator circuit (E. C. Park 1953, to be published) limited the response 
of the counter to the photoelectric peak of the elastically scattered gamma- rays. 

The elastic scattering from mercury at low source speeds, and from lead 
at any speed, should be due to the Rayleigh and nuclear Thomson processes 
alone. At high speeds the Doppler effect compensates for the energy lost to 
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nuclear recoils and permits resonant scattering from the (10° abundant) 
MSHg isotope. The optimum source speed is 6-7 x 104 cm sec™! if the nuclei 
recoil freely, but the experimental spread of angles about the forward direction, 
in the apparatus used, should shift this optimum to about 7 x 104 cm sec~?. 

The width of the resonance is calculable (on the assumption that f-ray recoil 
is completely dissipated before the y-ray is emitted) from the temperatures of 
source and scatterer. ‘The intensity of the resonance is proportional to the 
intrinsic width of the excited state; it involves also the statistical weights of 
the excited state and the ground state and, as regards the angular distribution, 
the multipole order of the transition. 
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Variation of the elastic scattering from mercury with the source velocity. 


The figure shows the ratio of counting rates with Hg and Pb scatterers, after 
subtraction of background, as a function of source speed. ‘The curve is calcu- 
lated for a quadrupole transition between a ground state of spin 0 and an excited 
state of spin 2 having a width of 2-1 x10-> ev, the Rayleigh plus ‘Thomson 
elastic scattering cross section from mercury at 90° being taken as 
1-32 x 10-°6 cm? sterad~! on the basis of Franz’s theory of Rayleigh scattering 
(Franz 1935) and Storruste’s (1950) measurements of the total elastic scattering 
from lead. 

Apart from any uncertainty as to the correctness of the Rayleigh plus 
Thomson cross section, we believe our value for the intrinsic width to be 
accurate to about 25°; it corresponds to a half-life of (2-2 + 0-5) x 10-1! second. 
This lies between the delayed-coincidence value of (1:0+1-7)x10~-™ sec 
(Graham and Bell 1951) and the previous Doppler effect measurements which 
{allowing for the statistical weight factor) give half-lives of about 5 x 10~™ sec 
(Moon 1951), 8x10~4sec (Moon and Storruste 1953) and 6x 10-1 sec 
(Malmfors 1952), the last value being obtained from the thermal Doppler effect. 

The principal result of the present measurements, however, is that the 
shape of the response curve and the optimum speed are approximately as 
predicted on the basis of free y-ray recoils and no f-ray recoil. 


Department of Physics, W. G. Davey. 
The University, P. B. Moon. 
Edgbaston, Birmingham 15. 
26th May 1953. 
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Accidental Degeneracy of Hydrogen 


Fock (1935) gave an interesting explanation of the accidental degeneracy of 
hydrogen by showing that the Schrédinger equation can be transformed into an 
integral equation satisfied by four-dimensional spherical harmonics. This 
suggests that there must be a vector integral of the system which forms with 
the angular momentum vector a four-dimensional angular momentum tensor. 
This vector integral is shown here to be essentially the quantal analogue of 
Hamilton’s integral (Milne 1948). By using it the possible negative energy 
levels can be obtained in an algebraic way. 

Let p and r denote the momentum and displacement from the nucleus of 
the electron, so that the Hamiltonian H and the angular momentum m are 
given by 


Hep m=rxp. 


Then the Hermitian vector k=(2m)-1(p xm—m x p)—(e?/7)r can be shown 
to satisfy the following Poisson bracket relations : 


pH k} = 05 [Rp» M5] = €pceleys kxk=— ott ihm, 


Similarly it can be shown that 


k.m=0, k?= OE em? +1) tel 


Consequently k is a vector integral of the motion, known in classical 
mechanics as Hamilton’s integral (Milne 1948). If we put 


—1/2 
n= ( -=*) k, 
m 


then we see that m and n together have the commutation relations of four- 
dimensional angular momentum, and that 
m.n=0, H(m2 + n? +h?) = —4me'. 

If H’ is a negative characteristic value of H, n is Hermitian in the corres- 
ponding characteristic subspace, which therefore carries a unitary representation 
of the four-dimensional rotation group. The equation m.n=0 shows that only 
the (j, 7) representations of dimension (2j +1), 7=0, $,1,...can occur. These 
are the representations determined by the spherical harmonics of order /=2), 
in which m’+n?’ has the characteristic value /(/+2)h. Consequently the 
negative characteristic values of H are ~—me*/{2(1+1)?#?}, and these are 
r(/)(l+1)*fold degenerate, where /=0,1,2,... and r(/) takes integral non- 
negative values. ‘To show that 7(/)=1 we may rely on Fock’s result that the 
wave functions are continuous functions on a three sphere. 
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In the positive continuous spectrum in is Hermitian, and we obtain infinite 
dimensional unitary representations of the Lorentz group in which m? +n? has 
arbitrary negative values. 

Note added in proof. It has come to my notice that Hamilton’s integral is 
used by Born and Jordan in their book Elementare Quantenmechanik, pp. 177-190, 
but its connection with Fock’s work is not given. 


Department of Applied Mathematics, T. A. S. JACKSON. 
University of Liverpool. 
19th May 1953. 
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REVIEWS OF BOOKS 


The Dynamical Character of Adsorption, by J. H. DE Borer. Pp. xv+239, 
45 figs. (Oxford: Clarendon Press, 1953.) 30s. 


Although this book is written by a leading authority on the subject, it is by 
no means of interest to the specialist only. ‘To many not actively engaged in 
similar work, and therefore unfamiliar with the literature, it will come as a 
surprise to learn how much is known of the processes of adsorption and the extent 
of the experimental work already performed in this difficult field. The author 
sets out to give a picture of what occurs during the processes of adsorption and 
to create in the mind of the reader a clear conception of the numerical magnitudes 
involved. ‘To do this, striking use is made in the first chapter of a magnified 
picture for a gas in which the molecules are replaced by super bees, the dimensions 
of the container and the time scale also being suitably adjusted. The first three 
chapters give a careful exposition of the fundamentals of kinetic theory, 
particularly those parts of importance to an understanding of the mechanism 
by which adsorption occurs. Following these are discussions of the number 
of molecules adsorbed, unimolecular and multimolecular adsorption being 
considered. ‘The Langmuir adsorption isotherm is obtained by a kinetic 
argument and compared with the experimental results. For multimolecular 
adsorption the isotherm is derived by a method different from that of the 
originators and its form considered under various conditions. Considerable 
attention is given to the elaboration of van der Waals’ theory for a two-dimensional 
gas to which the movements of adsorbed molecules which have maintained a 
free translation may be likened. ‘The scope of the book is deliberately circum- 
scribed, detailed discussions of the energy of adsorption and the origin and 
magnitude of the forces involved being excluded, since these have been dealt 
with elsewhere. ‘The emphasis throughout is physical, the mathematical results 
being closely related at all stages to the picture of adsorption being drawn. 
Because of this, and the useful summary of our present knowledge that it contains, 
the book is sure to find many interested readers and in the words of the author 
‘|, may stimulate further research and lead to much new experimental evidence 
of the real equation of state of adsorbed matter ”’. F. E. H. 
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Inelastic Collisions between Heavy Particles 
I: Excitation and Ionization of Hydrogen Atoms in Fast 
Encounters with Protons and with other Hydrogen Atoms 


By D. R. BATES and G. GRIFFING * 
Department of Applied Mathematics, Queen’s University, Belfast 


MS. received 10th Fune 1953 


Abstract. Born’s approximation is used to calculate the cross sections of the 
following processes : 

H*(or H(1s))+ H(1s) > H*(or H(1s))+ H(2s, 2p, 3s, 3p, 3d or C), 
where C represents the continuum. ‘The results are presented mainly in 


graphical form. In the case of the ionizing collisions the energy distribution of 
the ejected electrons is also given. 


§ 1. INTRODUCTION 


HOUGH inelastic collisions between heavy particles are of importance in 
| aurorae and in many other phenomena few detailed calculations on them 
have been performed. ‘The present paper is devoted to the investigation 

of some of the simpler of such collisions: 


H++ H1s)>H*-+-H(2s, 2p, 3s, 3p or 3d), 9 = 00... (1) 
H(1s)+ H(1s)— H(1s)+ H(2s, 2p, 3s, 3p or 3d), Ss... ... (2) 
bisere Fi(is) bl ee eo gl A (3) 
Hijs)-- (is) Hs) Hees * (4) 


Born’s approximation is used, no account being taken of exchange. Results for 
relatively low impact energies are included to enable the range of validity of the 
approximation to be assessed should proper comparison data become available. 
This range is still very uncertain. Charge transfer between hydrogen atoms 
and protons has recently been studied (cf. Bates and Dalgarno 1952, Dalgarno 
and Yadav 1953, Jackson and Schiff 1953) and for it Born’s approximation appears 
to be quite satisfactory when the energy of the incident particle is above about 
25 kev; but the process is of course dissimilar from those under discussion. 


§ 2. "THEORY 
2.1. Consider an encounter between the atomic system A, comprised of a 
nucleus of charge Z,e and an electron, and another atomic system B, comprised 


either of a bare nucleus of charge Z,e, or of such a nucleus and an electron. 


These two cases can be treated together, the symbols for corresponding quanti- 
ties being distinguished, when this is necessary, by superscripts + and + (as in 
eqns. (9) and (10) below). According to the simple Born approximation 


* Affiliated to the Cambridge Geophysics Research Directorate of the United States 


- Air Force. 
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(cf. Mott and Massey 1949) the cross section associated with the reaction in 
which A is excited from state p to state q, B remaining unchanged, is 


87° M2 
O74) = Fear aie “|W PK aK is: (5) 
where h is Planck’s constant, M is the reduced mass M, M,/(M,+ My); 
K= KK 5 ee (6) 
K,, =27 Mv, /h, K = 27 MN es (7) 


v, and v, are the initial and final velocities of relative motion; and, a 
that at ies one of the colliding systems is neutral, 


N = [J xp(ta)xa*(ra) exp GR-K)V(R, t,)dr,dR, see. (8) 


Xp("a) and x,4(r,) being the wave functions of the electron bound to nucleus A, 
R being the relative position vector of the heavy particles, and V(R, r,) being the 
interaction potential. If B is a bare nucleus this interaction potential is 


Lili 
ae as 2 a bys 
V+(R, r,) =e | R Te a |S ee (9) 
and if there is an electron of wave function ¢,(r,) attached it is 
Lal Z Z 
+(R, r,)= >| Dees at "ees b 
ie ( r,)= e bn(hy) E R |R+r,| iRor.] aL ESA | b=" (r,) dry. 


SE (10) 


The first two terms within the curly brackets of integral (10) give no contribution 
to W owing to the fact that x, and y, are orthogonal. On neglecting them it 
may be seen that if ¢, represents the 1s state (which is the only case which will 
be considered) then effectively 


= Zy)—-1 Zy —2Z2 
V=(R, r,)=—e LEA Pei ere = hex (= “R—r.1) |, v1 


where dj is the radius of the first orbital of hydrogen. Substitution of (9) and 
(11) in (8) and application of the integration formula of Bethe (1930) yields 


4me* ay" 


oA |e ZiteF ils ee, | lta nt ela re (12) 
VooseHl| Nae 47a,” 16Z,,3 
|.4 |= 2 Zp] re Cand lal; eee cne (13) 
in which t=Ka;..-° eee (14) 
and 1#1=| { xo(radxa*(ra) exp (it-r,)dr.|, sate. (15) 
r, being now in atomic units. From (5) it hence follows that 
8Z," max 
O*+(p>q)= [ = | ed la: at | Ta, ee (16) 
~ tnin 
(which is of course a standard result, cf. Mott and Massey 1949) and 
4 8Z,7 tmax be 16Z,,° 2 
Q (p>q)= ke lta | vale a 3 azetamt at |nay, pi 8 etal (17) 
whe re 


s? = 3mv,"/Tq, Pa ae (18) 
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Iy being the ionization potential of hydrogen. If AE(p, q) is the difference 
between the energies of the two states in units of J, then 


See neg) Td utlcony nic sine ate a ae (19) 


2 AE(p, q) mAE(p, q) 
E aT apaa lt ee (20) 


since mAE(p, q)/ Ms? is et feces with unity except in the region 
immediately above the threshold (where in any event Born’s approximation is 
invalid). As is usual in the treatment of heavy particle collisions, it is sufficient 
to take f,,,. as infinite. Comparison of (16) and (17) shows that if the energy 
of relative motion £ is much less than [EZ,"?+ MAE(p, q)2/16mZ,3] then 
O*(p+q|£) and Q*(p—q|£) are approximately equal. 

Before proceeding to the detailed calculations it may be noted from (15) 
that |.7| is a function of t/Z, (or the more convenient equivalent t/AE(p, q)"?), 
so that the cross sections may be expressed in the form 


O° (p> q| E)=1Z,"/AE(p, a) fra(MAE(P, QE) snes (21) 
O*(p>q|£)= ae qlE)— W/AE(p, 4)? Zn Spt MAE(p, 4)/E, AE(p, 4)/Z1"} 
he MAM Bed AE cay 2421] oe ara eee (22) 


where for any given pair of quantum numbers p and q the functions f,,, 84 
and h,,, depend only on the variables indicated and the region immediately above 
the threshold is again excluded. These scaling relations give the results which 
will be presented later a rather wider applicability than they would otherwise have. 

2.2. For discrete transitions |.4%| can be got from (15) by elementary methods. 
If t/Z, is denoted by 7 then 


|.Z(1s—>2s)] =227272/(472 + 9)3 1 

|. A(1s— 2p) | = 2352 x 37/(472+9)8 

|. A(1s— 3s) | =2! x 372(2772 + 16)72/(972+ 16) $. ooo... (23) 
|. Z(1s—> 3p) | = 22 x 33(2772 + 16)7/(972 + 16)4 

|. Z(1s—> 3d) | = 2172 x 37272/(972 4 16)! | 


On substituting in (16) and (17) and resolving the integrands into partial fractions 
analytical expressions for the cross sections can readily be obtained. These 
have little interest and need not be displayed here: for they are, in general, 
cumbersome and, owing to very severe cancellation between the individual 
terms, are awkward to evaluate, so that except in a few instances it is easier to 
perform the necessary integrations numerically. However, in the case of slow 
collisions we may expand in powers of 1/7, and if we retain only the leading 
term we get the following formulae in which the cross sections are in units of 
7,°(8°8 x 10-17 cm?), the reduced mass is measured on the scale on which the 
proton mass is unity, and the energies of relative motion and excitation are in 
electron volts: 
O(1s— 2s) =1:3 x 10-§Z,,2#4/ M4AE(1s — 2s)6 
O(1s—> 2p) =7-4 x 10-9Z,,2#°/ M°AE(1s — 2p)’ 
O(1s— 3s) =2-0 x 10-*Z,,2E4/ M4AE(1s — 3s)® ‘haere (24)* 
O(1s— 3p) =1-1 x 10-°2Z,,?49/ M°AE(1s — 3p)’ 
O(1s— 3d) =6-1 x 10-°Z,7%/ MeAE(1s — 3d)® 
* The distinguishing superscripts are omitted since at the low energies concerned Q+ and 


O+ are of almost equal magnitude. For some purposes it is convenient to replace F and M, 
respectively, by the energy and mass of the incident particle. 
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with AE ZB <ADOMAL iin hoe baa ee (25) 


To be sure the range of energies covered is not one over which the treatment can 
be expected to give reliable results; but it is to be noted that the formulae show 
that the Born approximation is successful in predicting the extremely rapid fall 
off in the cross section at low impact energies, and the other main features 
characteristic of near-adiabatic heavy particle collisions (cf. Bates and Massey, 


1954). 


2.3. In the calculations on transitions into the continuum the free wave 
function was taken as 


Xa) =[Zyet?[2ray{1 — exp (—27/k)P?D(1 —2/e) 77] ° 


x exp: (7Z,K7r,/Qy) | u-l* exp (—u)1,([4¢Z, xu(z,+7,)/ao}”) du... (26) 
10 

where x denotes 27mva,/hZ,, v is the velocity of ejection of the electron, 2, is 
its coordinate, with respect to nucleus A, along a line parallel to the direction of 
ejection, and J, is the usual Bessel function (Sommerfeld 1931). The rather 
lengthy analysis involved in the integration of (15) is essentially the same as 
that described by Massey and Mohr (1933) in their work on ionization by electron 
collision. It is therefore only necessary to give the result: 


28«7?(1 + 377 +x?) exp [(—2/k) tan-1{2«/(1+7?—x«?)}] 
StL + (7 — x)? P{L + (7 +)? tL — exp (— 2n/k)j 


Substitution of this expression in (16) and (17) gives O(1s—x), which is such 
that O(1s—«) dk is the cross section of an ionizing collision in which the x value 
of the liberated electron lies between « and «+ dk, all angles of ejection being 
included. The completion of the calculation must in general be carried out by 
numerical methods. If condition (25) is satisfied we can however obtain simple 
approximate formulae: thus, proceeding as in the case of excitation and using 
the same units, we find that the cross section associated with the ejection of an 
clectron with energy between « and «+de ev is 


Q(1s—>e)de = {1-7 x 10-®Z,2E4AE(1s — c)3/M4[AE(1s—c) + <P} de, ..... (28) 


| 4(1s>x) |? = Seay 


and so the total cross section, 
I, O(1s-> e)de=1-9 x 10-7Z,2E4/M4AE(Is—c)®, .. (29) 


E being again the energy of relative motion and AE(1s—c) being the ionization 
potential. 


2.4. If the velocities of relative motion are the same, and are sufficiently high, 
the cross sections Q* for proton—atom collisions are of course equal to the cross 
sections Q~ for the corresponding electron—atom collisions (cf. Mott and Massey 
1949). It is worth noting that a more general relation between the two exists. 
The inequality of the cross sections at moderate and low velocities of relative 
motion arises because both ¢,,,, and ¢,,;, are different. Thus with protons fax 
is (M/m)AE|thins which enables the upper integration limit in (16) to be treated 
as infinite except for extremely slow collisions; but with electrons this 
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simplification only becomes valid at much higher velocities since here tyay is 
AE/tmin- Again with protons (20) is a good approximation to (19), and indeed it 
is generally sufficient to take ¢,,, as AE/2s; but with electrons it is necessary to 
use the more accurate formula 


(AE Tr fata =a S, (tris < AEWA), aac ses, (30) 


Suppose now that in corresponding proton—atom and electron—atom collisions 
the energies E+(x) and E~(x) are such that ¢,,;,, in both cases is equal to x, and 
denote the cross sections at these energies by Q+(E*(x)) and Q-(E-(x)) 
respectively. From (16) and (18) it is apparent that we can write 


ONE Oe) TEX (cee SSS, LEE (31) 
and 
O-(E-(x)) = {w(x) —w(AE/x)}/E-(x), (x < AE), LL... (32) 


where w is a function of only the variable indicated. Noting that 


E-(x)=(ym|M)E+(x),  (E+(x)> MAE/4m)__...... (33) 
poh is {1 + EGS aebetl (34) 
it may be seen from (31) and (32) that 
OE) =7 {ONEw)— LOE, cae (35) 
where 
E+(y) = M?AE2/16m2E+(x), ee. (36) 


which expresses the electron—atom cross section at energy E(x) in terms of 
the proton—atom cross sections at the related energies E*(x) and E*(y). As the 
Born approximation has been evaluated for numerous electron—atom cross 
sections (cf. Bates, Fundaminsky, Leech and Massey 1950, Massey and Burhop 
1952) the formula provides a useful check on the computation of the proton—atom 
cross sections. Clearly the electron—atom cross sections are smaller than the 
corresponding proton—atom cross sections. 


2.5. Finally we will consider briefly the kinetic energy 
esse (in| VM i et Oe Whee (37) 


given to a stationary atom suffering excitation or ionization. For a fixed impact 
energy the integrands in (16) and (17) fall off extremely rapidly as ¢ increases 
beyond some value fy, so that transitions in which 7 is more than several times 


Te an Reta ee Awe (38) 


are very rare. In any particular case ¢,, can of course easily be found from the 
expression for the matrix element. 

The general position is illustrated sufficiently by the 1s—2s and 1s—2p 
transitions of atomic hydrogen. If the incident particle is a proton it is 
immediately apparent from (16) and (23) that for both transitions ty, is simply 
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tnin; if the incident particle is a hydrogen atom it may be shown from (17) and 


(23) that for the 1s— 2s transition 
ty =tmin» (tmin 2 0°87;) 
= (0-87, (tmin < 9°87,) 
and for the 1s — 2p transition 
1m =!min» (tmin 2 9°57) 
as 95.12, (tai OFS /3): 


On substituting in (38) it is found that if & is the energy of the incident hydrogen 
ion or atom in kev then according to the Born approximation 


{ H+ ion impact, 1s—2s, 1s —2p transitions, all & 
Ty, =(0-026/ &) ev H atom impact, 1s—2s transition, & <4-6 kev 
H atom impact, 1s— 2p transition, & <10-5kev 


= 0-0057 ev { H atom impact, 1s — 2s transition, & >4-6 kev 
=0-0025 ev { H atom impact, 1s—2p transition, & > 10-5 kev. 


The kinetic energy transferred is thus minute. Qualitative verification of this 
well-known characteristic of inelastic collisions is provided by the recent 
experiments of Keene (1949). 


§ 3. RESULTS 


3.1. The cross sections associated with the processes mentioned in the 
introduction were computed from the formulae that have been given. Figures 1 
to 6 show the values obtained. It should be noted that a log—log scale is used, 


7 ae i ama ee 
Proton 
+ Is-3p Impact 
0 ta eal 
i 1 aoe y | 
Proton AS 
oS A 
oe = \[ 
a = 
all eae 
5 = 
2 <7 MO-3)- 
& oH 
eS 
“3 3 ' 3 t eel ae ay ae 
Log [Energy (in kev)] Log [Energy (in kev)] 
Biorle H*-+ H(1s)— H*++H(2s) and Fig. 4. H++H(1s)>H++H(3p) and 


H(1s) + H(1s) H(1s) +H(2s). H(1s) + H(1s) H(1s) + H(3p). 
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3) 


Log [Cross Section (in units of 1'@2)] 


Log [Cross Section (in units of ma 


0 ! 0 | 
Log [Energy (in kev)] Log [Energy (in kev)] 


Fig. 2. H++H(1s)->H++H(2p) and Fig. 5. H++H(1s)>H++H(3d) and 
H(is)+H(1s)-> H(1s)-+ H(2p). H(1s)+H(1s)— H(1s)+ H(3d). 
+05 
ea lonization 
S 0 
ae se 
-| 3 


in 
J 


Log [Cross 
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Log [Cross Section (in units of 1a 


3 


=05 0 | 


0 | 2 
Log [Energy (in kev)} Log [Energy (in kev)] 


Fig. 3. H++H(1s)>Ht+H(3s) and Fig. 6. Ht++H(is)>Ht+Ht-+e and 
H(1s)-+ H(1s)> H(1s) + H(3s). H(1s)+H(1s)+> H(1s)+Ht+e. 


Figs. 1-6. Cross-section—energy curves. 


and that the independent variable chosen is not E, the energy of relative motion, 
but is instead &, the energy of the incident particle, the atom undergoing the 
transition being taken to be at rest. In the case of the excitations the results for 
energies above 100 kev (the upper limit in the figures) can most conveniently be 
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presented algebraically: thus by expanding in inverse powers of & (which we 
measure in kev) we find that 


Q+(1s>2s) =11-:161 -7:8 &}, 
Q*(1s— 2s) =0-721 &1{1 — 123 6-3}, 
Q+(1s—> 2p) =128 &1 flog &— 1-185 +4164}, 
Q*(1s—> 2p) =1-78 {1 — 48 &-}, 
O+(1s> 3s) =2:208-11 — 7:5 &-}}, 
O*(1s—> 3s) =0-1868-f1-1806-#}, fo 
O+(1s>3p)=20:5 flog &—1-1044+2-46-4}, 
Q*(1s—> 3p) =0-478 641 —57 &}, 
Q+(1s> 3d) =1-69 &-1{1 — 19-46-14 162}, 
Q*(1s+> 3d) =0-0453 6-41 — 1473 &-3}, 


the unit of cross section being za,” as usual. ‘The final term in each of the 
expressions is very small, and is included mainly to demonstrate how rapidly 
the asymptotic form is approached. 

On comparing a Q+ curve with the corresponding Q* curve it will be 
observed that the former lies close to, but above, the latter at low energies, that 
its maximum is much larger and occurs at much higher energies, and that its 
final rate of fall off is the same for optically forbidden transitions but is slightly 
slower for optically allowed transitions. It will be noted also that the curves for 
each spectral series (such as 1s—ns) are almost identical in shape, any one curve 
approximating to the preceding curve displaced downwards and to the right, 
the latter displacement being far greater than the difference between the excitation 
potentials. 


Log [Q* (1s-k#]é)] 


% 


Log [0° (1s-n7]é)] 


& 


| 
cs 
° 


| 2 3 


Fig. 7. Energy distribution of the ejected electrons. The upper set of curves refers to 
process (3) and the lower set to process (4). ‘The numbers on the individual curves 
give the logarithm of the energy of the incident particle (expressed in kev). 
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In the case of ionization information is often required on the energy 
distribution of the ejected electrons. One convenient way of representing the 
distribution is by the function Q(1s—>«?|&), which is such that Q(1s—+«?| &) dx? 
is the cross section for a collision in which an incident particle of energy & ejects 
an electron with energy between «? and x? + dx? times the ionization potential.* 
Figure 7 shows the variation of log {O+(1s—>«?|&)} and of log {O*(1s+x?|&)} 
with « for some selected impact energies. Attention is drawn to the rapidity of 
the fall off when @ is small, to the change in the form of the distribution as & is 
increased, and to the great difference between the proton and atom cases 
when & is large. It should perhaps be mentioned that the rather abrupt changes 
of slope which occur are real, and are associated with passage through the 
maximum of a curve of O(1s—>x«?|&) plotted against &. 


0-5 1-0 LS 20 25 f Hl 
0-6 T Gy Pall, 30 __35 
Proton 


A re ! | 
10 1S 2-0 25 30 35 


Log [Energy of Incident Particle (in kev)] 


0 
05 


Fig. 8. Fraction of ejected electrons which have more than a certain amount of energy 
«2, The upper set of curves refers to process (3) and the lower set to process (4). 
The numbers on the individual curves give x? (expressed in units of Jq, the ionization 
potential of hydrogen). 


Instead of the actual energy distribution it is sometimes more useful to know 
F(x?| &) = | O(Is->n?] 4) de® || O(1s—+k?|&)dk?, ...... (40) 
k2 0 


that is the fraction of the ejected electrons which have energy greater than x? times 
the ionization potential. The results of some relevant calculations are displayed 
in fig. 8. As can be seen, F increases rapidly until & is some 100 kev, and there- 
after is approximately constant. ‘The value of F on what may be called the 
plateau is quite large: thus when «? is unity, F is about 0-3 in the protoncase, 
and is about 0-8 in the atom case. ‘This is of considerable interest in connection 
with aurorae. 

3.2. Experimental work on collisions between heavy particles is extremely 
difficult as is evidenced by the contradictory results that have been reported 


* For corresponding values of & the energy of the incident particle and F the energy 
of relative motion we have of course that Q(1s >«2|@) is equal to Q(1s > «| E)/2« where 
Q(1s—>x| £) is the function introduced in § 2.3. 
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(cf. Massey and Burhop 1952). The only relevant data at present available 
refer to ionization, which is naturally simpler to study than is excitation. 
Keene (1949) has conducted a careful investigation of the process 


Hi E HERE ke: thy) cae eee (41) 


over an energy range of from 2 to 36 kev. The agreement with theory is rather 
poor: for example, the observed cross section at the upper limit of the energy 
range covered is 1-5(+0-2)a 2, whereas the predicted cross section* is 
3-4 7a,2; and again the observed cross section curve is still increasing steadily 
at this energy, whereas the predicted cross section curve is passing through its 
maximum. There is thus apparently a discrepancy of the type characteristic of 
the Born approximation (cf. Bates, Fundaminsky, Leech and Massey 1950). 
At an impact energy of 36kev the velocity of the proton is about equal to the 
orbital velocity of the bound electrons, so it would not be surprising if the theory 
should prove to be inadequate. However, it would be premature to conclude 
that the error is as great as is indicated by Keene’s experiments, for the charge 
transfer cross sections he obtained with the same apparatus are significantly 
different from those of some later workers (cf. Jackson and Schiff 1953). 

By studying the passage of a beam of hydrogen atoms through hydrogen gas 
Bartels (1932), Montague (1951) and Ribe (1951) have determined the cross 
section associated with 

HoH lye te 1 ie Si eee (42) 


Their results are mutually consistent, and when combined cover the 20 to 300 kev 
energy range. The calculated variation over this energy range (cf. fig. 6) is 
essentially identical with that observed. However, Born’s approximation gives 
the absolute magnitude of the cross section for process (4) to be only half the 
measured cross section (per hydrogen atom). Part of the difference may arise 
from the fact that a small fraction of the hydrogen atoms in the beam must have 
been in excited states, for judging from the work of Yavorsky (1945) on ionization 
by electron impact the cross section of excited atoms is very many times that of 
normal atoms. Another, and probably much more important, factor is that in 
the process studied in the laboratory the neutral molecule causing the transition 
is not necessarily left in the initial state but may itself be excited or ionized, so 
that process (4) represents only one of the possible reaction paths. Calculations 


on the contributions from simultaneous ionization and excitation and double 
ionization are in progress. 
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* In predicting the cross section one molecule was assumed to be equivalent to two atoms 
and scaling formula (21) was used to allow for the fact that the vertical ionization potential of 
molecular hydrogen is 1-2 Iq. 

4p Ura contrast, the semi-classical treatment of Bohr (1948) gives a cross section which is 
about thrice too large. This treatment assumed that only close collisions are effective and 


that in these the ionizing effects of the individual particles constituting the perturbing atom 
or molecule are additive. 
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Abstract. The cross sections associated with the electron capture processes 
H* + H(1s) —> H(1s, 2s, 3s, 4s, 2p, 3p, 4p, 3d, 4d and 4f) + H™ 

are calculated. They are used in the evaluation of f, and fs, the fractions of the 

total number of captures which result in H, and Hy emission. It is found that 

f,and f, are very small, being only about 0-050 and 0-015 respectively even at the 

most favourable impact energy (approximately 70 kev). 


§1. INTRODUCTION 


N the first paper of this series (Bates and Dalgarno 1952) it was pointed out 
| that in their treatment of electron capture Oppenheimer (1928) and 
Brinkman and Kramers (1930) had erroneously omitted one of the terms 
of the interaction potential so that their approximation is not a form of the Born 
approximation as was supposed. Calculations were carried out on the resonance 


process Ht + H(1s)— H(1s) + Ht eeeeee (1) 


using the full interaction potential but otherwise making the same basic 
assumptions (which are valid only at high impact energies). ‘These revealed 
that the adoption of the O.B.K. approximation causes the cross sections to be 
seriously over-rated. ‘The second paper (Dalgarno and Yadav 1953) verified 
the correctness of the proper Born approximation by showing the revised cross 
section curve to be in harmony with the cross section curve given by the 
perturbed stationary state method (which should yield reliable results at low 
impact energies). Since the calculated cross sections were found to be 
considerably smaller than the measured cross sections of Ribe (1951) it was 
suggested that captures into excited states might be comparable in importance 
with captures into the ground state, and it was intended to extend the treatment 
to include these. However Jackson and Schiff (1953), who were working on the 
same problem quite independently, have now published the Born approximation 
not only to the cross section for process (1) (for which their results agree with 
those obtained by us), but also to the cross sections for the processes 


H+ + H(1s)>H(2s and 2p)+H*. — ...... (2) 


Their estimated total capture cross section curve is closely the same as that 
observed. While this removes one of the reasons for the calculations which 
had been planned, it is still desirable to determine the cross sections associated 
with captures into the states with principal quantum number three and higher 
so as to derive f, and f;, the fractions of the number of captures which give 
rise to the emission of the H, and Hg lines. The labour involved in using the 
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full interaction potential would be extremely formidable, but fortunately 
Jackson and Schiff have advanced evidence that the ratio of the cross section 
obtained by the O.B.K. approximation to the corresponding cross section 
obtained by the Born approximation is almost independent of the final state. 
‘This enables some calculations based on the former approximation, which had 
been carried out in connection with the original programme, to be utilized. 
The results are presented briefly in the present paper. 


§2. CALCULATIONS 


2.1. Consider the re-arrangement collision in which an electron is transferred 
from an orbital around a nucleus A described by a wave function ¢,(r), to an 
orbital around a nucleus B described by a wave function ¢,(s), letting M, and 
My, be the masses of the nuclei and Z,e and Zype be their charges. On the 
O.B.K. approximation the cross section of the process is given by 


; 873M? v, (+1 } 
O(i—f) = srheera | _ MP a(cos®) 


| 4@| = 


| | brbe*(s){Zne2/r} exp lila. +B.-s)] dvds}, 


where M is the reduced mass of the system; v,; and v, are the magnitudes of the 
initial and final velocities of relative motion; 0@ is the angle between unit 
vectors n, and ny parallel to these velocities; and 


a=k-ne+kin,M,/(M, +m), B= —kn;—ken¢-My/(Myg+m), ...... (4) 
th pe 2nv; (My +m)My _ 2rv¢ (Mz +m) My 
le a eee th M,+M,t+m 


From the form of the hydrogenic wave functions, ¢, and ¢,, it is apparent that 
in any particular case |. |/Z,e? may be expressed as the sum of a number of 
terms of the type 
et yer Is yy | 
| | ares. [¢(a.r+B.s)—(ar+bs)/ao] dr ds, 
in which yp, and p, are the cosines of the angles between r and @ and between 
s and B respectively, /,, /,, /; and J, are positive integers or zero, ay is the radius 
of the first Bohr orbit and 
a=Z,)m, WARS, Ge ma Ue eee ry Gece (5) 
n, and m, being the principal quantum numbers of the states concerned. Such 
terms may be evaluated by a suitable sequence of differentiations of 
327*bay? 
=I ; eS 2 ele a SEES es Not ec, 
| |r exp [7(a.r+f.s)—(ar+bs)/a,)| dr ds (ofa atta? Rene 
The integration over cos@ can readily be carried out, it being noted that at the 
positive limit («?a)7+ a”) and (6?a)” +b?) may be taken as infinite, and that at the 
negative limit they may be taken as 


w= {p?+ (a+b)? }{p'+(a—6)j/4pP nee (6) 
where ss carmeowilGge i 9 | ale nse (7) 


In the system in which nucleus A is stationary p? is m/ My, times the initial kinetic 
energy of nucleus B measured in units of the ionization potential of hydrogen. 
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The final formulaet are cumbersome and their pattern is obscured. 
Compactness and clarity may, however, be achieved by expressing them in 
terms of a set of elementary integrals: thus 


O14 —nel,) = 158 Clr me) | i F(nh;—melh) ax rage shee (8) 

with 

C(1is—1s) = 28Z,°Z,° 

C(1s—2s) = 252, 5Zp° C(1s—2p) = 2°Z,,°Z,' 

C(1s—3s) = 28 x 3-8Z, 52,5 C(1s—3p) = 2? x 3-§Z,°Z,’ 

C(1s—4s) = 2?Z,,°Z,° C(1s—4p) =5Z,°Zp' 

C(is—3d) =2" x3-°Z,°7,° 

C(1s—4d) = Z,°Z,° C(1s—4f) =2-? x 5-17, °Z 3" 

C(2s—xn,l,) = 2-3C(1s—n,l,) C(2p—anel,) = 2-3 x 3-4Z,42C(1s—nel,) ; 
and 

F(1s—1s) =x-6 

F(1s—2s) = x-*(% — 2b?)? F(1s—2p) =x *(x — 5?) 

F(1s—3s) =x-!0 (x ~ = + =) F(1s—3p) = x-10(x« — b)(x — 2b?)? 

F(1s—4s) = x-}*(« — 2b?)? F(1s—4p) = «-?(x« — 5?) & — mac 

x (x? — 8b2x + 8b*)? DApere 
| i ) 
Fits—-3d) = ast0(x = 52)? 


F(1s—4d) = x~1?(« — b?)?(x — 2b?) F(1s—4f) = x-1#(« — b?)8 
F(2s—a¢l,) = x-*(« — 2a”)? F(1s—nel,) F(2p—xn,l,) = x-?(« — a*) F(1s—agl,). 


It should be noted that a and b are as defined in (5) so that their values depend 
on the principal quantum numbers of the connected states. 

For collisions between normal hydrogen atoms and protons the Jackson—Schiff 
correction factor (by which the cross sections given by the formulae based on the 
O.B.K. approximation must be multiplied) is 


=i) 
fie (127 + 56p-2 + 32p-4) — mf (83 + 60p-2 + 32p-4) 


tan p/2)2 
a eo 4. 32p-24 16p-)}. nee (9) 


2.2. ‘The H—H?* electron-capture cross sections were computed from the 
combination of (8) and (9) for a wide range of impact energies. The results 
are displayed in the table, a log-log form of presentation being adopted. As 
can be seen the cross section associated with the resonance 1s—1s transition, 
which is of course the largest, falls off monotonically with increasing impact 


+ The formula for Q(1s—1s) was first derived by Brinkman and Kramers (1930), and 
that for Q(1s—2p) by Saha and Basu (1945). 
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energy whereas the other cross sections pass through maxima at impact energies 
of some 10 to 20 kev. Fora given /; the cross sections are decreasing functions 
of mf; and for a given nr they are decreasing functions of J, except for impact 
energies between about 0-5 and 100 kev where the optically allowed s—p 
transitions are the most probable. 


Electron Exchange between Normal Hydrogen Atoms and Protons 
log (capture cross section in units of 749") 


Final 
p?*| state 1s 2s 3s 4s 2p 3p 4p 3d 4d 4f 
' de PhS SB NES 1-86 1279339 St tes 213) e343 90) Ge 5-67) 
“9 P-GP 0°69) (80-62 3 2514 = 20-84, SS 1.950) PES) = SU) Be Bieni(s 
)-8 Bole 0-S4 ee 1? 5) 0-60) nse ee 2:08 — 2°65 — 3-08 — 4-69 
“7 Be OM 2 ia BOISE 1573 0:40 es 1-308 ee NID, PB Woy} a ea 
6 Pim O34 il) on 15580 (250.04 |. 4.084 oe S/o 2 See Ded Goce -0() 
5 RS O20 1-22 ae 1-47 9 13 01 138 — 80 Dl 7s -50 
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* The energy of the incident proton is 24-97 p? kev. 


0:06 


= 
S 
a 


2 ° ° 
Oo o S 
Ny w a4 


2S 
2 


Fraction of Captures in Hy or Hg Emission 


0-5 1-0 15 2-0 25 3-0 3°5 
Log [Energy of Incident Proton (in kev)] 


976 _ D.R. Bates and A. Dalgarno 


Since the relevant Einstein spontaneous emission coefficients are known 
(cf. Condon and Shortley 1935), and since the cross sections associated with 
transitions into states with n,>5 can be estimated with sufficient accuracy by 
extrapolation, it is a simple task to calculate the fractions of the captures yielding 
the H, and H, lines, either directly or following downward cascading. The 
figure shows these two fractions, f, and f,, as functions of the logarithm of the 
energy of the incident proton. It will be observed that their maximum values 
are only about 0-050 and 0-015 respectively. Electron capture by protons 
entering the Earth’s upper atmosphere is also likely to be a very inefficient source 
of the Balmer series. This adds to the significance of the fact that not only do 
the H, and H, lines appear in the spectra of aurorae but so too does the weaker 
H, line (Vegard 1940, Gartlein 1950, Meinel 1951), for these features could 
scarcely be as prominent as they sometimes are if protons did not form a major 
part of the incoming corpuscular stream. 
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Studies in Intermediate Coupling: the Energy States of °C and '%N 
belonging to the Configuration 1p’ 
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Abstract. ‘The nuclear shell-model and the theory of fractional parentage are 
used to derive theoretical formulae for certain observable features of nuclear 
energy levels that are not expected to be sensitive to the choice of the nucleon 
interaction potential. These features comprise: (i) the magnetic dipole 
transition strengths, (ii) the magnetic moments, (iti) the reduced widths for 
nucleon emission. Intermediate coupling, besides extreme L—S and extreme j-/ 
coupling, is discussed, and the resulting formulae. are applied to the low-lying 
odd-parity states of #C and #8N in an attempt to explain all the relevant 
experimental data. It is found that the extreme coupling models give generally 
poor agreement of theory with experiment. On the other hand, all the data are 
consistent with an intermediate coupling model and quite a small range of values 
of the intermediate coupling parameter. 


$1. INTRODUCTION 


TTEMPTS to explain certain features of the energy states of light nuclei 
EN by use of the nuclear shell-model have recently been extensively 
reviewed (Inglis 1953). A general conclusion of this review is that 
neither of the extreme types of perturbing coupling forces (Z—S or /-7), 
experienced by nucleons moving in their orbits, can give an adequate explanation 
of all the experimental data that are discussed. For instance, for nuclei belonging 
to the nuclear 1p-shell, the L—S coupling scheme appears to give a better account 
of nuclei in the lower half of the shell (corresponding to mass-number 4 lying 
between 4 and 10), whereas the j-7 scheme seems to be the better one in the upper 
half (4 between 11 and 16). ‘The situation is not a simple one, however, and 
there is no steady increase in preference for j-j coupling with increasing A. 
This is especially so for nuclei in the region of A=12 (i.e. with 8 nucleons in 
the lp-shell). The spin, 2-, of the ground state of “B suggests that 
j-j coupling forces are beginning to predominate already with only seven 
1p-nucleons present (the L—S model predicts a spin 3~). On the other hand, 
the fairly equal spacing of the lower excited levels of !*C is only consistent with 
L-S coupling (the jj model predicts a large gap above the ground state, 
followed by relatively closely spaced levels). 

The obvious way to make further progress towards clarifying the situation 
is to consider the shell-model with intermediate coupling, i.e. a shell-model in 
which the central forces between the nucleons (giving rise to L—S coupling) and 
the spin-orbit forces (giving rise to jj coupling) are of comparable strengths. 


* On leave of absence from the Cavendish Laboratory, Cambridge. 
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Such considerations lead to calculations that are always more unpleasant and 
complicated than those encountered with an extreme coupling model. The 
reason is that there is no simple classification of states in intermediate coupling 
to correspond to those existing for L—S or j-j coupling. Consequently we must 
work with a complete set of wave functions of one extreme coupling scheme, and 
evaluate the interaction matrix of the other coupling scheme in this complete set. 
Diagonalization of the total interaction matrix then determines the eigenfunctions 
of the intermediate coupling situation as a superposition of eigenfunctions of 
the complete set. For large complete sets (say with more than six components), 
these calculations may become lengthy and tedious. 

In the previously mentioned review (Inglis 1953) the intermediate coupling 
situation was investigated mainly by the approximate method of interpolation 
between the two extreme modes of coupling (for which exact calculations were 
done) with smoothly drawn curves. The main interest in these investigations 
lay in the ordering and spacing of nuclear energy levels. Since theoretical 
predictions about these depend not only upon the usual shell-model assumptions, 
but also directly upon the (unknown) detailed nature of nuclear interactions, 
exact calculations would not seem to be worth the effort in this case. Nevertheless 
it is significant that, when this approximate method is applied to the low states 
of 1°B, it makes it uncertain where the 3+ level should be depressed below the 
1+ level in the intermediate region. Exact calculations, on the other hand 
(Zeldes 1953), show that the 3+ level does, in fact, come lower (in agreement with 
the observed spin 3+ of 1°B) when the two types of coupling forces are of 
comparable strengths. 

In the present investigation we restrict ourselves to examining observed 
magnitudes that are not expected to depend very strongly on the detailed nature 
of the interaction forces, but only upon the mode of coupling. Such magnitudes 
should thus provide a good test for the predominant mode of perturbing coupling 
forces (always provided that the basic shell-model concepts are themselves 
correct). Consequently an exact treatment of the intermediate coupling situation 
is desirable. ‘The magnitudes to be discussed are: (i) magnetic dipole transition 
strengths, (ii) magnetic dipole moments, (iii) reduced level-widths for nuclear 
emission. 

Magnetic dipole (M1) transition strengths have been listed for light nuclei 
(Wilkinson 1953). It is observed in this compilation that electric dipole 
(E1) transition strengths show much less fluctuation from their mean value 
than do the M1 cases. ‘This would follow from the fact that E1 transitions must 
lead to a change in configuration involving one nucleon because a change in parity 
is implied, whereas M1 transitions usually take place between states of the same 
configuration (at least for light nuclei). In the former case the transition is 
more likely to be approximately a one-particle one (for example, for nuclei of the 
1p-shell, (1p)"2s—(1p)"*? or (1p)"ld—(1p)"*+1). In the latter case the 
transition generally involves many equivalent particles and so a_ severe 
rearrangement of the nuclear state may be implied, in which case the transition 
strength will be strongly inhibited. It is clear, then, that M1 transition strengths 
should furnish much more delicate tests of the finer features of the shell-model 
(such as the mode of coupling) than the E1 transitions. In §2 we derive 


theoretical expressions for the magnitudes of the M1 transition probabilities in 
terms of the various coupling schemes. 
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Magnetic moments have long been examined in the light of the shell-model 
but not always correctly. It has been shown (Flowers 1952) that the Schmidt 
model, which attributes all the magnetic moment of an odd-even nucleus to the 
odd nucleon, is not implied by a ‘good’ shell-model in which the nuclear states 
are correctly constructed. Just as with M1 transition strengths (to which they 
are closely related), magnetic moments should be a sensitive guide to the mode 
of coupling existing in a nucleus. In § 3 expressions are derived for the magnetic 
moment by simple specialization of those for the transition strengths. 

Reduced widths for nucleon emission have rarely been used as evidence for 
the shell-model. In fact, it is the (small) size of the reduced widths of energy 
levels found in thermal neutron capture and scattering that has inspired the 
opposing ‘compound-nucleus’ model. It is very important to note that ‘small’ 
reduced widths for nucleon emission do not, in themselves, imply a breakdown 
of any shell-model ideas or necessarily lead to a picture of a compound nucleus 
in which the motion of the nucleons is exceedingly complex with all degrees of 
freedom excited. Just as M1 transition strengths can be severely reduced for 
transitions between states of the same configuration so can the reduced widths 
for nucleon emission of the type /”+/"-1+/ be diminished or even reduced to 
zero in certain circumstances. In §4 these remarks are discussed after 
presenting formulae for the reduced nucleon widths in the various coupling 
schemes. 

The remainder of this paper is devoted to a close analysis of the low odd-parity 
states of °C and }°N in the light of the general coupling model developed in the 
earlier sections. 


§2. THE STRENGTH OF MAGNETIC DIPOLE 'T'RANSITIONS 


The width of a nuclear energy level of spin J for an M1 transition to another 
level of spin J’ (where J’ must be J —1, J or J +1 of course) and energy F below 
the first level, can be written in the form 


e2f3 


= Bote ~. (JIM |My _w | J’ Mei ne eee. (1) 


where e, h, c have their usual meaning, pu is the reduced nucleon mass, M is the 
(fixed) component of J, M’ is the (variable) component of J’, and-My,_ yy is the 
magnetic dipole operator in nuclear magnetons for a change in magnetic quantum 
number of M— M’. 

There are, at most, three terms in the sum over M’. ‘To evaluate the matrix 
elements separately as they stand is an unnecessary labour. Instead we shall 
introduce ‘reduced matrix elements’, which do not depend on magnetic 
quantum numbers. For any vector or tensor operator we can separate off the 
dependence of a matrix element on magnetic quantum numbers (spatial 
directions) as follows: 


(JIM|My- M’ |J’M") = Cir wird | MJ’) Sa 2th SLSEs (2) 


where the second quantity is the reduced matrix element (into which a factor 
(2J +1)! that is usually written explicitly is incorporated for convenience) and 
the first quantity is a Wigner vector-coupling coefficient. In the following 
sections extensive use will be made of the properties of the coefficients and also 
65-2 
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of the related Racah functions. All the relevant properties, along with tables of 
Racah functions, have been conveniently compiled recently* (Biedenharn 1952). 
Substitution of (2) into (1) immediately gives 
e* ks 
[ez SacBee Fa As thy eed ae (3) 
The problem is now to find expressions for the reduced matrix element 
<J| MJ’). First we rewrite (2) in the form 


3 
(IMI) = FECT MI Mol Mw (4) 


where “, is the operator for zero oe in magnetic quantum number in nuclear 
magnetons, and can be written as 

My=  &  {[gnt+m,)+8,(3—m)lo,+(2—m)L}. 22s (5) 

: all nucleons 
In (5) m, is the isotopic spin component (+4 for a neutron, — 3 for a proton), 
g, and g, are the gyromagnetic ratios for a neutron and a proton in Bohr 
magnetons (— 3-83 and +5-58 respectively), and o,, 1, are the components of 
angular momentum operators (in units of #) for intrinsic spin and orbital motion 
respectively. 

In order to express the matrix elements of M, we must assume some kind 

of nuclear model. We shall consider a j-j coupling, an L—S coupling and an 
intermediate coupling model in that order. 


(i) j-7 Coupling 
AM, is asingle particle operator, and so, in order to find its matrix elements 
with a shell-model, we use the fractional parentage coefficients (Flowers and 
Edmonds 1952) for expressing a givenj- coupling state «J T[A] MM, | of n nucleons 
in terms of the parent states (J,7,[A,| M,M,,| of n—1 nucleons vector-coupled 
up to the odd nucleon ¢ jm,| « tm,|: 
CJTAIMMz|= = CJITIA)|}J,T Ay] 


Telok 
Mel BE CTR ERT Mine | tre, [CE Ca ree ree (6) 
wills + my L My + mj . 
By specifying the j-value of the odd nucleon we have implicitly assumed that we 
are only concerned with the nucleons in the last (unfilled) shell, i.e. with the 
configuration j", for some value of n <2(2j+1). Using (5) and (6), we have 
(IM|My|I’My=n XL ITP I,T, MIT YT) 


Spots 
x 18nld +7 »)+ 213 —7 loro (tle sisheter sie (7) 
[ he = UCT TCT ym, 
where J Y= UCIvi Cp (Clin, 


2 = aC OY (Ca. 
In order to economize in notation the following conventions have been adopted: 


(i) the symmetry symbols [A] are omitted in the fractional parentage coefficients, 


* Attention should be drawn to an error in formula 1 on page 5. In the summation the 


magnetic quantum number of ¢ should be held constant, and not that of d, as implied by 
the notation. 
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(ii) a ‘bare’ summation sign preceding Wigner coefficients and the omission 
of the magnetic quantum numbers of these coefficients implies summation 
over all magnetic quantum numbers, except that of J or T as the case may be. 
Insertion of (7) into (4) leads, after use of the properties of Wigner coefficients 
and the relations between Wigner coefficients and Racah functions (Biedenharn 
1952), to the final expression for the reduced matrix elements: 


SI") ELI") 


a tlie s\ U2 
=(— 3n( a) = IT |jJp J'T'|jJyTy) 
( ) IG+NYA+) IpP ot = [} it JAAR I} Doak 
x (=) »pWUI' I, 1Fy) lel +T7 ») +8(b-F P+ (E-FyLy} ++ (8) 
= xm; OS A 
<5 Mel 
| # = =m; rl Onna) 7 


myn; 


(ii) L—S Coupling 
The method of derivation of the expression for the reduced matrix elements 
is very similar to that used for jj coupling. We use a fractional parentage relation 
corresponding to (6) (Jahn and van Wieringen 1951). This relates the L—S state 
(LST[z|M,M,M,| to its parent states (L,S,T,[«)] M,, Ms, Mz, | and the 
single particle states <lm,|<{om,|<tm,| of a nucleon in the unfilled /-shell being 
considered : 


(LST|z|M,MsgMz|= = (LST {a]}L,S, Ty )( = CPT, Mr, | (tm; ) 
Ly Spl p% My me Ra E 
s (Oat ee (LM, | (lm, | (S)Ms, | Cott, | jou tcuctoiens (9) 


Use of relation (4) and the introduction of Racah functions enables the reduced 
matrix element to be written 


Vf, , , i as oe L-—J’—o—-S—S’ (2° * (2s + 1)(2,S" a » " 
(J(LS)|M|J(L'S’)) =(—) 326 51; ( a(o + 1)(20 +1) 


x WOS'SS’, MO Es +(2n,- a) Wee | 
p 


eS (e(LST NLS 
S19 1) 


x W(SS'ao, 1S,) 


Ty KL'S'T’ |} LySy Ty) 


pp 


CMa) M2TeE 2 1) yi 
pale Ls Wee (arn K+ 1) rey 


SA UOALTOE ARS pane Sie) 

T p 

xf. aa (LST |}L,S 
“p*p 


VAD MMe aes) oe) ees (10) 
o,= py m= 
Lew ie 


my 


T) (L'S'T' |} Ly SpTy) 


p~p~ p 


where 


and convention (i) of eqn. (7) has been used for the symmetry symbols [«]. 
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(iii) Intermediate Coupling 
When the intermediate coupling situation exists, we shall express the 
eigenfunction ¢JM| in terms of the complete set of L—S eigenfunctions: 


(IM|= ¥ CII}I(LS))I(LS)M| 
= (IIE Chizsig My (SMs|) (11) 
(3 M,+Myg 


where ¢J|jJ(LS)) are the transformation coefficients. The expression for the 

reduced matrix elements is then simply 

(J |M\J’>)= X <I ||J(LS))¢ J ||F’(L'S’)) (J (LS)|M|F(L'S’)). «2. - (12) 
is 

In all three modes of coupling it is clear that the magnitude of the reduced 
matrix element depends on the number of ‘parents’ that the two states have 
in common. For two states of the same configuration that are otherwise quite 
different (belonging to different symmetries for instance) there may be very 
few or even no common parent-states. In this sense we may say that the M1 
transition probability may be greatly lessened if a severe reorganization of the 
nucleon state is implied. 

One feature of magnetic dipole transitions and moments is that the radial 
wave function (which will depend on the precise type of potential well assumed 
in the shell-model) does not enter the theoretical expressions (and neither does 
the nuclear size), and so there is no source of uncertainty in this respect. 


§3. MacnetTic MOMENTS 
The formulae for magnetic moment in the various coupling schemes follow 
immediately from the above formulae for the M1 matrix elements. By definition, 
the magnetic moment of a state is ¢JJ|M,|//J) nuclear magnetons and so, 
from (2), it is equal to 
Cron J |M|T ) = 


Tir pType 7 M14). be cas (13) 


Equations (8), (10) and (12) give the necessary expressions for ¢J|.M|J) on 
putting J =J’. 


§4. REDUCED WIDTHS FOR NUCLEON EMISSION 


Given any nuclear state «J M|=‘l’/™ (the latter notation will be rather more 
convenient for the present), we can label all possible modes of two-particle 
disintegration by the symbol (s,/), where s identifies the intrinsic nature of 
the two particles and also their combined spin j,, and /h is their relative orbital 
angular momentum. ‘To each such mode of disintegration there corresponds 
an “escape channel’ in the configuration space of all the nucleons, and a channel 
surface &,, defined for each mode (s,/) by specifying that the separation 
distance r, of the pair is equal to their interaction radius a,. 

The reduced width of the state for the disintegration mode (s, /) is a measure 
of the intrinsic probability of the state splitting into the pair s with relative 
orbital angular momentum /h, i.e. it is proportional to the square amplitude of 
the wave function ‘’’™ on the channel surface Ly. To be more explicit, the state 
‘Y/™ can be expanded upon the ‘nuclear surface’ (the sum of all surfaces a) 
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in terms of the normalized states ®/" of the product pairs (s,/) and certain 
coefficients By): 
: SEE (2a) 2s Re on ne pe gl de (14) 
sl 


The function ®2” is actually the product of the internal wave functions of the 
pair, coupled up to give a spin j, which is, in turn, coupled to / to give a resulting 


in J: Wy 

ae DIM SCI jon (im) nse (15) 
where again the bare summation sign means summing over all magnetic quantum 
numbers except that of J. Provided that Y’/™ is normalized to unity over the 
interior of the nucleus, the reduced width for process (s, /) is simply #?8,?/2M, 
where M, is the reduced mass of the pair s. It is usually denoted by the symbol 
ys. Equation (14) may be rewritten as 

Ba= |, Ea Oe ne (16) 

sl 

and this is the formula we use to find expressions for the reduced widths for 
nucleon emission. 


§5. 7-7 COUPLING 
In extreme j-j coupling the state ‘’’” of nm equivalent nucleons can be 
decomposed into its ‘parental’ states of m—1 equivalent nucleons vector-coupled 
to the odd nucleon as in (6). The states (j,m,| of a product pair s can be 


written as (jgn,|=UC!(T,My|<om,| nee es (17) 


where the bare summation sign has the same meaning as in (7) and o, J) are the 
spins of the component particles (nucleon and residual nucleus respectively). 
Insertion of (17) into (15) gives 


DC CLC Mal 101, |e ee (18) 
where / and o have been vector-coupled to give 7. Using the orthogonality of 
the parental states, eqn. (16) gives: 

(cles ds UY GME Vio A be ONO LEMON CE CCE GSES 8 on (19) 

where the subscript n means that one of the two disintegration products is a 
nucleon, and the ‘bare summation sign’ convention is used. y,(a) is the radial 
part of ‘’”” evaluated on the surface =a, i.e. it is the surface value of the one-body 
radial wave function corresponding to the potential well V(r) assumed in the 
shell-model (and normalized over r <a where a is the radius of the well). The 
sum in (19) is, by definition, a Racah function, so 

Buy = x(a) (IT |}FoTy (i + 1)!%( jy + LWT yoT jf). eee: (20) 
There are certain sum rules for reduced widths that follow from the properties 
of the Racah functions and the fractional parentage coefficients. Summing the 
square of (20) over all possible spin combinations /, yields 

12 


h 
E yat= mse xaIT oT? sees (21) 


where M, is the reduced nucleon mass. For convenience we define a 
dimensionless quantity x, as }ay?(a), so that 


he 
ITD oTO% tee (22) 


a 
x Ane = NX) 
4) 


n 
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Further summation over all possible parent states of the configuration j”"* gives 
h2 
M,a- 


Yo Lyn = nx, 
Jp l'y4p Jn 
$6. L-S CouPLinG 
Just as in the case of j-j coupling, we decompose the ‘Y’” and ®f” into 
eigenstates of the coupling mode we are considering. In L—S coupling we have, 
then, corresponding to (19), 
Bee meya)CLSTTLeSolo (Gr Co Core tO a ee (24) 
Introducing Racah functions gives 
Bu =n? x(a) — nF “LST }LoSoT (Zin + 1279 + I)(ZL + 12S + I} 
XW (Lo Sota, Joo) WL GIS, fa)> se eee (25) 
Summing the square over all J, belonging to the L—S state (LoS 7 o[% ||, for 
given Lo, So: 


h? ; : 
= Var = ney = (LST LS ol VY CEN.) WAIL SS, 17a). eee (26) 
Summing (26) over all spin combinations 7, for given (LoS)To[%ol |; 
f2 
» Dy Vat = NX; —— CES TAL gpg fe) 0 @ sels (27) 
bdo Mya 
Finally, summing over all possible parent states (L,S,T7,[a)]| of the con- 
figuration /"~': Re 
Sr ae es ee ee 28 
LySpTp%p In Jp ge Ma 


§7. INTERMEDIATE COUPLING 


Expressing the intermediate coupling eigenfunction in the L—S representation 
as in (11), and denoting the £,, of (25) by 8,,(LS, LZ So), we have for B,, in 
intermediate coupling 

Bu= = (UALS) Foll Fo(LoSo) Bni(LS; LoS). +--+. (29) 

LoSo%o 
The orthogonality properties of the transformation coefficients enables us to 
derive a sum-rule for disintegration to all possible parent states of the 
configuration /”~!: 
ya ales (30) 
a al UNE a webs % , ae oe 

As a check to the correctness of the various equations for 8,,, we can regard j-j 
coupling as a special case of intermediate coupling, in which case eqn. (29) when 
combined with (25) must be equivalent to (20) (see Appendix I). 

The terminology ‘reduced width’ is not an ideal one. In the first place 
the term ‘reduced’ has no connection with the sense in which it is used to describe 
a matrix element (see (2)). It implies, in this case, that the ‘reduced width’ 
of a mode of decay is associated with an actual energy level width for that mode, 
and is obtained from it by removing a factor corresponding to the penetrability 
of any extra-nuclear barrier (coulomb or angular momentum) that may inhibit 
the decay outside the nucleus. This method of extracting reduced widths from 
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observed level widths has been well discussed (Thomas 1952). The second 
objection to the terminology is that the ‘reduced width’ for a process need not 
be associated with an observed width at all. Equation (16), which defines ‘ reduced 
widths’, can be applied to all processes and to all levels, whether bound or free. 
For energetically impossible (‘bound’) processes the observed widths vanish 
of course, but the ‘reduced widths’ do not. The latter are, in fact, quite 
independent of whether the escape channel is open or closed. 

The theory of deuteron stripping reactions and its success (Butler 1951) 
have made it possible to determine the reduced widths for nucleon emission of 
bound as well as free energy levels. The stripping theory treats deuteron 
reactions and extra-nuclear phenomena in which a neutron or a proton is 
captured into the ‘tail’ of the final state wave function protruding beyond the 
range of nuclear forces. The amplitude of the wave function in this tail is 
determined by the reduced width of the final state for the nucleon. Consequently 
the absolute stripping cross section must be proportional to the reduced width 
of the captured nucleon in the final state, and so the measurement of these cross 
sections furnishes a valuable method of determining the values of reduced widths. 
This method will be applied and related to the standard method for free levels 
in a later section. 

In the formulae for the reduced widths that we have given, the only indefinite 
quantity is the dimensionless factor x,. As defined, x, depends upon the value 
of /, the shape of the potential well in the shell-model, and the external potential. 
The dependence upon the latter is an indirect one and is due to the fact that the 
internal radial wave function y,(7) must join on to the appropriate external wave 
function at the nuclear boundary r=a. ‘This can be expressed by defining the 
logarithmic derivatives of the two wave functions at the boundary, and equating 
them. Define, then, a dimensionless quantity f, as [r(dy,/dr)/x,|,, for the 
internal wave function and a similar quantity g, for the external -wave function. 
For bound states g, corresponds to the unique bound state solution that goes to 
zero for large r. For free states (resonance levels) it corresponds to the real 
part of the solution for outgoing waves (Thomas 1952). In all cases of physical 
interest g, is negative or zero. It is zero for free S-neutron waves, and is most 
negative for heavily bound processes, in which it may attain a value of —3 or so. 

In order to have some idea of the magnitude of f, (and so of «,) we consider 
the instance of a square well. ‘The wave functions inside the nucleus are then 
Bessel functions of argument p=xr, where « is the wave number corresponding 
to energy E measured from the base of the well. The formulae for the wave 
functions, for f, and for x, as functions of p for /=0, 1, 2 are given in table 1. 


Table 1 
Radial 
wave function xX] 
(not normalized) 
1 A 
sin p pcot p 5 cot p—cosec” p 
sin p p? 2— p(cot p+ p cosec? p) 
—cos p —_—_——— — 1 : 
1—p cot p (1—p cot p) 


ea in oe pr ee Z 
p eT Dips Ge aSGap'=opcotip)c4 3 (3—p?—3p cot p)? 


6(1—p cot p)?+ p3(cot p—p cosec? p) 
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The expressions for x, are derived from the equation (Thomas 1952) 


In figs. 1 and 2 the quantities f/, and x, are plotted as functions of pe Imposing 
the condition 0 >f,>—3 (which follows when the logarithmic derivatives are 
equated at the boundary) restricts the ranges of values of x, considerably. These | 
_ ranges are indicated by heavy lines in fig. 2, and we see that the mean values 
of x, are 0-8 for 1s and 2s waves, 1-0 for 1p waves, and 1-2 for 1d waves. The 
possible variations are about 50%. Consequently, if we always assumed x=, 
the error so introduced would probably not be larger than the uncertainty in the — 
experimental value of the reduced width due to the ambiguous choice of a nuclear 
radius (to which the penetrability factor is sensitive). Since the experimental 
values of the reduced widths (for nucleon emission) of different levels in the — 
same nucleus can vary by a factor of thirty or more, this error is not usually serious. _ 


= 
id 
| ee 
(\) 
7.3 #505 nn 
p 
Fig. 1. f, as a function of p. Fig. 2. x, as a function of p for /=0, 1, 2.4 


So far no mention has been made of the effect upon the values of x, of varying 
the well shape. ‘Trial numerical calculations indicate that the above remarks | 
hold for any reasonable shape and that x, is fairly insensitive to such changes. 
Unfortunately it seems impossible to handle analytically any type of well other 
than a square well over a continuous range of energy values, and so this statement 
cannot be made more specific. 


§8. C anp 13N aNnp THE ExtrEME CouPpLING MODELS 


The isobaric pair of nuclei #3C and 3N should be especially useful for | 
explaining the mode of coupling of nucleons in nuclei in the region 4=12. | 
Since C is a closed-shell nucleus in j-j coupling, but is open in L—S coupling, | 
the addition of an extra 1p nucleon will give rise to different situations in the ) 
two instances, and this will be reflected in the values of certain experimental _ 
magnitudes of *C and 8N. The level schemes of the two nuclei are given in 
fig. 3. Up to 4Mev excitation there are two odd-parity states (configuration 1p?® 
on the shell-model) and two even-parity ones (1p82s and 1p*1d). Throughout 
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the following discussion we shall take the correspondence of mirror levels for 
granted. The only levels that will be examined in detail are odd-parity ones, 
i.e. the ground and second-excited states. 

The even-parity first-excited level has already been investigated (Thomas 
1952). ‘This level has the configuration 1p%2s, and so the disintegration of the 
level into the ground state of #C plus an S-wave nucleon is essentially a 
one-particle process in which the remaining eight nucleons do not participate. 
The reduced width for the process will be the ‘one-particle reduced width’ 
Xoh?/M,a, and no insight will be afforded into the mode of coupling inside the 
eight Ip nucleons. Unpublished calculations by the author show that all the 
observable features of the interaction of an S-wave nucleon with !2C can be 
represented by a simple potential well model in which the nucleus !2C is replaced - 
by a square well. (There was some indication in these calculations that a rounded 
well would give a rather better account of the data. This is also suggested by 
the fact that the 2s level comes below the 1d levels in °C and 38N, in contrast 
to the level ordering for a square well.) 

The two odd-parity levels have the configuration 1p (at least in L—S coupling), 
and any disintegration of the levels must be considered as a process in which all 
nine (equivalent) particles are concerned. ‘The values of the reduced widths 
will thus be sensitive to the mode of coupling between the nine particles. The 


Fig. 3. The low-lying states of the mirror nuclei ’C and #N. 


situation with regard to break-up of the even- and odd-parity levels is very similar 
to that found in electric and magnetic dipole transitions respectively, as discussed 
in the Introduction. 

There are four available data on the odd-parity levels: 

(i) the magnetic dipole moment of °C (Poss 1949), 

(ii) the magnetic dipole transition width between the two odd-parity levels 
in 13N (Seagrave 1951), 

(iii) the reduced width of the excited state in '5N (Jackson and Galonsky 1953), 

(iv) the reduced width of the ground state (Thomas 1952, Holt and Marsham 
£953 b). 

In order to predict theoretical values for these magnitudes with the extreme 
coupling models, we must first identify the levels involved in the two coupling 
schemes. The two levels in #®C and ¥N must both be #P in L—S coupling, 
whereas, in j-j7 coupling, the lower one is pgjg*pijg and the upper one Ppgjp’Py)9"- 
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The ground state of 1#C is 4S in L—S coupling, and Psie® in J coupling. In | 
j-j coupling it is clear from elementary considerations that the reduced width © 
of the excited state of #8C and 18N is zero for the production of #C in its ground 
state. On the other hand the reduced width of the ground state of #*C and ¥N 
in j-j coupling has the uninhibited one-particle value x, (in units of h?/ M,a). 
The value of the M1 transition width in j-j coupling is found to be zero by treating 
j-j coupling as a special case of intermediate coupling (see later). Presumably 
this vanishing is due to the operation of some symmetry selection rule (Gamba 
et al. 1952). 
In table 2 the experimental data are listed together with the theoretical values. 


Table 2 
Experimental Predicted value 
oS cei value from L—S model from j-~7 model 

Magnetic moment of !°C (nucl. 

magnetons) 0-70 1-08 0-64 
Width of the transition (ev) 0:70 1-34 0 
Reduced width, excited state (units 

of h?/M,a) 0-047 0-332, 0 
Reduced width, ground state (units 

of h?/M,a) 0:03 or 0:70 Or33c4 oe 


There are two sources for the value of the ground state reduced width. 
Unfortunately there is serious disagreement between the two values obtained. 
One source uses the existence of the extra-nuclear thermal-neutron capture 
process (Thomas 1952) to arrive at a value of approximately 0-03h?/M,a. The 
other source uses the relative absolute yields of the 2C(d, p)#®C stripping reaction 
(Holt and Marsham 1953b). That such data can be used to derive values for the 
reduced widths has been pointed out in an earlier section. After correction for 
the statistical factor 2J/+1 and the angular distribution (Holt and Marsham 
1953), the yields to the ground and first three excited states of °C are in the 
ratios 1-:0:1-2:0-07:1-8. These ratios are expected to correspond to the ratios 
of the reduced widths of the levels for neutron emission since the other factors 
occurring in the deuteron stripping cross section (Butler 1951) will not vary 
greatly from level to level provided that fast deuterons are used (8 Mev in this 
case). ‘T’he ratios of the reduced widths for proton emission of the upper three 
levels of the mirror nucleus !°N are (Jackson and Galonsky 1953): 1-:2:0-07:0-6. 
There is excellent agreement between the first ratios in the two cases. The 
discrepancy in the last ratio may well be explained by the fact that the 
experimental value of the reduced width of the d-wave proton, corresponding 
to the third excited 5/2+ level, is hypersensitive to the choice of radius and much 
more so than that for s- and p-wave protons. Jackson and Galonsky used the ~ 
rather large radius of 4:77 x 10-!8 cm in their analysis. Calculation shows that, 
if an unmodified external coulomb field is always used, the value of the reduced 
width of the level in question actually becomes infinite at a radius of 4-0 x 10-8 cm. 
Consequently the disagreement of the last ratio is not a serious objection to the 
suggestion that absolute deuteron stripping cross sections can be used to estimate 
reduced widths. Indeed, in such cases as the 5/2* level referred to, it may even 
afford a better value than a direct resonance reaction. Acceptance of the 


Studies in Intermediate Coupling 989 


suggestion leads to a value of 0-70 h?/M,a for the ground state width of !8C, in 
serious disagreement with the value 0-03 from thermal neutron capture. The 
source of this discrepancy is not known. 

The figures given in table 2 show that both extreme L—S and extreme j~/ 
coupling give poor accounts of the experimental data. The striking feature of 
all four data (accepting the larger value of the ground state reduced width) is 
that they always lie between the extreme coupling values. his fact immediately 
suggests an exploration of the intermediate coupling region. 


§9. 18C anp }8N IN INTERMEDIATE COUPLING 


Before attempting to express intermediate coupling eigenfunctions in an 
LS representation, we must establish the complete sets of L—S eigenfunctions. 
‘These are given in table 3 for the three states in which we are interested. The 


: ‘Table 3 
State Complete set 
eC, “N ground. J=3$-, T=} 22 PAS eR 4382 22P 432) 22D) (4382s is3ell 
ex, “N excited. J=3-, T=} 22P [441] #P [432] 2*P:[432] 24D [432] 4D [432] 
?2C ground. J=0F, T=0 US [44] 1S PS ASA tS 4225 22a P8824) 


members of the complete sets are identified by the usual L—S symbol and their 
symmetry character. ‘There are (by coincidence) five members in each set. 
Consequently the spin-orbit interaction matrices (Appendix IT) are all fifth-order 
ones. In Appendix II we derive a general formula (A 6) for the elements of a 
spin-orbit matrix. In the case of m nucleons in the Ip shell this formula becomes 


(I(LS)| 22 1;.0;|J(L'S’)) = 3anh?(— pte tsa 
x{(2S+1\(2h4+1)(28’+1)(22'+ 1) P2W(LSL'S’,J1) X (—)Pt*p 
LySpTp%p 
mi Lol |i onl. \(LS 7 | S,1, WILT, Ll) W ses'6 S51). (32) 
where /=/'=1, c=o0'=} and we have taken the spin-orbit interaction of the 
ith nucleon as «1,.6,. The spin-orbit matrices of 13N, C (ground), *N, #%C 
(excited) and #C (ground) are found to be 


(1 (10 seaiO _ Je | 1 ey ee ae ae, 
3 5 6 io 6 3V 2 6 V2 2 
] 5 1 i D i dD 
V¥10 1 1 Vd so Rest = a = Ss 0 = eS 
| -~+ z =F > 1 sV 5 6 we aV5 
| ) l ) i! i 
o. 5 a AU ee = 0 
| V10 1 ~ 0 1 2 6 BV 3 3 272 y 
( 
ih ee 3 : | . 1 | 
: / 3 — as 5 sp 
_Vv2 ee 0 = () / 2 2/2 2 2/2 
2 2 2 Wwe 
| = = ‘ 0 > 1 
| 0 1 eT 0 0 2 V2 2/2 j 
L J L 
2/6 | 
0 ave 0 0 0 
3 
2/6 3 / 15 TV 6 4/15 
“oe 4 or 12 4 
C 0 ees 0 0 =i 
{ vo 
iV 6 > Vv 10 
Y 12 ? 2 ri 
/15 Vv 10 5) 
Ms 7 fi rene 
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To obtain the total interaction matrices, diagonal terms must be added for the 
central interaction energies in the various L—S states. To evaluate these energies __ 
we use the Rosenfeld prescription for the nucleon interaction potential V;; 
(Rosenfeld 1948): 

V,,= —0°13Vy + 0-93 Vy + 0-46V 3 —0-26V_ 
(where the subscripts w, M, B, H denote Wigner, Majorana, Bartlett and 
Heisenberg exchange forces), and we also use the convenient formulae of Racah 


(Racah 1950) for the diagonal matrix elements of a general central force mixture. 
The matrix elements are given in table 4, and are expressed, as is usual, in terms 


Table 4 
State Interaction matrix elements 
Bee te SL 6-75L 8-13L 8-13L 3-96L 
2 8 +16:18kK +19:75K +16:°61K +14-61K +24:12K 
: : 9-54L 6:75L 8-13L 6:75L 8:-13L 
1123 13 
C> Wexeited 416-18K +19-75K  +1661K  +1815K S4q-oiR 
eC erounhd 9-56L 6:76L 3:-98L 6-74L 3-04L 
8 +12:92kK +14:02K +20:-06K +10:78K +19:38K 


of the 1p-shell direct integral L and exchange integral K. Making the assumption 
L=6K we can express the total interaction matrix in terms of the intermediate 
coupling parameter €=«/K, which is a measure of the relative sizes of the two 
types of coupling. When ¢=0, the matrix is diagonal and pure Z—S coupling 
is represented. When =o pure j-7 coupling is represented. It is a useful 
check against mistakes to evaluate the eigenvectors and eigenvalues in the latter 
extreme and compare their implications with what we know intuitively. These 


eigenvalues and eigenvectors of the states in which we are interested are given in 
table 5. 


Table 5 
State Eigenvalue Eigenvector components 

5 78 2 10 2 
BC, 1N ground 3a — —-V/= = —-V/= —-V= 
: Va ez 27 V5 V3 

18C, 13N excited oe 2 a ye = i ue 1 

2 3 Samed 3 34/2 3 

/ 
2C ground 4a ave — v30 ve a 20 = Vv 18 
9 9 9 9 9 


The intermediate coupling region was covered by evaluating the eigenvalues 
and vectors for the four ratios €=3, 6, 10 and 30. This enables graphs to be 
drawn giving the theoretical values of the four observed data (table 2) for any 
coupling mixture. ‘These graphs are presented in figs. 4-7. The abscissa in 
each case has been chosen to be y=¢/(5+¢) for convenience in plotting. The 
horizontal lines are the experimental values (assuming for the reduced widths 
that x, =1). 

§10. DiscussIon or RESULTS 


It is very satisfying to find that all four experimental magnitudes can be 
explained with the shell-model in intermediate coupling. It would be even more 
satisfying to find that all the magnitudes were consistent with the same value 
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of the intermediate coupling parameter. An inspection of figs. 4-7 shows that 


the experimental magnitudes indicated correspond to a small but definite spread 
of values of y. However, there are several sources of uncertainty to be taken 


Fig. 4. The magnetic moment of #®C. 
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into account. It is generally estimated that magnetic moments (and so pre- 
sumably magnetic dipole matrix elements) may be changed to the extent of 


992 A. M. Lane 


something like 0-1 nuclear magneton by relativistic and exchange current effects 
(Blatt and Weisskopf 1952). ‘Thus we may say that all values of within about 
0-05 of those selected by the experimental values in figs. 4 and 5 are permissible. 
The line drawn to represent the experimental values of the reduced width in 
fig. 6 is almost certainly too low because quite a large value of the nuclear radius 
(4:77 x 10-3 cm) was used in extracting the reduced width of the excited level 
from the observed width (much larger, for instance, than that which gives the best 
analysis of the angular distribution in the !C (d, p) °C reaction, viz. 4-2 x 10° cm 
(Holt and Marsham 1953b). This means that we should allow values of y 
corresponding to values of the reduced width of up to twice the indicated magnitude, 
The result of the considerations is that all the various experimental magnitudes 
are indeed consistent with one value of the intermediate coupling parameter ¢ 
to within the uncertainty mentioned. ‘The most likely value of y seems to be 
about 0:47, and this means a value of ¢ of 4-4. It may be significant that this 
value is near that used to explain the spins of the ground states of ®Li and 1°B 
(Zeldes 1953), viz. 3-7. It should be pointed out, however, that this search for 
a very accurate value of ¢ does not take into account errors introduced by the wrong 
choice of force mixture used in evaluating the intermediate eigenfunctions and _ 
values. Such errors could also be a contributory cause of the spread in values 
of y. ‘The general impression one gets from the calculations is that the qualitative 
form of the curves in figs. 4-7 is not sensitive to variations in the force mixture, 
but that quantitative results may have some such dependence. Similar remarks 
apply to deviations from the assumption 1 =6K for the relation between the 
direct and exchange integrals. 

In this paper we have developed methods for examining the shell-model and 
its mode of coupling and applied them to one pair of nuclei. Other experimental 
data are being subjected to similar treatment. Preliminary investigations are 
encouraging, and it is hoped that a full report will be incorporated in a forth- 
coming review article (Thomas and Lane 1954). 
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APPENDIX I: ‘THE CONSISTENCY OF Equations (20), (25) AND (29) 


Equations (20) and (25) give expressions for 8, (2M,,/h)"2 times the reduced 
width amplitude y,,) in j-7 and L—S coupling respectively. Equation (29) gives 
the corresponding quantity in intermediate coupling using an L—S representation. 
By considering j-j coupling as a special case of intermediate coupling it should be 
possible to show the consistency of (25) and (29) with (20). Denote the trans- 
formation amplitudes of the j— aye functions in terms of the L—S wave functions 


by Jj") || J(LS)) and (Jo(j") ||Jo(LoSo)). If we combine (25) with (29) 
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for j~j wave functions, then equate the result to (20), we have, after multiplying 
by U(J,e/1,7,7) and adding over j,, 


(JT ]}JoT)) = ~ APMIES)) ToT") [Fo L080) LST} LoS T) 
DpSo%o 


ee EO LS 5 faa; J gS) U (Lig 55 LJ.) OC p28 Li Tod): 


In 


where U(abcd,ef) is defined as (2e+1)"(2f+1)"?W(abcd, ef) and is used to 
shorten the formula. This relation is a general one between the fractional 
parentage coefficients of the extreme coupling modes, and the transformation 
coefficients between the modes. It can be proved as follows: consider (11) in 
the case when ¢J M| represents a j—j coupled wave function, and expand the wave 
functions on both sides of the equation in terms of their parent states. Equation 
(11) can again be used to express the parent j-j wave functions in terms of L—S 
wave functions. After some manipulation of the Wigner coefficients involved and 
the elimination of the wave functions we have 
(IT |}JoTo) = a SI )F(LS) FoF") Fo(LoSo) (LST |} LoSo To) 

LpSoxo 

x ECISI CLILCS oS CLS TTI CU (A2) 
where, as in the text, the bare summation sign and absence of magnetic quantum 
numbers implies summation over all magnetic quantum numbers except that of J. 
The second sum is just that encountered in the theory of transformation ampli- 
tudes in the two-particle problem (Flowers and Edmonds 1952), and is written 
{Jj J M|LSJ My. It can be shown to reduce to the sum over the U-functions 
in (A 1), and so the consistency of (20), (25) and (29) is proved. 


APPENDIX II: THE SpIN—OrRBIT INTERACTION MATRIX 


Insertion of the expansion (11) of the intermediate coupling eigenfunction 
<J M| (in the L—S representation) into the Hamiltonian equation for all nucleons 
gives the following eigenvalue problem: 


ECIJ(LS)y= EI |I(L'S) ILS" > Vi, +4E1,.0,|(LS)) 
L’ Sx 


for the pee of the intermediate coupling states. ‘The nucleon central inter- 
action CDSE x a is diagonal in the L—S representation, but the spin-orbit 


energy « X1,.0, a not, and its matrix must be evaluated before the eigenvalue 


u 
calculation can be commenced. 
Expansion of the L—S states of n particles into the parent states of n — 1 particles 
coupled to the odd particle enables a typical element of the spin-orbit matrix to 
be written as 


I(LS)|«31,.0,|J(L'S’)) 
a 
Be SS TLS 
ae ae 
per Ce Cre C a 2 Cre Cre® (lompn;|l.o|l omy). ....5.(A4) 


PROC. PHYS. SOC. LXVI, II—A 66 


TS CSD aSal y) 


Pp’ Pp 
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The last matrix element can be expressed as 


a, See 


(lomm?|1.o|l'o'mymy) =1? S Chy img Corie thy 
eine aeaeeeeame (A5) 
where j takes the values 7+ 4,/—}3. When this is substituted into (A 4) asum over 
eight Wigner coefficients results. This can be reduced to a sum over four 
Racah functions, and the final expression for the spin-orbit matrix element is 
CI(LS)| axl, .0,|J(L'S’)) 
h? i Quy 
= _ (SESE EE OP CEST [PLASe TV CLST people, 
LpSplp%p 
x [ (7+ 1)-Ul+1)-o(e + 1)] 
(27 +1)(2L + 1)(2S + 1)(2L’ + 1)(2S" + “\" 
- (Zier \eseety 


U(SLS'L', Jf) ULIL', L,f) U(SoSo', Sf) U(o'l'ol, jf), (A 6) 


1 
enor ES 
where U is the function defined in Appendix I and f is a summation dummy. 
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Abstract. A treatment of liquid helium is given that is a simplified version of 
that in a former paper. ‘The assembly, consisting of vapour and liquid, is 
treated as an equilibrium mixture of aggregates of all sizes, an aggregate being 
defined as a number of atoms which together form a bound quantum-mechanical 
state. By making plausible assumptions about the energy levels of these 
aggregates a model is found which shows both liquefaction and a generalized 
Bose condensation. ‘The model seems to be a satisfactory compromise between 
the points of view of Landau and of London and Tisza, and leads to a synthesis 
of their two explanations of the appearance of superfluidity. It also provides 
a physical basis for the model assumed by F. London in 1939. 


§1. INTRODUCTION 


theories of liquid helium, corresponding to the ‘nearly free’ and tight- 

binding’ approximations in the theory of metals, were compared critically, 
and it was pointed out that neither of them could be expected to be a particularly 
good approximation. ‘The difficulty in finding a satisfactory ‘intermediate’ 
model may be traced to the fact that quite a number of the non-dimensional 
quantities that can be built up out of the physically relevant parameters are 
neither large nor small, but are of the order of unity. For example: 

(a) For almost any quasi-lattice arrangement, consistent with the actual 
density of liquid helium, the mean distance between the repulsive ‘cores’ of 
neighbouring atoms is comparable with the core diameter itself. ‘This means 
that the ‘cell’ model of a liquid is unlikely to lead to useful results, because the 
probability of escape of an atom from its cell cannot be treated as ‘small’. 

(b) The mean de Broglie wavelength of helium atoms is comparable with 
the lattice spacing. ‘This means that an attempt to begin with a classical model 
and then to apply ‘quantum corrections’ is unlikely to be satisfactory. 

(c) The temperatures are comparable with one-tenth of the Debye 
temperature. In IJ it was shown that large deviations from a theory of Landau— 
Debye type are then to be expected, even if we could treat the liquid as a 
‘perfect’ crystal lattice, obeying Hooke’s law. 

(d) The attractive force between two helium atoms is about that required to 
form a bound state. ‘This means that most of the known perturbation methods 
in quantum mechanics break down. 

In II it was suggested that a satisfactory compromise between the two 
extreme types of theory might be arrived at by developing the cluster theory of 
Mayer and Mayer (1940), and a possible behaviour of the cluster-integrals, as 

66-2 


[: two previous papers (1952 a, b, to be referred to as I and II) two existing 
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a function of the number of atoms involved, was suggested that seems to account 
for many of the observed facts. In view of the obscurity associated with the 
concept of cluster integrals in a quantum-mechanical assembly, and the fact 
that explicit calculations of them, taking proper account of the symmetry 
properties of the wave functions, are unlikely to be available for some time, it 
seems worth while to put on record the consequences of a model that is admittedly 
a somewhat crude approximation, but is nevertheless less drastic than the 
approximations implied by either of the two models discussed in I. The results 
are fairly encouraging: it is, for example, possible to describe both evaporation 
and the A-transition within the framework of a single theory. Comparison of 
its consequences with experiment seem to give clues enabling the model to be 
improved. In its improved form it provides a physical basis for the suggestions 
of F. London (1939). 


§2. DESCRIPTION OF THE MODEL 


We suppose that our assembly, consisting of imperfect gas, plus liquid if 
present, can be regarded as an equilibrium mixture of aggregates of all sizes, 
where an n-aggregate is to be thought of as m atoms which together form a bound 
quantum-mechanical state. The whole assembly will contain a certain 
equilibrium number of aggregates of a given size, individual aggregates being 
constantly broken up and re-formed by collisions. We now make the 
assumption that, apart from this effect of collisions in keeping these numbers 
near the equilibrium values, the effect of interactions between aggregates can be 
neglected. This approximation is of the same type as those which lead to 
Dalton’s law of partial pressures in a mixture of gases, or to the ‘perfect’ 
solution in a liquid or solid phase. Since these are useful first approximations, 
it seems reasonable to examine the consequences of an analogous assumption 
in a one-component assembly, cf. A. Bijl (1934), Frenkel (1939) and ter Haar (1953). 
The fact that we are envisaging the formation of bound states does mean that we 
are taking some account of interactions, so that our approximation is better than 
that of a ‘perfect gas’ type of theory. On the other hand, we are allowing for 
the presence of aggregates of all sizes, instead of merely considering very large 
aggregates, so that the approximation should be better than that made in a 
“solid-like’ theory of Landau-Debye type (Landau 1941). 

We are purposely using the term ‘aggregate’ rather than ‘cluster’ in this 
paper to emphasize the difference between the two concepts, namely that it is 
rigorously correct to neglect interactions between clusters in the Mayer (1940) 
theory, whereas the neglect of interactions between aggregates is an approximation. 
It may well be that a quantity 4(7) that we shall introduce shortly, the partition 
function formed by summing over the bound states of an n-aggregate, is closely 
allied to the nth cluster integral, but the two are certainly not identical. 


§3. CONSEQUENCES OF THE MODEL 


To make progress, we really need the results of a quantum-mechanical 
calculation on n interacting atoms in an enclosure. Such a calculation does not 
seem to be available for the case we are interested in, namely that in which the 
interactions between two atoms are of about the strength needed to form a bound 
state, the atoms being described by symmetrical wave functions. A not 
dissimilar problem is that of the formation of atomic nuclei, where the mutual 
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interaction is also near this critical strength, but the nucleons have to be described 
by antisymmetrical wave functions. Here it is well known that useful results 
can be obtained from comparatively crude assumptions about the actual form 
of the force-field, and even from still more crude treatments based on a common 
potential field for all the particles in a nucleus. The properties of antisymmetrical 
wave functions guarantee a small probability of configurations in which two 
particles are very near one another, therefore the results are insensitive to the 
finer details of the interaction function. If, however, we use symmetrical wave 
functions, it becomes necessary to take proper account of the repulsive fields 
between the atoms in order to get a physically sensible result, and this greatly 
complicates the calculations. However, it seems not unreasonable to guess that 
an attraction of about the critical strength, together with a repulsive core, should 
lead to results broadly similar to those of a-similar attraction together with the 
effect of antisymmetrical wave functions, and we make such a working hypothesis 
until better methods of calculation become available. We therefore assume 
the following behaviour as we add more and more atoms to an aggregate: 

(a) ‘The total binding energy increases steadily as the aggregate becomes 
larger, and is zero or small for a pair of atoms. 

(b) The binding energy per atom passes through a maximum (probably a 
rather shallow one) as the aggregate becomes larger. For a very large aggregate 
we may suppose’ that the binding energy per atom approaches a limiting value, 
a fair approximation to which should be given by F. London’s calculations (1936), 
in which he assumed various types of quasi-lattice arrangements. 

(c) The small aggregates have but one bound state, but, as we add more and 
more atoms, there will come a time when excited states become possible. 
A priori, we cannot say whether this will occur for values of m smaller or larger 
than that corresponding to the maximum binding energy per atom. 

The analogy with the atomic nucleus is, of course, very rough, and the 
accepted explanation of the maximum that occurs in the binding energy per 
nucleon (saturation of exchange forces together with coulomb repulsion) 
certainly cannot be applied in the present case, where there is no analogue of the 
coulomb repulsion. No minimum of the kind assumed in (4) for helium is to 
be expected for ordinary liquids, where the binding energy per atom should 
increase steadily as more atoms are added, zero-point effects being negligible. 

It is not immediately obvious that the existence of zero-point energy in 
liquid helium modifies this situation. As a rough model of an n-aggregate we 
might take a drop of liquid of radius a. On the basis of van der Waals forces 
between helium atoms, it is to be expected that the attractive energy will be of 
the form — An*/a® and the surface tension correction of the form Bn?/a*. If now 
we assume some simple power laws, such as Cn'a~-” for the variation of zero-point 
energy with m and a, and first suppose a so chosen that the total of these three 
terms is a minimum, it is readily shown that no reasonable choice of the 
indices / and m can lead to a minimum in the energy per atom of the aggregate 
as a function of n. If 7 is small, it probably remains sufficiently accurate to 
describe the van der Waals forces by means of the volume and surface terms 
introduced above, but the zero-point energy per atom in the aggregate is no 
longer likely to be a smooth function of manda. As we add more and more atoms 
to an aggregate, there will come a stage when more than one bound state is 
possible and, although the zero-point energy refers to the /owest bound state, 
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it seems plausible that the formula describing the variation of zero-point energy _ 
with n and a changes its form abruptly at this value of m at which a second bound — 
state appears. If so, it is possible to understand qualitatively the postulated _ 
minimum in the energy per atom as a function of m. (We shall see later that 
only a very shallow minimum is needed to account for the experimental facts.) 
This argument suggests that this minimum occurs, if at all, at, or near, the value | 
of n at which the aggregate first has more than one bound state. 

We suppose, therefore, that we know the energy-levels of an n-aggregate, 
denoting them by £,,, where /=1 corresponds to the ground state. We now 
develop the statistical mechanical consequences of postulates (a), (b), (c) above, 
and show that they lead to a model which shows two types of transition, one | 
corresponding to ordinary liquefaction, the other to a generalization of Bose— 
Einstein condensation. In addition to these energy levels, we have to allow for 
the kinetic energy of each n-aggregate moving as a whole (the motion of the — 
centre of gravity can always be allowed for separately in the wave equation of the | 
n-aggregate). According to the assumption that the effect of interactions of 
aggregates with one another is negligible, the energy levels for an aggregate of 
mass nm, moving freely in an enclosure of side d, are simply (p? + q? + 1?)h?/8nma? 
(p, 4, 7 positive integers), i.e. an n-aggregate having any of the energies £, , 
may, in addition, have a kinetic energy of translation corresponding to any of 
these values. Thus, the grand partition function for such assemblies is 

—h2 2 2 r at 
een E —)" exp (—E, ,/RT) exp oer | "se (1) 
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the partition function for an assembly of exactly N atoms being the coefficient 
of X* in this product. This formula is the obvious generalization of that for cases 
in which only ‘single-particle’ levels are considered, the factor A” occurring 
simply because an n-aggregate contributes m, and not unity, to the total number 
of atoms present. We may transform expression (1) by the technique used in 
discussing the perfect gas; we take logarithms, expand the logarithms in 
ascending powers of A, and then replace the sums over p, g, 7 by integrals, 
remembering that the terms for which p = g=r = 1 are not necessarily all negligible 
and retaining them explicitly. This gives 


logf~(2nmkT)32Vh-2ZE E n¥2S-92N%" exp (— SE, ,/RT) 


nm US=1 


— XL log{1 —A"exp(— EF, ,/RT)} 
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where, in the second series, we have omitted the factor exp (3h2/8nmd?kT), which 
tends to unity as doo. 

Equation (2) represents the rigorous consequence of the assumption that the 
aggregates can be treated as non-interacting. We now examine it in the light 
of the assumptions about the energy-levels that we have already introduced, | 
namely that EF, ,,/n passes through a (negative) minimum for a certain value of _ 
n, x say, and that for all smaller values of n there is, at most, one bound state per 
aggregate. We first show that the double series in (2) can, in practice, be replaced 
by a very few terms. The triple series is multiplied by the factor Vh-3(27mkT)32, 
which will be written N* and is of the order of N at ‘helium’ temperatures. 
A given term in the double series is therefore negligible compared with the sum 
of the corresponding terms in the triple series unless the argument of the 
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logarithm is O(1/N). (In this case the presence of the factor S~>? in the triple 
series ensures that the sum of the corresponding terms converges.) As in the 
perfect gas, all the arguments of the logarithms must be positive, so that A can 
never exceed the value exp (E,/RT), where we write E, for E, ,/z. In the perfect 
gas these two conditions can only be satisfied for one level, the very lowest. In 
this more general model there may be a few values of m, near z, for which 
E,,,,/n is sufficiently nearly constant for the corresponding terms in the double 
series to give comparable contributions. (The effect on the mathematics of the 
problem is comparable with what occurs in a ‘ one-particle’ Bose-Einstein model 
if the lowest level is degenerate. For clearness, we shall suppose, in what 
follows, that there is only one term contributing effectively to the double series, 
but this assumption can readily be dropped.) 
We split the triple series up into 


(a) The contribution for n<z. 
(6) The contribution for m=z. 
(c) The contribution for n>z. 


We are assuming that aggregates smaller than z have no more than one bound 
state (an assumption that could also be dropped if the levels for />1 were 
known). ‘The contribution (a) then reduces to 


Z2—1 © 
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n=1S=1 
For n=1 the binding and zero-point energies vanish, so E,,=0 and the 
corresponding terms represent simply the log (grand partition function) of a 
perfect gas. ‘The terms for x greater than 1 but less than z specify the probabilities 
of finding small aggregates in the vessel, that is, are a measure of the departure 
of the vapour phase from perfection. Now we know experimentally that 
vapours, including helium, can safely be treated as nearly perfect, for example 
for the purpose of predicting vapour pressure curves (except in the region of the 
critical point). ‘To a first approximation we neglect these terms in comparison 
with the terms for »=1. ‘This approximation could also be removed if we had 
definite knowledge of the variation of Fy ,,/n with n. The summation over S is 
easily shown to converge for physically permissible values of A, an upper limit 
to which is set by (8 5) below. 

We now consider the contribution (6) to (2). For n= 3, it reduces to 


N*¥z32  S—*2{) exp(— E,/RT)}* —log{1—d* exp (—zE,/RT)} ...... (4) 
S=1 
after adding in the one significant term from the double series. ‘his expression 
differs in form from the logarithmic term corresponding to the lowest state in a 
‘one-particle’ model. ‘The presence of the series is a consequence of the fact 
that the z-aggregates are not necessarily at rest, but each can acquire kinetic 
energy as a whole without leaving the ground state F, ... For high temperatures A 
is small and the series in (4) is small compared with expression (3), which implies 
that only a few z-aggregates are present in the assembly. If, however, A is 
comparable with exp (£./RT), condensation of Bose-Einstein type is approaching, 
and simultaneously series (4) becomes large compared with series (3). This 
means that, as we gradually lower the temperature, first we get an increase in the 


‘numbers of aggregates of various sizes present at the expense of the number of 
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free atoms; secondly, a finite fraction of all the atoms drops into the g-state with 


a translational energy of effectively zero. The existence of a minimum in the 
function £,_,,/n thus leads to an analogue of Bose-Einstein condensation in an 
assembly of interacting atoms. 

Since the departure of a gas from perfection heralds also the ordinary 
process of liquefaction, we must examine the conditions for the latter phenomenon, 
We shall show that the model predicts liquefaction in a manner quite analogous 
to Mayer’s theory (1940) in spite of the fact that the complexion of lowest energy 
for this model would be one in which all the atoms are in z-aggregates. (For 
clearness we make the convention that the word condensation is always to be 
understood to refer to the generalized Bose-Einstein process.) We have still 
to examine the contribution (c) to expression (2) form >z. This can further be 
split into 

(ci) The contribution for s=1. 
(c ii) The contribution for s>1. 
The contribution (c i) may be written 
IN 2 ASB Ed See a eee (5) 
n>z 
where 4(m) is the sum &, exp(—£, ,/RT), which is the classical sum-over-states 
for an n-aggregate. The sum is taken over bound states only because energy 
of translation is allowed for through the contribution (c ii) and the factor N* 
in (5). ‘The appearance of large aggregates in the assembly will, in the same 
way as in Mayer’s (1940) theory, correspond to the higher-order terms in 
expression (5) becoming important, that is, the series (5) is “just about’ to 
diverge. The criterion for this is, by the ratio test, 


0 
a, LM log A+ logn+log ¢(n)]>0 2... (6) 


where the differentiation has to be taken keeping the volume of the aggregate 


constant. ‘Thus 
3 d log ¢(n) 
log A+ Dp ae (es) 2 re On © eae (7) 


In the limit of large m the negligible term 3/2n can be dropped. Because of 
the definition of 4(z) we may write —kT log d(n)=F,, where F,, is the free 
energy. associated with the bound levels in an n-aggregate. As n becomes 
large (7) reduces to the ordinary relationship between A and the partial potential 
of an atom in a large aggregate. 

We have still not considered the contribution (c ii) explicitly. For n large 
it is negligible compared with (ci) because the typical term for S=2 contains 
the factor A*"exp(—2E, ,/RT), which is negligible compared with the 
corresponding term for S=1, and the summation over S converges rapidly, 
because the factor Aexp(—E,,/nkT) is appreciably less than unity unless 
n=z. For the large aggregates the omission of contribution (c ii) is practically 
equivalent to neglecting their translational energy, which is only of order RT. 
and therefore small compared with E£,,, in any case. For nz, (c il) implies 
the presence of appreciable numbers of aggregates of size of the order of x with 


finite translational energy. This adds nothing physically to what we have 
already considered under contribution (d). 
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We have thus shown that expression (2) can be split into the contributions (3), 
(+) and (5), corresponding respectively to vapour, z-aggregates and large 
aggregates, without sensible error. We have given reasons for thinking that 
the terms we have omitted, and the assumptions we have made (some of which 
can be removed when more information about the energy levels of aggregates 
of He atoms becomes available) do not essentially alter the physical consequences 
of the model. The discussion of the various contributions to (2) can be extended 
without difficulty to the corresponding contributions to the series for 
N=)o (log f)/eA, obtained by differentiating (2), the corresponding numbers of 
atoms in the aggregates of the three types being obtained by differentiating 
expressions (3), (4) and (5). The condition of equilibrium between two types of 
aggregate is that they should correspond to the same value of X. This is 
readily shown to be equivalent to equating partial potentials. 

The vapour phase is described approximately by expression (3), and the 
partial potential of the vapour is given by the usual expression 


Soe ROS Are eee! & Sea ee (8 a) 


Our discussion has shown that appreciable numbers of z-aggregates are present 
only if 


BIRT Og Ao | SE eee (8d) 
while Mayer’s criterion (7) for liquefaction has been shown to be equivalent to 
Siiq= lim = cRivlogy ie “ao a eee es (8c) 


where gi, 1s the partial potential associated with a large aggregate. As a first 
approximation, we may represent the large aggregates as quasi-crystalline 
lattices, which can be described by means of a Debye function. Thus 


4 ENS 
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where Ey is lim, ,..(;,,,/n), the energy per atom of the lowest state of a large 
aggregate, which is made up of the interaction energy of the atoms together with 
the zero-point energy. These are two large quantities of opposite sign that 
nearly cancel. F. London (1936) has estimated them, using various quasi-lattice 
models, and it turns out that the theoretical E, is of the order of —15 calories 
per mole, this figure not being particularly sensitive to the precise lattice type 
assumed. 

If we start with the vapour phase, we obtain an equation for A in terms of 
the density by differentiating expression (3). ‘The condition for the equilibrium 
between the vapour and liquid is obtained simply by equating expressions (8 a) 
and (8c). This is consistent with the observed latent heat of vaporization, but 
we know experimentally that expression (9) ceases to be valid for the liquid 
above about 0:6°k, so the vapour-pressure curve is only predicted semi- 
quantitatively. The condition that the vapour phase should form itself into 
z-aggregates instead of into large ones is given by equating expressions (8 a) 
and (8b). The resulting condition is (see I) the same as the condition for 
Bose-Einstein condensation of a gas, provided that we assume that a state of 
energy E, per atom is available for the atoms to condense into. (According to 
our model, this gain in energy is associated with the interaction between the 
atoms in the z-aggregates.) We have assumed that E, lies slightly below &,, 


1002 H. N. V. Temperley 


which means that, at very low temperatures, the vapour prefers to form 
z-aggregates. However, there will be a point on the vapour-pressure curve at 
which 9,;, becomes equal to E,, because of the effect of the entropy term in 
expression (9), and above this the vapour will prefer to form itself into large 
aggregates. We identify this point with the A-point of liquid helium. To 
predict a A-point at ‘helium’ temperatures E,—, must be no more than a few 
hundredths of a calorie per mole, in which case the curve obtained by equating (8 a) 
and (86) is practically identical with that obtained by equating (8a) and (8c). 
Physically this must mean that in much of the ‘liquid’ region expressions (4) 
and (5) are comparable, so that both z-aggregates in their state of lowest kinetic 
energy and large aggregates are present together. In an ordinary liquid the 
postulated minimum in £, ,,/n is probably absent, and large aggregates will 
always be more probable than ones of intermediate size. (Ordinarily, we should 
expect E, ,,/n to decrease steadily with increasing ”.) In the present model the 
relative probability of large aggregates and z-aggregates is expected to vary with 
temperature because of the entropy term in (9). This term arises because we have 
supposed z-aggregates to possess one bound state only, whereas large aggregates 
have a great many possible bound states, and transitions between them are 
represented, on the Debye picture, by the emission and absorption of sound 
quanta, giving rise to the entropy term. 

We can examine this point further by attempting to determine the 
equilibrium line in the liquid region between z-aggregates and large ones. 
This involves the tacit assumption that a theory of Mayer type is valid in part 
of the liquid region. The validity of assuming that the liquid can be described 
by a constant value of Mayer’s parameter Z has been discussed by the author 
elsewhere (to be published shortly), and the assumption seems to be reasonably 
valid as long as one is not too far from the vapour region. On this basis, the 
equilibrium between z-aggregates and large aggregates is described by equating 
expressions (86) and (8c). (The role of the parameter A in the present theory 
is similar to that of Mayer’s parameter Z.) If we assume that E, is constant, 
this condition is that the partial potential of the liquid is constant, which implies 


a ~~ (35), / (38), =n eno) 


This would imply a positive slope for the A-line at which z-aggregates begin to 
appear in the liquid in large numbers. Inserting observed values of p and s leads 
to a slope of the order of 3 atmospheres per degree, in contrast with the observed 
negative and large slope. The predictions of the model are summarized in the 
figure, the equilibrium diagram between small aggregates (expression (3)), 
z-aggregates (expression (4)) and large aggregates (expression (5)) being not 
unlike that of an ordinary one-component assembly with three possible phases. 
The dotted curve indicates how the vapour pressure curve would run if there 
were no minimum in the curve for EF, ,/n as a function of n. The difference 
between this and the full-line curve is nowhere more than a few per cent if we 
choose £,— Ey, so as to get a A-temperature of 2°k. The following fact should 
also be mentioned. If we had a nearly perfect gas, of density corresponding 
to that of He vapour at the A-point (1-2 x 10-3 gcm-3), this would be on the 
point of Bose-Einstein condensation provided that there existed a level of 
negative energy EF, of the order of — 15 calories per mole into which condensation 
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could take place. As is well known, a perfect gas of atoms of mass equal to that 
of helium atoms would, at a density of 0:15 gcm-3, have a condensation 
temperature of 3-1°K. The factor arising from the formation of 3-aggregates, 
exp (— E,/RT), is of the right order of magnitude to compensate for the smaller 
density of the vapour, if EF, is of the order of —15 calories per mole. The 
observed partial potential of the liquid is also consistent with such a value of F., 
together with the suggested criterion g,,,=E, for the )-line. 

The relative numbers of atoms in z- and large aggregates can be estimated 
by comparing the contributions of expressions (4) and (5) after differentiating 
with respect to A. It will be noticed that the singularities in these expressions, 
considered as functions of 4, are of somewhat different types, that in (4) arising 
from the argument of a logarithmic term approaching zero, while that in (5) 
arises because a series is at its limit of convergence. The asymptotic behaviour 
of series (5) can be estimated if we make the assumption, customary in discussing 
crystal lattices, that 4(”) behaves asymptotically as x”, where « is the partition 
function per atom associated with the interactions in a large aggregate. This 
assumption has been discussed by Fowler and Guggenheim (1939), and amounts 
simply to saying that the energy and partial potential per atom approach limiting 


Large 
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values as noo. Making this assumption, we obtain from (4) for N., the 
probable number of atoms in 2-aggregates : 


N,~2-612 232N* + [zd exp (—2E,/RT)|/[1 —A¥ exp (—2E,/RT)]. .....- (11) 


(The series in (4), and its differential coefficient with respect to A, both converge 
for all physically relevant values of A.) ‘The asymptotic behaviour of Miaroe 18 
intermediate between that of 
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these two expressions being obtained by replacing n?? in (5) by n® and a 
respectively. We have defined the A-line by a condition practically equivalent 
to «=exp (— E./RT) as long as the pressure is not too large. (If we used the 
latter relation to define the A-line, it would be equivalent to writing E,=/,, 
instead of g;;,-) 

The asymmetry between expressions (11) and (12) stems basically from the 
fact that, in estimating the relative probabilities of large aggregates and 
z-aggregates, we have to allow for the fact that there are many different possible 


sizes of large aggregate, but only one size of z-aggregate. On the A-line, 
comparison of (11) and (12) shows that the number of atoms in 2-aggregates is 
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very small compared with the number in large aggregates, but that the 
proportion may be expected to increase rapidly as we go to the low temperature 
side of the A-line. At absolute zero all the atoms will be in z-aggregates. Thus, 
helium II is described on this model as an equilibrium mixture of 2-aggregates 
and large aggregates. Since we are neglecting interactions between aggregates, 
the picture is one of a ‘perfect’ mixture or solution of these two types of 
aggregate. he first term in (11) arises from the z-aggregates with finite kinetic 
energy. This term only varies slowly with A and corresponds to z-aggregates 
in the vapour phase. The second term corresponds to 2-aggregates at rest. 

We shall discuss a few further consequences of this model as it stands, and 
then indicate how it might be improved. First, it seems to be a natural 
generalization of the criterion of Bose-Einstein condensation proposed in I for 
a many-particle type of assembly. The assumption that the liquid represented, 
e.g. by a Debye type of partition function, was in equilibrium with free atoms 
was found to call for g,=0, whereas, if it is in equilibrium with z-aggregates, 
it is possible for g,,, to be negative, as experiment requires. 

The connection with the two-fluid picture seems to be given by a treatment 
on exactly the same lines as that given in II, clusters being replaced by aggregates. 
[rom this treatment, making the assumption that, for any large aggregate, the 
velocity v,, associated with the phonons it contains is substantially the same as 
the velocity V,; with which the centre of gravity of the aggregate is moving, it 
can be concluded that v,—v, is proportional to p,, the effective mass of the 
small clusters, or z-aggregates, per unit volume of liquid. Accordingly 
‘superfluid’ effects are only possible with finite p,, and we thus seem to have 
established a link between the two suggested criteria for superfluid effects. 
According to Landau’s original picture (1941) some highly artificial assumption 
seems to be necessary, for example that the coupling between the degrees of 
freedom Vand v,, is strong in all liquids but helium, and that, in this one liquid, 
the coupling suddenly jumps from being strong to weak at the A-temperature. 
If z-aggregates are present, no such assumption need be made. 
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It remains to consider what predictions the present model makes about this 
liquid. Since aggregates with an even number of He; atoms may be expected 
to behave as Bose particles, the possibility of a condensation effect cannot be 
completely excluded; indeed it would occur in much the same way if the 
variation of binding energy with m were of the same type as that postulated for 
He,. If there is mo minimum in £, ,,/n we expect, as we have already seen, an 
ordinary liquefaction. It is too early to say whether such a minimum is likely 
to be present or not. It can be stated with certainty that the distribution of 
energy levels £, ,, of the aggregates will be entirely different for the two isotopes. 
Quite apart trom the difference in statistics, the binding energies will be smaller 
in He, than in He, for comparable aggregates of all sizes because of the larger 
zero-point energy, which is already a major factor in He,, and is now increased 
by a factor 4/3. Another question that remains unsettled is whether large 
aggregates of He; atoms (liquid Hes) can be described by a Debye model, or 
whether they are better described as an ‘imperfect Fermi gas’, the interactions 
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being allowed for by some smoothed field. A determination of the specific 
heat and compressibility of the liquid He, might help to decide some of these 
points. At the present time we do not know whether to expect a condensation 
effect, nor how the excitations in a large aggregate of He, atoms can best be 
described. If a Debye treatment is applicable to the liquid, Landau’s theory 
(1941) would predict superfluidity at some temperature. The present theory 
would predict superfluidity only if EZ, ,,/n had a minimum. 

Some very recent experiments (Hammel and Schuch 1952 and _ private 
communication) suggest that, in certain circumstances, He, atoms in an 
He;—He, mixture can take part in superfluid flow, though there is still no 
evidence of such effects in pure Hes. On the present model such a result, if 
confirmed, can be interpreted in a way not open to theories invoking Bose-— 
Einstein condensation into ‘one-particle’ type levels. It is, in principle, 
entirely possible that a few of the He, atoms in a z-aggregate can be replaced 
by He; atoms without removing the postulated minimum in the binding energy 
per atom, and yet that this minimum is absent in aggregates consisting entirely 
of He, atoms. 


$5. PosstsLE IMPROVEMENT OF THE MODEL 


Various pieces of evidence show that the model in which interactions 
between aggregates are completely neglected is too crude. For example, just 
as in II, we find that no possible choice of the parameter E,— EE, can lead to a 
specific heat anomaly whose position and height both agree with observed 
values. This could be remedied if, for example, we attempted to take account 
of the interactions between aggregates by supposing that FE, and Ey were 
effectively functions of density and possibly of the number N, of atoms in 
g-aggregates. It is well known that one can get a quantitatively correct specific 
heat curve by various ad hoc assumptions along such lines. For example, Bijl, 
de Boer and Michels (1941) postulated that the ‘condensed’ states are separated 
from the remaining liquid states by an energy-gap, an assumption that resembles 
our model. F. London (1939) gets the correct curve by assuming arbitrarily 
that about one sixth of the atoms are in ‘gas-like’ states, the remainder in 
Debye-like states, an assumption that also resembles the consequences of our 
model. 

The failure of equation (10) to predict the A-line properly can also be 
remedied by supposing that F, varies strongly with density. Numerically, we 
should have to postulate a value of the order of —15 calories per mole near the 
vapour-pressure curve, rising to nearly zero as we approach the top of the A-line. 
Such an effect of the mutual interactions of aggregates seems very plausible. 
Further support is given to this idea by the following circumstance. A curious 
property of the perfect gas model was pointed out independently by several 
writers (Lamb and Nordsieck 1941, Halpern 1951, ‘Temperley 1952 a), namely, 
that the wave function of the lowest state is profoundly modified by the effect 
of gravity, and would extend only to a distance of the order of 10-4 cm above 
the floor of the vessel, so that the condensed Bose-gas would show a very strong 
‘sedimentation’ effect which would be almost absent above the transition 
temperature. A result of this type is just what seems to be needed to help 
interpret the non-classical behaviour of liquid helium under extremely small 
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pressure gradients. (It is not sufficient to postulate absence of viscosity in part of 
the liquid: one has also to account for the fact that the rate of flow in films and 
narrow capillaries can be greater than the velocity of free fall associated with 
the pressure head, i.e. Torricelli’s theorem does not hold.) Also, the circumstance 
that the percentage of condensed atoms within a given volume is a function of 
pressure as well as of temperature is what is needed to account for the thermo- 
mechanical effects. If the condensed atoms or aggregates carry no entropy, 
then H. London’s (1939) formula dP/dT=ps follows thermodynamically. 
However the very violence of the effect predicted in the perfect gas tends to 
make one think that the picture becomes meaningless in the liquid. A very 
similar criticism can be levelled at our crude model (the figure of 10-4 cm would 
not be significantly changed by any reasonable choice of the number 2), but the 
situation becomes entirely different if we postulate that E, varies with density, 
and possibly also with the number of z-aggregates present. Our theory requires 
that FE, should be a small fraction of a calorie per mole more negative than 
E,+ Pv. (If the difference were greater than this the condensation effect would 
persist to higher temperatures, while if EZ, becomes less negative than Ey + Pv 
the condensation process becomes thermodynamically unprofitable at any 
temperature.) 

We now consider our improved model of a liquid under gravity. According 
to our crude model, the condensation process would lead to the appearance of 
a large number of z-aggregates at the very bottom of the vessel and thus to an 
absurdly large density gradient. If, however, we suppose that EF, is a function 
of the density, it is clear that while, under gravity, we may still have a larger 
number of z-aggregates near the bottom, the density of the liquid as a whole 
can nowhere be changed appreciably. We have introduced the assumption 
that E, is raised from — 15 calories per mole to zero as we travel along the A-line, 
that is by a change of 0-03 gcm-? in the density, so that, if the density of any 
particular region of the liquid were increased by a few ten-thousandths, E, would 
increase by a few hundredths of a calorie per mole and it would no longer be 
thermodynamically profitable for further z-aggregates to appear there—they 
would prefer instead to appear in the other regions of the liquid where no 
increase in the local density had taken place. In this way it is possible to predict 
that the number of z-aggregates in the liquid may depend slightly on the pressure 
at each point, while avoiding the very drastic predictions of the cruder model. 
(If £, varies with the density, it no longer necessarily follows that the assembly 
consists entirely of z-aggregates at T7=0, and the relative numbers of large and 
s-aggregates would depend on the pressure. The 7? law for specific heat 
strongly suggests that large aggregates do persist down to absolute zero.) Thus 
our improved model provides a physical basis for the suggestion of F. London 
(1939), that, in helium II, the atoms can assume both ‘Debye-like’ and 
‘gas-like’ states. 

One more feature of interest may be referred to briefly. A z-aggregate has 
been supposed to have a lower binding energy per atom than any other type. 
It will therefore require work either to break up such an aggregate, or to induce 
two or more such aggregates to join together. Presumably this means that 
the z-aggregates must be destroyed before the solid state becomes possible, and 
rough estimates of 9, suggest that E, does indeed become approximately zero 
at pressures of the order of 20-30 atmospheres. | 
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We may sum up this discussion by saying that the crude model, in which 
interactions between aggregates are neglected altogether, predicts a vapour- 
pressure—temperature curve of quite normal type, but a A-line that slopes in the 
wrong direction. It also predicts an absurdly large density gradient in liquid 
helium II under gravity. These considerations seem to require that E, be a 
function of density, a result that also seems to be required by the behaviour of 
the A-line. A variation of EF, with density, and possibly with N, also, is a very 
plausible consequence of taking interactions between aggregates properly into 
account, cf. A. Bil (1934). It would not be difficult to invent ad hoc a variation 
of E. with N, to give a specific heat anomaly of the observed magnitude and 
type (cf. Bijl, de Boer and Michels 1941). 

While such ideas are physically reasonable, there seems little point in pursuing 
them further until more reliable indications about the behaviour of the energies 
E,,,, become available. Assumptions of the kind we have arrived at would 
lead, as in other theories of co-operative phenomena, to the appearance of 
several adjustable constants, and numerical comparison with experiment ceases 
to be a conclusive test. Moreover, we should also have available the resource 
of supposing that the liquid (large aggregates) is not completely described by a 
Debye model, cf. Landau (1941). The introduction of ‘rotons’ leads to at 
least two further adjustable constants. 


$6. CONCLUSION 


Our crude model represents a first approximation to a Mayer type theory of 
liquid helium, if we suppose that the binding energy per atom in an n-aggregate 
passes through a maximum as a function of m. A plausible argument suggests 
that such a hypothesis is reasonable for a weak interaction, just about sufficient 
to bind two atoms together, and the absence of superfluidity in other liquids 
can accordingly be understood. ‘Tentative accounts of the behaviour of He, 
and He,—He, mixtures are also possible. 

In II we discussed whether the transition of liquid helium was more closely 
allied to ordinary liquefaction (formation of ‘large’ aggregates or clustering in 
coordinate space) or to the behaviour of a perfect Bose gas (assumption of the 
same velocity by a finite fraction of the atoms, or ‘clustering in momentum 
space’). Our investigation suggests that z-aggregates, rather than free atoms, 
are responsible for the condensation process. If so, no clear distinction between 
the two types of clustering can be made in any actual assembly of light 
molecules. 

It seems certain that a quantum-mechanical study of an assembly in which 
the interactions are near the critical value should lead to worth-while results. 
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Abstract. A mathematical treatment is given of the general three-dimensional 
theory of a cascade shower developing in a medium in which the number density 
of the constituent atoms may vary from point to point. This treatment reduces 
the work of obtaining all angular and radial moments to a drill. The case of the 
soft component developing in an extensive air shower initiated by a primary 
nucleon is worked out as an illustration. 


$1. INTRODUCTION 

HE distribution function 

Pee aa dt eer) ye eh ote BO \ne st Ol yar, OC we ed eee GCM 

representing the probability of finding exactly n particles of the ith type 
at an absorber depth z, with energies, angles (cosines) and radial distances 
measured with respect to the shower axis in the specified intervals E,, E,+dE,; 
Y,, ¥,+dr,; ¢,, ¢,+dc,;1=1,....,n, due toa primary particle of the jth type with 
energy E,, describes the behaviour of the cascade throughout its lifetime. If 
adequate expressions could be found for the QO,” for any given theory, and if 
the experimentalists were able to measure completely the various properties of 
a given shower, then it would be a straightforward matter to check any theory 
from the measurements made on a single shower. However, to realize this end 
theoretically appears to be even more difficult than it is experimentally; both the 
mathematical and the experimental difficulties involved are immense. For this 
reason the experimentalist is usually concerned with accumulating data on a 
large number of showers—he deals with the ‘average’ shower. The theoretician, 
likewise, is forced to deal with averages, special functions derived from the 
O,”%». To illustrate this consider the distribution function 

ee A Peat ta ha uae gh Pon Ta ln) es AL, Ardy a8 AL, GF.dC,, 

representing the probability of finding m particles of the 7th type at an absorber 
depth z, with energies, angles (cosines) and radial distances measured with 
respect to the shower axis in the specified intervals Ej, E,+dE;; 7;, 7,+r,; 
C;, ¢,+dc,;i=1,....,n, due to a primary particle of the jth type with energy Eo, 
and any number of particles of the 7th type with arbitrary energies, angles and 
radial distance. The R,” are given by 


R= SO dB yas 
0 o 
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ana GLa cations | (SO | ‘thecal den, 
0 -1 J0 /0 = 
ae (1) 


R,“ corresponds, for instance, to the angular-radial distribution function 


f(E, 1, c, 2) used by Green and Messel (1952, to be referred to as GM) in 


treating the spread of the soft component of the cosmic radiation. ‘The 
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well-known angular and radial distribution functions appearing in cascade 
theory are obtained from R,“ by integrating over the radial or angular variable 


respectively, thus 
4B, ¢, 2)= | PRed (2) 
0 


i4 ft; 1 
ROVE, 7, 3) = | RyGPde, ee (3) 


The differential average number of particles at a given depth z may be 
obtained from either (2) or (3) by integrating over the angular or radial variable 
respectively. To appreciate what state the theoretical development of the 
subject is in one should recall that even in the case of the differential average 
numbers solutions of the integral equations have been obtained under special 
conditions only (homogeneous type of cross section). Recently, Messel and his 
collaborators (Messel and Potts 1952 a,b, Messel 1953) were successful in 
solving the fluctuation problem in cascade theory. The diffusion equations for 
the functions obtained from Q,,% and R,, after integrating over the angular 
and radial variables, were completely solved for the cases of the nucleon and 
electron—photon cascade. About the same time Green and Messel (Green and_ 
Messel 1952, Messel and Green 1952, Messel 1953) were successful in developing 
the theory for the angular and radial distribution functions defined in (2) and (3). 
The mathematical methods used by the authors were effective but cumbersome. 
Lately we have been successful in developing new techniques which will allow 
one to solve a broad field of related problems. The purpose of this paper is to 
develop these techniques for the general problem of the three-dimensional 
development of cascades. ‘To illustrate the power of the method we will apply 
it to the case of the electron—photon cascade developing as part of an extensive air 
shower, initiated by a nucleon. 


§2. GENERAL 'THREE-DIMENSIONAL ‘THEORY 


The purpose of this section is to give the general three-dimensional theory 
of a cascade shower, in a medium in which the number density of the constituent 
atoms may vary from point to point. The theory is independent of the particular 
assumptions made concerning the interactions of the elementary particles, and 
may therefore be applied to test the consequences of any special set of hypotheses. 
However, only particles with ultra-relativistic energies will be considered. 

The probability distributions of the various kinds of particles which may 
be present (nucleons, various types of mesons, electrons, photons) will be 
described by a set of functions f(p, r) such that f((p, r)(27p?)-1dp, dpodp3dr,dro 
is the differential probability of finding a particle of the ith kind, and of 
momentum p at a vector displacement r from the foot of the shower axis. It is 
‘supposed that the x, axis is parallel to the shower axis, so that z = —rgis the distance 
of the point considered along the shower axis. The differential cross section for 
the collision of a particle of the jth kind and of momentum p’, with an atom 
(or nucleus) of the medium to generate a particle of the ith kind and of 
momentum p, will be denoted by w(p’, p)(2ap?)-!dp, dp, dp3. The total 
cross section for such a collision will be denoted by «(p’). The probability 
per unit path length that a particle of the jth kind and of momentum p’ should 
decay to generate a particle of the 7th kind and of momentum p will be represented 
by yp’, p)(27p?)! dp, dp, dp3; the total probability per unit path length for | 


The General Three-Dimensional Theory of Cascade Processes 1011 


the decay of a particle of the jth kind will be represented by y?(p’). [If m” is 
the mass, and 7”) the mean lifetime of the particle, y(p’)=m/(7p’).] 
If v(r) is the number density of the atoms of the medium, the total probability 
per unit path length that a particle 7 of momentum p’ will generate a particle 7 
of momentum p is x)(p’, p)(27p?)1 dp, dp, dps, where 


eh9(p', p, Fr) =49(p’, p)+r(r)o*%(p’, p) vases (4) 
and the total probability per unit path length that a particle 7 of momentum p’” 
should suffer an interaction is 


CD, r= YP) + (JMB). nase (5) 
of is 
— > Se = 3; | (p', pp’) dp’ —L(p)F%p) se. (6) 
where dp’ =(27p)-! dp,’ dp,’ dps’. 
It will henceforth be assumed that v(r) depends only on z= —rs, and not 


on rf, Or 7; this is the case in all situations of physical interest. Put p,;=Cp, 
Pi =pS4,, po =pS0, where’ S =(1—C?)"?, so that 6,24 6,?=1 and 

p af | of of 

rear Sigler +50. a ; 


| As only particles of very high energy are considered, the angle whose cosine 


is C is very small, and one may set C= 1(see Meseel and Green 1952 for the 
justification of this). Then 


of FO _ ship. p)fp") da" — L(p) f 
— F— +86 -F— =, | 2690p, pf’) dB’ — LPP). (8) 
Introducing the double Fourier transform 
'(p, k, 2) = =| | fOr) exp (ikon) drdry eee. (9) 
this gives : 
re) (2) ; , : F aa 1 : ‘"\ J= 
— {4 +150. ge) } +£%p)e(P)=3, | 3%" PM) AP. (10) 


and further, if one writes 8.k=k cos f, T,=(S cos f)/C, T,=(S sin 8)/C, so 
that p’. p/(p’p) =1—4{(T,' — T,)? +(T,’ — T,)"} very nearly and 


| «= ie “: ik dp’ | dT,’ fe aT,’ = all dp’ | ale 


ag) ‘ i ae : yy oe 
— 4-2 + gkT, gO — LO(p)g) = Bizet dp’ | AT' xp’, p, T'—T)e(p’, T’). 


Now we introduce the further double transform 


ROL, k) = 2 { | eC, Miexmicl ch) did Tne: ae ae (12) 
and the equation becomes 
(z) (2) nO 

ae ho CO(p)h oh Dy] ap Hp pop) oo... (13) 

where 3 p', p, 1) =3|{« Uden =p, x) exp (let)ds,. ys0he. (14) 


Since x“) depends only on the magnitude (7,?+7,”)' of the vector t=T’—T, 
v/-) will depend only on the magnitude of I. Thus (14) may be written 
67-2 
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(p!, p, D= | " gp >, sd, ee (15) 


The angular and radial moments of the original distribution functions are 
obtained very easily from the expansion of the functions h® as power series in 
l, and k. In the first place it is clear from (9) that if one sets k=0, g®(T, k=0) 
is simply the angular distribution function, which is a function of T=(T,? + T,?)1? 
alone. One has, therefore, from (12) 


AO(L, 0) = | ; g(T, 0)J,(IT)T aT 


E (—P/Aym(mly2 | gOCT, OTH AT 
m=0 i) 


Se Ce OO ae ee ee) eee (16) 
m=0 
Since 7, the tangent, does not differ appreciably for the small values which are 
important, from the angle itself, the coefficients in the expansion of A®(1, 0) in 
powers of /? are clearly the angular moments, apart from the factor {(— 4)"(m!)?}-4. 
In the second place, if one sets 1=0, one has ; 


(0, b)= | : { “= le Ck, B) ap TdT 


(| mestenrte) ra 


Il 


pera 7 | | | foc dey dr PAT 


Dy 
tH Raa eR ee en eee (17) 
n=0 ‘ 

Thus, apart from a factor {(—4)"(m!)?}"1, the coefficients of the expansion of 
h®(0, k) in powers of k* are the radial moments of the original distribution functions. 


It follows from the above that if A@(1, k) with /,=0 is expanded as a double 
power series in /, and k, thus: 


WG 0)= Theol ke a eee (18) 


the coefficients hp, 9 and ho », give the angular and radial moments respectively 
of the angular and radial distribution functions obtained from the original 
distribution function f, by integrating over the radial and angular variables 
respectively. ‘These coefficients can be obtained by substituting (18) in (13) and 
equating coefficients of 1k". The result is 


(Oh, , : 
> 4 TA Pee ag (m fie Det. n—-1 CO ph, oh 


= uy ) dp’ iva Ws n(P’)v,2(p'" Dp) CRESS (19) 


where w,")(p’, p) is the appropriate coefficient in the power series expansion 


(p', p)—B,0,8-9(p, phe, | (20) 


From (14) it can be seen that, apart from a numerical factor, v,(%(p’, p) is a 
moment of the distribution function x%(p’, p, 7) for individual interactions. 
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Assuming that (19) can be solved for m=n=0 (the differential average 
number of particles), with h,, ,°=0 and suitable boundary conditions, the 
values of all the h,, ,° can be obtained by a straightforward iteration process. 
For instance if in 4}, 7 Az, one determines in succession hg 9, hy 9, etc., and then 
fy, Mo, 85 fg1, hee, Iy,3, ho, 4, etc. If the summation contains the 
case j=1 then one determines in succession hy 9; hyo, ho. 1; he 6, hy, 
hyo, etc. In this way the angular and radial moments of all the distribution 
functions are properly obtained. Note that the inversion of the two double 
transforms (9) and (12) is not required, and that the problem has been reduced 
essentially to the determination of expressions of the average number type, Ng 9. 

If one applies the method outlined above to solve the problem of the 
electron—photon cascade considered previously by Green and Messel (GM) 
then the work becomes short and straightforward. The final results obtained 
arenaturally the same. Rather thanapply our new method to the electron—photon 
case, we shall in the next section consider the more complex problem of an 
electron—photon cascade, in an extensive air shower, developing in the 
atmosphere. ‘This example contains the development of a pure electron—photon 
cascade as a special case. 


§3. THE MIxep CascaDE 


The three-dimensional development of an electron—photon cascade in an 
extensive air shower in the atmosphere will now be given, based on the following 
model: it is assumed that the primary radiation consists of nucleons; the nucleons 
generate the meson component by collision with nuclei; the charged 7-mesons 
decay into z-mesons; the neutral 7-mesons decay into photons which initiate 
the soft component. ‘The contribution to the high-energy soft component by 
f-mesons is neglected. The theory is first developed for a single incident 
nucleon and can then be applied to any given initial spectrum of nucleons. 

The equations for the nucleons and mesons have been considered in previous 
papers (Messel and Green 1952, Green, Messel and Chartres 1952) and will 
not be given here. We shall, however, freely use the notation and results 
developed in these papers. It should be stressed at this point that since the 
theory for nucleons and mesons is based on a number of assumptions (see the 
above references), the results for the electrons and photons given below are 
tentative and are presented only for purposes of comparison with future 
experimental data. 

Let the suffix 7=1 refer to electrons and 7=2 to photons. ‘The ratio of the 
radiation length to the nucleon interaction mean free path will be denoted by 7. 
The function f(p, r) is the angular-radial distribution function for nucleons and 
+P(p’, p) is the nucleon—nucleus cross section for the production of neutral 
m-mesons. If we measure energies in proton mass units and set the momentum 
equal to the energy |P|=U, then the equation corresponding to (8) is 

(i) (i) 
ai" ge sé) ah + (a) + 8, 4) fF 
g(z)\ a or ) ; 
Fulte.0) 
r {w®9(U/U) FEU") + WO — U/U)fO(U')8, 134U"/ U" 
7 


fa / dU’ aT'w(U’, U, T —T)f(U", TY, 4 
DU ’ 


2a 
+2) =| du” | aT'f(U",T', ng) P(U", OTA CO) 
5 /U U U’ z} 
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where for an isothermal atmosphere q =(p9/43g) exp(—£52/Po), 9'(2) =(—90/Po)¢ 
and Po, dy are the surface pressure and density, and g the acceleration due to gravity. 
Equation (21) is identical with that used in GM for the exception of the addition 

of the last term. This term expresses the spread of the photons arising from 
the spread of the neutral 7-mesons before they decay. The angle between the 
decay photons is neglected since it is negligible compared with the two scattering 
processes considered in (21). 

Introducing the double transform defined by (9), eqn. (21) becomes 


15 +180. k/q'(z) + (0. +08, i} 


=| {w®-(U/U’)g®(U’) + w(1 — U/U)g( U8, }dU" | 


ibe | 
x x. au’ | AV’ w(U', U, T —T)g(U', T)8,.4 
2n dU’ u" / ” / ” / / 
el Sel. du" | dT'g(U", T’, ng) P(U", U', T'—T)8, » 
babe (22) 
On applying the second twofold transform defined by (12) we find 
eden 
(Z) (4) 
(iat Fayan $e +B.dp 
= fe {ov U/ U2 U’) + WL — UU )hO(U)8,,}d UU" 
U 
i _ dU'WO(U'(U', U, D8, 
+BY" u" u” 2), ” / 
au WU, UsngheO( Ue 1), a ae (23) 
where - o(U", U, sons s(ir)eo( U", U, 2) rd 
= = (-B/Am(miy* | ma0(U', U, 2) de 
= D (-P/4)™(m!)-2U-2p,3(U'—U) ss (24) 


m=0 


where w,, is the mth moment in proton mass units of the elastic scattering cross 
sectionw. ‘The explicit value of w,, may be foundin GM. v®is given by 


v®(U", U’, l)= | Jo P(O", U’, x)n ds 
0 
Pee ES / homoal 
= PU", U') exp {75 (7 — zr) ee (25) 
Now writing hO(L=0)= fe Aim, HOLPRE (<4 See eae (26) 


A(l,=0) = Shp wl Re “2 iat. een (27) 
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and substituting in (23), we find 
mor,,, ,mti 1, 
eq 72) 
i i {WF %(U/U hyn, QU") + WO — UU Vy, 9 (U8, 13d" | U" 


a E(—4)*(r!)2e0, U2 yap, (US, 1 
r=1 


Oana tel “tte 


2y (@ dU" (* ; r 
23 =| =| CURE CU UE) (2B ral) a ~ ik hee een U5 ng lors: 

3 U U 17” r=0 U tf m™ 3 4 

bya (28)% 
The equations for h,, ,,“ are simplified considerably on applying the Mellin 
transform defined by 2 
Lm, a (0) = | CUO dae (29) 
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8g ns? m+1 


9 41, n-1— BO(2) gm, x 9 + DOU (é) 
ae em, Em, n 


"aq Ye) 
= S (451071) ya, (0-2 
2n m 
+t 320 2 ae sia PO Sbeas (=F 10)Bu2 +0+02(30) 
ges Pay i; (CUTLER, (Li Usd etek ae (31) 
and fm, a(0)= | Rijs sil) de (32) 


The functions B(v) and D(v) are the known (GM) Mellin transforms of the 
Bethe—Heitler cross sections. The solution of the simultaneous set of 
equations (30) is readily shown to be 


Sn. 20, d= | expfadoy(t—Q3GH%)QME, 1) dt .....-(33) 


where the repeated affixes 7 and @ are summed over the values 1 and 2, as in 
relativity theory. The G,’(v) are combinations of B® and D®; their explicit 
values are ek - GM. Furthermore 


or (v, t)= a t aS ) UaaNe m+1, n—1 Be x oe nla ar, eet; Picea Ue 2r), 


Oe \v, t)= om ec-aeh ae 
2n —r 2 (ert) Bie 
sot). — ¥ (2 py" & Pann PO 8) -a0 nO 1 NE) Se <=: (34) 


and hence 


nO, a= f° Geo) exp fauloy(t—9)}{ =F 2a, a) 


+ E48 an (0 2} at 


ae f Gf %(v) exp {a,(v)(t — q)} ee aa (2) 
tap Te $2 ae py* 2 ear Po(@ —5)2m—ar, n(O—7; nt} Gt us Ae sae (35) 


* Where signifies summation from the lower limit to m/2. If m is odd then the 
summation extends to (m—1)/2. 
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For the average number gy )”) we find from (35) 


2nP(v) (2 
fo,0%(0 q) = FO | Gy29(0) exp fau(oNt—a)}fo,0(0 ME) dE eae (36) 
3(v+1) Jo 
and since (see Messel and Green 1952) 
&0,0(Y nt) = Uy” exp{—h(v)nt} Spe (37) 
for a single incident nucleon of energy U, at the top of the atmosphere, 


80,0 @) = yet ME TD. exp {—nh(o)g} exp {—aulo)a}]-.---(38) 


All other g,,, , may now be found by a straightforward iteration process. For 
instance, in the case of the second angular moment 


£2.50, 9)= | Gi-M(0) exp fade}(t—a)} | ~ “go,80—2)| dt 


+ aay | Gst%(0) exp faleytt—a)} 


Ped 
 {Pogao(esnt) + FHI FAO, (0-1, nt) bat 


_ _ 9U? Fw, Po(v— 2) G(v) G2 Y(v — 2) 
as 6(0 —1) Par ema SEPT ea e's 
. | mei [ao(v) — nh(w—2)}ql|—1 _ exp [{ae(v) —a,(v —2)}q] — =| 


aslo) — ah(v —2) ai(e) —a,(0—2) 
+ Fee CHP) exp {—a(o)9}| Pole) SPU —ahNial 
= Poe BE co Sel Fe (39) 
where we have used 
£2, 0(v, t) = a Been {—A(v)t}—exp{—A(v—1)#}]. 20... (40) 
Similarly for the second radial moment 
$0.20 a) = | Gi) exp {aq —a)K — 2/46, .%2)} da 


in G20) exp {a,(2)(q,—9)} S 3'(q1) 81,1(0)} dqy 


2nP,(v 
: oy i Gov) exp {ag(v) (qr ~ @)}e0,a0; 91) dq. ...- (41) 


Using the fact that 

exp {—A(v)q} ge dq, ie 2'(qo) 

x Bees [{A(0) —k@— Dia dan 6 (42) 
£3.09) = ~ exp (—A(o)9} |'s"(a) {1 —exp Efe) —A(o— 1g) da 


80, o(v, q) = 


and Gov) GI (v) = G*(0) 85, , 
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we find 
Mv, g)=— sa) Gb) Sie ’ 3 ' 
80,2 \% V)= 7 70 (v) exp {—a,(v)q} dais (q1) r dqz2' (qa) 


qa 2nU,°-1 3 
2 J, dq3 exp {40(%)q3}2o, (uv — 2; 93)+ Tae ED) De: exp {= ao()4h 


os | “daye'(a) fe dqo3' (42) das exp {a,(v)q3} 
x [Po(2) exp {= nh(2)ga} — Po(@ — 1) exp {—nh(»— 1)qs}] 
ZH RNOLD eins “4 
ee Ty Co C6) exp {—an(e)a} | dor exp [{aae) — nf(e) a 
x [°2@) dq2 : dq3'(q3){1 — exp [{h(v) —h(v—1) qa]! 


ImP,(v)Uy™ . » q ; h 
eee G,2(v) exp {—a)(v)q} | dae (q1) i dqs 


«exp [{as(e) —nh(v)}l |” dage’(qs){1 exp [{h(2)—h(e—1)}qa]}--- (45) 


On taking the inverse Mellin transform and multiplying by (—4), the expressions 
(39) and (45) give the second angular and radial moment respectively, as defined 
in (16) and (17), thus 


, —4 protien , 
Q4(Uy, U, =a [UM %v, g)do (46) 
| 4 ptic | 
and RYU, U, q) = = | U4, Ov, g) de. sees (47) 


Repeating the above procedure will thus yield all the required moments. 


§4. DiscussIoN AND CONCLUSION 


It is interesting to note that the expressions for the second angular and radial 
moments contain terms in 1/U and 1/U?. The terms in 1/U arise from the 
spread of the nucleons and neutral 7-mesons, the terms in 1/U? from the coulomb 
scattering of the electrons. ‘This means that at high energies the spread of the 
soft component is governed by the spread of the nucleons, but at low energies 
the spread is governed by the coulomb scattering of the electrons. 

We have not troubled to carry out the lengthy numerical evaluation of 
expressions (39) and (45) since it does not appear justifiable at the present 
moment. When more experimental data become available to substantiate the 
model we have used as an illustration, the calculations may be carried out. 

The present paper has given a method whereby the long standing problem 
of angular and radial moments has been reduced to a mathematical drill. The 
methods outlined here should be of value when considering neutron diffusion 
problems in pile theory. 

Messel and Green (1952) and Green and Messel (1953) have shown that 
the distribution functions themselves may be reconstructed from a knowledge 
of the first few lower movements and from the nth moment as m—> 00. In practice 
it becomes very difficult to evaluate numerically moments above the sixth, 
although the asymptotic behaviour of the mth moments as n—> oo may easily be 
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found. In many instances the use of only the first few lower moments and the 
asymptotic behaviour of the mth moment for large values of m may lead to a 
considerable error in the distribution functions near the origin. If one could 
determine the behaviour of the distribution functions near the origin and know 
the behaviour of the nth moment as n->co then only the second and fourth 
moments would be required to get an exceedingly fine approximation to the 
actual distribution function. We are at present considering the problem of 
determining the exact behaviour of the radial distribution function for very 
small distances from the shower axis. 


REFERENCES 


GRreEEN, H. S., and Messeu, H., 1952, Phys. Rev., 88, 331; 1953, Quart. 7. Maths., 4, in 
the press. 

GREEN, H. S., MEssEL, H., and CHARTRES, B. A., 1952, Phys. Rev., 88, 1277. 

MesseEL, H., 1953, Progress in Cosmic Ray Physics, Vol. IJ (Amsterdam; North Holland 
Publishing Company), chap. IV. 

MEssEL, H., and GreEN, H. S., 1952, Phys. Rev., 87, 738. 

MEssEL, H., and Potts, R. B., 1952 a, Phys. Rev., 86, 847; 1952 b, Ibid., 87, 759. 


1019 


The Production of Delta-Rays in Nuclear-Research Emulsions 


By D. A. TIDMAN*, E. P. GEORGE* anp A. J. HERZ* 

Imperial College, London 

MS. received 4th Fune 1953 . 
Abstract. ‘Theoretical formulae are derived which give the 8-ray density as 
function of the velocity and charge of the primary particle, taking into consider- 
ation the fact that the electrons in the emulsion are both bound and in motion. 
The two main types of convention used in deciding which configurations of 
grains are to be accepted as 5-rays are investigated: those in which the 8-rays 
must contain more than a specified number of grains, and those in which they 
must reach a specified distance from the primary track. Account is taken, where 
necessary, of straggling, multiple scattering, and the fluctuations in the numbers 
of grains in electron tracks. The theory is compared with the results of 5-ray 
counts on the tracks of singly charged particles of known velocity. The agree- 
ment is very good in the case of the conventions based on range, and fairly 
satisfactory for the grain-number conventions. The range conventions are found 
to be preferable in practice as they are more easily learnt and more objective than 
those in which numbers of grains have to be estimated. 


$1. INTRODUCTION 


OLLOWING the discovery of the existence of heavy nuclei in the primary 
} cosmic radiation (Freier, Lofgren, Ney, Oppenheimer, Bradt and Peters 

1948 a) many workers have used nuclear-research emulsions to determine 
their charge. The charge has usually been deduced from observations of 
(a) the frequency of occurrence per unit length of track N, of knock-on electrons 
or 6-rays with energies in excess of a certain minimum value, together with 
(b) the residual ranges of the particles (Freier, Lofgren, Ney and Oppenheimer 
1948 b, Bradt and Peters 1948) or (c) their multiple scattering (Dainton, Fowler 
and Kent 1951). By making observations at such low geomagnetic latitudes 
that the primary particles must be moving with relativistic velocities, Bradt 
and Peters (1950a, b) dispensed with the need for observing a second parameter 
of the track, such as (b) or (c) above, making the assumption that for such 
particles N, depends only on the square of their charge Z? and is independent 
of energy. 

Using these methods, the charge spectrum of the primary radiation has 
been determined by Bradt and Peters (1950 a, b) and by Dainton et al. (1951, 
1952). Both these groups of workers agreed that the charge distribution of 
the primary cosmic rays was roughly similar to that of the matter in the universe 
as a whole, but disagreed strongly on the amount of lithium, beryllium and 
boron present in the primary radiation. Bradt and Peters concluded that 
negligible amounts of these elements were present in the primary rays, for such 
small amounts as they found at a depth of 5 to 10 gcm™ in the atmosphere 
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could be attributed to the break-up of heavier nuclei in the overlying air, 
whereas Dainton et al. reported that the frequency with which lithium, 
beryllium and boron nuclei occurred in the primary radiation was greater than. 
that of all the heavier elements put together. A careful study of their experimental 
observations reveals that the disagreement is one of interpretation: from 
similar observational material different conclusions have been drawn. 

Neither Bradt and Peters nor Dainton et al. used in their interpretations 
the theoretical relations which were, at that time, believed to describe the 
production of 5-rays by heavy nuclei—indeed, Dainton et al. (1952) state 
explicitly that their experimental data do not agree with calculations based 
on the Rutherford scattering formula. However, as both these groups of 
workers, in common with many others, used 8-ray densities in part or all of 
their charge determinations, we thought that it would be useful and worth 
while to derive complete theoretical relations giving the 5-ray densities to be 
expected, and to compare the results with the densities found experimentally 
along the tracks of particles of known charge and velocity. 

Briefly, our observations are in very reasonable agreement with those of the 
Bristol workers, and they agree with the theoretical formulae which we have 
been able to derive. We have also come to the conclusion that the convention 
most commonly employed at the present time in deciding which configurations 
of grains are to be counted as 6-rays (the counting convention, for short) is a 
highly subjective one, and, when we discuss this matter in more detail below, we 
shall suggest a convention which we have found to give reproducible results. 
more easily. 


§2. STATEMENT OF THE PROBLEM 
2.1. Initial State of the Electrons 


Considering only forces of electrostatic repulsion or attraction, and assuming 
the electrons to be free, the classical treatment of the problem gives the following 
expression, known as the Rutherford formula, for the number of 6-rays per cm 
with energies between W and W+dW: 

; yy SUN dw 
Ns; (oe W) =27.4 (3) pate Tea hd Sad (1) 
where 4’, is the total number of electrons per unit volume, and 8, is the velocity 
of the primary particle (c=1). 
Integrating this over W gives for Ny, 
cA ( me mc ) 
Re 


2 
Neon (sas) 


: Soi es Se 
mc Wrin We 


For large energies of the primary particle and for very close collisions, other 
forces, connected with spin, need to be taken into consideration (Bhabha 1938), 
and eqn. (1) becomes replaced by 


: : Rh dN As dw 
Ns (Sis W ) =21W , (=a) Be me 1 +f(W, oO, Bs Zi Tr Rionperens (3) 
but for the present problem f(W, o, 8, Z)<1, and this term is usually dropped, 
use being made only of eqns. (1) and (2). A further refinement was introduced 
by Ashkin (1949), who took Mott’s (1929) expression for the cross section for the 


scattering of electrons by atomic nuclei and transformed it into the rest frame 
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of the electrons, using relativistic kinematics. This is still an approximation, 
however, as it is assumed that the electrons are initially free and at rest, whereas 
in a real solid they are both bound and in motion. On working it out we found 
that allowance for these two conditions made a significant difference to the 
theoretical expression for N,, improving the agreement between theory and 
observation. Further improvement was obtained by allowing for the effects of 
straggling. 


2.2. Value of W, 


In formula (2) W,,;, is the minimum energy corresponding to the convention 
used for accepting a track as a 6-ray, and W,,,, is the smaller of the two quantities 
(a) the maximum energy considered in the counting convention and (b) the 
maximum possible energy for ejected electrons. W,,,, is usually much greater 
than W,,;,, so that, because of the 1/W dependence, the calculated value of N; 
is very sensitive only to changes in W,,;,. For the same reason the observed 
values of V; depend strongly on the convention used. Thus, if we are to compare 
observations of N; with the results of calculations, we must first consider the 
problem of what numerical values are to be inserted into the formulae. 


min 


§3. ENERGY LIMITS CORRESPONDING TO 6-RAay COUNTING CONVENTIONS 


Two different counting conventions have so far been employed. In the 
first, used by Bradt and Peters, by Dainton et al., and by many others, all those 
electron tracks originating in the track of the primary particle which contain 
not less than a stated number G of grains outside the primary track are accepted 
as 6-rays. The convention G >4 is often used. 

In the second, used by Freier et al. (1948b) and by Hoang (1951), the 
criterion is based on range: if a 5-ray is to be accepted, the projection on the 
plane of the emulsion of the perpendicular distance from some point on the 
6-ray to the track of the primary particle must exceed a minimum value of the 
order of 2 microns. For the sake of brevity these two criteria will henceforth 
be called the ‘grain criterion’ and the ‘range criterion’ respectively. 

As anyone with experience in 6-ray counting will easily appreciate, one 
frequently meets doubtful cases, and in order to eliminate personal judgments 
as far as possible some further conventions must be employed. We believe that 
it would be useful if all workers in this field adopted the same conventions, but 
as yet no such general agreement exists, and it becomes important for individual 
laboratories at least to state their 6-ray conventions. ‘Those which we found it 
useful to adopt are given in the Appendix. 

Now let P(W) be the probability that a 6-ray of energy W satisfies a certain 
criterion. Then it is clear that, owing to the statistical nature of the many 
processes involved in track formation, P(W) is a continuous function which 
vanishes for small values of W, and approaches unity asymptotically at high 
§-ray energies. In previous comparisons with theory it has been tacitly assumed 
that P(W) has the form of a unit step function. ‘The manner in which we have 
estimated values of P(W) for the grain and the range criteria will now be stated. 


3.1. Grain Criterion 


In calculating the probability that a 6-ray track will contain G grains, we 
make the simplifying assumption that the track is straight, and that it can be 
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divided up into cells, all of the same size d (see fig. 1), each of which contains. 
a silver bromide crystal which can become a developed grain. For d we take © 
- the value of 0-6 micron, the mean diameter of the developed grains in our — 
emulsions. Now let p; be the probability that a crystal will be developed into 
a grain in the ith cell, counting from the end of the track. Then two problems 
arise whose influence will be investigated: (a) the purely statistical problem of 
determining the distribution in numbers of developed grains given the valucs 
of p, as a function of cell number 7 and (b) the effect of fluctuations in p;. The 
effects of scattering, variations in grain size and grain sensitivity are considered 
to be of secondary importance and will be ignored. 


40 


+ Ross and Zajac 
— Values calculated from 
eqn.(2) with aries 
b= 0:29 


+ 


Number of Grains G 
Qo 


0 10 20 30 40 50 
Range (Curved Path) in microns 


Fig. 2. Grain-number-range relation for electrons. The points (with standard deviations) 
are experimental results by Ross and Zajac, modified for G5 emulsion. The curve 
was calculated from formula (5). 


In our laboratory we have sometimes found it useful to adopt a relation of 
the following form (Herz 1952): 
p=a-blog Re 4 = Yale See (4) 
where p,; is the probability that the 7th grain, at a residual range of R; microns, 
will be developed. This, of course, is a purely empirical interpolation formula 
whose only justification lies in the agreement it gives with experimental data. 
The average number of grains in a track of range R,=kd then follows from (4): 
k 
GCG, =skas 0 > log:- Rye 0h) a ee (5) 
i=1 
In fig. 2, the experimental results of Ross and Zajac (1949), modified so as to 
apply to G5 emulsion (Ross 1952, private communication), are compared with 
formula (5), in which the values a=0-85, b=0-29 have been inserted. It is seen 
that the agreement is satisfactory. 
The probability of finding just G developed grains in a track of k cells is then 
given by the coefficient of t% in the expansion of 


k 
TL (pit + emp)o 0 ot Wi ataole (6) 


This completes the solution of the purely statistical problem. 
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To account for straggling we now assume that the actual ranges of mono- 
energetic electrons are distributed normally about the mean with standard 
deviation oz=0-25R (cf. Ross and Zajac 1949) and split the distribution into 
three groups containing one-third of the tracks each, and with ranges equal 
to the arithmetic mean values of the three groups. ‘The new values of a and 6 
(eqn. (4)) were determined for the shorter and longer tracks from the modified 
values of ionization loss for these groups. From eqns. (4) and (6) the probability 
of finding G grains was calculated separately for the three straggling groups for 
values of k from 1 to 15, i.e. for residual ranges between 0-3 micron and 
8-7 microns. The results for these three groups have been summed over G and 
averaged together to give P,(W), the probability that a 5-ray of energy W will 
contain G or more developed grains. The results are displayed in fig. 3 for 
four- and five-grain 5-rays. In computing P,(W) allowance has been made for 
the fact that, depending on the orientation of the first few grains in the 6-ray 
track, one or more of these will be obscured by the track of the primary particle, 
and thus will not be counted. It has been assumed that the track of the primary 
is one grain diameter (0-6) wide: the calculation does not, therefore, apply 
to -rays produced by very heavy nuclei. 


EEE SS R>4 div.(2:10u) 
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0-6 06 
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Fig. 3. The probability Pg(W) Fig. 4. The probability Pp(W) that a 6-ray of 
that a 6-ray of energy W will energy W will reach a projected distance of R 
contain G or more grains. or more from the primary track. 


3.2. Range Criterion 

Most of the 6-ray electrons move off initially in a direction at right angles to 
the path of the primary particle, but, because of scattering, the directions of the 
first portion of the tracks of low-energy 6-rays are very nearly isotropically 
distributed about their points of origin. Owing to scattering, also, the maximum 
distance which an electron reaches from its point of origin will be less than its 
true or curved-path range. 

The relation between the curved-path range and the maximum distance 
reached was studied by Williams (1931) for 20-kev electrons. He found ratios 
of 1-24 for oxygen and 1-48 for argon, and he deduced from this a ratio of 1-35 
for aluminium, an element very similar in its ionization and scattering properties 
to nuclear-research emulsion. This relation has been confirmed experimentally 
by R. H. Herz (1949) for 25- and 50-kev electrons in nuclear-research emulsion, 
and we may safely assume that it can be applied to the present problem. 
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Taking these considerations into account, we have calculated values of the 
probability P,(W) that a 8-ray of energy W should at least reach a projected 
distance R from the path of the primary particle. The effect of straggling was 
dealt with in the same way as in the previous calculation of the grain-criterion 
probabilities. The results are given in fig. 4 for values of R of 1:58 and 2:10, 
corresponding to three and four divisions on our eyepiece scales. ‘These results 
are independent of the thickness of the track of the primary particle. 


§4. CALCULATION OF N; 


It is convenient to consider the problem under the usual separate headings 
of ‘close’ and distant’ collisions. A collision is considered to be ‘close’ if the 
impact parameter is less than the mean orbital radius of the electron, and 
‘distant’ if it is greater than this radius. 


4.1. Notation 


Let S denote the laboratory rest frame, S’ the rest frame of the incident 
particle. ‘Then all symbols for quantities measured in S’ have also been given 
a prime, e.g. 8,’. Symbols referring to the primary particle, the electron with 
which it collides (before collision), and the resulting 6-ray have been given the 
sufhxes p, e and 6 respectively. 

All velocities are measured in units of c, and denoted by 8. We also use 
the notation y = (1— f?)-#?. 


4.2. Close Collisions 


We found it most convenient to solve this problem by Ashkin’s (1949) 
procedure, i.e. to make a Lorentz transformation of Mott’s (1929) formula for 
the nuclear scattering of electrons, with the difference that we consider the 
electron to be initially in motion in some arbitrary direction. This makes the 
arithmetic somewhat tedious, although the fundamental ideas are quite simple 
and straightforward. 

Consider the collision of a heavy particle of charge Z|e| and velocity B, 
with an atomic electron of binding energy « and moving at the time of collision 
with a velocity B, in a direction (6, ¢) to the line of motion of the heavy particle. 
In the rest frame S’ of the charged primary the electron will have the following 
velocity components : 


— By—Be cos B. sin ¢ sin 6 B. sin ¢ cos 6 
1—ByB.cos 6” (I= ByB. cos)’ y,(1—B,B cos 6) 7°" ne 
We first calculate the number of electrons scattered into the solid angle 
dw’ at (0’, ’). It is 
dN =A. 00k, Be) dag. | iy) seers (8) 
where 4", denotes the number of electrons per cm® in the laboratory frame, 
moving with velocity , in the solid angle sind d0d¢ at (0, 4), o(i', B,’) is the 
Mott cross section, and 7’ is the angle of scattering in S’, given by 
1 |- cos ®' (8, —B. cos $) | sin 0’ sin ®’f, sin @ sin d 
B, 1—B,B. cos p yp(1 — BpB, cos 6) 
cos @’ sin ®’B, cos 6 sind 
vp(1 — BB. cos ) } 


cos pi’ = 
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In S’ these electrons retain their velocity 8,’ after the (elastic) collision, but 
this is not the case in S. We require the number of electrons which have a 


velocity greater than a given value f; in S, and in S’ all these are found within 
the solid angle between ©’ =0 and ®’=7—®,’ where 


cos D)' = =— 4 1— eh ede eee Seren. 10 
3 BpBp YvYp ( ) 


Integrating expression (8) over this solid angle we find the number of electrons 
which originally moved as stated above and give 5-rays of velocities greater 


than f;: 


~~ - 
at x— 


Sant = #2(0, d, B,) sind dO dd 


DM —0 
ee ee [eee Bunt + B28 x 
One B= yy aes Z) Vevp Ye 
a AW o K In 2B yn" (1 1) 
aa, ain fe Mae OPIN ly See ar 


where B=1—f/,f,cos¢ and « is a numerical constant. 

We now replace. ,, and B by the expressions they represent and integrate (11) 
over all admissible values of # and ¢ to get the contribution to the 6-ray density 
of all the electrons which originally moved with velocity p,: 


eS: 


20 
6 


Ne(Po Bo Po)=[ ip 4,4, B.)sindddd$. (12) 


The limits ¢, and ¢, must be chosen in such a way that only positive values of 2 
are accepted. 

The velocity 8, depends on the binding energy of the shell in which the 
electron moves, and f, is determined by the low-energy limit W,,;,._ On summing 
over the shells we obtain the total density of 5-rays with energies greater than 
Win in the laboratory frame, and due to close collisions : 


Na re ZN (En W ata By) 9) sich she (13) 


where «,, is the binding energy in the mth shell, and the density of mth-shell 
electrons has already been introduced through the value of ,,. The spin 
term s (a few per cent) has been approximated by the positive values of 


Zen | 1 i. Zp o" 
mict By'yp" ya 1 


In explicit form the integral (12) can be written 


Ze'r 1 
Na = mo (41 t+ Le t+ 15) memes l4a 
~ meet ( 1 2+ Is) (702 — 12 )7eByBe ( ) 
2+ 6" 
where = 2% {1 oP y 2 } {coth-* yx. — cotht y,,x;} 
p 
x2 —y =2 
Lae in 
athe x," =~ eee 


1,=y ee Ren aS i oy 
Sie t/O0 4 (l= V(X +X) + X4XoVp2 We 
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and = y(1 + BB.) 


fey tT Ree for B,<B,<Po 
: Vl Pave) for Bp>Bo 


ee Se el osc 14 c 
Bo= Biya Beye? + = Bays Baye’ oe 
Equations (13) and (14) are the solution of the close-collision problem. 

In obtaining them, the effect on the Mott formula of the field of the parent 

nucleus of an electron in a particular shell has been neglected. We investigated 

this effect, using the Born approximation, and found it to be negligible for the 
collisions in which we are interested. 

Values computed from eqns. (13) and (14) will be discussed in §5 after we 
have considered the distant collisions. 


4.3. Distant Collisions 
Following Williams (1934) and von Weizsicker (1934), the distant collisions 
may be treated as the photoelectric absorption of the virtual quanta of the 
incident particle. The number of virtual photons with frequencies in the range 
(v, v+dv) for collisions with impact parameter greater than p, is well known: 
20:2" dv eBoy, 
= Be =k In Invp, erelis Ba ROSS raters ( 15) 


The experimentally determined cross section for photoelectric absorption 
from the nth shell of atoms of atomic number Z’ may be expressed as 


o (m2 sv) (0, Zv  eee (16) 


From (15) and (16) it follows that the total cross section for the photoelectric 
emission of an electron from a given shell may be calculated in the usual manner: 


Nal Pn) dv= 


onze fe NEN (ope int Zs ee (17) 


Vv . 
mim. 


where Ayyin=€,+ Wins Formula (17) must then be summed over the various 
shells of the constituent atoms of the emulsion. In practice we found that 
only the K and L shells of silver and bromine were of importance. In 
evaluating (17), the value of p,, in (15) was taken as the radius of the particular 
shell, and numerical values of F(n, Z’) in (16) were taken from Compton and 
Allison (1935). 

The proportion of 5-rays resulting from distant collisions depends on the 
lower limit, as the energy distributions of the produced electrons are different, 
being proportional to W~? for close and W~4 (eqns. (15), (16), (17)) for distant 
collisions. 

For W,,in =20 kev, and at high values of 8,, the distant collisions contribute 
about 6% of the total number of 5-rays. It may be seen from the occurrence 
of y, inside the logarithm in eqn. (15) that the distant-collision contribution 
shows a logarithmic rise, which would in practice be masked by the much larger 
close-collision contribution which does not show any such rise. Saturation of 
the distant-collision contribution at extreme energies due to polarization effects 


would be expected to follow a similar course to the known saturation of grain 
density in similar emulsions. 
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4.4. Theoretical Results 


Adding together the contributions from the close and distant collisions, we 
obtain N’(8,,W) the density of 8-rays in the energy range (W,W+dW) 
produced by a singly charged particle of velocity 8,. This still refers <o 
electrons of a certain energy, whereas the quantity observed is the density of 
é-rays N,(8,, G) containing a minimum number G of grains, or the density 
of those exceeding the range criterion, N;(8,, R). These latter quantities are 
clearly to be obtained from: 


"Wax ; — 
No(By G)= |" Pe W)Ns'(By Wa 


N4(Bp R) = 


oP Ne aya 2 ae eee (18) 


~ 0 


The differential densities N;'(8,, W) were obtained by computing the integral 
densities for several energies and then differentiating with respect to W. 

Values of P,(W) and P;(W) have been given in figs. 3 and 4. The 
theoretical values of the 6-ray density, obtained by inserting in eqn. (18) values 
of P(W) from figs. 3 or 4, are plotted as a function of 8, in fig. 5 for two different 
values of the minimum grain number G, and for two different values of the 
minimum range R. 
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Fig. 5, Comparison between experimental results and theory. ‘The errors shown are 


statistical standard deviations. 


§5. EXPERIMENTAL RESULTS 


In order to test the theory, observations were made of the density of 3-rays 

on the tracks of protons ending in the emulsion, and of length greater than 3 mm. 

That they were reasonably classified as protons was checked by determining 
68-2 
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their masses by a multiple-scattering method developed by Tennent (1953). 
For values of 8, around 0:4 the 5-ray density was measured on long tracks of 
p-mesons, all of which came to rest in the emulsion and had a decay-electron 
track at the ends of their ranges. For values of 8, near unity the 6-ray density 
was measured on long tracks of particles at ‘plateau’ grain density. 

The emulsions used were Ilford type G5 of thickness 400, which had 
been exposed at a depth of three metres in the glacier at the Jungfraujoch. 

The 8-rays accepted were those which satisfied the following criteria: 
(a) containing 4 or more grains, (b) 5 or more grains, (c) reaching a projected 
distance from the primary track greater than 1-58 u (3 eyepiece-scale divisions), 
(d) greater than 2-1 (4 eyepiece-scale divisions). 


5.1. Comparison with Theory 
The experimental results for each of the four criteria are given in figs. 5 (a)-(d). 
These results have been corrected for background in a manner described below. 
There is seen to be a marked disagreement with values calculated using the 


(a) 


Rutherford 


15 “ - R >3 divisions (1-58 42) (Cc) 
Wrin=!5 kev G24 grains ‘a 


a = 
x S j0 
= 10 S 
a 
& a 
ES 2 
© : 
: Los 
ee = 
= 
0 500 1000 1500 2000 2500 
0 500 1000 1500 2000 2500 : ‘ 
Residual Range. (microns) Residual Range (microns) 
< G = 5grains (b) ie 
yi R > 4 divisions (2:10x) (a) 
S x 
= 10 a 
5 8 10 
ra & 
= g 
Lo5 © 05 
= s 
= 
0 500 1000 1500 2000 2500 0 
500 1000 1500 0 
Residual Range (microns) Residual Renee Unica 200 2500 
Fig. 6. 


Comparison between experimental results and theory. 6-ray densities on tracks ~ 
of protons ending in the emulsion, 


Rutherford formula, particularly at low values of B,. ‘The results for values 
of B, up to 0-2, derived from 8-ray counts on proton tracks, are given on a more 
open scale, and as a function of range, in figs. 6(a)-(d). ‘The agreement will 
be seen to be very good in the case of the range criteria, but the calculated values 
still lie slightly above the observed ones when the grain criterion is used. 

It might be worth emphasizing that both the calculated curves and the 
observed values in figs. 5 and 6 are drawn on an absolute scale. The theory 
contains no adjustable parameters and, apart from the background correction 
the observations have not been adjusted or normalized in any way. The difference 
between the two criteria will be discussed further below. 
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5.2. The Background Correction 


The background of low-energy electrons distributed throughout the emulsion 
contributes to the observed density of 5-rays, and a correction to the observed 
values is therefore necessary. We have attempted to determine the background 
by counting the apparent 4-rays satisfying our various criteria when scanning 
along a straight line in the emulsion in an arbitrary direction, not connected 
with the track of an ionizing particle. We found that in every case the background 
density obtained was equal within the statistical limits of accuracy to the 
difference between the experimental and the theoretical 5-ray densities we had 
obtained at 6, =1. . 

We then found that if we subtracted the difference between the experimental 
and theoretical densities at 8, =1 from all our experimental points the agreement 
between theory and experiment for the whole range of £8, from 0 to 1 became 
excellent in the case of the range criterion, and that it was much improved for 
the grain criterion. 

We concluded that this difference is a good estimate of the background, and 
we have subtracted it from the observed 6-ray densities to obtain the results 
given in figs. 5 and 6. The values of these corrections are given in the table. 


Background 6-Ray Densities 


Criterion 
Grains (G) Range (div.) 
>4 >5 6 >4 
N5/100 pe 0-07 0-07 0-15 0-11 


$6. Discussion 


As we have shown in fig. 5(a), our experimental results for the four-grain 
criterion are in very reasonable agreement with those of Dainton et al. (1952). 
A small discrepancy remains, but this is most likely due to slight differences in 
the conventions used. Our results are also similar to those obtained by Fowler 
(1953, unpublished) by counting 6-rays along the tracks of slow protons. We 
are confident, therefore, that our experimental methods and conventions are 
sufficiently similar to those of other workers to make direct comparisons of 
results meaningful. 

Because of the good agreement between theory and experiment in the case 
of the range criterion, we believe that our methods of attacking the problem 
were, in the main, correct. There is still some disagreement, however, between 
the grain-criterion theory and our experimental results, especially at low values 
of the velocity of the primary particle, and this we think to be due to the 
approximations we have made in our statistical treatment of this convention. 
It would be very difficult to make further refinements in the theory in order 
to give a more adequate theoretical account of the very complex experimental 
situation, and we do not think that a more elaborate treatment would be justified 
at present, especially as we have found that the range criterion is preferable in 
practice to the grain criterion. 

The advantage of the range criterion is that it is basically an objective one, 
for personal judgments are required only in a few cases, and even then a set of 
conventions such as the one we have used (see Appendix) will do a great deal 
to promote uniformity of judgment. With the grain criterion, on the other 
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hand, one constantly has to estimate the numbers of grains in clusters, and one 
has to decide whether or not grains belong to the tracks of the primary. This 
makes it difficult to maintain consistency over long periods of time or between 
different observers. In practice we have found that the range criterion is easy — 
to learn, and, once an observer has learnt it, his results are consistent with those 
of others without further difficulty. Proper care must, of course, be taken with 
the measurements; good optical definition in particular is necessary. ‘The 
grain criterion we found hard to learn, and consistency could be achieved only 
by constant comparison of results and discussion between the observers 
concerned. A further disadvantage of the grain criterion is that the number of 
grains visible in the track of a 6-ray of given energy depends on the thickness ~ 
of the primary track. It is thus not possible to compare grain-criterion 6-ray 
counts on the thick tracks of very heavy nuclei with those on the tracks of lighter 
particles without making a correction for obscuration. With the range criterion 
this difficulty does not, of course, occur as long as the limiting range is chosen 
sufficiently great. 
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APPENDIX—CONVENTIONS 
(¢) General 

Perhaps the most difficult of the decisions one has to make is whether or not 
a particular electron track originates in the track of the primary. This decision 
is especially difficult for electron tracks which contain only a few grains, widely 
spaced. For this we have adopted the following convention (fig. 7 (a)): 

(a) if doubtful 6-ray contains 5 grains or less, count only if a+b<4 grain 
widths, 

(6) apply personal judgment if there are more than 5 grains: there is not 
usually any difficulty in these cases. 


%e wee 
Y . a 
w mg 2 ae 


t 
Count 


Fig. 7 (a). Fig. 7 (b) Fig. 7 (c). Fig. 7 (d). 


Frequently, doubtful cases of the kind shown in fig. 7(5) occur: here we have 
found no really satisfactory alternative to ‘personal judgment’. As an example, 
however, fig. 7(c) shows a type of configuration which we would always count as 
one, not two, 6-rays if it is otherwise acceptable according to the criterion in force. 


(11) Grain Criterion 
Only those grains are to be counted which lie entirely outside the primary 
track. They may, however, touch it: they need not be separated completely. 
Thin-filament connections between grains do not count as grains. Grains above 
or below the primary track are counted if they are otherwise acceptable. 


(iii) Range Criterion 
Clusters of grains, completely separated from the primary track, but 
acceptable according to the range criterion, are to be counted only if they contain 
three or more grains (fig. 7(d)). 
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Abstract. Angular distribution measurements have been carried out on proton 
groups emitted under bombardment by 8 Mev deuterons from targets of °Li, 
7Li, *Be, 9B and 4B. The theory of the stripping process has been applied to 
determine in each case the orbital angular momentum / of the captured neutron. 
In the following list the values of / are shown in brackets after the excitation - 
energy of the product nucleus (in Mev): 
6..i>7Li, ground state (1), 0:-478(1); 7Li—§8Li, ground state (1); *Be—?Be, 
ground state (1); °B+™B, ground state (1); 4B—~'B, ground state (1), 
0-95(1), 1-67(0), 3-38(1), 4:53(2). 

Similar measurements have been made on triton groups from ‘Li and *Be 
and the results compared with the theory of Newns. 

The results of this and previous work on stripping are discussed. 


§ 1. INTRODUCTION 


N the previous papers of this series (Holt and Marsham 1953a,b,c,d, to 
| be referred to as I, II, III, IV) angular distribution measurements have 

been reported on the protons emitted under bombardment by 8 Mev deuterons 
from a variety of elements having values of atomic number in the range 12 to 38. 
The results of similar measurements with the light elements lithium, beryllium 
and boron are reported here. Measurements have also been made on groups of 
tritons from beryllium and lithium and the angular distributions compared with 
the theory of Newns (1952). Previous measurements of angular distributions 
of proton groups from beryllium have been reported by El Bedewi (1952) with 
7:7 Mev deuterons, by Black (1952) with 14-5 Mev deuterons, and by Fulbright 
et al. (1952) with 3-6mev deuterons. Measurements have been made at lower 
energies by de Jong and Endt (1952), Resnick and Hanna (1951) and Canavan 


(1952). El Bedewi and Fulbright e¢ al. also made measurements on a group of 
tritons from beryllium. 


§ 2. "TARGET PREPARATION 


Natural lithium contains the isotopes 7Li and ®Li in the proportions 92:5: 7-5. 
Separated isotopes were available in the form of the carbonate and the target 
of °Li was prepared by dissolving some of this in a drop of water and allowing 
the solution to evaporate on a thin gold foil. The resulting layer had a thickness 
of about 2‘5mgcem™*. To avoid interference from oxygen and carbon the more 
abundant isotope was investigated in the form of a self-supporting foil of natural 


lithtum made by squeezing a small piece of the metal between polished steel plates. 
This had a thickness of about 3 mg cm. 
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The target of *Be was a self-supporting foil having a thickness of about 
1 mgcm ? prepared by evaporation. 

Natural boron contains the isotopes !B and !B in the proportions 81-6: 18-4. 
Separated isotopes were available as deposited layers on thick platinum. It was 
found possible to cleave a flake of 'B from the platinum having an area of about 
10mm? and a thickness of about 8mgcm-?. ‘This was cemented at one corner 
to a gold support and used as a target. Measurements on !°B were carried out 
with a layer of natural boron powder deposited on gold foil from an aqueous 
suspension, 


§ 3. ANGULAR DISTRIBUTIONS 
The reactions *Li(d, p)' Li and *Li(d, p)> Li. 
Angular distribution measurements were made on the two proton groups 
from ®Li(d, p)’Li leading to the ground state of 7Li and the first excited state at 


0-478 Mev. ‘The results are shown plotted in the centre-of-mass system in 
fig. 1, the vertical scale being the same for both distributions. The full curves 
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Fig. 1. Angular distributions of the proton Fig. 2. Angular distribution of the proton 
groups py and p, from ®Li(d, p)*Li. group py from *Li(d, p)*Li. 


were drawn according to the theory of Butler (1951) with a radius parameter 
¥) =4:9 x 10-8 cm and /=1 in both cases. ‘The broken curve was drawn using 
a value for 7, given by the usual formula (1-7+1-22A1) x 10-%cm, namely 
3-9 x 10-1? cm. 

Owing to the small Q-value for the reaction “Li(d, p)*Li measurements could 
be made only on the proton group corresponding to the ground state of *Li, and 
it was not possible to make observations on this group at small angles. The 
resulting angular distribution is shown in fig. 2, where the measured points are 
fitted by atheoretical curve having 7) =5-3 x 10-%cm and/=1. ‘The brokencurve 
was drawn for 7, =4:0 x 10-3 cm, the value given by the above formula. As in 
the case of ®Li the use of this formula for the radius did not give such good agree- 
ment with experiment as in the previously reported work on heavier elements. 
The differential cross section of this transition was obtained by comparison with 
the intensity of deuterons scattered elastically from the target at an angle of 16° 
and assuming the Rutherford formula to hold for the elastic cross section. 
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The reaction °Be(d, p)'°Be. 


As noted in § 1 the reaction *Be(d, p)!°Be has been studied by several workers. 


We have re-measured the angular distribution of the protons from the transition 
to the ground state of “Be. This is shown in fig. 3 in which the full curve was 
drawn from Butler’s theory using J=1 and r9=5:7x10-%cm. The broken 
curve was drawn using the value 4-24 x 10-13 cm for 7 obtained from the empirical 
formula. 


The reactions B(d,p)B and “B(d, p)*B. 


With the target of natural boron, measurements could be made only on the 
protons corresponding to the formation of the ground state of "B. Other 
proton groups from 1°B(d, p)"B were too weak for the angular distributions to 
be measured. The result is shown in fig. 4. The theoretical curve which gives 
the best agreement with experiment has /=1 and 7,=48x10-%cm. The 
radius given by the empirical formula is 4-33 x 10-¥% cm. 
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Fig. 3. Angular distribution of the proton group Fig. 4. Angular distribution of the 
Po from °Be(d, p)!°Be. proton group py from '°B(d, p)™B. 


The reaction “B(d, p)##B has been investigated by Buechner et al. (1950) 
using 1-5 Mev deuterons and magnetic analysis. ‘They determined the Q-value 
for the transition to the ground state to be 1-136 + 0-004 Mev and observed the 
formation of an excited state of 1B at 0:947+0-005 Mev. Recent measurements 
of the same kind by Elkind and Sperduto (1953) point to excited states at 0-95, 
1-67, 2°62, 2:72 and 3-38 Mev. Our range spectrum for this reaction at an angle of 
observation of 31° is shown in fig. 5. The arrows pj, po, ps, pa and p; indicate 
the expected positions of proton groups as calculated from the excitation energies 
given by Elkind and Sperduto, using the value of the deuteron energy (7:95 Mev) 
derived from the Q-value given by Beuchner for the group py. The arrows 
Ps and p, indicate the expected positions of groups having excitation energies of 
3-76 and 4:53 Mev which were observed by Bockelman e¢ al. (1951, amended by 
Ajzenberg and Lauritsen 1952) through the resonance scattering of neutrons by 
“B. States p,, pp and pg were also observed in («, p) experiments by McMinn 
et al. (1951). ‘The intense group indicated by the arrow d is due to elastically 
scattered deuterons. 

The angular distributions of the five proton groups pp, Px, Ps; Ps and p, from 
B(d, p)'?B are shown in figs. 6 to 9. The theoretical curves for Po Pi and pp 
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were drawn in each case with ry = 4:4 x 10-4 cm, which is the value given by the 
empirical formula and the agreement with the measured points is in general very 
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Fig. 5. Range spectrum of particles from deuteron bombardment of a target of “B at an 
angle of observation of 31°. 
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Fig. 6. Fig. 8. 
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Fig. 6-9. Angular distribution of proton groups Po, Pi, Pa, Ps» Pz from |B(d, p)”B. 
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good. The theoretical curves for p; and p, were drawn using the theory of — 
Bhatia et al. (1952) anda radius R = 5-4 x 10-18 cm, the value required on this theory — 
to give good agreement with the other distributions. The Q-values of these 
two groups are — 2:3 and —3-4Mev and are in the region where Butler’s theory — 
appears to be unreliable (Bhatia et al.). ‘The measured angular distribution of 
the group p; is rather inaccurate because it has a range close to that of the elastically 
scattered deuterons. Theoretical curves with /=1 and /=2 are shown in 
fig. 9(a) and it appears, in view of the fact that the theoretical curves in general 
lie below the experimental points at large angles, that /=1 provides the best 
agreement. ‘The measured points for the group p, are fitted by a theoretical 
curve having /=2 (fig. 9(d)). 

Differential cross sections for the transitions in /B(d, p)!#B were determined 


by comparison with the intensity of the deuterons scattered elastically at an angle 
of 16°. 


The reactions *C(d, p)C and O(d, p)"O. 

The angular distributions of proton groups from targets of carbon and oxygen 
bombarded with 8 Mev deuterons have been measured by Burge et al. (1951) and 
Rotblat (1951a,b). During’ the course of the present investigation we have — 
re-measured the angular distributions of the protons associated with the transitions 
to the ground states of #®C and O. The parameters in Butler’s theory which 
gave the best fit with the results were /=1 and 7) =4-2 x 10-3 cm for carbon and 
l=2 and 75=5:1x% 10-2 cm for oxygen; 
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Fig. 10. Angular distribution of the Fig. 11. Angular distribution of the triton 
triton group from ‘Li(d, t)®Li. group from °*Be(d, t)§Be. 


The reactions 7 Li(d, t)’Li and °Be(d, t)8Be. 


Theories of the inverse stripping or ‘pick-up’ reactions in which a proton 
or deuteron picks up a neutron from the target nucleus have recently been published 
by Newns (1952) and Butler and Salpeter (1952). We have measured the 
angular distributions of the triton groups from the targets of 7Li and ®Be leading 
to the ground states of *Li and *Be and the results are shown in figs. 10 and 11. 
The curves were drawn according to the theory of Newns (non-perturbation 
method) to give the best agreement with experiment by suitable choice of the 
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orbital momentum / of the picked-up neutron and the radius parameter 7). In 
the case of ‘Li these were /=1 and ry) =7 x 10-!¥cm and in the case of ®Be they 
were /=1 and 7,5 =4-7 x 10-4 cm. 


§ 4. Discussion 


The results of the measurements on the (d, p) reactions are summarized in 
the table. The neutron capture probabilities A/(2j,+1) from the theory of 
Bhatia et al. were obtained by using the measured cross sections after subtracting 
the estimated values of an approximately isotropic background. In column (9) 
of the table the values of the capture probability have been divided by the statistical 
weight (2j,;+ 1) where j; is the spin of the final state. 

The results indicate differences in parity between the ground states of ®Li 
and ‘Li, “Li and *Li, 1°B and “B and between "B and #B. ‘The parity changes 
and /-values for the various transitions are all consistent with the Mayer shell 
model. 

The spin of the ground state of *B is probably 1 (Nordeim 1951) and that of 
the excited state associated with p, is 3 according to the neutron resonance 
absorption measurements of Bockelman et al. (1951). Using these values for 
Je the amended values of the neutron capture probability for these states are 
3-4 and 3-8. If we take these as being characteristic of neutron capture into a 
single-particle state, then much larger values should not occur and we may 
eliminate some of the possible spin values of the other excited states. Thus 0 is 
not a likely value for the spin of the first or the fifth excited state, and the spin 
of the second excited state is probably 2. 
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(1) Target nucleus, (2) spin of target nucleus and its parity according to the shell model, 
(3) proton group, (4) excitation (Mev), (5) /-value, (6) spin of final state when known or the 
alternative values from stripping and the parity, (7) differential cross section (x 107’ cm?) at the 
angle shown, (8) neutron capture probability, (9) N.C.P./(2j-+1), (10) reduced level width from 
resonance scattering (after Ajzenberg and Lauritsen). 

Groups pz and p, correspond to virtual states of 1B and it is of interest to 
compare the neutron capture probabilities for these states with their reduced 
widths determined from neutron resonance scattering (Bockelman et al.) since 
theory indicates that there should be a close connection between these two 


quantities (Huby 1952). Group pg is relatively weak and difficult to separate 
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from neighbouring groups in the spectrum. However, we have estimated its 
differential cross section and calculated the neutron capture probability using 


the /-value 1 obtained from the known spin and parity of the resultant state. }- 


The reduced widths (Ajzenberg and Lauritsen 1952) are shown in the last 
column of the table. ; 
The results of all the measurements on !2C and 18O are included in the table, 
the cross sections for the transitions in !2C(d, p)!8C being taken from the work of 
Rotblat. The target nuclei !2C and 10 are strongly bound and are expected to 
be favourable to the formation of single-particle states of the extra neutron which 
is added in the stripping process (cf. the results for 7*Si, 98S and #°Ca in ITI and 


IV). The values of the amended capture probability for the transitions to the — 
ground states and first excited states of ®C and 1O are very similar, while the | 
alternative values for the second excited state of *C are much smaller. ‘These | 


values suggest that the first excited states in both nuclei are single-particle states, 
whereas the second excited state of 1°C is not. 

On the basis of the shell model the odd neutron in °C is in the 1pjj. level in 
the ground state and the /-value 1 is in accord with this. ‘The next available levels 
are 1d,j). and 2s,).. The /-value 0 for the first excited state indicates that the 
281). level is lower in !8C than the 1d,/. level. ‘The third excited state has a value 
of the capture probability which suggests that this is also a single-particle state. 
The spin 5/2 gives an amended value of the capture probability nearer to those of 
the other single-particle states than does the alternative possibility 3/2. The 
former spin is in agreement with the neutron being in the 1d,), level and also 
agrees with the known spin of the corresponding level in the mirror nucleus 
18N (Ajzenberg and Lauritsen 1952). The second excited state of 13C is possibly 
formed by the excitation of a neutron from the 1psj level of the core into the 
1pyj2 level to pair with the captured neutron, as suggested in III for a state in 
29Si and one in 388. The above results may be compared with those from the 
resonant scattering of protons by #C. ‘These show that the first and third 
excited states of 13N have large values of the reduced level width, suggesting that 
they are single-particle states, while the second has a small value (Jackson and 
Galonsky 1951). ‘These values are shown in the last column of the table for 
comparison with the capture probabilities of the corresponding states in the 
mirror nucleus #C. 

This paper concludes the present series on (d, p) stripping reactions. With 
8 Mev deuterons and target elements within the region of the periodic table below 
calcium good agreement with the main features of the measured angular dis- 
tributions has been obtained using both the theories of Butler and of Bhatia et al. 
The agreement could always be improved by subtracting from the measured 
distribution an isotropic background which probably represents the contribution 
of the alternative mode of transition through the formation of a compound 
nucleus. ‘The differential cross section of this background in most cases lay 
between 5x 10-8 and 13x 10-*%cm?. Several groups were observed whose 
angular distributions did not show the well-defined maximum characteristic 
of the stripping process. he differential cross sections of these lay within the 
limits mentioned above, and it is likely that in these cases the differential cross 
section for stripping was smaller than that for the compound nucleus process. 

In the determination of the values of / from the comparison of theoretical 
angular distributions with experiment we have used the formula 

%9 = (1-7 x 1:22A"8) x 10-3 cm 
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for the radius parameter in Butler’s theory. This gave good agreement with 
experiment for the nuclei between Mg and Ca, but discrepancies appeared for some 
of the light elements. These were not sufficient to give rise to any ambiguity 
in the assignment of the /-value. However, we have determined, for each element 
investigated, the value of ry which gave the best agreement between theory and 
experiment. For any particular element the same value of 7, gave good agree- 
ment for all the states investigated except that curves having /=0 required a 
value greater by about 1 x 10-"cm. In fig. 12 the best values of 79, determined 
from distributions having /=1 or 2, are plotted against A'* for the various 
elements. ‘The point for 14N was estimated by fitting curves to the distributions 
measured by Gibson and Thomas (1951). Also shown are the values of the 
nuclear radius derived from measurements by Coon e¢ al. (1952) of the total 
cross section of each element for 14Mev neutrons. ‘These were obtained by 
using the expression r= \/(o/27) and making a correction for the wavelength of 
the neutrons (Blatt and Weisskopf 1952). The trend of the variation with mass 
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Fig. 12. Variation with mass number of the radius parameter used in stripping theory and 
of the nuclear radius determined from fast neutron total cross sections. 


number is similar for the two sets of points, although the value obtained from 
stripping is always the greater of the two for a particular element. ‘Thus starting 
with *Li the radius increases to a maximum at *Be and then decreases to a 
minimum at!2C followed by a rapid increase to N and then more gradual changes. 
These variations are more marked in the radi determined from the stripping 
reactions. 

From comparisons with the theory of Bhatia et al. it appears that this theory 
yields angular distributions which are practically identical for positive Q-values 
with those derived from Butler’s theory provided that the radius parameter R 
is given a value greater than that of 7) by 1x 10-cm. ‘Thus the variations of 
this parameter for different target nuclei are the same on both theories. 

From the relative differential cross sections of the various proton groups in 
the spectrum from each element we have derived relative values of the neutron 
capture probability A/(2j,+ 1) according to the theory of Bhatia et al. In cases 
where the differential cross sections were determined absolutely the capture 
probabilities for different nuclei have been expressed in the same units. ‘To 
convert the tabulated values to the c.g.s. system they should be multiplied by 
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8-94 x 10-°. This applies to the values given in all the papers, including I and — 
II, although in these two papers the differential cross sections are quoted — 
incorrectly and should be divided by 4. 

The largest values of the capture probability, amended for the spin of the 
final state, are expected to be associated with the formation of single-particle 
levels. We have found in general that the corrected values for transitions to 
ground states are among the largest values for a given nucleus and moreover 
these largest values are fairly constant, at about 3, for most nuclei between which 
comparisons could be made. Carbon and oxygen appeared to be exceptional in 
having values considerably larger at about 12. 

In cases where the target nucleus forms a closed shell of protons and neutrons, 
e.g. “°Ca, 32S, 28Si, 160 and 12C (III, IV, V), we have found evidence that it is 
possible to select, on the basis of the values of the capture probability, those final 
states which are states of single-particle excitation of the captured neutron. 
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Abstract. ‘The volume dependent isotope shift and the elastic scattering of 
electrons by nuclei are treated by a method with which they can be simply related. 

The result already obtained by Feshbach that the s-wave scattering due to the 
finite nuclear size depends only on the volume integral of the potential due to the 
nuclear charge distribution is derived in a simple manner with a clear indication of 
the limitations. It is shown that this is then the only information which can be 
obtained for energies at which only the s-wave scattering is important. 

The isotope shift is calculated taking into account the distortion of the electronic 
wave function by the nuclear charge distribution using a non-perturbation method 
due to Broch and is reduced considerably below that obtained with the simple 
perturbation method. Itisshown by the same method as that used for the electron 
scattering that the isotope shift depends essentially only on the above volume 
integral and on its difference between two isotopes. Using the results obtained 
from the scattering of electrons by Ag and Au by Lyman, Hanson and Scott and 
assuming that the nuclear radius increases proportionally to A"? the isotope shift 
is brought into considerably better agreement with the experimental data. 


PARTI. THE ELASTIC SCATTERING OF ELECTRONS BY NUCLEI 


§ 1. INTRODUCTION 


; ‘HE scattering of electrons by nuclei deviates from pure coulomb scattering, 
i.e. that due to point charges, for energies at which the electron wavelength A 
becomes of the same order of magnitude as the nuclear dimensions. If for 

the nuclear radius we take R, =(e?/2mc?) A", then for energies considerably in 

excess of the rest mass R,/A =¢A"3/137, where « = E/me? is the energy in relativistic 
units. For heavier nuclei the scattering at large angles can then be expected to be 
influenced by the finite nuclear size at energies greater than about 5mev. For 
lighter nuclei, observable effects will be at somewhat higher energies. For such 
energies, which must not be so great that the wavelength becomes of the same order 
as the internucleon distance, the scattering will be almost wholly elastic, and can be 
considered as due to the charge distribution of the nucleus as a whole. ‘The 
scattering process will be adequately described by considering the electrons to 
move in the potential of the nuclear charge distribution. In the following we 
restrict ourselves to energies for which such a description of the scattering can be 
considered as valid. Radiative effects are quite appreciable and must be allowed 
for in order that the scattering may be interpreted in terms of the nuclear charge 
distribution. 

* This paper forms part of work submitted to the University of Manchester as a thesis 
for the degree of Ph.D. 
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Calculations using the Born approximation, which, however, is only valid for 
very light elements, have been made by Rose (1948), Elton (1950) and Parzen 
(1950). Detailed calculations of the differential cross section making a phase shift 
analysis have been made for a uniform and a surface charge distribution by Elton 
for the scattering by Au at an energy of 40 me? and by Acheson (1951) for Z=13, 
29, 50, 79 and energies between 15 and 35 Mev. 

Feshbach (1951) has derived some general properties of the phase shifts for the 
extreme relativistic case when the rest mass of the electron can be neglected. In 
particular, he has shown that for not too high energies the additional s-wave phase 
shift due to the finite nuclear size, which for energies up to about 30 Mev is sufficient 
to describe the deviation from pure coulomb scattering, depends essentially only 
on 


{ Vr'2-dr’ 
0 


where V is the potential due to the nuclear charge distribution and r is sufficiently 
far outside this distribution for the potential to be coulomb. It follows that 
scattering experiments can then determine only this volume integral of the nuclear 
potential giving one condition for the nuclear charge distribution. Feshbach 
assumes the condition eR,/(#/me)< 1 for his proof. However, for the extreme 
relativistic case this is just equal to Ro/A, which as we have seen must be of the order 
of unity for finite nuclear size effects to be appreciable. In fact, for heavier nuclei 
for energies somewhat greater than 20 Mev this expression will actually become 
greater than one. Hence it is of importance to see exactly what are the limitations 
of the above dependence of the phase shift on the volume integral of the potential. 
In the following a method is developed with which Feshbach’s result may be 
derived inasimple manner. It will be shown that the above volume integral of the 
potential is then effectively the first term of what is essentially an expansion in 
powers of <«R)/(h/me), which above about 50 Mev ceases to converge. When, 
however, only the comparison of two charge distributions is of interest, it will be 
shown that it is sufficient to use only the volume integral of the potential up to 
about 50 Mev. 

The method can also be applied to higher phase shifts which can be expected to 
become important at energies above about 35 Mev. 


All the conclusions obtained remain essentially unchanged for the scattering of 
positons. 


§ 2. CALCULATION OF PHASE SHIFTS 


We consider an electron, energy E, moving in a central field with potential 
energy V. On separating out the angular dependence, the small and large radial 
functions f;,/€, g;,/€, may be obtained from the solutions of the equations 


dfn — Rfr 

if Bb Ne OR 

Bae 
pet ewes sweep. stein (1) 


ge = (e+1- Ufa Fe 
where 
k= —(j+4)=—(/+1), for 7=1+4 
k=+(j+4)=l, for j=1—2. 
We use relativistic units, h =m=c=1, and e=E/me?, U=V/me?, é=r/(h/me). 
For the scattering of an electron by the field of a finite size nucleus, charge Ze, the 


’ 
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asymptotic expressions for the regular solutions of f,, g,, in the form given by 
Feshbach, are 


fi(o— 1)sin {p+ Stop 2pe—(14-1)5 +n} 


&e~(et+ 1)! cos pe + 5 log 2p— (I+ 1)5 +n} 


where a= Za, « = e?/he and p is the electron momentum in relativistic units. 

In the more usual notation (Mott and Massey 1949), the phase shift for the 
state j=/+} is denoted by », and that for j=/—4 by 7_¢44), 

We may write 

Tails eee ae Rie eee (3) 

7p is the phase shift for pure coulomb scattering, the corresponding regular 
solutions being denoted by fh, g{°h, while 8, is the extra phase shift due to the 
finite nuclear size and gives the deviation from pure coulomb scattering. The 
irregular coulomb functions are denoted by f{®,, g{°), and have the same 
asymptotic forms as the regular solutions except for a different phase shift {°,. 
Explicit expressions for 7, °h, 7°), and also for the differential cross section in 
terms of the phase shifts, are given by Parzen and Elton, but are not necessary for 
our purpose. 

For the extreme relativistic case, « >1, where the rest mass may be neglected 
in the above equations, Acheson and Feshbach have pointed out the following 


relation between the phase shifts : 
cA ag) hp lee RR oe To) le Rn (4) 


Since this holds separately for the coulomb phase shifts, also 6,,=6_,. ‘Thus for 
extreme relativistic energies states with the same / but opposite spin orientations 
with respect to the orbital angular momentum have the same phase shifts. The 
numerical analysis of Elton and Parzen using the accurate equation (1) are in 
good agreement with this result. In addition for energies up to about 35 Mev, the 
calculations of Acheson show that only the phase shifts 6_,, 6, for the s,j, pyj, states 
differ appreciably from zero. Thus he finds that at 35 Mev, 5_, is about 3% of 
6_,. It is therefore only necessary to calculate 6_, for energies less than this. 
However, for an energy of 100 Mev, Parzen’s results show that the phase shifts up 
to 6_;,5; must beincluded. Asan approximate criterion we may take 6, to become 
important for R,/A>l. Thus 6_., dg, i.e. the psig, dgjg states may be expected to 
become significant at energies above about 35 Mev, for heavier elements. Con- 
venient expressions for the cross section in terms of the phase shifts for e >1 have 
been given by Acheson. 
Feshbach has brought attention to the special class of potentials 
Pee UEC en Bpeedee eae: (5) 
"9 

where 7), 8 are parameters describing the charge distribution, 7) being a length of 
the order of the nuclear dimensions and f any additional parameters needed to 
specify the potential. From Poisson’s equation it is seen that the corresponding 
charge density must have the form 

AL ete rel APPT) rae ey. (6) 


3 
Yo 


1044 A. R. Bodmer 


For this type of charge distribution Feshbach has proved that for « >1 the phase | 
shifts depend on e, 7) only through ery. This may be seen by rewriting eqns. (1) 


with the rest mass neglected. The importance of this result is in extending _ 


calculations already made to other radii or energies. 

In order to calculate 8; we consider the regular solutions of the radial functions 
at a point ,, sufficiently far outside the nuclear charge distribution for the potential 
to be coulomb, 


Fis) = CFR) + Cofi() 
81) = Creek) + Cogh(11) - 
C,/C, measures the admixture of the irregular to the regular solution due to the 
deviation from a coulomb field in the nuclear interior. From (7) and using the 
asymptotic forms (2), 
Co/Cy sin (7427 = Nick 


tand6, = = 
gid CORE S (mkt = KR aa 


C,/C, is obtained using both eqns. (7), 
Co Ky, (ri)gd ha) —Fek(71) 


C.F) ~Karen) eel ey 
where Ky, (71) =fi(71)/8 x (71) - 

K,, 1s written with the suffix « when we specially wish to emphasize that it 
depends on the energy. For our purpose it is sufficient to note that for a given 
energy 0, depends on the nuclear charge distribution only through K, .(7,). 
As is evident from the above derivation C,/C, and hence 6,, are independent of r, 
so long as this is outside the charge distribution. Thus two different charge 
distributions will give the same scattering if the K, ,(7,) for all the important 8, 
are the same for both. In particular at energies for which the phase shifts 
6_, =9, are sufficient, two distributions will give the same scattering at a given 
energy if K (7,) is the same, where for the s-state the suffix — 1 will for convenience 
be omitted. 


§ 3. METHOD FOR OBTAINING K, 


By differentiating K,,=/,/g;, with respect to € and using the equation (1), the 
following Riccati equation* is obtained for K,, 


dK 2k 
ge oe Keret+ IU) KB eae Uy, Somes (10) 
For the extreme relativistic case, « >1, this becomes 
ON Ae POSE ; 
“E> gE Ke (e-U)(1+ KY). eeeene (11) 
For the potential (5), it is then seen by rewriting this equation that for « +1, 
Ky pKa (ees abe Blas Pisa eee (12) 


which is in agreement with Feshbach’s result that for potentials of this type, the 
phase shift depends on ¢, &) only through e€). We may then for future reference 
note that for the charge distributions (6), which in addition are such that the 


* Rose and Newton (1951) have used this equation in a discussion of the nodal 
properties of the radial functions. 
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charge density is zero outside 7), where 7) can now be considered as the nuclear 
radius, the total differential of K,, with respect to &), using (12), is given by 


ASAE: eee ; fdas ‘| -i (Se see hae: (13) 


The required solution of K,, is determined by the behaviour near the origin. 
We require those solutions of (10) which correspond to the regular solutions for 
Fis &x- For potentials less rapidly divergent at the origin than a coulomb potential 
it is seen from eqns. (1) that the indicial behaviour of K, corresponding to these 
regular solutions is 


ieee eee UE aes | 
é>0 2k—1 14) 
Anneke eee. see ee | : 
Bee eet (0) E75 othe Ws ap 
We consider first the case k<0. If we rewrite (10) in the form 
(I-K)+(U-(14 K)= Ft - SK, 


this may be transformed into an integral equation by multiplying by the integrating 
Bacwor c-, 


K,(é) =r (Or ge) (Ue) Ke eee (15) 


If K,,< 1, this may be solved by successive iteration starting with K,=0. The 
solution obtained in this way is then seen to have the appropriate indicial behaviour 
corresponding to k<0. 

For k>0, if we put K,,=1/X, we obtain a Riccati equation for X,, similar to 
thatfor K,. As above this may be transformed into the integral equation 


Se atl {(e+1—U)+(e-1-U) XpP}eMde. (16) 


The solution which corresponds to solving this by successive iteration starting 
with X,,=0 gives then the correct indicial behaviour for K, whenk>0. From the 
Riccati equations for X,, K,, it is readily seen that for « >1, the solutions as obtained 
above satisfy K,K_,=-—1, which is of course the counterpart of the result 
6_,=6,. In what follows we shall then restrict ourselves to k<0. 

The first iteration of (15) is 


Ke) =e ' rude eee a, (17) 


Thus within the validity of the first iteration we just obtain Feshbach’s result that 
8_, and hence also 5,, depend only on the volume integral of the potential. By 
integrating by parts twice and using Poisson’s equation, the integral in (17) may be 
expressed in terms of an integral over the charge density. ‘Thus 
J oe Oma 20 | ee Ler 

ie Vr-"* dr’ = kQk—1)J 5 Dh) a ghee 
The upper limit in the integral on the right is actually v but may be replaced by 2% 
since for the calculation of the phase shift 7 must be effectively outside the charge 
distribution. ‘Thus if the first iteration gives a sufficiently good approximation 


epr’— 28 +2 dy’ + 


for K,,, then 5, will be the same for two charge distributions if | pr-"* dr is the 


aes) 0 


same for both. For the s-wave this integral just becomes | pr* dr. 
0 
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§ 4. CALCULATION OF K, FOR «> 1 


We now consider in more detail the case of the s-wave, k= —1, for « >1. 


Equation (15) then becomes 
Rie) al &(U-ol Kydes ee (19) 


For the first iteration we have 


Nol Fee ieee) Ue 
KM@)= pl Ulta -F (20) 
EJ 9 3 
and for the second 
1 aft 
KO)=KOO+ a [ U-9IK POR (21) 
0 
‘This process converges rapidly if K,2< 1, and we may then write 
KLE OGS SOO eee (22) 


n=2 
where X is the extra term given by the mthiteration. Ifthe potential is of the type 
(5) and proportional to a, then the above iteration process will also give an expansion 
in homogeneous polynomials in a and ¢&, of increasing degree. ‘Thus the first 


iteration will contain terms in a, «&), the second terms in a’, a?(e€y), a(e€)”, (€€)?. 


Such successive homogeneous polynomials do not, however, correspond to succes- 
sive iterations after the second since K, occurs as the square in the iteration. 

We may expect that above a certain energy the iteration procedure for calcu- 
lating K(€,) where €, is of the order of the nuclear radius will no longer converge 
and the basis for Feshbach’s result will break down. This will occur when K(€,) 
which, since U is proportional to a, is of the order of a + «€,, becomes of the order of 
unity. 

In order to obtain a more precise idea of the convergence and of the importance 
of the additional term given by the second iteration, we consider the charge 
distribution used by Rosenthal and Breit (1932), 


Si AOS AG Veet, 
a ie el Re Mle 6 od (23) 
p=0 ; Ria 
The corresponding potential energy of the electron is 
1 n 2 
gee i 1-4) Ze* : r<T 9 
n n+1\r% a 
Fg Oe ee ee ee ee (24) 
V= a aad ) r>ro 
r 


m can vary from — 1 for a point charge through m=2 for a uniform charge distri- 
bution to m= oo when all the charge is on the surface. For the first iteration we 


have 
iu” (1 0 2 >(1) a e€ 
KM@= (BY Kee) 5[1- (By ]-$s b&w (25) 


‘ an+4 
Rr) ge ee (26) 


For the second iteration (€ >,), 


KEO=KOGO+ (2)XG)+ B] W-OK MEME 27) 


aa 


ae | 
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3 1 (S 2 € 2 € 
Bt)--5(-) 4-S ies) oe age a 8) 
4 re n+9 3(2n + 9) 9 
95 HEDGES) * (FTP 3 2n +5) D+ 3°Bn45) 
ye 32 2(n +9) 3(n +9) 
15 (+n +3\@+5) ~ (+1)\n+3)(2n +5) 
4. 3nt2 6 1 
we Sn n(n+3)\(n+5) (n+ 1\(n+5) 
1 (é 3 (fa? (EP <é) 


f-O1HEDO SAC) OL-ON 
EJOL-OL CNL OR L-ON 
[HE OL-O 

o-[-(] 


For constant density, 7 =2, we have from the above formulae 


K\(&) = -{; at oh {0-042 a* + 0-102 (e£,) a? + 0-074 (<,)2a + 0-022 (<£,)3? 


For a surface charge distribution, n= 00, the solution for K(é)) may be 
obtained explicitly : 


K(é,)= -- a E —(a+e«€,) cot(a+ ef) [5 « 


Expanding cot (a+e«& ) this becomes 
1 1 Z 
K(£o) = — 3 (a+ €5) E + 75 (at bo)? + 375 (a+ efo)*+ a4 oe Patek (31) 


The first two terms of this expression are identical with those derived from the 
first two iterations, while the third term can easily be obtained from the third 
iteration. We see that above about 50 Mev the second iteration increases very 
rapidly and the method ceases to be reliable. ‘Thus even at 15 Mev the second 
iteration contributes almost 10°% to K (&,) for a surface charge distribution. 


§5. COMPARISON OF CHARGE DISTRIBUTIONS 


Although it would appear from the above that the first iteration is not a very 
good approximation for K even at rather lower energies, and breaks down 
completely at higher energies, nevertheless when the equivalence of two charge 
distributions is being considered it is sufficient to use only the first iteration. 
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We consider as an example the equivalent radii, 7, and 7,, of asurface and a uniform 


charge distribution respectively which give the same s-wave scattering. The 
simplest way to obtain the relation between r, and r, is to equate the expressions (27) 
for n=2 and n= © with €=€,, 
2 
(*) = : {1 —[0-012a? + 0-023 (<&,)a+0-012 (c€,)?7]}. .----- (32) 
The first term is due to the first iteration and can immediately be obtained by 
equating 


for n=2 and n= 00. ‘The remaining terms from the second iteration make only 
a very small contribution. Thus for energies for which the iteration procedure 
does not break down entirely, i.e. up to energies of about 50 Mev, the use of the first 
iteration is a very good approximation when the equivalence between the two 
charge distributions and not the actual value of K is being considered. Since the 
difference between a uniform and a surface charge distribution can be considered 
as an extreme, the magnitude of the terms in (32) due to the second iteration may 
be regarded as in the nature of an upper limit to these terms in the expression for 
the radius of the uniform charge distribution equivalent to some actual distribution. 
The reason for the near cancellation of the terms from the second iteration is seen 
from (21). Thus if K(€,) is equal for two charge distributions, K®(€) and U(&) 
will not be very different for 0 <é < &,, and hence the integrand occurring in X,(€,), 
and hence X,(€,) itself, will not differ very much for the two distributions. We 
see then that for any given charge distribution p, the radius of the equivalent 
uniform charge distribution will be given with good accuracy by 

3 Ze 2 

Grea i od (33) 


Of course for purposes of comparison any of the charge distributions (23), and more 


especially a surface charge distribution, could have been used; however, it seems 
most natural to use a uniform one. 


§ 6. SIGNIFICANCE FOR THE INTERPRETATION OF THE EXPERIMENTAL RESULTS 


The significance of the result just obtained is in the interpretation of the 
experiments. ‘The calculations of Acheson and Elton extended by using Feshbach’s 
result that the scattering depends only on ev, may be used to determine the radius 
re) of the equivalent uniform charge distribution for the s,/g, py/y phase shifts from 
the scattering at an energy <. Because of the near cancellation of terms in the 
second iteration, this equivalent radius for the actual but unknown distribution 
will only be very slightly energy dependent. Thus from (32) for Pb the ratio 
between the equivalent radii for a surface and a uniform charge distribution, T\Pa 
differs by less than 0-25 °% from that given by the first iteration for e=0, and by less 
than 4% for an energy of 50Mev. Since for energies at which r, can be expected 
to become appreciably energy dependent, higher phase shifts will be important, 
the equivalent radius may be taken as energy independent for the energies of 
interest since variations of the above amount would hardly be experimentally 
significant. ‘This implies that for energies at which only the sy), P12 phase shifts 
are appreciably influenced by the finite nuclear size, the only information which can 


‘ 
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be deduced from scattering experiments at different energies is the equivalent 
radius r, for e=0. From (33) knowledge of 7, then implies knowledge of 


2 
| pr dr. 
0 
More detailed information about the form of the nuclear charge distribution 
could be obtained from the scattering at somewhat higher energies when the psjs, 
dy). states become important (k = —2 andk =2 respectively). Ina similar way, as 
above, it be can expected that for energies up to about 50 Mev the phase shifts for 


these states would depend on the charge distribution only through | pr’ dr. 
0 


This could again be expressed in terms of the radius of an equivalent uniform 
charge distribution which would not of course in general be the same as that for the 
S1/g, Py/g States. It should be possible for energies in the region of 35-50 Mev to 
determine this additional moment of the charge distribution since the phase shifts 
for the d;)., g;). states (k = —3 and k=3 respectively) can be expected to become 
important only at energies somewhat above 50 Mev. 

For the scattering of positons it is only necessary to change the sign of the charge 
in all the above considerations. In the Born approximation, which is only valid 
for very light elements, the cross section will be the same as for electrons; however, 
for heavier elements there will be large differences. Recently Elton and Parker 
(1953) have made detailed calculations of the phase shifts for the scattering of 
positons by Au for an energy of 40me?. They find that again only the sj, py/ 
phase shifts are significantly affected by the finite nuclear size and that the reduction 
from coulomb scattering, although quite appreciable, is considerably less than for 
electrons, as is to be expected because of the repulsive potential. Since «and U have 
the same sign for positons, e — U may be quite small in the nuclear region and may 
even become negative for not too high energies, and thus in general the second 
iteration will be rather less important relative to the first than for electrons. More 
explicitly K for the potential (24) is obtained from (25)-(29) by changing 
the sign of a, the various terms now no longer having all the same sign. In 
particular it is seen from (32) that for the relation between the equivalent radii for a 
surface and a uniform charge distribution there is now a partial cancellation 
in the terms due to the seconditeration. ‘Thus, also, for positons the scattering for 
the s,jo, Ppyj2 States depends only on the volume integral of the potential, and the 
radius of the equivalent uniform charge distribution should be the same as for 
electrons. 

The only relevant experiments so far available are those of Lyman, Hanson and 
Scott (1951) with 15-7 Mev electrons. For the heavier elements Ag and Au they 
find that the radius of the equivalent uniform charge distribution needed to fit 
their results is about 1:15 x 10- A8cm, i.e. about 20% smaller than a value 
of the order of magnitude 1-45 x 10° A" cm, which might have been expected. 
These results must be considered as somewhat uncertain as the radiative correction 
was allowed for using the result of Schwinger (1949). ‘This is of uncertain accuracy 
for heavy elements since the radiative scattering is calculated for a coulomb field 
using the Born approximation, and is given relative to the Born approximation 
expression for the elastic scattering. 

For the lighter elements C, Al, Cu the reduction from coulomb scattering is 
small and of the same order of magnitude as the uncertainties in the measurements 
which are not incompatible with either of the above values for the radius of the 
equivalent uniform charge distribution. 
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- Independent evidence about nuclear radii of light elements is given by the 
discussion of energy differences of mirror nuclei. This is rather strongly in | 
favour of a larger value of 1-4 x 10-8 4¥8cm. Thus the total evidence would seem 
to indicate a trend in the direction of a greater concentration of charge for heavier — 
nuclei. As we shall see, this inference seems further to be confirmed by the 
isotope shift of heavy elements; however, more accurate scattering experiments, 
especially for lighter nuclei, are needed before this conclusion can be considered as 
well established. Such a concentration of charge would have to be considered as 
indicating a corresponding concentration in the nuclear density. 


PART II.. THEORY OF THE ISOTOPE SHIFT 


§ 7. INTRODUCTION 


In the usual derivation of the volume dependent isotope shift (I.S.) the change 
in binding energy of an electron due to the difference in its electrostatic interaction 
with a point charge and the same charge spread over the nuclear volume is calculated 
using asimple perturbation method. With this the difference between two isotopes 
of the potential energy of the electron in the nuclear region is averaged over the 
relativistic charge density when the electron is moving in the field of a point 
nucleus. For comparison with the data Brix and Kopfermann (1949) used a model 
which assumes a uniform charge distribution of radius 1-4 x 10-!8 A"? cm and such 
that the increase in volume between two isotopes is proportional to the increase in 

“mass. Using the simple perturbation theory, they found that the experimental 
I.S. was smaller by a factor of 2-3 except in the region of Z=60 (Ce, Sm, Eu) 
where the I.S. is anomalously large. 

It might be expected, however, that the spreading of the charge would strongly 
distort the wave function of the electron from its coulomb form just inside the 
nuclear region where the perturbation takes place, and thus considerably affect the 
I.S. Hence it is of some interest to investigate whether a more accurate calculation 
taking into account this distortion of the wave function might not remove some of 
the discrepancy. An estimate of the effect of the distortion when all the charge is 
on the surface was made by Rosenthal and Breit (1932). The fundamental 
expressions for an accurate treatment of the I.S. which have been used in sub- 
sequent discussions, including the present one, were given by Broch (1945). 
Crawford and Schawlow (1949) made a calculation for a uniform and a surface 
charge distribution. ‘Their results are, however, not quite in agreement with ours, 
the discrepancy being probably due to some numerical error. They do not 
examine other charge distributions or the dependence on Z, and their method 
cannot be extended to an arbitrary charge distribution. Since the completion of 
the present work there has appeared a paper by Humbach (1952) who has also 
made calculations of the distortion effect. Our results are in agreement with those 
of Humbach who, in addition to Broch’s method, has also used a more accurate 
perturbation treatment. However, he does not give any simple procedure for 
calculating the I.S. for any given charge distribution such as will be given in the 
following, nor does he discuss the relation between the I.S. and the electron 
scattering. 

Brix and Kopfermann (1951) in their most recent presentation, in which they 
give the ratio of the experimentally determined I.S. to the I.S. of their standard 


Nuclear Scattering of Electrons and Isotope Shift 1051 


model, have already allowed for the influence of distortion using Humbach’s 
results. ‘The previous discrepancy is however only very partially reduced 
(see $11, formula (57) and discussion). 

In the following, we take up the discussion with a method similar to the one 
used in Part I for the electron scattering. It will be shown that'the I.S. of an 
s electron depends on the charge distribution only through K,_, 5K,_) where the 
latter is the change in K,_, between the two isotopes. ‘The method developed in 
Part I may then be applied to calculate the I.S. of any given charge distribution. 
It is then also possible to establish a simple connection with the elastic scattering 
of electrons by nuclei. 


§ 8. PERTURBATION THEORY OF THE IS. 


Before proceeding to a more accurate calculation of the I.S. we give a brief 
account of the simple perturbation theory given by Rosenthal and Breit (1932) 
and Racah (1932), as itis convenient to use this for comparison and to give a measure 
of the effect of distortion. With this the I.S. due to a change in potential energy 
dV is then 


(Ane | V0, tz) ao ee (34) 
0 


where AE is the term shift due to the effect of the finite nuclear size. Since 6V is 
only different from zero in a region of the dimensions of the nuclear radius, we 
may for the wave functions of optical terms in this region neglect the binding energy 
as compared with the rest mass. * 

It is then convenient for the present purpose to write the radial equations in the 
form 


i eas ipl Vi Dee 


Te lr an oe SE b* a fur yer GOS ond (35) 
where &=227 | dq = 2ae 
and ay =h?/me? is the Bohr radius. With U = —2a?2/x the functions f°, gh are 


then given by (43) with C,=0. It is sufficiently accurate to retain only the lowest 
power of x since the value of x corresponding to the nuclear radius is approximately 
equal to «?Z A1/?, It is seen that the errors involved in making this approximation 
will be of the same order of magnitude as those involved in neglecting the binding 
energy. We have then 


PABS: 


font ee n= T1125) Rpm peor SE (36) 
where o =(k2—a@2)!2. Thus 
8 (AE) pon = NV ne is = eee ee (37) 
with LEW ACO ala aga al es hig (38) 
The normalization is that used by Rosenthal and Breit : 
4a | faz ieiot A) dr = Pe PT Ss (39) 


* For electrons in the innermost shells this approximation would no longer be justified. 
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C2 is determined from the normalization by putting g,/r asymptotically equal tothe | 
radial Schrodinger wave function for larger r._ In this way Rosenthal and Breit 
obtain for an s electron 


macht 
(Le = WAN ay? vi (0) ee a Be SP tD. G.0-4 (40) 


where R is the Rydberg constant and (0) the value of the Schrodinger wave 
function at the origin. In order to obtain from the I.S. of an optical s electron the 
part independent of N, i.e. that part which depends only on the nuclear charge 
distribution, it is seen that it is essential to have a reliable knowledge of ¥°(0) for 
the state in question. Any effects due to screening will be included in (0). For 
alkali-like terms this quantity may be determined by means of the semi-empirical 
formula of Goudsmit and Fermi—Segré. Since the hyperfine splitting of such 
terms also depends on (0) the proportionality of the I.S. to this may be tested if 
one of the isotopes has a nuclear spin by observing whether the ratio of the hyperfine 
splitting to the I.S. is approximately the same for differentterms. ‘This has actually 
been found to be the case (Crawford and Schawlow 1949, Brix and Kopfermann 
1951). With nuclear magnetic moments independently and accurately available 
from nuclear resonance experiments it then becomes possible to determine /7(0) 
from the hyperfine splitting and thus to avoid many uncertainties in the deter-— 
mination of this quantity. It should be mentioned that there is some uncertainty 
in obtaining the I.S. due to only the optical s electron from the observed I.S. due 
to the transitions of this, since it is necessary to allow for the change in the I.5. of 
all the inner electrons arising from the difference in the shielding of these by the 
optical electron in its initial and final state. Such shielding effects have been 
considered by Crawford and Schawlow (1949) and more recently by Humbach 
(1952), whose calculations indicate that the part of the observed I.S. due to the 
optical s electron only is slightly greater for an important class of electronic 
configurations than the observed I.S. itself. 

With the charge density (23) Rosenthal and Breit then obtain for the I.S. of an 
s electron 


= l+o n+ 1 gO Xb 
9(AE)pee=N Pat 4 5) (20+n+1)\(2o+1 Xo Xo ee” Leaherarete (41) 


§9. NON-PERTURBATION METHOD FOR THE I.S.. 


By a method avoiding the use of simple perturbation theory Broch obtains 
for the difference in energy between an electron in the field of a finite size nucleus 
and a point nucleus 


Cy 1 
AE=—-N( ~) > 5 
N (2) Dat Te io) (42) 
where N is given by (38) with C, instead of C. Cj, C, are the coefficients of the 
regular and irregular solutions respectively in the general solution for the two 
radial functions in the region exterior to the charge distribution where the electron 


is moving ina coulomb field. For this region, and where r is still sufficiently small 
that the binding energy may be neglected, 


Fi (*)=alCyFoq(2x"?) + CoJ_og(2xl®)] | 
fx(2)=Cs Aag(2099) + Cy A ay(2ity fo oh 
where Agog =(R—o) Jo, + x1? Fog 44 
A_og=(R+0)J_2, +21? I_oo44. 
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Fora point nucleus C,=0. Following Broch, the condition for the continuity 
of K,,=/,/g, at a point x,, where the potential is coulomb, then gives the admixture 
of the irregular relative to the regular solution due to the deviation from a coulomb 
field in the region «<x, 


Cy _ AS 9204") — K 4 (%1) Aga( 201") 

Re Rai, en one) Sade, (2 e re) eee 
where K,,(x,) is now assumed evaluated neglecting the binding energy and is 
determined from the solution interior to x, It must be emphasized that the only 
condition on x, is that the potential is coulomb at x, Thus if the charge density 
does not fall abruptly to zero, x, must be sufficiently far out to satisfy this condition. 
As is evident from the derivation, C,/C, is then independent of x,. Expanding the 
Bessel functions and retaining only the lowest power of x,, 


CP alias (hao) Kaa 


C Peay T(1 + 2c) a—(k+0)K,(x) A eee aoe (45) 
In this approximation it can easily be verified directly that C,/C, is independent 
of x, by showing that (d/dx) (C,/C,) =0 using eqn. (49) together with U = — 2a?/x,. 
All the results derived below from (45) are then independent of x,. Substituting 
(45) in (42), 
: 1 a-(k~0)K (x1) 
AE=N ALL OR PURO ACG mn pete SE 
The normalization is given by (39). Forans electron C;? is again given by (40), 
since the part of the normalization integral extending to x, may be neglected 
because of the smallness of x,, and outside x, that part due to C, can also be 
neglected again asa result of the smallness of x,. The problem of determining N 
is therefore again that of determining ¥7(0), and the same remarks as in § 8 apply. 
Ther .5.. 1s 
i aoK ,(x;) 
21%(25) [a—(k+0) K(x) P 
Thus for two charge distributions to give the same I.S. K;,(x,), 5K ,(x,) must be the 
same for both. 
In order to obtain K,, the same method may be used as in Part I. If the 
binding energy is neglected, i.e. with «=1, the Riccati equation for K,, becomes 
hE Pile ad OES ae ew 
ae ee ee ek carne (48) 
The indicial behaviour of the required solutions is obtained from (14) by putting 
e=1. If in the nuclear region it is also permissible to write U/2a instead of 
(U—2)/2a for the factor multiplying K,?, (48) becomes 
OWS A U a 
ie =e Soe: 7, (1+ Ki): et (49) 
This is formally equivalent to the equation for the extreme relativistic case if in 
this we put «=0. The approximation just made is equivalent to assuming 
x /a2<1 for the factor multiplying K,?. This is somewhat more stringent, 
especially for lighter elements, than the condition x)»<1 assumed previously. 
However, for k<0 we see from the iteration procedure for obtaining K, that the 
term neglected only affects K,, in the second iteration, the error involved in the 


S(AE)=N oe ie eee (47) 
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additional term due to this being less than 10%. The only important case for the 


1.S. is in fact that of an s electron, k = — 1, and since, as we shall see, the additional 


term due to the second iteration makes only a relatively small contribution for this, 
the error in K due to the above approximation is very small. For k>0 we see 4 
from (16) that the approximation made above would cause an error in K, already 
in the first iteration. Thus for py, states, which are the only other states for which 
the I.S. is at all appreciable, it would be necessary to use eqn. (48) if we wish to 
obtain a more accurate value of K,;. However, even in this case, if we are only 
interested in comparing charge distributions which give the same K,, it is again 
only necessary to compare the volume integrals of the potentials as for k= —1, 
since the term neglected would only give a contribution independent of the 
potential in the first iteration. 

In what follows we shall consider only s states and assume that it is sufficiently 
accurate to use (49). If we assume the potential has the form (5), then by rewriting 
(49) it is seen that 


KS ( es 8) ae (50) 
Xo 
From this it follows that 
OK uy 2 WOK 
OX) . Xp Ox 
and therefore, using (49), 
0K X om: ete B 
pe See Ls et he eS —s 2 
ok ={ ae oE (+x). Mee 2! (51) 
With x, outside the charge distribution where U = — 2a?/x,, 
OK al. 1 
ae iit aS tee eee alan tne [a+(1—o)K]....... (52) 


If we now consider a charge distribution of the form (6), but depending only 
on Xp, then using (52) and substituting for 5K =(0K/0x 9) dxp in (47), 

12a (14 @) Ka) 0% 
2T*(2e)a+(1—a)K(a) ay) 
Thus if V = F(r/ro)/r) for both isotopes (with different values of 7)) then the I.S. 
depends on the change in charge distribution between the two isotopes only through 
OMe To 

It is of particular interest to consider the special class of charge distributions 
(6), but in addition such that the charge density is zero outside x), where x) can now 
be considered as the nuclear radius. The distribution (23) is of this type. An altern- 
ative way of obtaining the I.S. in this case is by evaluating C,/C, at x, =x, for the 
lighter isotope and at x,;=%) +x for the heavier, i.e. we do not keep x, fixed. 
6 (AE) is then obtained by taking the total differential with respect to x9 of (46) 
with x;=X9. From (13) we have with «=0, dK(x9)/dxy=0 and we immediately 
obtain (53) with x;=x). For this type of charge distribution K(x») is then 
independent of x, and the I.S. depends on the radius x, only through «,’ in addition 
to the relative change of radius dx y/x). 


8(AE)=N 


§ 10. EvALUATION oF K 
Since for the 1.8. of an s electron K can be considered as satisfying the same 
equation as for the extreme relativistic case with « =0, all the results obtained in 
Part I for k= —1,€>1 can immediately be used for the I.S. if we put «=0. 
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Since with relativistic units the potential U is proportional to a, the iteration 
procedure will also give K as an expansion in powers of a, 


K= lim Kw Ky=K| | + > Ve amo |. Saf entuete (54) 
m=2 


n—> 00 
As already pointed out in Part I, successive K,,, y,, do not correspond to successive 
iterations above the second. For the potentials (24), K, y, are given by (25)—(29) 
withe=0. ya(7)) is obtained from the third iteration and can be calculated without 
too much difficulty; the general expression for any m is, however, rather long. 
We give some special cases : 


2=0: Keo(,)=K°™)= — ie (1 +0-15a?) 
5 
n=1: Ket)=— 75 (1 +0-12a? + 0-021!) 
n=2: Ker) =— 2a(1+0-106a? +0-0105a") 
5 


i 

ea OR he al +0:097a2 + 0-014a!) 
8a | 

n=4: Ke(ro)= — 57 (1 +0-092a? + 0-0135a") 


a Game Gn 
n= 0: Koro) = — (14 wt 13) 


n=O is a limiting case; the potential becomes logarithmic and the calculations 
must be carried out separately. _In figs. (1) and (2), — K(7))/a is shown plotted 


a 


ee eA a ce he EH a 
a0 OI 3203 04 0506 07 08 0310 a-0 O01 02 03 04 O05 O06 O7 O08 O09 10 
Z=0 137 274 411 548 685 822 954 1096 1233 1370 Z-0 BT 274 4b 548 685 822 954 1096 1233 1370 
Fig. 1. Bigs 
Figs. 1 and 2. —K(r,)/a as a function of a or Z for a uniform and a surface charge 
= . é . > (2 / ~ 
distribution respectively. Curves a, b, c represent —K()(r9)/a, —K@)(ro)/a and 


— K(3)(ro)/a respectively. 


against aform=2andn=oo. ‘The straight line in each case represents the first 
iteration and the upper curve the result when y3(79) has also been included. It is 
seen that this last term makes only a very small contribution to K(7y) forall elements, 
i.e. Z<92. We may thus consider the second iteration to be a very good approxi- 
mation for allelements. Since also the additional term due to the second iteration 
is only arelatively minor part of K, the use of the equation (49) from K is seen to be 
justified. 

It is of interest to compare the above results for K with those obtained by 
solving the radial equations directly. These calculations were made before the 
above iteration method was devised. ‘The equations (35) are transformed into 
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second order linear equations each involving only one of the functions f,, g,. “Thus 


forafy 


af, _[Mk=1)_UU-2)_k1dU], | 1aU df, 
dx? =I x 4a ox Ud at Uidicde. Fae 


If this is solved g,, may be obtained from the first of the equations (35) and K,, 
may be found. For the potentials (24) with n an integer greater than zero, the 
singularity at the origin is regular and a series solution in x is possible. Owing to 
the smallness of x, it is found that the terms in x) in K(x)) may be neglected and 
that hence dK(x))/dxy =0 as already proved more generally above. For k= —1 


the term in K(x ,) in a is just (26). Successive terms in ascending powers of a? | 


may be obtained from the recurrence relations. ‘The coefficient of each power in a 
is now a not very rapidly converging series. ‘The terms up to a® were calculated 
for n=1, 2, 3, 4, oo and are in agreement with the ones given above. ‘This is 
Sooale the method used by Crawford and Schawlow to investigate the cases of 
uniform and surface distributions. It is seen that the iteration method is much less 
tedious and can be applied to any charge distribution, whereas only in exceptional 
cases can a series solution in x be found for eqn. (56). 


§ 11. EvaLuaTION oF I.S. 
The I.S. for the potentials (24) is obtained if the appropriate value of K(7) is 
substituted in (53) with x,=% . ‘The ratio of this is to the I.S. as calculated using 
the simple perturbation method (41) with the same value of 7, in both cases is 


ne O(AE) 20% 1 +20) 20o+n+1 a+(1+oe)K(1) 54 
ONL) g = aelere nm+1 a+(1—o)K(7%) OM, 
P was calculated using (55) for n=1, 2, 3, 4, 00, and in figs. (3) and (4) is shown 
plotted against K form=2andn= co. For the lower curve in each case the terms 


10 1-0 
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Bigs: Fig. 4. 


Figs. 3 and 4. P=6(AE)/8(AE) port a8 a function of a or Z for a uniform and surface 
charge distribution respectively. The upper curve in each case corresponds to 
the use of the first iteration K)(r9) for K(ro) and the lower to the use of K(3) (79). 
The curves obtained using K)(79) and Kg) (ro) are almost identical. 


up to a° have been included in K(r,), while the upper curve corresponds to the use 
of the first iteration only. ‘The effect of y3(79) is very small, and on the scale used 
the curve for P, using only the second iteration, is almost identical with that 
obtained if (79) is also included. 

It is seen that the effect of the distortion of the wave function is to decrease the 
1.5. below its value as calculated by the simple perturbation method and that this 
difference increases with Z, as is to be expected. P varies only slightly with 2, i.e. 
with the concentration of charge. Thus for Z=82, P=0-78 for a uniform 
charge distribution and 0-76 when all the charge is on the surface. The use of the 


| 
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first iteration is already a considerable improvement on the perturbation treatment 
and becomes a progressively better approximation as the charge moves outward. 

Thus the effect of distortion, although appreciable and in the right direction, 
could explain only a part of the discrepancy between the standard model of Brix 
and Kopfermann and the experimental data so long as we keep to the fixed value 
1-4 x 10-1!’ 413 cm for the radius. 

With the help of the results just obtained the I.S. may be calculated for any 
given charge distribution. ‘Thus the uniform charge distribution which gives the 
same I.S. must have the same values of K(r,), 5K(r,) as the given distribution, and 
the problem is then just to calculate this equivalent uniform charge distribution. 
‘The equivalence of K considered in Part I was seen to be conveniently specified by 
the radius r, of this equivalent distribution. It was shown that if r, is obtained 
from (33) it has almost the same value as if the second iteration is used for its 
determination. Similarly, using only the first iteration 67,/7, may be determined 
from Si LEM ee 

= Sr = | CRG IE OT ea i's (58) 


and will again be almost as accurate as if obtained using the second iteration. 

It may be noted that for the charge distributions (6), which in addition do not 

depend on further parameters /, we have from (46) and (53) that 

d(AZ) = 20 (8% 9/x) AE 
and that therefore 6r./r,=6ro/7) for these distributions. This also follows from 
(33) and (58). 

The I.S. for the given distribution may now be obtained from (53) with x, =x, 
and 6x»/x 9 =6r,/r, and using for K(ry) the values already obtained for a uniform 
charge distribution. Alternatively we may use the results obtained for P, which 
depends only on K, together with the I.S. as calculated by the perturbation method 
with the values 7, and 67,/r,. 

The important point is that, using only the first iteration to determine 7,, 57,/r, 
for a given charge distribution, the I.S. for this may be calculated with almost 
the same accuracy as using the second iteration if the results for a uniform charge 
distribution already obtained with the second iteration are used. The I.S. of the 
given charge distribution will then depend besides on Z only on r,?’6r,/r,.. Fora 
uniform charge distribution of radius 1-4 x 10-13 A¥?cm and with 679/r9 =2/34 
Humbach, including the correction due to distortion, has tabulated the quantity 
Cy, =(4R/N)6(AL) introduced by Brix and Kopfermann. ‘These values may 
then be used to obtain the I.S. for any other charge distribution if only 7,2’ 8r,/r, 
has been calculated for this. 


§12. RELATION WITH ELECTRON SCATTERING 


It was shown in Part I that the radius r, of the uniform charge distribution 
needed to describe the s-wave scattering was almost independent of energy and in 
particular equal tor, fore=0. Thus r, as obtained from experiments on electron 
scattering can be used for the I.S. in a way which follows immediately from the 
discussion at the end of the previous paragraph. ‘The data onthe I.S. will then give 
effective values of 5r,/r,, which are related to the change in the charge distribution 
between the two isotopes by (58). If the charge distribution is of the type (6) and 
also does not depend on 8, then 6r,/7, would have the direct interpretation as the 
relative charge of the parameter occurring in the potential. Any such information 
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would be a valuable test for theories of nuclear structure. ‘Thus on the basis of an 
extended individual particle model, the change in charge distribution would have | 
to be ascribed to a change in the range and strength and also of the shape of the | 
collective potential i in which the nucleons move. The addition of any neutrons — 
must change in some way the extent and depth of this potential and hence also the 
proton distribution. On the other hand, there would also, according to Rainwater 
(1950) be achange in the shape of the ciel nucleon potential and consequently 
a change in deformation of the nucleus. Any such difference in deformation 
between two isotopes would then, according to Brix and Kopfermann (1949), also 
give rise to an I.S. 

Since Ag and Au are near the lighter and heavier end respectively of the 
elements for which the volume dependent I.S. is known, we take as a tentative 
value for the equivalent radius 7, of these elements the value 1-15 x 10- At?cm 
as determined from the scattering of electrons by Ag and Au by Lyman, Hanson 
and Scott. The I.S. will then be reduced by a factor (1-15/1-4)”’ from the value 
obtained if a radius of 1-4 x 10° A'3cm is used. This is equal to 0-7 for Z=55 
and to 0:74 for Z=82. This further reduction accounts for a considerable part of 
the remaining discrepancy (except of course for the anomalous region). Although 
the agreement with experiment is by no means perfect, this further reduction may 7 
be taken, as already mentioned in Part I, as an indication of a greater concentration 
of charge in heavier nuclei. It should be emphasized that this discussion depends 
on the assumption that the radius increases proportionally to A?. ‘This may be 
insufficient to specify the change in the charge distribution between two isotopes, 
especially if deformation effects are likely to be important, as is, for instance, 
strongly suggested for the exceptionally large I.S. of Sm and Eu (Brix and 
Kopfermann 1949). 
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The Elastic Scattering of 1-33 mev and 2:76 mev Gamma Rays by Lead 


Byaw. (GeDAVEY 


Department of Physics, University of Birmingham 


Communicated by P. B. Moon; MS. received 26th May 1953 


Abstract. A report is given of measurements of the elastic-scattering cross 
section of lead for gamma-rays of 1-33 Mev and 2-76Mev at scattering angles 
between 40° and 120°. With 1-33 Mev y-rays good agreement was obtained with 
the theoretical predictions on the basis of Rayleigh and Thomson scattering 
alone. ‘The Rayleigh scattering cross section was calculated from Franz’s 
formulae which are non-relativistic and based on the 'Thomas—Fermi approxi- 
mation to the electron distribution in the atom. With 2:76mev y-rays the 
experimental cross sections were compared with an unpublished curve given by 
Bethe calculated for the K electrons alone, in addition to the values given by 
Franz’s formulae. ‘These theoretical curves are calculated only for Rayleigh and 
nuclear Thomson scattering, and at all angles in the range investigated the 
measured cross sections were found to be greater than those predicted. The 
discrepancy is possibly due either to secondary effects, or the occurrence of 
Delbruck scattering. 


§ 1. INTRODUCTION 


HE theoretical information on Rayleigh, nuclear Thomson and resonant 
nuclear scattering of y-rays has been summarized by Moon (1950), Franz’s 
(1935) formulae, which are non-relativistic and based on the ‘Thomas—Fermi 
approximation to the electron distribution in the atom, having been used for the 
calculation of the Rayleigh cross section. Above 1 Mev the scattering due to 
virtual creation of positron—electron pairs in the nuclear coulomb field (Delbruck 
1933) should become appreciable. Some theoretical aspects of Delbrucx 
scattering were investigated by Rohrlich and Gluckstern (1952) and Bethe and 
Rohrlich (1952), but the differential cross section at large angles of scattering 
is not calculated. This scattering is primarily at small angles and, in addition, 
the cross section increases greatly with increasing y-ray energy so that this 
scattering should be the dominant form at very high energies. 

The scattering by Rayleigh, Thomson and Delbruck processes from an 
individual atom will be coherent with each other, the relative phases of the 
scattered waves determining whether the interference is constructive or 
destructive. Rayleigh and Thomson scattering should have the same phase 
(Moon 1950), but Delbruck scattering may have the opposite phase (Bethe 1951, 
private communication to Professor Moon). 

The elastic-scattering cross section of lead for 0-411 Mev y-rays has been 


measured over an angular range of 3° to 150° by Storruste (1950). His results 


show that elastic scattering at this energy is due entirely to Rayleigh and 


Thomson scattering. 
40-2 
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The object of the present work was to extend these measurements to higher 
energies to check the theoretical formulae and to see if the Delbruck scattering — 
indicated by Wilson’s (1950, private communication to Professor Moon, and — 
1951) measurements could be observed. ‘The scatterers used in the present _ 
experiments covered narrower ranges of scattering angles than those used by | 
Wilson. 

§ 2. EXPERIMENTS WITH COBALT 60 


The source used was a cobalt cylinder 1:2cm in diameter and 1-2cm in 
height which had been irradiated at Harwell to an activity of 100 mc. 

Figure 1(a) shows the general arrangement of the apparatus. A lead double 

cone was suspended above the counter which rested on a table in the centre of 


(a) 
Fig. 1. General arrangement of the scattering apparatus for (a) 1°33 Mev gamma-rays, 
and (6) 2:76 Mev gamma-rays. 


alarge room. ‘The scatterers for angles of 40°, 60°, 75° and 90° were in the form 
of annuli of the appropriate diameter and were suspended in the horizontal plane 
mid-way between source and phosphor. ‘They each covered an angular range 
of about 12°, and weighed respectively 120g, 730g, 1100g and 1700g. The 
120° scatterer was part of the appropriate solid of revolution and weighed 1500 g. 

The detector was a cylindrical, thallium-activated, sodium iodide crystal 
2cm in diameter and 2 cm in height, mounted directly on the photo-cathode of an 
E.M.1. photomultiplier, aluminium foil being used around the crystal as reflector. 
The output pulses from the photomultiplier were then fed to a linear amplifier, 
and a single-channel pulse-height analyser designed by Mr. E. C. Park. 

Measurements could not be made at angles less than 40°, as at these angles 
the energy of a photon scattered by the Compton effect is not greatly different 
from that of an elastically scattered photon, and the scintillation counter could 
not discriminate adequately between them. 

First the pulse-height distribution was determined with the direct radiation 
from a small ®°Co source, and then the bias and width of the channel were set 
to record the 1-33 Mev photopeak. Under these conditions somewhat less than 
5° of the counts were due to 1-17 Mev y-rays. 

‘The experiment consisted of the measurement of the counting rates in the 
channel with and without each scatterer in position. For each scattering angle 
ten such measurements were made. The source strength was measured by 
removing the double cone and scatterers and determining the counting rate in. 
the channel with the source placed two metres from the phosphor. Thus, as 
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the geometry and weights of the scatterers were known, the absolute cross section 
for scattering at each angle was calculated. 

Due to the presence of a great number of photons scattered by the Compton 
effect, on occasion two or more of these photons were detected simultaneously by 
the phosphor, and hence they appeared to be a single, elastically scattered photon. 
This effect only occurred to any detectable extent at 40°, 60° and 75°, the effect 
decreasing due to the decrease in the energy of the Compton-scattered photons 
as the scattering angle increased. At 40° the cross section was corrected for this 
effect by taking an absorption curve of the scattered radiation with lead absorbers 
around the phosphor. The counting rates at 60° and 75° were too low to apply 
this method of correction, and hence the measured cross sections at these angles 
are certainly too large. 

The experimental results are shown in fig. 2, in comparison with a theoretical 
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Fig. 2. Experimental variation of the cross section per atom for the elastic scattering of 
1-33 Mev gamma-rays from lead. ‘The curve is based on the theoretical predictions 


of Franz. 


curve assuming constructive interference between Rayleigh scattering, as 
calculated by Franz, and Thomson scattering. As the scattered counting rate 
and the background were always comparable and as low as 0-2sec™t, the errors 
are large. 


§ 3. EXPERIMENTS WITH SODIUM 24 


The source was 100mc of 24Na prepared by the **Mg(d, 2p)’4Na reaction 
in the 60in. cyclotron of this Department. ‘The face of the target was sawn off, 
and the pieces placed in a small test-tube. 

Figure 1(5) shows the general arrangement of the apparatus, which closely 
resembled that used in the ®°Co experiment. ‘he scatterers, for 40°, 60°, 85° 
and 109°, were, however, much more massive, weighing 690g, 1000g, 40 kg 
and 64kg respectively. Those for 40° and 60° were annuli, whilst those for 
85° and 109° were approximately cylindrical in form, being composed of lead 
blocks placed on edge on a tin-plate platform built around the counter. 
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24Na emits only two y-rays of 1:38 Mev and 2:76Mev in cascade, and the 


channel was set to record the 2:76mev photopeak. The technique used was 


similar to that used in the %°Co experiment. Due to the higher energy of these — 


gamma-rays, no effect due to the simultaneous detection of two Compton- 
scattered photons was experienced, and it was not necessary to use lead absorbers 
around the phosphor. The scattered counting rate and background were again 
each about 0-2sect. 

The experimental results are shown in fig. 3, together with theoretical curves 
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th The extensions of the lower 
energy limits shows the 
corrections for secondary 
effects 
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Fig. 3. Experimental variation of the cross section per atom for the elastic scattering of 
2:76 Mev gamma-rays from lead. The full and broken curves are based respectively 
on the theoretical predictions of Bethe (for 2-6 Mev) and Franz (for 2:76 Mev). 


for the Rayleigh plus Thomson scattering cross section. ‘The curve calculated 
by Bethe (1951, private communication to Professor Moon) for 2-6 Mev y-rays 
may, in spite of the fact that the energy used was 2-76 Mev, be more accurate 
than the 2:76 Mev curve based on Franz’s formula. 


§ 4. SECONDARY CONTRIBUTIONS TO THE SCATTERED COUNTING RATE 


There are three phenomena which produce high-energy photons which 
register as elastically scattered y-rays. These occur in the scatterer and are 
(i) bremsstrahlung from photo-electrons, (ii) bremsstrahlung from Compton 
electrons, (iii) photons produced by the single-quantum annihilation of positrons 
formed by pair production. 

On the assumption of isotropic distribution of these photons, the total effective 
cross sections per unit solid angle for these effects are, for 1:33 Mev and 2:76 Mev 
y-rays, 4x10°-*%cm*sterad-? and 2x 10-*8cm?sterad-! respectively. It is, 
however, doubtful if the assumption of isotropic distribution is justified, as 
isotropy would only be obtained if the electrons and positrons in the scatterer 
were scattered through very large angles with little loss of energy. 

For the 1:33 Mev y-rays the correction of 4x 10-2®cm?sterad-! makes very 
little difference to the experimental results, and the degree of anisotropy of the 
photons has not been estimated. 
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Secondary effects are more important at 2-76 Mev, and the work of Petrauskas 
et al. (1943) has been used to estimate the degree of anisotropy of the brems- 
strahlung. ‘The effective cross sections per steradian were estimated to be 
Beam 10-**cm?*, 1:5x10-%cm?*, 8.8 x10-% cm? and 6:1-%10-*cm* at\40°,-60°, 
85° and 109° respectively. The lower energy limits in fig. 3 have been extended 
downwards to take account of this correction. 


$5. DiscussION OF THE RESULTS 
(a) 1-33 MeV. 


As has already been stated, the values obtained at 60° and 75° are certainly 
too high owing to insufficient discrimination against the y-rays scattered by the 
Compton process. 

Nevertheless, fig. 2 shows that the present measurements agree reasonably 
well with those of Wilson (1950, private communication to Professor Moon) 
and Storruste (1951), and run closely parallel to, if somewhat above, the curve 
calculated from Franz’s theory. ‘The experimental errors are somewhat large, 
and the theory, which is non-relativistic and based on the Thomas—Fermi electron 


_ distribution, is open to doubt for the energy and atomic number in question. 


(b) 2-76 Mev. 


The experimental results are in good agreement with those of Wilson for 
2-6 Mev, and lie above Bethe’s curve (for 2-6 Mev) and the curve based on Franz’s 
formulae (for 2:76 Mev). 

The excess scattering observed, although substantial when compared with 
the theoretical Rayleigh—-Thomson scattering, corresponds to a quite small 
absolute cross section and might perhaps be attributable to some secondary 
effects. For a positive identification with Delbruck scattering, one would wish 
to compare theory and experiment in respect of some characteristic property 
such as the angular distribution at a fixed energy, or variation with energy at a 
fixed angle. ‘The experiments suggest a rapid increase with energy, and provide 
a rough angular distribution for comparison with future calculations. One should 
note that if the excess scattering at 2:76 Mev is due to the Delbruck process, and 
if its phase is opposite to that of the Rayleigh—Thomson component, its amplitude 
must be substantially greater. 
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RESEARCH NOTES 


Intensities in the Herzberg System of O, 


By M. E. PILLOW 
Northern Polytechnic, London 


MS. received 27th Fuly 1953 


Herzberg system of O, (Pillow 1953, to be referred to as I) were based 

on Herzberg’s latest measurements on the absorption spectrum (1952), 
and assumed the system origin to be at \=2794 A, that being the band of longest 
wavelength yet observed in absorption. While these results were in course of 
publication Broida and Gaydon (1953) obtained, in the emission from an _ 
afterglow of oxygen, an extensive system of bands with wavelengths appropriate 
to the Herzberg system, this being the first known appearance of these bands 
in emission under laboratory conditions. Their observations include several 
bands which appear to belong to a further progression, thus necessitating the 
extrapolation of the system origin to A=2856A, and the increase by 1 of all the 
values of v’. This change shifts the main Franck—Condon parabola in the 
vibrational scheme somewhat to the left, and the wave functions have therefore 
been plotted again, and the relative intensities calculated in accordance with 
the new numbering. Rotational data for the new vibrational level are not 
available, but extrapolation from the values previously used gives w,’ =890-8, 
xw,' =27-18, 7,’=1-521x 10-8 cm. (It may here be observed that, as in I, a 
formula of the form w,(v + $)—xw,(v + 4)? is fitted by least squares to the energy 
levels, and that while the constants used appear very different from the first two 
in Herzberg’s suggested polynomial form, the energy levels given by the formula 
are in very good agreement with those observed, and the corresponding 
potential curve is likely to be reasonably correct.) 

‘Table 1 shows the new vibrational intensity scheme up to v’ =7, together 
with visual estimates of intensity made by Broida and Gaydon. The agreement 
is seen to be good, especially when allowance is made for overlapping of the 
bands with one another and with the afterglow continuum. In view of this 
agreement it appears unlikely that there is yet a further vibrational level to be 
found. (The wavelengths quoted here have been modified to agree with the 
latest estimates.) 

Reference was made in I to the possible identification of a number of bands 
in the night-sky spectrum with those of the Herzberg system. When allowance 
is made for the overlapping of close bands at the small dispersion used, it is 
found that the peaks of intensity still occur in the appropriate positions, and that 
agreement in magnitude with Barbier’s values is, if anything, rather better than 
before; so that the change of numbering leaves unaltered the probability that 
many of the night-sky bands can be attributed to this system, though some of 
the individual assignments are doubtful. 


Vie recent calculations on the relative intensities of bands in the 
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Table 1. Herzberg System of O,. Calculated Intensities and Wavelengths 
@ 0 1 2 $3 4 5) 6 7 8 9 10 


2856 2988 3132 3287 3457 3641 3842 4064 4308 4579 4881 


3 7* “46-(5?] 2615) 2347) 37-[5) 35 (21 

| 2794 2921 3058 3206» 33673541 «3731 «3940 4169 4422-4703 
4 11 25 [48] 37[8] 43[7] 33[6] 17 3 

5 | 2737 2859 2990 3131 3284 «3450 3631-3827 4044. «4281-4544 
3 12° 28 {7}\ -45-(8] 48 [Sly 3618]. 13 fet =O 4 

3 | 2685 2802 2928 3063 3209-3367 3539 «3726 «3930 4155 4401 
3-9 [1] 26[°5?] 46 [10] 58 [10] 44 [48] 18 1 5 14 

4 | 2637 2750 2871 + 300131413293 3456 «36353829 4041 «4274 
1 Tam et 121 246 [5] 65 [71-62 (47-30 (71) 3 16 11 

me 2593, 2703 2819-2945 3079 ©3225-3382” 3553 3738-3940 4161 
3 17 38 [°3?] 68 [5] 74[°2] 54 £4 1 15 18 2 

g | 2554 2660 2773 2894 3025 3164 - 3316 3479 3657 3849 4061 
16 36 ©6655 [3] 90 [6] 76[3] 31 i) i a 11 0 
Beyp2519) 2622) 2732° 2850 2976" 3111 3257-3418 3586 37714 3973 


67, OPP NSM OS) KO Ie ZAG US 1 16 21 4. z 


Numbers in brackets represent intensities estimated visually by Broida and Gaydon. 
A few weak bands, whose assignment is doubtful, have not been included. a: bands 
overlapping each other; 6: bands overlapped by OH in afterglow. 


In absorption, the v” =0 progression alone has been observed. Because of 
the small overlap of most of the wave functions involved only the order of these 
intensities can safely be claimed as a result of calculation. ‘The form of their 
distribution is not changed by the new numbering, and agrees qualitatively with 
such observations as are available, which are discussed in I. Relative, and very 
approximate, values for the transition probabilities in this progression are given 
in table 2. 


Table:2 
0, 0 Ort 0, 2 9,3 0, 4 
2856 2794 2737 2685 2637 
i Dearliha® tame rey <2 SMO PIS SO 
——________ Bands originally observed by Herzberg 
OMS 0,6 Om 0,8 0,9 0, 10 Omit 
2593 2554 2519 2489 2463 2443 2429 
eam ole On OL Ome sO 110 sees 2 Dl Ome Orsi Ome 1 


Thanks are due to Drs. Gaydon and Broida for access to their results in 
advance of publication. 
REFERENCES 


Brorpa, H. P., and Gaypon, A. G., 1953, private communication; also reported at Congrés 
de Spectroscopie, Paris, June 1953. 
HERzBERG, G., 1952, Canad. 7. Phys., 30, 185. 
Pittow, M. E., 1953, Proc. Phys. Soc. A, 66, 733. 


1066 Research Notes 


On the Existence of a Bound State of *H 


By P. SWAN 
Physics Department, University College, London 


Communicated by H. S. W. Massey; MS. received 17th Fuly 1953 


N view of recent experiments and calculations (Breit and MacIntosh 1951, 
| McNeill and Rall 1951) on the possible existence of 4H, it is of interest to 


examine whether a bound state can exist in which the third neutron is an | 
excited state relative to the component triton group. Denoting the neutrons by | 
1, 2 and 4, and the proton by 3, the appropriate resonating group structure wave — 


function has the anti-symmetric form for triplet and singlet spin functions: 
Y's, 7(123, 4) =o8 7(1234)4(123, 4) + og 9(2431)6(243, 1) + og, o(4132)6(413, 2). 


The resonating group spin functions are 
Op(1234) = 27(a4 By — Byto)otg%q, 7 9(1234) = 3(%1B2— By%2)(%384— Bg%) — - - - (2) 
for triplet and singlet spin states respectively. 
It is simplest to use spatial wave functions of gaussian type: 
$(123, 4) =exp[ — «(742 + 793” +131”) — B(r14? + Poa” + 734°) 
=exp[—($a+4f)R?—(2a+ 28)u?—3Bx?], ...... (3) 
where R, u and x are the natural coordinates: 
R=rz—r,, u=r,—F(rotrs), X="y—4F("y+etls). ..s-- (4) 


Here « is found by applying the variational principle to the ground state of the 
triton. We take the nuclear potential of the form 


(M/h2)U(r)=—(mM+hH+bB+w)U(r), ss. aes (5) 


where m, h, b, w are the coefficients of Majorana, Heisenberg, Bartlett and Wigner 
force respectively; M, H, B, 1 are the corresponding exchange operators, and 
U(r) = U,exp(—Ar*). Taking U,=45mev, X=0-267 x 1026, then «=0-0718 
corresponds to a variational energy for the triton of 5-49 Mev. 
Four alternative types of nuclear force were considered: 
I Ordinary force: m=h=0, w=3(1+2), b=4(1—x), 

II Majorana—Heisenberg force: w=b=0, m=4(1+x), h=4(1—x), 
III Symmetric force: m=b=0, w=4(1+x), h=}(1—x), 

IV Serber force: m=w=}(1+«), h=b=}(1—2), 


... (6) 


where x=0-6 is the ratio of the singlet to the triplet neutron—proton interaction. 


After elementary but tedious calculation, one obtains for the binding energy 
EF oi4H: 


(M/h?)E = 128 + 72B2N[ fx2h(123, 4)(243, 1dr — [x262(123, 4)d7] 
+ N[A J $°(243, 1)U(12)dr + Bf $(123, 4)4(234, 1)dr 
+ C J (123, 4)4(234, 1)U(12)dr], 
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where 1/N=f ‘¥2(123, 4)dv 


A=(—3m—6h+ 6b + 9w), A=(—3m—6h+9w), 
‘Triplet + B=(9m+ 6h—6b—3w), Singlet « B=(9m—6b—3w), 
| C=(—6m— 6w), C=(—6m-+ 6h + 6b— 6w). 


One finds that not only does no bound state of 4H exist for any of the force types 
I, U1, II and IV, but that the expectation energy is positive for all positive values 
of 8 in(3). Now ‘4H is composed essentially of the 3H group plus a spare neutron, 
all other groupings being of negligible importance, so that if we put the 7H group 
into the 1s level and the neutron into the lowest state compatible with the Pauli 
principle, then the neutron is actually repelled by the triton group. This negative 
conclusion is in agreement with the experiments of McNeill and Rall (1951), in 
which a tritium target was bombarded with deuterons. 

The fact that wave functions antisymmetric in identical particles, (1) being an 
example, describe excited states may be seen by considering the simpler case of 
excited atoms. ‘The binding energies of 1s2s states of two electron systems may 
be found using only wave functions of 1s type, provided that the total wave function 
is antisymmetric. ‘The same method could be applied to 2p3p or 3d4d states by 
using only wave functions of 2p or 3d type respectively. If the total wave function 
is formulated according to resonating group theory or the usual Slater deter- 
minant, and ‘" turns out to be antisymmetric, then if the 1s state is already occupied 
by one or more electrons, the next electron must be in an excited state (as they have 
parallel spins). If both electrons are placed in the Is state, ‘Y is zero, although 
by normalizing and going to the limit a function may be found which has the wrong 
form for a bound §S state. ‘The method has two features: 

(a) The 2s state is described by a simple function of Is type, and yet the Pauli 
principle ensures that the 1s2s state and not the (1s)? state is described. 

(b) The usual Feenberg orthogonality terms cancel out identically in the total 
wave function, thus greatly simplifying the calculation of energy levels. 

The 1s2s °S state of helium provides a suitable test of the method. Denoting 
the electrons by 1 and 2 respectively and using atomic units, the simplest wave 
function is 


Y =exp(—2r,) (exp (—br,)— 2 exp (—2r.) | exp[ —(2+5)ry] dn) 


~ exp (—2r,) (exp (—6r,)— exp (—2r,) | exp[—(2+ byraldn) 


=lexp(—27,—bra)—exp(—27r.—07,)). its ng es (8) 

This yields a 1s2s 3S energy for He of —58-47 ev for b=0-32, compared with 
the experimental value of —58-82ev. ‘The agreement to within 0-6% is achieved 
with a 2s function having the incorrect form exp(—br), thus illustrating the 
effectiveness of the approximation. 

Unfortunately the method cannot be used to investigate possible excited states 
of the alpha particle, as the appropriate wave function is symmetric, thus describing 
the ground state. 
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investigated by several authors (Massey and Burhop 1952, Hasted 1951, 
1952). In such experiments it has been difficult to determine the collision 
process exactly as, usually, the reaction products have not been analysed. 

In the present work atomic ions have been sent into H,5 gas and the collision 
products have been analysed in a mass spectrometer, according to a method used 
by Keene (1949) for hydrogen and helium. The reasons for using H,S in these 
preliminary experiments are: the ionized fragments from this molecule when 
subjected to electron bombardment are of approximately equal intensity 
(H,S+: 100, HS+: 42-7, S+: 45-6), and the mass numbers of these fragments are 
almost equal (34, 33, 32). It is therefore possible to analyse them with electro- 
static scanning in a permanent magnet without any appreciable discrimination due 
to the voltage effect. The appearance potentials are known (Neuert and Clasen’ 
1952). As they lie relatively far apart from each other (H,S*: 10-5 +0-2ev; 
HS+t: 15-2+0-5ev; S+: 14-:0+0-7ev and 18-5 +1-Oev), the process during the 
collision may be determined. 

All the parts of the apparatus are placed inside a large vacuum container. The 
atomic ions (marked A) are produced in an ion source of Nier type with an electron 
accelerating voltage of 80 v, are analysed in a semicircular inhomogeneous perman- 
ent magnet A with a radius of 75 mm (Snyder, Rubin, Fowler and Lauritsen 1950), 
enter the collision chamber that is filled with H,S gas at a pressure of 
2x 10°-?mm Hg, and after leaving the collision chamber they are collected and 
measured. In the collision chamber ionized fragments (marked B) are obtained 
from H,S. ‘The ions B are drawn out through one side of the collision chamber, 
are accelerated and analysed in a permanent magnet B similar to magnet A, and are 
finally collected and measured. 

During the measurements the potentials of the ion source and the collision 
chamber were usually +2000v and +1500v, which meant that the energy of the 
ions A during the collision was 500ev. For the analysis of the ions A and B the 
potentials of the magnets were varied. As the collector A must have earth potential 
and the collision chamber has a high positive potential, secondary electrons that 
are ejected from collector A when hit by the ions A might enter the collision chamber 
and might ionize the gas there. 'T’o prevent this a negative plate with a rather wide 
slit is placed between the collector A and the collision chamber. Between magnet 
A and the collision chamber there is a similar slit. These slits act as strong 
electrostatic lenses and cause defocusing of the ion beam. As this defocusing 
increases rapidly for decreasing energy of the ions A, it has been impossible to 
determine the dependence of the cross section on the collision energy in the 


ae HE exchange of charge in the collisions between ions and molecules has been 
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present apparatus. During the measurements a constant collision energy of 
500 ev has therefore been used. 

‘The results of the measurements of the ionization of H,S are given in the table. 
The first column gives the incident ions, the second their ionization potential (I.P.) 
and the third the corresponding transition, where the first symbol denotes the state 
of the ion and the second symbol the state of the atom after the charge-exchange. 
In columns (4), (5) and (6) the cross sections Q for formation of fragments from 
H,S are given. ‘The unit of the cross section has been estimated roughly in the 
following manner: Argon gas was bombarded with argon ions with an energy of 
500ev. ‘The cross section for this case is given by Hasted (1951) to be 80 cm~, and 
with this value the apparatus could be calibrated. The values in the table are in 


eee 2) 3) GG) 0): (6), 7) ~~) @), > (10) (11) (12) 
Kr++ 24-45 LES ES GLO) UP Kr 

Ne+ 21-56 ik Oe Se TE ik ie) Ne 

F+ = 17-43 ioe e eo, 0% 0°7 61 KHF, 

Sbt+ 17? a ee) SbF; 

Bee 1927622054519 70:5)16 5°25 0) 3 0-3. doublet) 15-94 7A 

Me 14-55 *P-S. 75 ‘PP, 10-97) | Ns.N;0, NH 
20 eae So Pig etl>-03 


25 PAS 14.55 
Beenie ers) So 112401 0417) doubler 147 © ke 
O+ 13-62 ‘SP 41 0-7 ? SU COMCORN.O 
18 0-2 
2DD 14-98 
= OF ste 14-45 


Sete 2-90) PPP) 22)  10= 10 1 
Be 11-76 °P"P 3 ae lee OY 
Oe 272 P= PASO el 8 3) 


0-3 CCl, 
2 SP, 14:88? CuBr, 
On UPD 510-00 aCO,.CO.CCl 
0 %D2D 1066 P,S, 
0 
0 


[ees 10:99 3P-4S 260 1 

hay 10:36 4S-8P 140 _ ES) DP) 2p15 10-65 ESS 
Set 9:73 4S-*P 70 Wo OX HL AD= "DY 1@sA ° SEO) 
int 9:39 25-15 0 0) 0 Zn 

Be 8:28 1S-P 8 0 Aol AE Obese eRe IPE BID, 
Cut T72 0 0 0 CuF 
ao 10:5 150 0) 0 H,S 
Electrons 100 44 46 


(1) Ion; (2) LP.; (3) transition; (4) Ou,s; (5) Qus; (6) Os; (7) On,s/(Qus+Qs); 
(8) QOuns/(Ou,s+Qs); (9) QOs/(Qu,3+Qus); (10) probable transition; (11) £; 
(12) material. 


the same units(cm +), but it is evident that there is a high degree of uncertainty, and 
the error may be different for different atomicions. In columns (7), (8) and (9) the 
ratios between the cross sections are given. For these the degree of accuracy is 
probably high. Column (10) gives the transition of the atomic ion that probably 
is responsible for the charge exchange, and column (11) the corresponding recom- 
bination energy &. Column (12) gives the materials from which the ions are 
obtained. The bottom row gives the mass spectrum of H,5 that was obtained by 
electron bombardment. 

It is evident from the table that the mass spectrum of H,S is sometimes simpler 
when the molecule is hit by ions than when an ordinary ion source with electrons is 
used. ‘The reason for this is that ionization and fragmentation take place in the 
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main only when there is resonance between the energies of the ion and of the 
fragments of the molecule. Consequently we obtain large H,S* peaks only when 
the recombination energy of the ion approximately coincides with the appearance 
potential 10-5ev for this fragment. Using ions with higher recombination — 
energies, we obtain in the main HS*+ and S*+ fragments. For the formation of HSt 
fragments the cross section has a maximum at about 15-2ev (A*) and for the 
formation of S+ fragments there are two weak maxima at about 14-0 ev (Kr*) and 
18-5ev (Ne*+). These maxima are more evident in columns (7), (8) and (9), 
where the ratios between the cross sections are given. From these ratios the 
collision process may reliably be judged even though the cross sections are un- 
certain owing to the defocusing mentioned above. 

For some ions we must take into consideration that the transition of the ion may 
end in an excited atomic state. With N+ we obtain large cross sections for the 
formation of H,S+. The reason for this is, probably, that N*+(?P) goes over to 
N(?P), and in this transition the recombination energy is 10-97 ev. 

The large cross section for the formation of H,S* in collisions with Se* is 
probably caused by the transition 7D —1D, for which the recombination energy 
is 10-25ev. It seems to be improbable that the ionization potential of Se (9-73 ev) 
contributes to this cross section as it is much smaller than the appearance potential” 
for H,S+ (10-5+0-2ev). Therefore we must presume that the ion is in a 
metastable state before the collision and goes over to an excited atomic state. 

For C+, P+ and S* alternative transitions and energies are given in columns 
(10) and (11) for the formation of H,S*. Both explanations seem to be possible. 
No explanation can be given of the large cross section for the formation of H,St 
with O* ions. 

The cross section for the formation of S* is large in collisions with Br*, Krt, 
O+ and Nt. According to Neuert and Clasen 14-0 + 0-7 ev is necessary. With 
Br*+ several transitions are possible with the following energies: 15-3, 14-9, 13-4 
andlower. Kr+ gives only twoenergies: 14:0 and 14-7. This shows that Neuert 
and Clasen’s value is probably too low and should be increased to about 14-7 ey. 
This value agrees approximately with the recombination energies for O+ and N* 
in column (11). 

By means of similar experiments with other molecules with known appearance 
potentials it will be possible to investigate the states of the ions that are produced in 
an ion source of this kind. After that the method may possibly be of value for the 
investigation of molecules. 
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The Surface Resistance of Normal and Superconducting Tin 
at 36000 Mc/s 


An apparatus has been constructed to investigate the surface resistance at 
36 000 Mc/s of metals at liquid helium temperatures. Previous investigations 
at 1500 Mc/s (Pippard 1947), 9400 Mc/s (Pippard 1950 a), and 25 000 Mc/s 
(Grebenkemper and Hagen 1952) have thrown some light on the frequency 
dependence of the surface resistance of tin in its normal and superconducting 
states. Pippard (1950 b) has shown that in the superconducting state the 
frequency dependence of the resistance and the form of its variation with 
temperature are inconsistent with a simple form of the two-fluid model of 
superconductivity, and has also found a non-tensorial anisotropy in both the 
normal and superconducting states. In the present work, plane single crystals 
of tin are used, with the current flow in one direction in the plane, so that the 
anisotropy can be further studied, and detailed comparison made with Pippard’s 
results at 9400 Mc/s. ‘The residual resistance at the lowest temperatures is of 
particular interest, since Ramanathan (1952) has found that at infra-red 
frequencies there is no change in the surface resistance at the transition to the 
superconducting state, while at lower microwave frequencies there is a sharp 
discontinuity of gradient at the transition temperature, and the resistance tends 
to very low values, probably zero, at the absolute zero. 

Because of the relatively low frequency stability of the VX357 klystron used, 
a calorimetric rather than a resonance technique was adopted. A rectangular 
brass cavity, operated in an H,) mode, is closed at one end by a copper plate, 
and at the other by a plane single crystal of tin, also in the form of a plate; to 
ensure thermal isolation, the plates are not in physical contact with the rest of 
the cavity, but microwave leakage is prevented by the choking action of suitable 
circular grooves. The cavity is fed through a T-junction, and the dimensions 
of the coupling hole are designed to give adequate power amplification without 
too high a selectivity. ‘The apparatus is enclosed within an evacuated chamber, 
and each of the tin and copper plates is connected to the helium bath through 
the thermal resistance of a copper—nickel rod, so that the power absorbed by 
the plate raises its temperature. ‘The rise in temperature is measured by a 
resistance thermometer, and the power absorption determined by substituting 
an equivalent d.c. joule heating in an attached heating coil. In this way, the 
ratio of the surface resistances of the two plates is found, and since, in this range, 
the surface resistance of copper is independent of temperature, the variation 
with temperature of the resistance of the tin surface may be obtained. 

Typical results are plotted in the figure, which shows the variation with 
temperature of the ratio r of the superconducting to the normal surface 
resistance of an electropolished plane single crystal of tin. 

The residual value of 7, obtained by a suitable extrapolation, is about 0:-4%, 
but this represents an upper limit, since there is a possibility of a spurious 
heat leak on to the tin specimen from the cavity, where considerable heat is 
generated by the microwaves in the low conductivity brass walls. ‘This low 
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value may be compared with that observed at infra-red frequencies, where the 
surface resistance in the superconducting state remains equal to that in the 
normal state down to 2°k (Ramanathan 1952); this suggests that a frequency 
of 36.000 Mc/s is still not high enough to produce an appreciable absorption | 
by the mechanism responsible for the absorption in the superconducting state 
at infra-red frequencies. 


100 


x 
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Temperature (°k) 


Temperature variation of superconducting resistance of a plane single crystal of tin (dyad 
axis in the plane, tetrad axis inclined at about 60° to the normal, current flow 
perpendicular to the dyad axis). 


The curves may be described by the same functions as used by Pippard 
(1950 a) to reduce his results at 9400 Mc/s. A more detailed comparison, to 
deduce the frequency dependence in the normal and superconducting states, 
must be postponed until the anisotropy has been thoroughly investigated, since 
Pippard’s results represent the mean resistance of a cylindrical single crystal 
with current flow parallel to the axis, and other work has been on polycrystalline 
specimens. ‘The non-tensorial form of the anisotropy has, however, already 
been confirmed by measurements on single crystals of tin of several orientations. 
A more complete picture of the anisotropy in the normal state may give some 
insight into the form of the Fermi surface. 

The author’s thanks are due to Dr. A. B. Pippard for suggesting the problem 
and his continued advice and encouragement, and to the Chief Superintendent, 
Telecommunications Research Establishment, Malvern, for the loan of 
microwave equipment. 
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Cambridge. 
29th July 1953. 
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A Scintillation Detector for Neutrons of Intermediate Energy 


Following up the work of Duckworth, Merrison and Whittaker (1950), a 

detector has been built in which the y-rays from the reaction 

1°B(n, x)’ Li* > 7Li+ (480 kev) 
are detected in a sodium iodide scintillation spectrometer. ‘This device has 
now been in use for some time with the time-of-flight equipment of the Harwell 
linear accelerator. 

One of the difficulties with this type of neutron detector is that it depends 
on counting the relatively soft y-rays from 7Li*, and hence tends to have a large 
background of accidental counts due to the presence of radioactive sources, 
cosmic rays and soon. In our case this background has been minimized by very 
thorough lead screening and by the use of sodium iodide scintillators of high 
resolution in conjunction with a single-channel kicksorter set to count the total- 
energy peak of the 7Li* radiation. 

The arrangement of the apparatus is shown schematically in the diagram. 
The collimated neutron beam from the accelerator strikes a thin-walled aluminium 
cylinder 3in. in diameter and 1t+in. deep, filled with amorphous boron-10. 
Two large sodium iodide crystals (1?in. diam. x 2in. deep) which are attached to 
photomultipliers (E.M.I. Type 6260), are placed one on each side of the boron-10 


Pulse Height 
Analyser 
Type I168A 


Head Amp. 


FJ Boric Acid Glass 
- ee Amplifier Unit 
D<J NaI Crystal Type 201 


container, on opposite ends of a diameter. ‘I'he high tension supply for the 
multipliers is stabilized to within 0-1°% and set separately by two potentiometer 
units. The outputs are fed into a fast amplifier (upper frequency limit 5 Mc/s) 
and thence, at a level of about 20v, to a single-channel pulse height analyser. 
The boron-10 crystals and multipliers are enclosed in a lead ‘castle’ approxi- 
mately 2ft cube which is surrounded by a 4in. shield of boric acid glass for 
protection against stray slow neutrons. 

With the kicksorter set to accept those pulses which occur when the crystal 
has absorbed all the energy of the *Li* radiation and with the channel-width 
adjusted to about 25%, of the corresponding pulse height, the detector has an 
efficiency of approximately 2°6%, and this efficiency should be very nearly 
constant up to neutron energies of around 1000ev. Above this energy this 
thickness of boron-10 ceases to be ‘black’ and losses of the order of 15°% at 
Skev and 50% at 50kev are to be expected. It should also be noted that the 
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power unit and amplifier used with a detector of this type must be very stable 
since a shift of 10°% in pulse height produces a drop of 30% in counting rate. 
The units used, with selected neon tubes in the power unit, have given very stable 
results, drifting being very slow and not more than 5% in pulse height in a week. 
With daily monitoring, this drift is not serious and produces a variation in the 
efficiency of not more than a few per cent. 

This detector has been used to replace a !°BF, proportional counter of effective 
length 10 cm and filled to a pressure of 60cm Hg with BF;. This counter has 
an efficiency which varies as 1/\/E where E is the neutron energy, except at very 
low values of E. The efficiency of the 1°BF; counter is equal to that of the 
scintillation counter at a neutron energy of 10ev (£,). Above this energy the 
scintillation counter is more efficient by the factor \/(E£/E,). Hence from the 
point of view of efficiency its main usefulness is in the region 10 to 10° ey. 

When the scintillation detector is used in the time-of-flight spectrometer, the 
higher efficiency obtained makes possible the use of longer flight-paths. Now the 
resolution of such a spectrometer, other things being equal, is inversely propor- 
tional to the length of the flight-path, and so the increased efficiency makes 
possible improved resolution, especially at the higher energies. For example, 
at 10° ev the theoretical improvement in resolution which is possible without 
loss in counting rate is by a factor of 4:6. The use of solid boron-10 makes a 
further contribution to improved resolution in that the physical length of the 
new counter is only 3cm as compared with the 10cm of the BF, counter. 
Lastly, the rise-time of the scintillation pulses is much shorter than that of the 
pulses from the BF, counter (0-1ysec as against 1 or 2qsec) thus reducing 
errors in timing caused by varying levels of discrimination. ‘This makes possible 
a further improvement in the resolution of the spectrometer by the use of narrower 
timing channels. 

We must express our gratitude to the Atomic Energy Commission of the 
United States for the loan of the boron-10 used in the detector. 


Atomic Energy Research Establishment, E. R. Rag, 
Harwell, Didcot, Berks. E. M. Bowey. 
28th July 1953. 
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The Internal Conversion Electrons Emitted in the Decay of Ionium and 
Radio-Thorium 


In the course of a previous investigation (Jarvis and Ross 1951) of the «-decay 
of ionium by the nuclear emulsion technique, it was observed that in a small 
percentage of the disintegrations two electron tracks had a common origin with 
an «-track. ‘I'he number of these events examined was too small to allow the 
energies of the associated y-rays to be determined with any precision, but certain 
suggestions were put forward as to likely values. The suggestion that two 
transitions indistinguishable in energy (~70kev) are involved in the ionium 
disintegration formed part of an interpretative scheme in which the first (67 kev) 
excited state of the daughter nucleus ?**Ra was regarded as non-radiative, of 
spin 0 and even parity. Since it has been shown conclusively that this state, 
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like the first excited states of almost all even—even nuclei, is a 2+ state, and there- 
fore feebly quantum-emitting, this suggestion is now unnecessary. 

A more extensive search for these rare events is at present being made using, 
as before, Kodak N’I'4 emulsion impregnated in a neutral solution of ammonium 
ionium oxalate. Although this investigation is as yet incomplete, it is already 
evident from the results that at least one of the conversion electrons in each pair 
cannot be attributed to a nuclear transition of about 70 kev. 

A preliminary investigation has also been made by the same technique of the 
modes of disintegration of radio-thorium. In this case, 241 «-tracks out of a 
total of 569 (42°%) were associated with conversion electron tracks. These 
electrons fall roughly into three groups. The two groups of highest energy can 
be identified as the L and M conversion electrons of the 84kev y-radiation 
(Rosenblum, Valadares and Guillot 1952) and these were found to be emitted in 
27°% of the disintegrations. The difference in mean range (0-5) between the 
a-tracks associated with these conversion electrons and those not associated with 
electron tracks indicates that the difference in energy of the two «-groups is 
87 + 24 kev. 

The group of electrons of lowest energy, emitted in 15% of the disintegrations, 
is associated with «-tracks of mean range 1-2 less than normal. This indicates 
that these conversion electrons are chiefly emitted following «-disintegration to 
an excited state differing in energy from the ground state by 209+ 28kev. This 
result is consistent with the report of y-rays of energies 216+3 and 172+4kev 
(Bouissiéres et al. 1953), since the low-energy electrons can be attributed either 
to the L-conversion of a y-radiation of energy about 44kev (216-172kev), or 
to the K-conversion of the y-radiation of energy 133+2kev also reported 
(Bouissiéres et al. 1953) and assumed to arise in transition from the 216kev to 
the 84kev state. In addition to events in which a single conversion electron was 
found, a few events were observed in which two electron tracks had a common 
origin with an «-track. A further analysis of these will be given in a later 
publication when more information has been obtained. 

It is a pleasure to thank Professor N. Feather and Dr. M. A. 5. Ross for their 
continued interest in these investigations originally started in Edinburgh. 


University of London, Coy Des larvis: 
Royal Holloway College, 
Englefield Green, Surrey. 
24th August 1953. 
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Jastrow’s Nuclear Model for High Energy Electron Scattering 


In a previous note (Mathur and Gatha 1953) we have pointed out the 
inadequacy of the nuclear model with a uniform density distribution arising from 
an inconsistency in the magnitudes of nuclear radii required to account for the 
nuclear scattering of low and high energy nucleons. ‘This model has also been 
found to be unsuitable (Born and Yang 1950, Yang 1951) from the point of view 

of a reasonable correlation between the nuclear deasity distribution and shell 
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structure. On this basis, Born and Yang have proposed a semi-gaussian nuclear 
density distribution wherein one parameter remained undetermined. In our 
previous investigation we have obtained that parameter on the basis of the nuclear — 
scattering of high energy electrons. 

To account for the nuclear scattering of nucleons Jastrow has proposed another 
interesting nuclear model (Jastrow and Roberts 1952), with the density distri-_ 
bution given by 

P=Po for r< Ry | 
p=poexp{—(r—R,)/a} forr>R, } 
where a indicates the range of nuclear forces and R,«A**® approximately. 
Following the method of Born and Yang we have correlated this density distri- 
bution with the nuclear shell structure for />3 and found that the model must 
be modified so that both R, and a must be proportional to A1/*. In particular we 
obtained R, =0-7927,41*% cm and a=0-2087,A!%cm while the normalization of 
density gives py =0-87/277,3. This, however, leaves the parameter ry undeter- 
mined. 

To determine 7) we have used the same procedure as employed by us in the 
determination of a similar parameter for the Born—Yang nuclear model. We 
have used the Born approximation to compare the scattering amplitudes for the 
nuclear scattering of 15-7 mev electrons for the uniform density model and 
Jastrow’s model. ‘I'hese are given respectively by 


fu(8) = — (6mZe?/ Ah? K7*){sin (KR)—KRcos(KR)}/K?, ...... (2) 
where R=7rA"® is the nuclear radius, and 


5:22mZe2 
10) = Al? K7,3 


a” R La27K*\~. 2 2aK 
=e tak ap (= Di ae) sin. (KR,)+ (KR, ote cae) cos (KR) | 


wherein the relativistic corrections are not considered as they drop out during 
the required comparison. 

In a numerical comparison of these scattering amplitudes at various angles 
for Ag and Au with r= 1-16 x 10° cm (Lyman, Hanson and Scott 1951) a close 
agreement is obtained with 7) =0-95 x 10°-8cm. ‘Thus within the approximations 
employed one can take 791 x 10-¥cm on the basis of the above experimental 
data. One of us is now examining the utility of the Born—Yang and the Jastrow 
nuclear models for the nuclear scattering of nucleons. The results of this 
investigation will be published later. 


[ {sin(KR,)— KR, cos(KR,)}/K? 
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The Thermal Conductivity of Magnesium at Low Temperatures 


Recently Mendelssohn and Rosenberg (1952) determined the thermal 
conductivity of a number of metallic elements in the range 2°k to about 40°kK. 
With the exception of magnesium, these metals behaved as expected from earlier 
experiments (cf. Andrews, Webber and Spohr 1951, Berman and MacDonald 
1951); for temperatures below about 0/10 the conductivity K or resistance W 
could be expressed fairly well as the sum of two terms 

a a TB Pe were rice... ae eee (1) 
the terms being attributed to scattering of electrons by impurities and by lattice 
vibrations respectively. 

For magnesium they reported that the extrapolated linear portion of the 
conductivity curve did not pass through zero, and Mendelssohn (1952) suggested 
this might be related to the minimum in the electrical resistance (MacDonald and 
Mendelssohn 1950). As similar minima in the cases of gold and copper have been 
found (White 1953 a, b) to result in a barely observable change in slope, or variation 
of a few per cent in the product WT in the region where A/T >BT”(T<5°R), it 
seemed worth while making further measurements on the thermal conductivity 
of thismetal. Atthe same time opportunity was taken to extend the measurements 
to higher temperatures to permit a better determination of the values of B and n. 

Our measurements were carried out with an apparatus and method described 
previously (White 1953 a) on specimens drawn by Messrs. Johnson, Matthey from 
a sample JM1848 of purity greater than 99-98%, for which Messrs. Johnson, 
Matthey quote the following impurities : iron 0-013%, manganese 0-0023%, 
lead 0-0013 %, and faintly visible spectral lines of silicon, copper, silver, calcium and 
sodium. Mg 1 was a 3mm diameter rod, measured in the ‘as drawn’ condition, 
Mg 2 was Mg 1 after annealing im vacuo at 350°c for 3 hours, Mg 3 was similar to 
Mg 2. 


2 4 6 8 
TEMPERATURE (°K) 


(e) 


a) | 

—o— Mg 2 (annealed) 
—o— Mg 3 (annealed) 
----- Mendelssohn « Rosenberg (1952) 
—+—+— Calculated from 

YK =-78/T+8-9xlOT® 


THERMAL CONDUCTIVITY  (watts/cm deg) 


50 100 150 
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The thermal conductivity of magnesium. Inset shows variation of the product WT at 
very low temperatures. 


The figure indicates that annealing only increases the maximum conductivity 
from 10-0 watt/emdeg at 19°K to 14:3 watt/em deg at 17°K; the conductivity 
shows no sign of the theoretically predicted minimum at 76/4 (Wilson 1937, 
Makinson 1938, Sondheimer 1950) and attains a sensibly constant value of 
about 1:61 watt/cm deg at T=0/2, 
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The figure and inset show the result of fairly extensive measurements, made on 
Mg 2 and repeated on Mg 3, to reveal any anomalies in the impurity resistance. _ 
Although rather scattered, ite values of WT below 5°K suggest a slight increase 
with falling temperature rather than the marked decrease observed by Mendelssohn — 
and Rosenberg. 

Using values for A=W )T of 1:36 (Mg 1) and 0-78 (Mg 2, Mg 3), the ideal 
resistance W, has been calculated, assuming the additive resistance hypothesis 
W=W,+W, tobe valid. A logarithmic graph of W; against T gaven=2-0+0-1, 
and B=8-9 x 10-* for T<6/5, the index n tending to the higher value of about 2:1 
in the range 30° to 60°K; this latter effect is reflected in the departure of the 
experimental from the calculated curve above 30°K. 

The theoretical work of Wilson, Makinson and Sondheimer has predicted that 
eqn. (1) should be reasonably correct, although Sondheimer pointed out that small 
departures from additivity should occur in the region where the effect of the two 
resistance mechanisms are comparable. ‘They indicated that the constant B 
should be given by 


B=CW,, N?"/?* 
where C is a constant having a value 71:7 on the Sondheimer theory. For. 
magnesium 6 from specific heat data (cf. Estermann, Friedberg and Goldman 
1952) is about 330°K, W,, from the figure is 0-62 cm deg/watt and the effective 
number of free electrons per atom Nis not known. Our results therefore lead to 
a value of 15-8 for CN?*. 

We wish to thank Dr. P. G. Klemens for discussions and other members of the 
low temperature group for their assistance. One of us (A.K.S.) gratefully 
acknowledges the assistance of the Australian Government for a Colombo Plan 
Fellowship. 
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REVIEWS OF BOOKS 


Fundamentals of Engineering Electronics, by W. G. Dow. Pp. xviii+627. 2nd 


Edn. (New York: John Wiley; London: Chapman and Hall, 1952.) 
68s. 


It is becoming more and more difficult to define the scope of electronics. 
The subject today is concerned with the motions of electrons and ions under 
electric fields zm vacuo, in gases, and also in metals, as well as with the important 
surface or boundary phenomena occurring at the electrodes. ‘The fundamentals 
of electronics therefore involves a great deal of modern extra-nuclear statistical 
physics. ‘The vast borderland between physics and light electrical engineering 
is of equal interest to the physicist and electrical engineer, and some 
knowledge of the fundamental physics of the phenomena of electronics is of 
very great importance to the modern electrical engineer. The Fundamentals 
of Engineering Electronics by William G. Dow was written primarily with the 
view of providing students of electrical engineering with a reasonably complete 
and satisfactory account of the fundamental physical processes required for 
the understanding of the operation of electronic devices, and it appears to the 
reviewer that this object is achieved. This volume is a revised and modified 
edition of the author’s book published in 1937, and it certainly provides the 
electrical engineering student with an excellent introduction to basic physical 
principles and the more elementary quantum and statistical aspects of electronics. 

The first three chapters are concerned with the mathematical treatment of 
the motion of electrons im vacuo under electric and magnetic fields, with 
applications of the analysis to ultra-high frequency systems, magnetrons and 
cathode-ray tubes. ‘The next four chapters are devoted to a treatment of 
electrostatic fields and space charge currents by means of conformal trans- 
formation. Considerable use is made of potential energy diagrams throughout. 
The short seventh chapter is devoted to thermionic cathodes and thermionic 
emission; no mention is made of the decay characteristics of pulsed thermionic 
emission. 

The quantum and statistical concepts in the modern theory of metals are 
introduced in a clear and simple manner in Chapter VIII, and extended to the 
case of semiconductors. ‘This second edition contains an excellent account 
of the energy level behaviour of semiconductors. After this the author returns 
to deal with thermionic emission in the presence of high fields (Schottky effect) 
and field emission of electrons is dealt with briefly : a more systematic treatment 
of the subject would perhaps have been desirable and the account of field 
emission is not really adequate in view of its great importance in discharge 
phenomena. The influence of these effects and of contact potentials in 
electronic valves is discussed. Mention should certainly be made of the excellent 
elementary account given of the ionization and excitation of atoms, and the 
electronic structure of atoms. ‘This covers the ground necessary for introduction 
to the more specialist treatment of these subjects. Chapters IX and X deal 
with the design of amplifiers; as here a knowledge of fundamentals is not 
strictly necessary, there seems no very great justification for the inclusion of 
this matter in the book, since this aspect is adequately treated in many others 
which are devoted solely to the properties of electrical circuits. Chapters XII 
and XIII are of a more fundamental character and deal with Maxwell—Boltzmann 

statistics with applications to electron emission and noise. 


1080 Contents of Section B 


Photoelectric devices and the amplification of currents by ionizing collisions 
between electrons and gas molecules are treated in Chapter XIV. It is perhaps 
unfortunate that the definition of TTownsend’s « given on p. 439 is incomplete : 
the words “ in the direction of the applied field ” should be added. Chapter XV 
treats qualitatively the development of the Townsend type discharge, glow and 
arc discharges, and is a good introduction to the subject. 

In a volume which attempts such a comprehensive survey of the basic 
physical processes of the motions of electrons and ions in gases, it is unfortunate 
that it was not possible to bring up-to-date the comparatively short treatment 
of electrical breakdown on pages 510-513. The account given here is short and 
entirely qualitative, and, in the light of experimental work published since 
1950, completely misleading to the student. ‘The MKS system is used through- 
out. A highly pleasing feature of the book is the inclusion of a list of problems 
at the end of each chapter. A student who works through all these can certainly 
feel that he has understood the subject-matter. From the choice of question 
it would appear that the author is an accomplished teacher. 

The book of 627 pages is well presented and bound, and apart from one or two 
printing errors (e.g. “ lies’ for ‘ lines ’ on page 8) is up to the usual high standard 
of publication by Wiley. It will be found a most useful addition to the library 
of both physicists and electrical engineers as well as to production engineers, 
and it can be strongly recommended. F, LLR 
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Angular Distribution of y-Radiation Following a 
Deuteron Stripping Reaction 


BY.G. R:SATCHLER 
Clarendon Laboratory, Oxford 


MS. received 9th Fuly 1953 


Abstract. The angular distribution of y-radiation from a deuteron stripping 
reaction is given as a Legendre series W(#)=%,A,P,(cos@). The coefficients 
are given in terms of the total angular momentum (orbital plus spin) of the 
captured nucleon and fully tabulated. Analysis of observed distributions can 
then test j-j shell model assumptions. 

Cascades are discussed and a general theorem for the angular distribution 
of the mth radiation of a cascade is stated in an Appendix. 

Formulae are given relating the parameters of this paper to those used in the 
channel spin formulation. Their values when the nuclei obey L—S coupling 
rules are also given. 

Some other applications of the theory are indicated and results of interest 
to experimentalists are summarized. 


§1. INTRODUCTION 


HE angular distribution of y-radiation following a deuteron stripping 

| reaction may be expected to give additional information about the spins 

of the nuclear states involved. ‘This problem has been treated both in 

terms of the total angular momentum j (orbital plus spin) of the captured particle 

(Satchler and Spiers 1952) and in terms of the channel spin s of the capture 
process (Biedenharn et al. 1952, Gallaher and Cheston 1952). 

The purpose of the present paper is twofold: 

(i) to extend the former formulation with the aid of Racah techniques to 
include mixtures of j-values and to tabulate numerical correlation coefhicients, 

(ii) to discuss the relation between the ‘7’ formulation and that in terms of 
channel spin: in particular we have derived the form of the mixture parameters 
when the nuclear states obey L—S coupling rules. 

In stripping reactions nucleons can be captured directly into low-lying 
excited states where the Mayer jj coupling model is expected to be a good 
approximation. ‘Then the extent to which the actual angular distribution can 
be analysed in terms of one j-value tests the validity of this model. 

A similar analysis in terms of unique L and S values for the initial and excited 
nuclear states would test the validity of the L—S coupling scheme. 

These two extremes and the analysis in terms of channel spin differ only in 
the angular momenta coupling assumed. Hence they are related by the corres- 
ponding change-of-coupling transformation coefficients. ‘These are given. 


PROC. PHYS. SOC. LXVI, I2—A 72 


1082 G. R. Satchler 


The theoretical treatment of an earlier paper (Satchler and Spiers 1952) 
shows that the capture process in stripping is formally the same as that from 
a plane wave incident along the recoil axis. ‘Thus the formulae and tables 
given below apply quite generally to the formation of an excited state of sharp 
spin by the absorption or emission of a spin-} particle. ‘They can be applied 
immediately to the analysis of measurements on, for example, (p, y) reactions, 
and include the results of Christy (1953) as special cases. 

Finally, in the course of this work it was noted that there was a quite general 
expression for the angular distribution of the mth radiation of a cascade. ‘This is 
given in Appendix IV. 


§2. ANGULAR DISTRIBUTION OF GAMMA-RayYs 


The y-radiation is to be measured in coincidence with the outgoing nucleon. 
It is then azimuthally symmetrical about the recoil axis, Kj—K,, where Ky, K, 
are the linear momenta (laboratory system) of deuterons and outgoing particles 
respectively.* The angular distribution about this axis (Satchler and Spiers 
1952, eqn. (6)) may readily be extended to cover mixtures.| We sum over j 
and L with appropriate amplitudes B(j) and C(L) which are proportional to the” 
(real) reduced matrix elements for the capture and emission processes respectively, 
so that B?(7) is the fraction captured with J, etc. 

Expressed as a series of even Legendre polynomials it becomes 


W(0) =Enjy11B(j)BG CLL nl Gi'Iel A(LL'T pI .)P(COs8) se. (1) 


where J,=spin of initial nucleus, J,=spin of excited state, J;=spin of final 
state, j=total angular momentum of captured nucleon, L=multipole order of 
gamma-ray. ‘The radiation parameters are given in terms of Wigner (vector- 
addition) and Racah coefficients (Biedenharn 1952): 


WHT) =F TT) 
FT [(27, a5 1)(27 tr 1)(27’ =F 1) P( —_ yoeoate Cites WS J Shi vd) 


A(LL' J -J .) == r,(L' Ld eS.) ee eee es bie i a LS (2) 
=[(2F,41)(2L + 1)(2L’ + 1)2(—)t-Fe=1C2 2 WII LL’: vd), 


with No=9y, and Ay=s,7,. 
The A, have been tabulated by Biedenharn and Rose (1953); in their notation 
A, =F (LIS) if L'=L, or 
=[(27,4+ 1)(2L+1)(2£43)}%( —)t-"e1G (LJ.J,) if PHbsh 


Tables 4(a) and (6) contain values of y, for j=4, 3, 8; the layout of Biedenharn 
and Rose is adopted for ease of reference. The usual limitations on v apply, 
v<(jty’), (L+L’), or 2J,, and even only. 


* Any effect of interaction of the outgoing particle with the nucleus (which may lead to 
compound nucleus formation) is neglected in the present paper, as its magnitude is uncertain. 
Newns (1953) uses a semi-classical model of the stripping process to suggest upper limits 
for this effect; we feel, however, that only experiment can decide whether it is important. 

t Contrary to the letter of Gallaher and Cheston (1952), the summation over j and hence 
/ is coherent and interference terms do appear, 
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Since the Racah functions have not been tabulated with more than 3 arguments 
half-integer, a relation between 7, and the y-ray parameters A, has been found 
of value for computation. Using recurrence properties of the Wigner and 
Racah functions given in Appendix I and elsewhere we obtain 


(WIS o) =P 2+ I UP( + AG + 47" + BI + BI) 
+H(—)AG+ 3s +251 —dIo)]. ve eee. (3) 
Explicit expressions for p, and 4(+) are given in Appendix I. 
Of course, for unique angular momenta (1) reduces to 
W0)=Dyn (HIT )F(LI—T.)P,(C088). eevee (4) 
We see that the j-j model predicts isotropy for py, capture, although in general 
Pp waves would give a cos?@ term. 

If it is desired to use a polarization sensitive detector for the photons we may 
apply the formulae of Lloyd (1952), which simplify greatly in this case. Changing 
his notation a little, for a pure multipole 

W(9, 8) =2,A,[P,(cos 0) +«,(L)cos2BP,2(cos)],  ...... (5) 
where A, is the coefficient in the directional distribution. We take + or — as 
the radiation is electric or magnetic; f is the angle between the polarization 
axis of the counter and the ‘reaction plane’ (containing K,—K,, and the emission 
direction). «,(Z) is given in table 1. 


Table 1. «,(L) 


v 1G (j=) L=3 

2 —0-500 +-0-500 SURO 
4 —= —0-083 aig ORO 
6 — — — 0033 


§ 3. Gamma-Ray CASCADE 


The triple correlation of three y-rays has been treated by Biedenharn and 
Rose (1953).. The corresponding triple coincidence correlation when stripping 
leads to a cascade of two photons is obtained from their equation (138) by replacing 
F,, (LyJ oJ) for the first transition by our 4} B(j)B(j’)n,,()'J ie), (see Appendix ITT). 
If 7=4 or J,=0,4, the first excited state is formed isotropically and the triple 
correlation reduces to the ordinary y—y correlation for a J,(L,)J,/(L2)J_¢ cascade, 
and is independent of observation of the stripped nucleon. 

Since in many cases there will be no summation variable v>2 (e.g. j=3 
and two dipole photons) it was thought worth while to give explicitly the 
coefficients for v=0 and 2 (Appendix III). 

Again, by analogy with eqn. (141) of Biedenharn and Rose (1953), if the first 
photon is unobserved the coefficient of P,(cos@) in the angular distribution about 
the recoil axis of the second becomes 


YpBOU)BO ni TI oF (Lod Fl )(— ree 
x [(2F,+1)(27,. +1) PPRPW S/S JJ. vl). 
The unobserved radiation L, does not restrict v, but the conditions v <2J,, 27,’ 


remain. 
It is interesting to note that this is a special case of a general theorem, given 
in Appendix IV, for the angular distribution of the mth radiation of a cascade. 
72-2 
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§4. CHANNEL SPIN AND L-S CoupPLING 


If the channel spin s (vector sum of initial spins, s=J; +36) is used for the | 
capture process and only one orbital /is involved*, we must replace the 7, in (1) by — 
(cf. Biedenharn et al. 1952, eqn. (3)) 

Dg] ACS) POR SM (2S e+ LEAL 1)( =) (ToS ells 08) 
=[1—r(v + 1)/2U14+ 1) [x FU, +47.) + (1-2) F(lJ,— 33 .)] (6) 
where x is the proportional contribution of channel s=J;+ }, i.e. «=|A(J;+}) 
if-3.[AG)P=T1 

When a unique j-value describes the capture, comparison of (6) with (3) shows 

the corresponding channel-spin mixture for j =/—} is given by 


x=(J,4+5,+14+3)i-Jot+l4+ 4/27, 412/41). ...... (7) 
Similar analysis when j =/+ 4 shows 
x=1—-(,;4+5,4+14+ 3)0,-J.4+144)/(25,4+ 12/41). ...... (8) 


An alternative derivation could be given on noting that the two descriptions _ 
differ only in the order of coupling of the three vectors J;, 1, and $6. The basic 
states of each are then connected by the transformation coefficients for the change 
of representation from (J,M,; J,j) to (J.™M,; sl). Then for single 7 we have: 
J-j model: A(s) =[(27 + 1)(2s + 1)}1?(— J’ 9"? WLS ae (9) 
This is equivalent to (7) and (8). 

If the initial and excited nuclear states are correctly described by L—S coupling 
quantum numbers (J,L,S,) and (J,L,S,) respectively, the B(j) are the trans- 
formation coefficients for the change of representation from 

[L(L)S(S3); J.-M] to [J(L,S,)(4); J.M,]. 
For a single /-transfer, 
L-S model : BO) ~~ (Qa A XC LS: jis LS.) 9) pane (10) 
X is the recoupling symbol introduced by Fano (1951) (see Appendix II. Since 
one argument is 3, there are only two terms in this case). B(j) is no longer 
normalized to &,B?(j) =1. 

Similar analysis with the channel spin gives 


L-S model: A(s) ~(2s+1}?W(S,sLl; Ly.) W(LS;st; J,S.). 


§5. OTHER APPLICATIONS 


The y-ray may be replaced by some other radiation X (conversion electron, 
alpha- or beta-ray, etc.). We obtain the corresponding correlation in the usual 
way, multiplying cach term in (1) by the appropriate parameter b,(X,L) as given 
by Biedenharn and Rose (1953). If a nucleon is re-emitted, and the inter- 
mediate state is still characterized by a single J,, A, in (1) is replaced by the 7, | 
appropriate for the emission. ) 

As pointed out in the Introduction the results given above apply equally well 
to (n, y), (p, yy) reactions, etc. (the reference axis now being the direction of the _ 
incident beam), or the inverse processes, when proceeding through an inter- 
mediate state of sharpJ,. ‘The results of Feld (1953) for photo-meson production 


* This condition will be satisfied if measurements are made in coincidence with nucleons 
of a definite ‘/ peak’, 
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arc immediately obtained in this way. Similarly the scattering of 7 mesons by 
nucleons via an isobaric nucleonic state of spin j may be written, for example, 
7 (p,n)7°, where both J; and J; are zero. Then 


W(8) =X, 0) P,(cos 8). 
In general, the formation of a state J, by the absorption or emission (along k;) 
of spin-} radiation with total angular momentum j gives a density matrix: 


Purem, (Ki) =2ipBG)BG 0, Sv 0)Car_a’- Dar —ae,, o( i) —) (2, + 1), 


where D” is a (2v+1)-dimensional representation of the rotation group. 


$6. CONCLUSIONS 


The angular distribution of y-radiation following a stripping reaction has been 
given as a series of even Legendre polynomials in cos@, where 6 is the polar 
angle of emission with K,—K,, as axis. The coefficients factorize into quantities 
depending on the capture and emission processes separately. The formula 
intended for numerical use when there is a mixture of two total angular momenta 
j,j involved in the capture, and pure multipole emission, is 

WO) = =n (Fide) + 20n, (NTF) +O (G7 TiS IF ( LI cd.) P,(c0s 9). 
The ratio of the number captured with’ to that with 7 is 6%; v takes even values 
only, <2max, 2J,, 2L. 7, is tabulated here, and F’, by Biedenharn and Rose 
(1953). Choice of + depends on the relative phase of the matrix elements 
Bij), Bij’). ‘The value of 5=B(j’)/B(j) for L-S coupled nuclei is given by 
eqn. (10) above. ‘The j-j coupling model suggests we should find 5 zero. Some 
other tentative predictions may be made. 

(i) Initial nucleus even-even, final even-odd: J,;=0, and j,=J, uniquely. 
If the ground and excited states form a doublet we have J,=/+4, J-=/+4, and 
L=1 (or possibly an M1+ E2 mixture). 

(ii) Even—odd to even-even: j=/J; if the captured nucleon enters the same 
orbit as the original ‘odd’ one and forms an excited state by coupling with it to 
give J,=2 (or 4) and J;=0 (or 2) with L=2. 

Some explicit angular distributions relevant to these have been given in a 


letter (Satchler 1953). 
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APPENDIX I[ 


Explicitly the coefficients in (3) are: 
b(+)=o( 45 Jo 457) 
where #( +3; /)=[JU-+4it+)l +(77+ DIY .—Ji + (+1), and 
PAS) =(27 + 1)(27’ + Y(27 + 3)(27’ +3)/G + YG" + YE), 


where 
SGP Des) Hay 1) ay +3) tre DI 7-7" odd, 


or =[4g+y'tv+2gt+y—vt DP, J+J’ even. 
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Some new relations between Wigner coefficients with half-integer indices 
appeared during the derivation of (3). If v is even, 
(27-+1)C$f 2, = F [(2l4 1)(22+14 1)-vv+ 1DyPPACh 63 as lay 


bole 


and 
(2j + 3!9C3LF4E = — [fv -+ 1)(2j + 1)/(2i + 2)(2i +1) — lv + IPPCH 4 
=[(v— 1)(v +2)(2j+5)/(2) + 3)(2j +2) — ov + L)PPCo Py. 
The values of Cj{ 7, in table 2 may be required for transitions not “vee 
by our tabulation of 7,. 
Mable: 2: sChts 


@G)=G2) G3) GH GD G3 GH (2) (G2) 2%) | 
+0-707 +0:707 — +0-500 —0-:267 —0:567 — —0-436 +0169 +0-48 
_ — +0-707 — +0655 +0-423 —0-301 +0-378 —0-313 +03) 


— +0640 — 40-616 +0-32¢ 


APPENDIX II 


The recoupling symbol X of Fano (1951) used in (10) occurs in the trans- 
formation coefficient from a coupling scheme [J,(/,5,)jo(/5,); JM] to one_ 
[L(Al2)S(s152); JM] 

(hrJal LS) =[(2j1 + V)(Ao+ W(2L + U(2S + 1) POX LS 5 Jrlss1 5 Jalese); 
where 

X(abe; def; ghi)=X,(2«+ 1)W(bgcd; xa)W(ghte; «h)W(dcer; ~f). 
Values of (jj| LS) for j=3, 3, § are given by Edmonds and Flowers (1952). 


Fano’s ee aa 
a Oa C 
xX ( a> Cuesta ; 
oP ie Me 


more clearly shows its symmetries, but is less convenient typographically. 
We briefly reiterate its properties: 

(i) Interchange of any two rows or columns multiplies X by (—)**°*---- 
It is invariant under interchange of rows and columns. 

(11) The elements of each row or column must satisfy triangular inequalities. 

(111) « is limited by the triangular inequality of the triads 5 Ae (cd), (tex). 
Since in (10) f=4, the sum reduces to two terms, «=L,+4 

(iv) If any element is zero, the sum reduces to one term, e.g. 


X (abc; def; gh0)=89,5..(—)°T 4 [(2e + 1)(2g + 1)} 4? Wabde; cg). 


+4 


APPENDIX III 
Gamma-Ray Cascade 

Adaptation of eqn. (138) of Biedenharn and Rose (1953) gives the triple 
correlation formulae: 

W(9192b) = Xv rrr BOD BO (MIS )Fv (Lo FoR yvrlI LI VS r5r,7( 9192); 
where 
Rye =(— TAF + IZ! + IP R(2L, + 1057 BX SS org; LiL; Se’ v2) 
and 
Fre ni Co moe VC eee 


0m — m 
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The Y{" are Condon and Shortley spherical harmonics, 4 is the difference in 
azimuth of the two emission directions and 6,, 0, their polar angles. The following 
triads have to satisfy triangular inequalities: (vgryv2), (voij’), (Yo eo), (VrLaL1), 
(v2LyLy), (vg/,'J,'), and the v’s take even values only. 

In many cases where L,=1 the angular momenta allow no v>2. Rand S 
then assume fairly simple forms: 


RoooSooo = 1, 

Ro Sor =F (Ly J.) P, (cos y); cosy =cos 0, cos 0, + sin 0, sin 0, cos 4, 

Ry Ss =F (LyIJ,)P,(c08 64), 

RyovS or =[(2I,+ 1)(2F,' + 1) — Je te 4 WIS ST J. vLy)P,(cos 93), 

Soo. + = 0-668[3 sin? 4, sin? 6, cos 24 — 3 sin 26, sin 8, — (3 cos? 6, — 1)(3 cos? 6, — 1)] 
Ryo(J.1J,’) is given in table 3. 


Mablorism its a1) a) 


Jeome | 2 3 4 
J Cs tg, URE De 


— 
oO 
ve 
oe 
s 
tye 
peer 
Wes] 
nko 


3/2| +0-150 —0-040 — = {| --0187 0.032) === = 
/2/-—-0-040 40-125 —0-047  — 2° |= 0-032) 10-134 = =0-0340 = 
7/2| — —0-047 +0-136 —0-049 3 — 0-034 +0-117 —0-048- 
1A = — | 0-649" 40-113 4 = =) 0-048 0415 


APPENDIX IV 
A Theorem for Radiation Cascades* 


Consider a series of m transitions represented by J,(L,)J(Lo)...(L,)J na, 
where L is the total angular momentum of the radiation emitted or absorbed at 
each step and the J are nuclear spins. ‘lake the angular correlation of the first 
and nth radiations with the rest unobserved. ‘Then the only effect of each 
unobserved radiation L, is to introduce an extra (normalized) Racah function 


US wh J, 3 JJ ,) =(-)” Paras S NCSL ay (2044 a 1)] “ WS pad rid oJ 3 vL,) 
into the correlation coefficients, quite independently of the nature of the radiation. 
Thus if two photons are observed, the coefhcient of P, (cos @) is 

PL dad a) ALG gia ,) Oar lad os J 3d 9): oe OI tlie ad nid nl wa) 
if either is a nucleon we replace its parameter by 7,; if a conversion electron or 
alpha- or beta-ray, we multiply by the corresponding 6,(L) given by Biedenharn 
and Rose (1953). 

The unobserved L, do not restrict the complexity of the angular distribution, 
but the intervening nuclear spins still act as ‘gates’ for angular information and 
the conditions v<2J,,....2J,, remain. 

If any radiation is mixed we have to sum over the L with appropriate amplitudes, 
but the sum over any unobserved radiation is incoherent and interference terms 
do not appear. 


* A special case of this theorem has been given by Steenberg (1952). It follows from 
his work that in directional correlation problems a nuclear alignment axis is equivalent 
to detection of a radiation for defining a direction. Then in the correlation coefficients we 
just replace the parameter for the first radiation observed by the alignment parameter IBY ACIP). 
given by him, to give the angular distribution of the nth radiation about this axis. 
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Table 4(a). 7,(jj'JiJ.) for half-odd J, 


n(3 3d iJ 0) 
Jj 1 2 3 ae 5 
Dn 
3/2 | —0-894 +0-400 ae a are 
5/2 — —0-800 +0-478 — — 
7/2 —= — —0-756 +0:516 — 
9/2 — — —- —0-730 +0-540 
not SIS) 
ae 1 2 3 4 5 
PPR Ue a 
3/2} +0-447 +0-917 — = ae 
5/2 —— +0-600 -|-0-878 — —- 
we — a +0:-655 +0-856 — 
9/2 — —- — +0-683 +0-842 
(3 3IiJ) 
J; 0) 1 2 3 4 5 
Je 
3/2 | —1-000 —0-:2000 -+0-600 —0-200 -—— — 
Sie. — —0-748 + 0-107 +-0-588 —(0:267 — 
7/2 _ an —0-655 +0:218 --0-567 —0-306 
9/2 — — — —0-606 +-0:-275 +0-551 
n2(3 3JiJS 0) 
ak 1 2 3 4 5 
J. 
3/2} —0-400 —0'262 -|-0-280 — — 
5/2| —0-343 —0:367 —0-112 -|-0:324 -— 
7/2 — —0:374 —(0-324 —0-041 + 0-343 
9/2 — — —0-383 —0:294 — 
n2(3 3S iJ 9) 
J; 1 ?) 3 4 5 
J. 
3/2 _- +0642 -+-0:939 — — 
5/2} +0:192 -|-0°505 -++-0:798 -+0:849 — 
7/2 —- +0) :324 +0:620 -+-0-832 -|-0-798 
9/2 — — -+-0:391 +0-675 +-0:842 
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Table 4(5). »,(jj’J,J,) for integral J, 
nad adi J.) 


— 
o 
a 
bole 
neleo 
nojor 
proj 
nolo 


1 —1-000 +0-:316 — — = 

2 = —0-837 +0-447 = = 

3 — — —(0°775 --0-500 = 

4 = = a —0-742 +0:529 

5 ee = se = 0-721 
No(s SJ iJ 0) 


Pe 
= 
roles 
no 
pol 
noko 


1 +0-949 — ae, = 
Z +0548 +0-894 = = 
§) a +-0-633 -+0-816 —_ 

4 = = +0-671 +0-849 
5) _- — — +0-693 
n2(3 JSF e) 
carat 3 5 j g 

J. 

1 —0-707 +-0-566 —0-141 —— — 

2, —0-837 — +0-598 —(0-239 — 

3 —_— —0-693 -+-0-173 +0:577 —0-289 

4 — os —0-627 +0-251 -+0-:558 

5 — — — —0:589 +0:294 
72335 iJ) 


We 
SS 
bole 
tyleo 
tole 
risa 
ree 


1 — —0-424 = O27 — = 

2 0-293 joi == Oe 7 A +0-307 — 

3 = —0°364 — (343 = OO ZA = 0339) 

4 = == —0-380 —()-308 —0:018 

5 = == — 0385 —0-283 
723 SiS) 


— 
ra) 
= 
poles 
ron 
pon 
pole 


1 = + 1-014 = = 
2 +0383 10-753 0-887 = 

3 +0-271 +-0°575 +-0-821 +0:821 
4 = +0362 0-652 +-0-839 
5 =a Es +0-414 +-0-693 
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‘Table 4(a)—continued 


no S 3JiJo) 
J; 0 1 2 3 4 5 
J. 
3/2 = —0-800 +0:114 +0-629 —0-286 — 
3/2 |= 1-069 —0-703 —0-107 +0:443 +0:-535 —0-382 
UWP — —0-:935 —(0-436 -+-0-125 -+0:524 -+-0-461 
9/2 — — —0-865 —0-299 +0-236 -+-0-550 


na} 3diJ) 
sh 1 2 3 4 5 
J. 
5/2} +0-990 —0-793 +-0:324 —0-062 — 
7/2 — +0-716 —=(-827 -+0-432 —0-100 
Se ro as +.0-595 —0-822 +0-492 
na(3 Sd ide) 
J; 1 2, 3 + 5 
J. = 
dia =20e553 —0-450 +-0-484 —0:164 -— 
7/2 — —0-620 — 0-180 +-0-510 —0:232 
912 -— — —0:607 -——0:045 +0-503 


73 2S) 


M1 0 1 2 3 4 5 
ap 


5/2} +0-926 0-133 -—0-463 40-419  —0-152 +0-022 
Hd, |= 0:537!* —O-418V4,00'239 » e066) soe 
1 = +0403 —0-476 0110 +0-454 
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‘Table 4(6)—continued 


i 
Be 
role 


nal 3 bJiJe) 
Jp ed 3 8 5 9 
Te : ; i 
1 — —0-:566 -++0-646 —(0-202 — 
2 —0-956 —0°-341 +0342 -+-+0:581 —() 342 
3 —0-990 —0-544 +0-033 +0:495 +0-495 
4 — —0-895 —0-358 +0:189 +-0-541 
2 — — —0°841 —0-252 +0:272 
nals 3S iJ e) 
J. 
2 —1-000 +0-272 — —_ 
3} — —0-903 +-0-408 == 
4 = a —0-850 +0-471 
5 -— — — —0-817 
nF 3JiJe) 


na oJ ide) 
J; ; 5 Z 2 
he —0:'714 +0:416 —0-110 — 
3 —()-612 —():288 -+0-505 —0-202 
4 — —0:616 —0-103 +-0:508 
5 — — —0-598 — 
Hal ido) 
J; 1 3 5 ss £ 
IN 2 4 
2 +-0:535 —0-611 + 0-344 —():102 +-0:013 
3 -+- 0-670 —-0:335 —(0-335 +0 -447 —(0-193 
4 — +-0°-457 — (0-457 —0-166 +0-457 
5 — — 0-364 —()-486 —0:065 
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The Decay Scheme of Krypton-83 


By P. SWINBANK anp J. WALKER 


Department of Physics, University of Birmingham 


Communicated by P. B. Moon; MS. received 12th Fune 1953, and in final form 
19th August 1953 


Abstract. ‘The occurrence of a nuclear level preceding the 1-9 hour metastable 
state in “*Kr has been confirmed. ‘The associated transition has been shown to be 
of magnetic dipole type, of energy 51 kev and half-life less than 5 x 10-* second. 


§ 1. INTRODUCTION 


NFORMATION on the decay scheme of *Kr has recently been given by Barrett 
] (1952), Bergstrom (1952) and Walker (1952). It has been well established 
that ®*Br decays by a 1 Mev f-transition to a 1-9h metastable state in **Kr, and 
Walker suggested the presence of a nuclear level preceding the 1-9 h state as shown 
in fig. 1. The existence of this level has now been confirmed by coincidence — 
measurements, and data obtained from coincidence absorption and cloud chamber 
experiments suggest a magnetic dipole character for the decay transition. 


83Br 83K 


3%- <5x10-8sec 


5tkev MI 


£3 


Fig. 1. Decay scheme of **Kr, 


§ 2. SouRCE PREPARATION 


Bromine-83 was prepared by the deuteron bombardment of a thick target of 
selenium in the Birmingham 60 in. cyclotron. An incident energy of 10 Mev was 
used, and a double chemical separation gave the required isotope in extremely 
pure form. 

The bombarded selenium, together with a little potasstum bromide carrier, was 
boiled in concentrated nitric acid to expel the bromine isotopes formed directly 
by (d, n) and (d, 2n) reactions. ‘The residue was left for about 30 minutes to 
generate *8Br by the 25min decay of “Se produced originally by the (d, p) 
reaction. This bromine, again with a little carrier, was distilled into silver 
nitrate solution and the resulting bromide collected. ‘This was dissolved in 
ammonia, and a drop of the solution evaporated on a collodion foil to give a very 
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thin source of *8Br. Measurements of the half-life of the beta-activity of sources 
prepared in this way gave 2-3 + 0-05h, in agreement with the reported values of | 
2:4h (Katcoff et al. 1951) and 2:3 h (Langsdorf and Segré 1940). 


§ 3. COINCIDENCE MEASUREMENTS 


The coincidence of the f-particle and the y-ray required by the decay scheme of 
fig. 1 was investigated by means of a delayed coincidence equipment with resolving 
time 3 x 10-7 sec, using two Geiger counters (G.E.C. type GM4). It was found 
that the instantaneous coincidence rate from a **Br source was reduced from 42 
coincidences per minute to 4 coincidences per minute when a magnetic field was 
applied to deflect 1 Mev f-particles from the counters. This result, coupled with 
the knowledge that conversion electrons of the expected energy could not penetrate 
the counter windows, points conclusively to the coincidence of the £-particle with 
the y-ray. One of us (Walker 1952) has already pointed out that the f-particle 
must precede the y-ray if the established relation between energy and half-life 
is to be followed for the f-transition. 

Using the delayed coincidence system, an attempt has been made to measure 
the half-life of the krypton state by direct comparison of the curves of log (coin- 
cidence rate) plotted against delay time for a bromide source and for cobalt-60 
(half-life less than 2 x 10-°sec). No difference could be detected between these 
curves, and it is therefore concluded that the half-life of the state in krypton must 
be less than 5x10-Ssec. For an energy of about 50kev and this half-life the 
single particle theory of Weisskopf (1951) suggests a magnetic dipole transition. 
Information has been obtained on the K/L conversion ratio and the conversion 
coefficient to test this conclusion. 


§4. K/L Conversion Ratio 


The investigation of K/L ratio was made by an absorption method because of 
the lack of a suitable spectrometer. Apparatus designed and described by Fuller 
(1950) was found suitable for this work. It consists of two windowless counters in 
a glass vessel with arrangements for mounting a source and absorbing foils between 
them. 

Coincidence absorption results are shown in fig. 2. For this diagram the 
component of the coincidence rate due to B-y coincidences has been subtracted 
from the experimental results, so that only coincidences between f-particles and 
soft electrons are represented. Our interpretation of these results is that part A is 
due to conversion electrons from the upper level, and part B due to radiations 
following the 1-9h level. Part B was only obtained when the short range measure- 
ments were made after a time sufficient for the appearance of activity from the 
1-9h level, and the maximum range agrees, within the limits of error, with that 
expected for conversion electrons from the 32 kev transition. 

‘Thus, in considering the new level, part B is to be ignored, and only part A 
examined. ‘There is no evidence for conversion electrons from the L-shell, and 
the end-point of the line A may be compared with that for K-electrons of 35 kev 
from “Br (obtained in a subsidiary experiment), as shown. The results of the 
main experiment could not be confused by the presence, in the **Br source, of 
*°Br, since this isotope was completely eliminated by the double separation used. 
The energy obtained for **Kr (38 kev) corresponds to K-conversion of a 51 kev 
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y-ray. Assuming this value for the energy to be correct and that absorption of 
monoenergetic electrons in this region is linear, absorption lines corresponding 
to K/L=1 and 8 have been drawn. It can be seen that the experimental results 
favour a high value for this ratio and hence a magnetic transition. These results 
differ from those of Helmholz (1941), who found an energy of 46 kev and a K/L 
ratio of unity using a spectrometer, but these observations were made with a thick 
source. 


Coincidences per Minute 


4 
Total Absorber Al (mgcm-?) 


Fig. 2. Beta-electron coincidence absorption. 


§5. ToTaL CONVERSION COEFFICIENT 


An estimate of the total conversion coefficient has been made by comparing the 
numbers of (-particle tracks with and without conversion electrons in a Wilson 
cloud chamber with a magnetic field. **Br was injected as ethyl bromide vapour, 
and stereoscopic pairs of photographs were taken. A check on the absence of 
unwanted activities was provided by a rough f-spectrum and the absence of 
positron tracks. 

The accuracy of the cloud-chamber method for conversion coefficients is 
limited by the large correction that has to be made to allow for the presence in the 
illuminated zone of £-particles which have their origin outside this zone and which 
therefore do not show conversion electrons even if they exist. ‘This correction has 
been carefully calculated and enables the results to be compared with the theoretical 
conversion coefficients of Rose et al. (1951) extrapolated in conjunction with 
figure 8 of Segré and Helmholz (1949). 64 out of a total of 510 observed events 
were found to involve slow electron—f-particle pairs. ‘This result (12°) is to be 
compared with the theoretical values of 13° for M1 and 33% for E2 transitions if 
the probabilities of B-decay by paths 1 and 2 of fig. 1 are assumed equal (these 
B-decays differ in energy by only 5 °% and are both allowed), and 9°% (M1) and 20% 
(E2) in the case of the probability of decay by path 2 being twice that by path 1. 
It is felt that the experimental result definitely favours the magnetic transition. 


§ 6. CONCLUSION 


The existence of a level 51 kev above the 1-:9h level and decaying by an M1 
transition has thus been established, and the decay scheme of fig. 1 verified. 
Duffield and Langer (1951) found the £-decay of **Br to be simple, whereas the 
present scheme requires it to be complex. However, they were clearly not 
considering differences in decay energy as small as 50 kev, 
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The Application of Variational Methods to Scattering by Ions 


II: The Distorted Wave Approximation and the 1s—2s Excitation 
of Helium Ions by Electron Impact 


By B. H. BRANSDEN*, A. DALGARNO} ann N. M. KING* 


* Department of Physics, Queen’s University of Belfast 
t+ Department of Applied Mathematics, Queen’s University of Belfast 


Communicated by D. R. Bates; MS. received 22nd Fuly 1953 


Abstract. Wave functions determined by the variational methods of Hulthén and 
Kohn are employed in the calculation of the zero order partial cross section for the 
process He*(1s)+e—He*(2s)+e by the distorted wave, the Born and the 
Oppenheimer approximations. The inadequacy of the latter approximation 
near the threshold is disclosed. 


§1. INTRODUCTION 


HE excitation of neutral atoms by electron impact has been extensively 
| studied using either Born’s approximation, for which the wave functions of 
the initial and final states are assumed to be products of the wave functions 
of the target atom and the plane waves describing the unperturbed motion of the 
incident electron, or the Oppenheimer approximation, which differs from the 
Born approximation only in that it uses properly symmetrized wave functions 
(cf. Mott and Massey 1949), both approximations being equivalent to a first order 
perturbation theory calculation. Little attention has been directed to the excita- 
tion of ions for which in the Born and Oppenheimer approximations the plane waves 
appropriate to neutral atoms must be replaced by coulomb waves with consequent 
increase in analytical complexity. However, the recent discussion by Bates, 
Fundaminsky, Leech and Massey (1950) has emphasized that for electron energies 
near the threshold of a transition first order perturbation theory may be quite 
inadequate, often leading to partial cross sections which exceed the maximum 
allowed by the conservation theorem of Mott (1931) and of Bohr, Peierls and 
Placzek (cf. Mott and Massey 1949). ‘This is the case for the few calculations on 
excitation of ions that have been carried out (Hebb and Menzel 1940, Aller 1949, 
Aller and White 1950). 

Animprovement to the first order perturbation theory may be made by allowing 
for the distortion of the incident wave and the outgoing inelastically scattered wave 
by the interaction. In the distorted wave method (Mott and Massey 1949) this is 
achieved by replacing the unperturbed plane (or coulomb) waves by the wave 
functions appropriate to elastic scattering by the initial and final states of the target 
atom (or ion). Although this procedure may be expected to give quite accurate 
results provided the coupling between the initial and final states is weak (Massey 
and Mohr 1952), it has been followed only infrequently for neutral atoms and never 
for ions. In paper I of this series (Bransden and Dalgarno 1953) the variational 
methods developed by Hulthén (1944, 1948) and by Kohn (1948) were employed 
to obtain analytical wave functions describing the elastic scattering of electrons by 


PROG? PHYS. SOC. LXVI, I2——A af} 


1098 B. H. Bransden, A. Dalgarno and N. M. King 


helium ions in the ground (1s)? state. These methods are employed here to 
obtain wave functions describing the elastic scattering by helium ions in the 
excited (2s)?S state which together with those of paper I are substituted into the 
distorted wave approximation. A comparison is made of the partial cross section” 
for zero angular momentum derived using the Born, Oppenheimer and distorted 
wave approximations. 
§2. THEORY 

The equations of the distorted wave approximation have been presented for the 
case of neutral atoms by Mott and Massey (1949), Erskine and Massey (1952). 
Slight modifications are necessary in the case of ions. ‘The Schrodinger equation 
for the complete system may be written in Hartree units as 

cA ins 2 
(v, 24V, Fi et -=) be i (gal P8 Fe Oke = se (1) 

where rj, rg are the position vectors of electrons 1 and 2 relative to the nucleus, 
712 = |r —F| and the total energy E=k,? + «9 =k,? + &, 9 and e, being respectively 
the energies of the (1s)?S and (2s)?S states of the helium ion. The total wave 
functions ‘’ is now expanded in terms of the complete set of helium ion wave 
functions X,,(r): 


V(r, Fe) art (Xu(7a) De (a) = 2S, (F) Dae (ha) ieee (2) 


the plus sign referring to the singlet state and the minus sign to the triplet state. 
The distorted wave approximation assumes that the only significant terms in (2) 
are those involving the initial and final states of the ion. We assume further that 
for incident energies just above the threshold the scattering in states of non-zero 
angular momentum may be neglected with the consequence that ©, +~(r) =®,, + ~(r) 
The justification for this latter assumption will be examined in a later paper. 
Equation (2) then becomes 
E (ry 72) = {Xo("2) Poh (71) + Xa(72) Py (74)} 

+ {Xo(74) Bor “(72) + Xa) OP (72)} ss ee (3) 
where X,(7), X,(7) are the 1s and 2s wave functions of the helium ion and ®,, ®,, 
behave asymptotically as 

Dyb—(r) ~ exp (ipo) (Ror)-t sin (Ror + Ro tlog 2kor + pot) | 

O,+-(r) ~yt— rtexp {t(kyr + ky log 2 kyr)}. | Cae ds be (4) 
The partial cross sections Q*~ corresponding to the singlet and triplet states of the 
whole system are 


k 
OO eS Bea Prscsri (5) 
and the mean partial cross section for an unpolarized beam of electrons is 
tk, 
ar al a (6) 


yt and y” are determined from (3) and (1) (cf. Mott and Massey 1949) which, 
when combined, yield the coupled integro-differential equations 


a 2 
| gat Volt) + 5 +h] OO) |” Ky, )but- O°) dr 
= —Vo(r)b,t-() F 7 Ral, a \ dr, | CAR (7a) 
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E +Vy,(r)+ : 3 ae | git (r) + ‘pn Kuso? (1) dr 


=—Valrybo (0 | Kilt bot) dh nae (75) 
where é | 
bot W=rO—(, br“) =14-(0), 
Vault) =Vin(?) =82 | Xy"(") (5 =ralrsr')) Kalo" 2a, 
and 
Kam (1s1') =Kinn(t,1') = 4a — 2yo(r, 1’) + Rn? — En lXn (7) Xn (1) 
with Vor F \=7 = efor Sr 


=fe  lorsr=r': 
In the distorted wave approximation, the terms involving ¢,+’~ on the rigit- 
hand side of (7a) are i gee and the solution of the resulting equation 


os = fy {7 / 
(j + V(r) te ang °) Por (1) + (| Won? Po ee te) aro Oe eee (8) 
which satisfies the idea conditions 
$9" (0) =0, 


go? (7) ~Ro *exp (tPo*) sin (Ror + Ry * log 2kor + po*), 
is substituted into the right-hand side of (76). ‘The solution of the consequent 
inhomogeneous integro-differential equation which satisfies the boundary 


condition 1 (r) ~yt~ exp {i(ki 7+ ky 1 log 2k,r)} 
is easily shown (cf. Mott and Massey 1949) to be 
by()=— [Geer Vole bo) + | Kol" 1 bv") ar] ar 


where (Pert) ao ah eT) ae (Fue eLOrg i Ser 
= —ky1L-(r"\M-(r) forse 7 
and Yt -(r), M+ a satisfy the equation 
E + Valr)+ +h, ae fe: (Ee Kyl). zis a eee (10) 
with £+-(0)= i? L+-(r) ~exp (ip, +) sin (kyr + ky log 2kyr + py), 
and Mt -(r) ~exp {i(kyr +R, 1 log 2kyr+p,*-)}. 
From egns. (9) and (10) it follows that 


i ; fi 
oy (n)~ [ij Sloman {ipo + pr? -)} exp {i(kyr + Ry tog 2kyr)}Jygh— +. (11) 
oy 


where Ce ye = | Baa) La) pear) a | IASC Ngee Ae) dr’| dr 
0 0 
with 


git (r)=exp(—ipyh )LP(r), Boh (7) =exp(—tpol) Rofo. +++. (12) 
Comparing eqn. (11) with (4), we deduce 
1 
Spies ert Pome PL a yxpe eee (13) 


1100 B. H. Bransden, A. Dalgarno and N. M. King 


Using (10) and (12), we have that gy*~ and g,*~ are the solutions of (8) and : 
(10) respectively satisfying the conditions 


1 
Sonne {1+ (ate {Fo(Ro, 7) tat Go(Ro,7)} 


a Sr (14) 
Cie ~ {1+ (dt-p ye (Fo(ky 1) + 4% Go(Ry, r)}, | 

where Fy, Gy are the regular and irregular coulomb functions appropriate to an 
attractive potential 2/r and zero angular momentum. 

Thus go*~(r) is simply the wave function describing the elastic scattering of 
electrons by Het(1s) (cf. paper I), and g,+-~(r) is the wave function describing the 
elastic scattering of electrons by Het(2s). 

The ‘ one-body’ cross sections, Q°, found by neglecting exchange effects arising 
from the identity of the two electrons, is of interest and may be calculated from 
eqns. (5) and (13) by the omission of the kernel Ky) and the replacement of 
Lo" (r), £17? (r) by the solutions go°(r), g;°(r) of eqns. (8) and (10), omitting the 
kernels Koy and Ky. 


§ 3. CALCULATION OF THE WAVE FUNCTIONS go,1°* AND £o,1° 


Solutions g)+~(r) of eqn. (8) have been calculated previously (paper I) by 
the application of the Hulthén and Kohn—Hulthén variational methods employing 
trial functions of the form 


1 
f= {1+ (at—)2 2 [Fo(Ror) + (a +b%e *)(1—e")Go(Ror)], ---- (15) 


the constant at being related to the zero order phase shift for the elastic 
scattering of electrons by the helium ion in the ground state by the equations 


Pot = ba ee eas lig Stan hae * esis) ate (16) 


+e J dl 

Ro 
in the Hulthén and Kohn—Hulthén methods respectively, where 7) = arg I’ (1 +7k)~4) 
is the zero order phase shift at energy ky)” due to an attractive coulomb potential 
2/r. The ‘one-body’ wave function g,°(r), which is the solution of eqn. (8) 
with Ko and K,, set equal to zero, was determined by the same methods with 
a®, b® replacing at>~, b+-— in (15) and 29°, po? replacing pgt, ppt in (16). 

The wave functions g,*~(r), g,°(7) may be obtained by these variational 
methods, if suitable trial functions are inserted in the integral J,,.._ Trial functions 
of the form (15) were found to be unsatisfactory and were replaced by a form 
indicated by the work of Erskine and Massey (1952): 


jee) Kae ea ee ee 
or Po” =o +79; Ko =tan fat 


Here the parameter d*-~>° is related to the zero order phase shift p,+~>° for elastic 
scattering of electrons by the helium ion in the (2s) state, by the equations 


fy POs fy Oa tages Catan eee 
sy UE 


: OP Ce 
OF (py) = ay a iy ee {a9 ie) ‘| 
1 


J 
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in the Hulthén and Kohn—Hulthén methods respectively and where 
q, =arg l'(1+7k,) is the zero order phase shift due to an attractive coulomb 
potential 2/r and energy k,?. 

An indication of the accuracy of the Hulthén wave functions is given by 
observing how closely these functions satisfy the integral equation 


x | at dt-—)2 1/2 po 
tan pats ade = EEE rttyr)[ Vater 


- | Kylr,7)g- (r) ar | Pe ee (19) 
0 


(The ‘ one-body’ wave functions g,°(r) should satisfy eqn. (19) with K,, omitted.) 
The Kohn—Hulthén wave functions are constructed so as to satisfy automatically 
the integral equation, but their accuracy may be tested by noting that the relation 
J4,/k,<d should be satisfied. (The Hulthén wave functions automatically satisfy 
J,,=0.) A comparison of the phases calculated in the Hulthén and Kohn— 
Hulthén methods together with those found from the integral equation (19) is. 
made in table 1, where the quantities J,,/k, and d for the Kohn—Hulthén method 
are also given.* 


§ 4. THE OPPENHEIMER AND BORN APPROXIMATIONS 
If the kernels Vo9, Koy and V,,, Ky, are set equal to zero in eqns. (8) and (10) 
respectively, the Oppenheimer approximation is obtained for which the wave 


functions g)**- and g,*>~ reduce to regular coulomb functions appropriate to an 
attractive potential 2/r and zero angular momentum 


Loe) adhe); ee (1) =P Ryn) oe ee (20) 
and eqn. (13) for the scattering amplitude y+~ becomes 


ex fj a= \ is t / , 
yyy = SPAY | (har) | Vag Falter) # | Kuo(r') Fal’) dr" | dr 


he (21) 
The corresponding ‘ one-body’ scattering amplitude yz is obtained in Born’s 
approximation by putting Ky, equal to zero in (21), 
ESP. {eo +71) } 
a kok 
Although the Born approximation is not expected to be qualitatively accurate at 
low energies, it gives the correct variation of cross section with energy at the 
threshold of the transition (cf. Wigner 1948). It can be shown directly from 
eqns. (21) and (22) that as k,?-0, Ot, QO and Q° all tend to constant values, so that 
there is a finite transition probability even at the threshold. 


|  Folkir) Van F (Rar) dr. oo (22) 


§5. RESULTS AND DISCUSSION 


The partial cross sections 0°, O*, QO- and Q determined by the distorted wave 
approximation, using wave functions derived by the Hulthén and Kohn—Hulthén 
variational methods, are compared in table 2 with those resulting from the Born 
and Oppenheimer approximations. ‘lhe excellent agreement between the values 


* Only slightly better results were obtained using more complicated functions of the 
form g,(7) =F o(kyr)(1 +ce~”) + (d+fe")(1 —e ”) G(k,r), so that it was considered unnecessary 
to retain the additional parameter f. 


ing 


Ki 
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derived using the Hulthén and Kohn—Hulthén wave functions shows that the use of 
variationally determined wave functions in the distorted wave approximation is 
satisfactory although, of course, it does not mean that the distorted wave approxi- 
mation as such is satisfactory. However, at no energy is the theoretical maximum 
7/Rq” exceeded, and in fact Q is always much less then 7/k,2._ In these circumstances 
the coupling between the initial and final states is probably small, and it appears 
likely that the distorted wave method is accurate (Massey and Mohr 1952). The 
failure of the Oppenheimer approximation is striking. It overestimates by large 
factors the triplet and mean partial cross sections and underestimates by a large 
factor the singlet cross section. Distortion of the waves is thus of great importance 
even when, as in the case here, the coupling may be regarded as small. (Similar 
behaviour was found by Erskine and Massey (1952) in the case of excitation of the 
2S (2s) level of hydrogen, although there the coupling is strong.) As is frequently 
the case (cf. Bates, Fundaminsky, Leech and Massey 1950), the less refined 
Born approximation is, when applicable, much superior to the Oppenheimer 
approximation. 

Attention may be drawn to the fact that there is some cancellation within the 
transition integrals, it being especially severe in the triplet case. Because of this 
the cross sections are small and, in addition, may be rather sensitive to the details 
of the wave functions. 

For the triplet the cancellation is actually complete when the incident energy is 
slightly less than 43-7 ev, so that the associated partial cross section towards an 
appropriately polarized electron beam is zero. ‘The effect on the form of the total 
cross-section—energy curve will of course be masked to at least some extent by the 
contributions from the higher order partial cross sections. Nevertheless it is 
apparent that there may be exceptions to the general rule that the cross section 
for the excitation of an ionic system is a monotonically decreasing function of the 
energy of the colliding electrons. The position is closely analogous to that arising 
in the case of photoionization. 
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Abstract. The effect of exchange on the spin paramagnetism of a free electron 
gas is discussed. It is shown that in general the exchange terms have a marked 
effect on the susceptibility and can be legitimately neglected only at extremely 
high temperatures. A comparison is made with the results of a simple treatment 
due to Stoner, and qualitative similarities are apparent. 


§ 1. INTRODUCTION 


electrons in metals was made by Pauli (1927) when he calculated the 

spin paramagnetism due to a system of free electrons. Pauli’s result 
applied to absolute zero and was subsequently extended to all temperatures by 
Bloch (1929), Stoner (1935) and Mott (1936). 

However, in these treatments exchange effects were neglected, and the 
purpose of this work is to show how the results are modified when exchange is 
introduced and the simple Fermi—Dirac statistics therefore no longer applicable. 
The first discussion of the modifications introduced by exchange was given by 
Wilson (1936), whose considerations were, however, confined to absolute zero. 
Recent work by Koppe (1947), Wohlfarth (1950) and Lidiard (1951) now enables 
the dependence of susceptibility on temperature to be found for all temperatures. 


AN is well known, the first application of Fermi—Dirac statistics to the — 


§ 2. METHOD OF CALCULATION OF SUSCEPTIBILITY 
Using Lidiard’s notation, the free energy of a system of n, electrons with 
spin parallel to the field H, and n, with antiparallel spin, can be written 
B= 5my"€yA (x1) + 3g "€g A(x) — fm, te;B(x) — fg" ;B(xg) 
— 8n,RTC(x,)—3ngRTC(x.)—(n,—n.uH, —. ss (1) 
where yz is the Bohr magneton and A, B and C are complicated functions of «, 


with simple forms only at very small and very large values of x. Minimizing the 
free energy with respect to m,, subject to the condition that 

ny ar No a N, eee eee (2) 
where N is the total number of electrons, we obtain the basic equation of our 
treatment: 


3RT 
2pH = [eg A(x) — *eoA(%2)] — [ej B(x) —7¢;B(xg)] — -[C(a)— C(xg)]-.--(3) 
Putting n,=3(N +5), Ngee hom O) ca op tepals Ge (4) 
it is easily shown that 
xy=x+ad + O(6?), q 5 
X,=x—a8 + O(8%), | «eee (9) 
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: 5(€,/9)B’(x) — 84'(x) , 
TA) B = RTO ~ 
Developing eqn. (3), neglecting terms of order 6? and introducing the 

susceptibility y defined by 


where 3Na 


OE ET id OE Sea ie eee (7) 


we obtain the relation 


p2N 1s 1 , 4 €j , 2 RT , 
are | {zen (x) + Fi A(x) -}s {2aNB (x) + 3 B(x) baNiers Cc | ; 
eee aoe te Vi aa ares (8) 
The equations (6) and (8), together with the equation 
Des Sores 3 Lae 
EF Cae Seo Ca Ne pe GA all siisteneliel's (9) 


connecting x and 7’, completely define the susceptibility as a function of 
temperature when e,/e, is given. 


§ 3. RESULTS 


In the figure we have plotted the results obtained from eqns. (6), (8) and (9) 
for ¢,;/e9=1-32 (the value for sodium) together with the well-known results for 


: VE 
ty) 05 1-0 1-5 
kT/Eo 

Variation of susceptibility with temperature. 
Curve I: Without exchange (<;=0). 
Curve II: With exchange (¢;/ey)=1-32). 
Curve III: Classical. 
Curve IV: Stoner treatment (k6’/e)=0°44). 


e,;=0 (Mott 1936), in order to illustrate the general effect of exchange on the 
paramagnetic susceptibility. To facilitate calculations for other values of «;/€9 
we have recorded in the table the values of the functions used in the calculations 
for <,/é) = 1-32. 

Strictly it is not permissible to expand B(x) in a Taylor series about the 
origin since B” becomes negatively infinite there. ‘To obtain the susceptibility 
at T'=O it is therefore best to go back to eqn. (3) and to use the fact that 
% =X ,=0 when T=0. From the table, A(0) = B(0)=1, and retaining only terms 

2N7 
of order 5, we have ye és Deni le (10) 
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in agreement with Wilson’s result. No difficulties arise in applying eqns. (6), 
(8) and (9) as the origin is approached. It follows from eqn. (10) that the spin 
paramagnetic susceptibility at 7=0 is always increased by exchange. For 
example, it can be seen from the figure that the susceptibility for sodium is 
increased by a factor of about 3. Sampson and Seitz (1940) have shown, however, 
that at 7’ =0 correlation effects will oppose the exchange terms and tend to bring 
the value back towards the Pauli result. Unfortunately it is not possible at the 
moment to take account of correlation at all satisfactorily except at T=0. 


JANG) ZAK D) A’ (x) B(x) B’(x) B’(x) Cie) ~ C(x) 
1 0 0:8333enaul 0 —c 1 1 
‘5 1:160 0-7365 1-859 0-8555 —0:5160  —0-5985 1:391 0-1285 


1-680 1-120 —(*3733 ~ 0:5965 = 0:3977 0:6628 0:8889 —1-333 
2:667 0:8889 —0-1481 073755) = —0al253 0:1044 0:3738 —0-2118 
3-494 0:7765 —0:08628 0:2868 —0-06373 0:03540 0:2390 —0-08599 
452337 0°7055_ —0°05879> -0-2307" 4 —0-03945 0-:01644 0:1758 —0-04644 


BhwOWNROC ®& 


For very high temperatures it can be shown that 
Ue ements 2() 9 
Rey et TSS NRT) oo DOS ae) ec 


and we see that the exchange effects become negligible as the temperature 
becomes sufficiently high, curve II in the figure becoming asymptotic to the 
classical line from above, exactly as in the case when exchange is neglected. 
Thus for higher temperatures than those shown in the figure curve II crosses 
the classical line again. 

As an indication of the accuracy of the susceptibility calculated from the 
approximate free energy expression (1) it is of interest to consider briefly the 
results for «;=0. 

For low temperatures our equations lead to the result 


wen 2 1 /3RT\2 

—— =3[1+75 eee fame (12) 
whereas the exact result (Stoner 1935) is 

pean te 2 1 /(mkT\2 

—=3[1+n(—) reat pas (13) 


The replacement of 7 by 3 is the usual modification at low temperatures due to 
the use of the approximate free energy (see Wohlfarth 1950). 

When the temperature is very high, the result derived from the approximate 
free energy is given by putting «,;=0 in eqn. (11) whilst the exact result (Stoner 


1935) is weN RT : 2 &) \32 
sw | tt amy (eh) Seer Snelses (14) 


The coefficient of (eo/kT)! from the approximate expression (11) is 0-220, 
whilst the exact value from (14) is 0-266. 

For intermediate temperatures the susceptibility can be easily obtained 
numerically from the results given in the table, and the deviations from the exact 
results over the range of RT/e, shown in the figure are no more than a few per cent. 

It should be added that the results presented here for «40 are only valid when 
there is no ferromagnetism (see Lidiard 1951). 


Note on the Spin Paramagnetism of a Free Electron Gas 1107 


$4. COMPARISON WITH 'TREATMENT DUE TO STONER 


Stoner (1936, see also 1948) has discussed in a simple way the effect of 
exchange on the paramagnetism of metals. This treatment is quite different 
from the one given here, but it is of obvious interest to compare the results. 
Stoner assumes a particular form for the exchange interaction whichis independent 
of temperature. 

For purposes of comparison we can identify Stoner’s parameter RO’ with 
4e,, and curve IV in the figure shows the result of Stoner’s treatment, curve I 
simply being displaced parallel to itself. It can be seen that over the range 
plotted the curves are qualitatively similar though quantitative differences 
occur. 

First of all, at low temperatures, there is no simple form such as (12) for 
the susceptibility due to the presence of a term x? In x in the function B(x). 
‘This is similar to the situation found by Wohlfarth (1950) when discussing the 
specific heat of free electrons using the same basic assumptions. Also the 
temperature dependence at low temperatures is even weaker than that given 
when exchange is neglected or by Stoner’s treatment. The major differences 
between curves II and IV of the figure lie in the region where RT/ey~1, and it 
seems probable that Lidiard’s distribution function is less satisfactory in this 
region than at very high or very low temperatures. It is thus not impossible 
that in this region the true results could lie somewhat nearer to Stoner’s curve 
than is indicated by curve II. 

However, at high temperatures the results become quite different, due to 
the fact that Stoner has assumed an exchange interaction independent of 
temperature, whilst in the free electron theory there is a strong temperature 
dependence. ‘Thus, whereas in our calculations the form of the susceptibility 
is given at very high temperatures by eqn. (11), in which the coefficient of ¢;/e9 
is proportional to («)/RT)?, in Stoner’s treatment the coefficient is proportional 
to (€)/RT), and hence curve IV does not tend asymptotically to curve I. 


$5. CONCLUSIONS 


The results presented here show that exchange effects can be of decided 
importance in determining the paramagnetic susceptibility of a free electron yas 
at all temperatures except extremely high ones; the actual deviations from the 
results when exchange is ignored depending on the strength of the exchange 
interaction as measured by «,/e). Even though correlation effects will most 
probably oppose the exchange terms, it can hardly be expected that the 
cancellation will be at all complete. 

A comparison of the results with those of a simple treatment due to Stoner 
leads to qualitative agreement, except at the highest temperatures, even though 
the two approaches differ very considerably. 

It is, however, not possible to obtain from experiment reliable estimates of 
the spin paramagnetic contributions to the total susceptibilities of any metals 
to which the free electron theory is at all applicable unless the diamagnetic 
contribution from the free electrons is also known. Since very little attention 
has been paid to the influence of exchange and correlation effects on free electron 
diamagnetism we are now considering this problem before attempting any analysis 
of experimental results. 
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Note added in proof. Dr. A. B. Lidiard (private communication) has recently 
informed us that he has made similar calculations independently and that the use 
of a smaller interval than we have worked with reveals a relatively small anomaly 
in curve II of the figure around RT/e, ~0-8, which, however, increases with 
increasing €,/€). As he points out, this is almost certainly due to the approximate 
distribution function used in this work and therefore has no physical significance. 
In view of this, we are giving attention to an improved distribution function for 
calculation of the susceptibility more accurately in this region. The main con- 
clusions of our paper remzin quite unchanged. We wish to thank Dr. Lidiard for 
informing us of the results of his work. 
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Absorption Bands of SbSe and SbTe in the Quartz Ultra-Violet Region 
3650 to 2200 A 


By C. B. SHARMA* 
Department of Physics, Imperial College, London 


MS. received 16th April 1953 


Abstract. Several new band systems have been observed in the absorption 
spectra of SbSe and SbTe molecules in the vapour state at high temperatures 
(1000° to 1300°c). All the systems lie in the ultra-violet region. The systems 
have been analysed and the following constants obtained : 


Molecule ° ” “ow , PAP 

A Vo We Danks We (Oye 
system 
SbSe I 3685-3289 28965 326:1 1-04 221-8 1-00 
SbSe 2870-2620 36041 326:1 1-04 418-9 0-48 
SbSe II 2456-2360 — 326°1 1-04 — — 
SbSe Iv 2335-2222 43756 326:1 1-04 365:74 0-76 
SbTe I 2383-2260 43553 284-4 0:20 314-5 0-48 


§ 1. INTRODUCTION 
[i oxides, sulphides, selenides and tellurides of antimony and bismuth 


form a group of substances interesting for spectroscopic study. Some 

similar molecules—SnO, SnS, SnSe, SnTe, PbSe and Pb’Te—have been 
studied in detail by Mahanti (1931), Connelly (1933), Jevons (1938), Barrow and 
Vago (1943), D. Sharma(1944), and others. ‘The author has studied the absorption 
spectra of SbSe and SbTe molecules in the vapour state at high temperatures. 
No previous data are available on these molecules. Several new band systems 
have been observed and analysed. 

In some of these measurements the absorption bands of the diatomic molecule 
Sb, also appeared prominently. ‘These, however, are easily identified since they 
are well known from the detailed studies made by Nakamura and Shidei (1935), 
Almy and Sparks (1933). Fortunately they do not interfere with the present 
measurements. Se, bands were observed when selenium was in excess, but when 
equal amounts of selenium and antimony were taken selenium bands were not ~ 
observed. In the case of SbT'e banded absorption of ‘Te, was not observed. 


§ 2. EXPERIMENTAL 

The experimental arrangement was essentially the same as used by D. Sharma 
(1944) in the study of some similar diatomic molecules. 

A silica tube containing a mixture of pure antimony and selenium or tellurrum 
was placed inside the graphite tube of a vacuum furnace which could give temper- 
atures up to 2000°c. Nitrogen at a pressure of 20cm Hg was introduced inside 
the furnace to prevent rapid diffusion of the vapour from the silica tube. 


* Now at University of Lucknow, India. 


1110 C. B. Sharma 


The source of continuum was a water-cooled hydrogen discharge tube. 
Photographs were taken on a medium quartz spectrograph using copper arc for 


comparison. 
The band systems were well developed between 1000° and 1300°c. No 


rotational structure was resolved. 


§ 3. RESULTS 
SbSe Molecule 
Four new band systems have been observed and the band-heads measured. 
System I (table 1). 
The system lies between 3685 and 32894 and is degraded to the red. The 
wave numbers fit well with the formula 
v(cm-!) = 28 965 + (221-8 wu’ — 1-0?) — (326-1 u” — 1-040") 


where u=v+3. 


Table 1 

A(A) Int. v’ wv" X(A) Int. v’ vw" 
3289°8 2 10 2 3483-5 8 Dv 2 
3304-0 2 11 3 3496-7 8 0) ft 
3313-0 2 9 2 3509-3 8 1 2 
3325°6 4 10 3 3522-0 6 2 3 
3335-4 2 8 2 35372 8 0 yy 
3347°1 6 9 3 3549-3 10 1 5 
3358°3 2 7 » 3561-2 6 2 4 
3370-0 6 5 1 3577-7 6 0) g 
3382-6 2) 6 2 3588-3 10 1 ~ 
3394-2 6 4 1 3602-9 6 ” 5 
3406-3 8 @ @) 3616-6 6 0 4 
3419-1 6 3 1 3630-0 10 1 5 
3431°6 10 1 0 3644-3 10 2 6 
3444-3 4 2 1 3659-3 9 0) 5 
3457°6 10 0) 0) 3672-3 9 1 6 
3470°1 8 1 1 3685 °6 9 2 ah 


System IT (table 2). 
This system lies in the region 2827 to 2620A and is degraded to the violet. 
‘The band-heads correspond to the formula 


v(cm™t) = 36041 + (418-0 uw’ — 0-48 u’?) — (326-1 u” — 1-04.02) 


Table 2 

A(A) Int. vu v" A(A) Int. Vv’ v" 
2872°5 3 0 4+ 213220 6 2 1 
2846-1 4 0 3 2728-0 3 6 6 
28390 0 1 4 2724-5 1 3 2 
2821-0 3 0 2 2718-0 1 4 3 
25ise5 1 1 3 2712-0 3 5 4 
2795-6 5 0 1 2708-2 ) 2 0 
2788-0 2 1 2 2704-0 4 6 5: 
2780°5 0 2 3 2701-0 2 3 1 
27703 10 0 0) 2694-0 1 3 2 
2766-4 1 4 5 2687°5 1 5 3 
2763-0 4 1 1 2681°5 3 6 4 
Das yy 2 2 2678-0 it! 3 0 
2742°5 3 4 4 2648 -0 1 4 0 
LISI if 1 0 2641-0 il 5 1 
DSA) 2 5 5 2620-0 0 a) 0 
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System III (table 3). 


This system lies in the region 2450 to 23514 and is degraded to the violet. 


A(A) Int. 
2455°8 5 
2436-4 8 
2417-4 9 


System IV (table 4). 


Table 3 
A(A) Int. d(A) 
2396-0 10 2363-6 
2377°5 3 2361-3 
2374-6 4 OXY er) 


Int. 


ope 


System IV lies in the region 2335 to 2222 A and is degraded to the violet. 
band-heads correspond to the formula 


v(em™+) =43 756 + (365-74 wu’ — 0-76 u’*) — (326-1 u” — 1-:04.u"?) 


~ 


A(a) 
23304 
2333-0 
2317-9 
2315-3 
2313-0 
2300°8 
2298-5 
2296-0 
2283-7 
2281°5 
2279°-3 
IBA TEAY 
2264°8 
2262°8 


Int. 


_ 
DODNNOWANAUNUNND PL 


Ne Co NE St St SO = OS) Cc 


Table 4 
A(A) 
2261-0 
2258-9 
2256°6 
225455 
2246-4 
2244°5 
2242-6 
2240-4 
2238°5 
2228°5 
2226°5 
22S 
2222-6 


Int. 


RPOWNFOWNFAWNHAYW 
DANN WAWWORWWOA 


SbTe Molecule 


ANRWODAUBWNHAUAYW A 


~ 


S 


Ss 


WNHrFROHWNHrRPOUPWHY 


Only one band system was observed lying in the region 2384 to 22604; 


degraded to the violet (table 5). 


The band-heads correspond to the formula 


v(em-) =43 553 + (314-5 1’ — 0-481) — (284-4u" —0-201"2) 


~ 


2383-8 
2382°1 
23682 
2366-4 
2364-6 
235491 
2352-4 
2350-7 
2340:3 
2338"5 
2336-9 
233923 
2324°8 
232312 
PRVAIES, 
ISAS, 


— 
MNWWONMWWAWWNATWBPNDAD 


WNHrROWNFPOWNHRPAWNHWDHD CG 


Table 5 
if A(A) 
2318-4 5 
2309-6 
2307°9 
2306-4 
2304-7 
2294°6 
2293-0 
2291°5 
2290-0 
2278 :2 
2276:°8 
2275:2 
2273°8 
2272:°4 
2260°5 


a 


MP ON DA UN SHON D U1 O CO I © CO 
— 
NIUDADANTNWOOHOHDMDMDNDMM MO © 


WUBPWNHE WN OWNHR OSH A 


~ 


> 


a 


PRBRWNHRF OWN ODO HWNKR DD 


The 
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§ 4. DiscussIon 


The conditions of formation of these molecules appear to be very critical. 
An attempt was made to obtain the band systems of SbSe and SbS in emission by 
placing a mixture of Sb and Se or SbS inside a constricted discharge tube in 
which hydrogen or nitrogen served as the carrier of discharge. A dense vapour 
was produced, the emission spectrum of which comprised strong antimony 
lines and CS bands as impurity. It is thought that either the molecule was not 
formed at all or it readily dissociated because of the electron impact. This is 
supported by the observation that, in the case of SbS beyond a certain tempera- 
ture, bands of SO appear strongly, indicating that the molecule was dissociated. 
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Properties of the Hydrogen Molecular Ion 
Il: Photo-Ionization from the Iso,, 2so, and 3so, States* 


By D. R. BATES, U. OPIK anp G. POOTS 
Department of Applied Mathematics, Queen’s University of Belfast 


MS. received 20th Fuly 1953 


Abstract. The cross sections associated with transitions from the bound Isoq, 
2sc, and 3so, states of H,+ to the free po,, pz,, fo, and fz, states are calculated 
using exact two-centre electronic wave functions. They are tabulated for 
various values of the energy of the ejected electron and of the distance between 
the protons (which are treated as fixed in position). In the case of the 1so, state 
(which, alone of the three, is stable) the investigation is carried further: the 
vibration and rotation of the molecule are taken into account and curves showing 
true photo-ionization cross section plotted against wave number are obtained. 


§ 1. INTRODUCTION 


NFORMATION on molecular photo-ionization cross sections is required in 
many fields. The need for such information arises, for example, in investi- 
gations on the formation of the ionized layers of the Earth’s upper atmosphere 

and in theoretical studies of comets and of inter-stellar matter. Unfortunately 
it is not easy to obtain quantitative data. Direct measurements are difficult in 
that the spectral region involved is usually an awkward one; moreover, compli- 
cations may be introduced by other continua and by superimposed band systems. 
The value of quantal methods is also as yet rather limited since, though many 
calculations have been carried out on the photo-ionization of atoms, similar work 
for molecules has been prevented by the lack of satisfactory wave functions. 
For the heavier systems the problem of obtaining such wave functions is formid- 
able. However, in the case of the hydrogen molecular ion the relevant 
Schrédinger equation can be solved accurately, and the results should illustrate 
some of the general trends. ‘The present paper is devoted to the determination 
of the cross section associated with 


Hypthvs2H+4+e, iiaeee (1) 


the bound electron being in either the 1so,, 2sc, or 3sc, state.{ 


§ 2. Bastc FORMULAE 


Letting r be the position vector of the electron relative to the centre of mass, 
and R be that of one proton relative to the other, denote the normalized wave 
functions of the degenerate initial and final states of H,* by X(A|r,R) and 


* Part I of this paper, by D. R. Bates and G. Poots, was published in the Proceedings, A, 
1953, 66, 784. 

+ The separated-atoms designation for Iso, is o(1s), that for 2say is o(2s, 2pz) and that 
for 3scg is o(3s, 3p, 3d), where as usual the symbols within the brackets represent the atomic 
orbitals (all of which are associated with both nuclei), 
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X(B(e.,€,) |r, R) respectively, where A and B represent groups of quantum 
numbers, e, is the energy of the ejected electron and e, is the energy of the separated 


protons. From standard quantum theory (cf. Dirac 1947) the cross section for | 


the photo-ionization transition in which e, is definite and e, lies within an interval 
of width de, or in which e, is definite and ¢, lies within this interval, is Q.4(¢,, €)) de, 
where 


Qulée, En) 


w, being the total statistical weight of the initial states, v the frequency of the 
radiation absorbed, and e and c having their customary significance. In practice 
it is more useful to have the cross section for v definite. ‘This 1s given by 


OO= | Oesayde > Cars (3) 


the integration being carried over all combinations of positive values of «, and 
c, consistent with the conservation of energy relation. 

On writing the complete wave functions in the usual product form (cf. Herzberg 
1950) the integration over the angular coordinates of the internuclear axis, and 
the summations over the magnetic quantum numbers M, and M, associated with 
the rotational quantum numbers J, and J,, can be carried out analytically (cf. 
Kronig 1930). Formula (2) becomes 


87 e2y yy 


33cm, AGB 


[[x* In, R)rX(B(e,,€,) |r R)drdR| , ...... (2) 


87% e2y 
OAs ep) = 3cw x x {Hu | | PAG, D xc | R)#l(a, b(e.) | R) 
A ab,Jp 7 
x P(B(€yJ,)|R) aR i abt (4) 
Aa, b(c,) | R) = | Y*(a,R[r)r¥ (O(c), R|r)dr, we (5) 


where the P’s are the vibrational wave functions, v, is a vibrational quantum 
number, the ‘’’s are the electronic wave functions, a and b are groups of electronic 
quantum numbers, and c/(J,,J,) is a factor which depends only on J,,J, and 
the type of the transition. Rademacher and Reiche (1927) and others have shown 
that for o—o transitions 


A(T aF») Ole 1, pads Sat 1); 
=J,, Cher =-—1), 
=0, (J, J ,#+1); 


and that for o—7 transitions 
A(T Jo.) =I, +2), (J,-J,= +1), 
3(2J,+1), (J,-J,=0), 
1 dja al eee 
7 (J,-J,40, +1). 


A useful simplification can be effected by representing the vibrational wave 
functions of the continua by the 8-function of Winans and Stueckelberg (1928) 
which in spite of its apparent crudeness is, in fact, a remarkably successful 
approximation (cf. Coolidge, James and Present 1936). Thus if the difference 


I 
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between J, and J/, is ignored,* and the 5-function corresponding to the effective 
potential energy (including the nuclear eta eh term) is adopted, then 


- 
OF Ja (€, €>) = lo mn ow (6) 
de, 


where w, denotes os; me the electronic contribution to the statistical 
weight ; M (é R)? =ZE| Aa, b(e, VER) tries) cA ett" (7) 


ee 


P(A, VJ 4[R)| Male, RYEX 


the summations being over the degenerate electronic states; and 
ee hI (J_t+1) 
= R + Sr? MR? Ee er ts cusierat (8) 
M being the reduced mass. Substitution of (6) in (3) with change of variable 
from R to e, yields 


Oa, vq, Jgl¥) = 


with CAG ws hv + Ea, Candie, sew ud dgtie os ties (10) 


where E£,,.,, is the sum of the initial electronic, vibrational and _ rotational 
energies. 


= 2 
iad | M (Eo) Ep)” x 


P(a, Vay Ja | Ey) 


Instead of Q,,,,, 7, (€) €p) it 1s often instructive to consider 


FA(a, b(€ )IR)I , 


sa 


q(4, b(<.) | R) = 


which is the fictitious cross section EG ei to the electron being ejected 
with definite energy «,, the protons being supposed held at a fixed distance R 
apart.t We will therefore treat this cross section in some detail. 


§ 3. ELECTRONIC WAVE FUNCTIONS 


If r is expressed in terms of A and y, the standard elliptical coordinates, and ¢, 
the azimuthal angle, then (cf. Mott and Sneddon 1948) the Schrodinger equation 
governing the wave function describing the motion of the electron in the field of the 
two protons may be separated. Using Hartree units (Jy, the ionization potential 
of atomic hydrogen, for energy; ap, the radius of the Bohr orbit, for length) and 
omitting the quantum numbers (where this does not cause confusion) we have 


WRIA, 1, 6) =O) M(RI ARIA) saves (12) 
where oe ae (mp) {m=0(cstates), 1(astates), etc.  ...... (13) 
and M and A satisfy 
d dM 2 
a 4{a-1) ah si {-4-1Rey?— mr Viet) na (14) 
d d\ 2) 
soa. lea ae, 1 PR2 2 
510 at + + {AP2RAT IR MH 5 yaoi Aa estat (15) 


in which A is a separation constant and the symbol e, is now used for negative, as 
well as positive, electronic energies. 

* As can be seen from the expressions for o¥(.J,,, J;,) the best mean value to take for Jy, is 
not precisely J, but is instead rather greater. However, the effect on the final result is 
small even when J, is zero; and in view of the nature of the 6-function approximation the 
refinement does not seem to be justified. 

+ In (11) the frequency is of course such that hv is the change in the electronic energy. 
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The solutions of (14) and (15) for the lower bound states have been obtained by _ 
Bates, Ledsham and Stewart (1953) following the work of Jaffe (1934) and others. | 
In the case of the nso, states, with which we are concerned, 


M= % ayPolt) tees (16) 


the P’s being the Legendre polynomials. |The coefficients ag,, which fall off 
rapidly when s is greater than m, the principal quantum number, have been 
tabulated as functions of R for the 1so,, 2sc, and 3sc, states. An expression for A 
is also known and the parameters occurring in it have been tabulated similarly. 
As all integrations with respect to A had to be carried out by numerical methods the 
explicit form of the expression need not be displayed. 

The bound wave function ® MA was of course normalized so that 


R\3 (2 all rn 
= | | | @eMAn2 QP — 2) dAdudb=1. oe. (17) 
2 1 ¥-1/0 


This could readily be effected since the triple integral entailed reduces to 


R\3 eee ieee 
Qn (5) 2 aio} | ' Axed 


ea ur om mmc anes Vil ace Oe 
e {25 a nee TF Marsa) a A al). Rice, (18) 


The treatment of the continuum is facilitated by the comprehensive study of 
(14) which has been carried out by Stratton, Morse, Chu and Hutner (1941). 
Because of the dipole selections rules only odd o and odd = states contribute to the 
photo-ionization cross section. For the former 


i — eae st 2°11) ee ee (19) 
and for the latter ro 
M= a ie vee) (20) 


Stratton ef al. have tabulated the coefficients involved and separation constants A 
taking the independent variable as p, where 


PER es 3 ee (21) 


Their results thus give M for any chosen pair of values of R, the internuclear 
separation, and ¢,, the electronic energy. Moreover, knowing 4 it is possible to 
compute A from (15) by numerical methods. For A close to unity it is convenient 


to writ 
nae a A =(A2—1)™2 F(é) with €=A-1 
and obtain F by integrating the transformed equation 


(E+ 2) FP’ + (m+ (E+ 1) F' + (pret 2(p? + RNE+p?+2R+A+m(m+1)\F=0, 


using a power series expansion near the origin. ‘Throughout the main range of A 
itis, however, simpler to make the substitution 


Aes A)CMEGO)e 22 etal Oa ee (24) 


, [p2r2+2RA+A  1-—m? 
G+ ee! ae memes 


and solve 
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by the method recommended by Fox and Goodwin (1949), which was found to be 
extremely efficient. Such calculations were carried out, using various values of R 
and ¢,, for the free poy, p7,, fo, and f7,, states. 

‘The normalization condition for the continuum is that 


lim 

To? BD 
(Dirac 1947). Applying Green’s theorem to transform from integration over the 
volume 7, to over its bounding surface oy we obtain 


de,’ | Wet) Vel\arale | eae (26) 


~ 1 - 
J PRE DME Der = ae | ne PH DUH CN) — (eo VHM ee} da 


n being the outward drawn unit normal. If we choose ay to be given by A constant 
and equal to A, then on it 


2\ {Ae 1) uF fo 
ACN ES Oy ation. es 
Substitution of (12), (24) and (28) in 27) yields 


rE t(e, |) ‘( 6s 5 OFM |) M(e, |) 
70 2(€, ec) eel 


ue) ) Ge.) eh TORY a (29) 


« {Gre ) 


Letting A, tend to infinity and a from (25) that the asymptotic form of G is 
Csin (pA +6,,), where 6,, includes the characteristic coulomb logarithmic phase, we 
hence see that the integration over ¢,’ is essentially the same as that which arises in 
the normalization of wave functions expressed in spherical polar coordinates. 
This integration has been treated by Hargreaves (1929). From his analysis and 
(29) we find that condition (26) requires that 


C22ap RVI Ud > Te ee (30) 
Qn +4 
“where LEO) SE eb CANL CAVED Pe PE  cetiect (31) 
J0 Jai 
ieee 
; ee Gas (o,, states) 
a eee tail 
S \ 2 = 
cael Ara ite (zr, States) 


In order to apply (30) it is of course first necessary to determine D, the asymp- 
totic amplitude of the unnormalized G' functions. ‘This can readily be done by the 
well-known method of Strémgren (1941) based on the Jeffreys approximation (cf. 
Bates and Seaton 1949). We obtain 


= (1/2p"?){La(y) + a(Ag) |? sec? (Ay, Ag) + [a(Ay) — a(Ag) |? cosec® a(Ay, Ag) }2” 


where a(d) = U(A)#2. GA), aad | “U(A) aA, 
U(A)2=v(A) + w(A), 
o(A) = (p2r2 + 2RA+ A)(A2— 1-2 + (1 —m®)(A2 = 1) 


bi duy2 ao 
ON ee (5) ~ Be” 
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and A, and A, are two arbitrary values of A sufficiently large to make w small compared 
with v in the range concerned. 


aie oy = 
0 2 4 6 8 10 
(A-1) 
Fig. 1. The A parts of the free (e«,=0) and bound wave functions when the internuclear 
separation is 2a). In the free case the multiplying factor is such that the corresponding 
G functions have an asymptotic amplitude of p—"/? (cf. eqn. (32)); and in the bound case 


it is such as to make the A’s unity at the origin. 


§ 4. ‘TRANSITION Matrix ELEMENTS 


On resolving r into components along and perpendicular to the internuclear 
axis we see that for o,-oy transitions 


M(a,He)1R)= (5) ff [PAR 8) 


' x V(b(e.), RIA, w, d)Au(A? — uw?) dAdudd, ...... (33) 
and that for o,—7,, transitions 
R\4 2 e+ f2a 2 
Ma, We )IR)=2"(5) [of [FAG RH 8) POE) RD 168) 
/y J—1/0 
x (A2— 1)12(1 — 2)12(2 — 2) rs pardeap 224 (34) 


the degeneracy factor for these latter being included. After substituting from 
(12), (16), (19) and (20) we can carry out the integration over ¢ and ,« analytically to 
obtain 
R\4 = 
ee (a, b(€,)| R) =27 (3) EA A*(a, R|X) A(b(e.), R| AAS dA 
Fg — Oy) L 
1 


ee | A*(a, RJA) A(b(e,), RAYA aa | Fai siecs / (35) 


R 4 (ee) 
and M (a, b(e,) | R) = 2122 (5) Ea A*(a, RIA) A(b(e,), RB A)A%(A? — 1)? dr 
J1 


(5g — Ty) 


A, ie A¥(a, R|A) A(B(e,), RJA] 1)! ar | AL ore (36) 
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with 


bh! Se Gas 2t+1 Ze 
a2 get (eps) bast (Geez) bans] 


t=2 5 a2 ee 


eso 48+ 1 \4043)(484 5) +7) 
fa ( (2¢ + 2)? (2¢+ 1)? 4¢? 
42+3 \(4t+3)\(4t+5) * Gtr 4t+s * aaEED) Part 
if il (2i+1)e 4t? (2t—1)? 
4t—1\(4t+1)(4¢+3) ° Ae Neeey Pare err i 


(2 2)(2F— 12s) 
cs Caace 3)\(4¢— 7 bas | 


2 5 2 [(CAMA+2) , _ (2-120 
Hua S a] ( 4¢+3 Laer fe sap 
po De ee (ee aes, 

Shale TES (4t + 3)(4t +5)(4t+7) ry 


(2t + 1)(2¢+ 2) ( 2t )s (2¢ — 1)(2t) 


(4¢+3) Ape 8 ee) 2 ae 


2t+1 _ (2t~2)(22)\ , CANOE De on 
ai a  «4t—3 ) a4) (GaSe see) at 


§ 5. Cross SECTIONS FOR FIxED NUCLEI 


Having determined -“(a,b(e,)|R) from (35) and (36), the cross sections 

q(a, b(¢,.) | R) defined in (11) can be obtained at once. It is apparent that the states 
of the continua whose azimuthal quantum number is 5 or higher are utterly 
unimportant in the present connection. ‘The transitions treated were therefore 
are Iso,, 280,, 380, €,Poy, P7, fo,, fm. 
Table 1 gives the calculated cross sections for various values of e,, the energy of the 
ejected electron, when R, the internuclear separation, is 2a); and table 2 gives them 
for various values of Rwhene,is zero. ‘The electronic energies of the bound states 
are displayed in table 3. 

As will be observed, the dependence of the different qg’s on e,and on R are quite 
dissimilar. In commenting on the reasons for this we will, for the sake of definite- 
ness, confine ourselves to transitions from the Iso, state. 

(i) b=po,. There is essentially complete cancellation between the positive 
and negative portions of the integrands in the matrix element when e,=0 and 
R=2a, so that g passes through a zero minimum; thus the variations exhibited in 
tables 1 and 2, which might at first seem peculiar, are in fact simple in origin. 
The situation is closely analogous to that occurring in the photo-ionization of 
potassium (Bates 1947). 

(ii) b=p7,. When «, is small the value of A at which the A part of the free 
wave function first changes sign is well beyond the region where the corresponding 
part of the bound wave function is near its maximum (cf. fig. 1); moreover even 
when R is as great as 4a, the M parts of the free and bound wave functions retain 
much of the character of atomic p and s states respectively. Consequently 
cancellation is important in neither the radial nor the angular integrations. Since, 
in addition, the wave functions overlap to a considerable extent, the cross sections 


1120 DR: Bates; W. Opik and G. Poots 


Table 1. Cross Section g(a, b(¢,)|R) in units of 10-2° cm* for the Combinations 
a=1sc,, 2so, and 3so,; b=poy, pm, fey and fay, ¢, =0-00, 0:04, 0-16, 0-36, 
0:64 and 1:00J,,; R=2a, 


(The degeneracy factor of 2 which occurs in transitions to the 7 states is included ) 


a =|sog 
Ee b =r P7u fo, firy Total 
0-00 0-00 92 0-52 0-66 93 
0-04 0-00 86 0-56 On. 88 
0:16 0-05 Ws 0-64 0-82 74 
0:36 0-17 54 0:77 0:97 56 
0-64 0-46 37 0-87 lea 39 
1-00 0-54 25 0:94 1:19 py 

a =2sog 

Ee b =poy P7y fo, ey Total 

0-00 6:6 244 0-27 0-37 251 
0:04 BD 214 0-22 0-25 216 
0-16 0-60 141 0-10 0-14 142 
0-36 0:01 79 0-02 0-03 79 
0-64 39 39 
1-00 19 

a =380¢ 

Eo b =poy P7u fou fry Total 

0-00 9-3 439 0:14 0-19 448 
0-04 4-6 334 0-11 0-13 338 
0:16 1-0 169 0-06 0-09 170 
0:36 0:06 69 0-02 0-02 69 
0-64 29 29 
1-00 1 


Table 2. Cross Section ¢(a, d(e,)|R) in Units of 10-2° cm? for the Combinations 
. a=1so,, 2sc, and 3so,; b=poy, pry, foy and f7,; «,=0; R=0, 1, 2, 3 and 4a, 


(The degeneracy factor of 2 which occurs in transitions to the 7 states is included) 


a =\sog 
R DOr PT on f7ry Total 
0 53 105 0-000 0-000 158 
1 26 103 0-015 0-019 129 
D 0-0 92 0:52 0-66 93 
3 79 83 4-7 385 101 
4 20 75 22 23 141 

a =2s0g 
R b =poy PT fo. frry Total 
0 123 246 0-000 0-000 369 
1 82 265 0-032 0-043 347 
2 6:6 244 0:27 0:37 251 
3 6:4 218 0:36 0:59 225 
4 25 203 0-00 0-10 228 

a =380% 
R b =poy P77 fo. f7ry Total 
0 210 419 0-000 0-000 629 
1 158 469 0-008 0-010 627 
2D 9-3 439 0-14 0:19 448 
3 4-1 399 0-45 0-64 404 
4 28 578 0-38 0:84 402 
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are large. As e, increases, the vital node of the free wave function moves inwards, 
cancellation grows in importance, and q becomes smaller. ‘The decrease with R 


is associated with the decrease of the vertical ionization potential (cf. formula (11) 
and table 3). 


Table 3. Electronic Energies in units of Jy (all are of course negative) 


R Isoy 2scg 3804 

0 4-00000 1-00000 0:44444 
1 2:90356 0-84585 0:39687 
2 2-20525 0-72173 0:35536 
5 1:82178 0:63777 0:32519 
4 1:59216 0:57703 0:30198 


(111) b=fo, and fz,. ‘The A parts of the free wave functions are very diffuse 


(cf. fig. 1), and even when ¢, is unity they do not change sign in the region where the 
A part of the bound wave function is appreciable. Mainly because of this, q at 
first increases with e,, for the rise in the overlap between the wave functions is not 
compensated by any significant rise in the cancellation. It may be remarked that a 
similar effect controls the form of the photo-ionization curve of atomic oxygen 
(Bates and Seaton 1949). ‘The extremely rapid growth of qg with R is entirely 
different in origin, being due to the increase in the amount of combining Legendre 
polynomials in the M parts of the wave functions. 

The same general considerations apply to the transitions from the 2so, and » 
3so, states. Owing to the greater diffuseness of the wave functions (cf. fig. 1) 
cancellation effects are more pronounced, arising even with the fo, and fz, continua ; 
but in spite of this complication it is apparent that the changes in the q’s in going 
from one bound state to the next show a definite pattern. 

Complete cancellation along a line in (e,, R) space is clearly of common 
occurrence, and q is of course very small for some distances on either side of such a 
line. Nevertheless instances in which the total photo-ionization cross section is 
extremely low are probably quite rare, for transitions can take place into several* 
states of the continua, and all the zero lines are unlikely to lie in close proximity. 

Molecules other than H,* can only be treated by approximate methods. 
Caution must be exercised in accepting any results obtained since they are rather 
sensitive to the form of the wave functions even if the extent of the cancellation is 
not serious. It is perhaps worth recalling here that the errors in the calculated 
atomic photo-ionization cross sections were often sadly underestimated in the 
early investigations. 


§ 6. FINAL RESULTS 


As the 2sc, and 3so, states are unstable, the determination of the photo- 
ionization cross sections for v definite was confined to the case in which the system 
is initially in the so, state. 

Direct computations on /%,,, (¢,, R)? (defined in (7)) were only done for the 
lines R = 0(which is of course the Het limit), R = 2a) and «, =0; but in spite of this 


* Tt should be noted that the number of contributing transitions involving basically 
different matrix elements is greater for molecules than it is for atoms. ‘Table 2 illustrates 
the position. In the true molecular cases (R >0) there are four contributing transitions each 
having a basically different matrix element, whereas in the atomic case (R=0) there are only 
two contributing transitions, and they have what is essentially a common matrix element. 
The hydrogen molecular ion is not, of course, an ideally representative system. 
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a sufficiently accurate and extensive double-entry table of the function could 


readily be constructed. Thus the variation with frequency along the lines R=0 | 


and R=2a, is closely the same, so that the corresponding variation along any 
parallel line in the region of interest can be predicted with confidence, and the known 


value on the intersecting line «,=0 gives the absolute scale. It was found | 


convenient to replace the variable R by e, (cf. (8)) and to tabulate at the points of an 
equi-spaced (e,, ¢,) lattice. Having converted the vibrational wave functions 
P(|R) of Buckingham and Reid (1954) into the form P(|e,) it was then a simple 
matter to carry out the integrations in (9) for a selection of lines on which the sum 
of «, and «, is constant. The derived cross sections for transitions from the 
(v, J) vibrational-rotational levels (0, 0), (0, 4) and (0, 8) are shown in fig. 2, in 


which the independent variable is taken as the wave number. According to the — 


calculations of Buckingham and Reid the thresholds of these three photo-ionizations 
lie at 1-310 x 1051-305 x 10° and 1-290 x 10cm respectively. It wall be 
observed that the cross sections remain extremely small until much higher wave 


Cross Section (units of 107'cm?) 


OlLez 
2:0 25 3:0 
Wave Number (units of 105cm-') 


35 


Fig. 2. The calculated photo-ionization cross section curves of H,*(x?Xg) in the (v, J) 
vibrational—rotational levels (0, 0), (0, 4) and (0, 8). 


numbers are reached. ‘This is of course an immediate consequence of the 
Franck—Condon principle. ‘The three curves are clearly very similar in shape, the 
main effect of rotational excitation being to cause a general displacement towards 


lower wave numbers by an amount which is less than the difference between the 
thresholds. 


ACKNOWLEDGMENTS 


We wish to thank Dr. R. A. Buckingham and Mr. S. Reid for supplying us 


with their vibrational wave functions in advance of publication. 


REFERENCES 
Bates, D. R., 1947, Proc. Roy. Soc. A, 188, 350. 
Bates, D. R., LepsHam, K., and Stewart, A. L., 1953, Phil. Trans. Roy. Soc. A, 246, 215. 
Bates, D. R., and Seaton, M. J., 1949, Mon. Not. Roy. Astr. Soc., 109, 698. 
BuckINGHaM, R. A., and Rei, S., 1954, Proc. Roy. Soc. A, in the press. 


| 
| 


Properties of the Hydrogen Molecular Ion: I 1125 


Coo.ipce, A. S., James, H. M., and Present, R. D., 1936, 7. Chem. Phys., 4, 193. 

Dirac, P. A. M., 1947, Principles of Quantum Mechanics, 3rd Edn. (Oxford : Clarendon 
Press). 

Fox, L., and Goopwin, E. T., 1949, Proc. Camb. Phil. Soc., 45, 373. 

Harcreaves, J., 1929, Proc. Camb. Phil. Soc., 25, 75. 

HERzBERG, G., 1950, Spectra of Diatomic Molecules, 2nd Edn. (New York : van Nostrand). 

JaFFe, G., 1934, Z. Phys. 87, 535. 

Kronic, R. DE L., 1930, Band Spectra and Molecular Structure (Cambridge: University 
Press). 

Mott, N. F., and SNeppon, I. E., 1948, Wave Mechanics and Its Applications (Oxford : 
Clarendon Press). 

RADEMACHER, H., and REICHE, F., 1927, Z. Phys., 41, 453. 

StraTTon, J. A., Morse, P. M., Cuu, L. J., and Hutner, R. A., 1941, Elliptic Cylinder and 
Spheroidal Wave Functions (London : Chapman and Hall). 

STROMGREN, B., 1941, unpublished (cited by M. Rudkjébing in Publ. Kbh. Obs., 18, 1). 

Winans, J. G., and STUECKELBERG, E. C. G., 1928, Proc. Nat. Acad. Sci., Wash., 14, 867. 


1124 


Properties of the Hydrogen Molecular Ion 


Ill: Oscillator Strengths of the 1so,-2pn,, Zpo,-3dr, 
and 2pr,-3dx, Transitions 


By D. R. BATES, R. T. S. DARLING, S. C. HAWE anp AvL. STEWARG 
Department of Applied Mathematics, Queen’s University of Belfast 


MS. received 13th August 1953 


Abstract. ‘The oscillator strengths of the 1so,-2pz7,, 2po,-3 dz, and 2pz,-3dz, 
transitions of H,+ are calculated from the exact two-centre wave functions. 
A comparison is made with results obtained from the l.c.a.o. approximation, both 
the dipole length and the dipole velocity formulae being used. ‘The polariza- 
bility of the normal ion perpendicular to the molecular axis is discussed briefly. 


§ 1. INTRODUCTION 


HE experimental determination of molecular oscillator strengths is 
extremely difficult and consequently few measurements have in fact been 
made. ‘Though numerous theoretical studies have been carried out since 
the publication of Mulliken’s first paper on the subject (1939) the wave functions 
generally used have been of necessity, rather crude so that there is very little 
reliable information either on the absolute magnitudes of the relevant matrix 
elements or on how they vary with the internuclear separation (which is of 
importance in connection with calculations on the relative intensities of the 
individual bands of a system). It is the purpose of the present paper to provide 
precise results for some representative cases, and in addition to investigate the 
accuracy of results based on the simple l|.c.a.o. approximation. ‘The following 
transitions are treated: H,+, 1so,-2p7,; 2po,-3d7,; 2p7,-3dz,. In the 
separated atoms designation, favoured in chemical literature, these transitions 
are o(1s)-7(2p,), o*(1s)—7*(2p,) and 7(2p,)-7*(2p,) respectively. 


§ 2. CALCULATIONS 


2.1, Regarding the nuclei as held at a fixed distance R apart, and using the 
dipole length formula, we have that the oscillator strength associated with the 
transition from a lower electronic state, A, to an upper electronic state, B, is 
given by 

f(A-B|R) =}E(A-B|R)G(A-B)| [ xx*(F[R)rxn( Rar]? (1) 


where E(A-—B|R) is the photon energy of the radiation absorbed measured in 
rydbergs, G(A-B) is the orbital degeneracy factor and y, and y, are the wave 
functions expressed in atomic units (Mulliken 1939). Alternatively using the 
dipole velocity formula (Chandrasekhar 1945) we have that 


fAB|R\= ee 


~ 3 E(A-B[R) | Xa*(r| R)Vxp(r| R) de = Be (2) 
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In discussing the results of the calculations it is convenient to compare the 
transition integrals Q'(A—B|R) and O'(A-B|R), defined by 
O'(A-B| R)t = | xy *(r] R)ry_(r | R) dr, fac hha he exe (3) 


and 


x FUCETE | Xa*(r|R)Vyp(r|R) dr; ...... (4) 


t being some unit vector. ‘These two quantities should of course be equal. 


QV(A-B|R)t = 


2.2. ‘The exact two-centre wave functions of the hydrogen molecular ion may 
be written in the form 
XPLR)=AQIR)M(HIROG), eee. (5) 
where A and w are the usual elliptical coordinates and ¢ is the azimuthal angle 
(ct. Mott and Sneddon 1948). Bates, Ledsham and Stewart (1953) have recently 
published tables from which A and M can be obtained; and © is simply unity for o 
states, and sin¢ or cos¢ for 7 states. ‘The normalization is of course such that 
po etl p2a 
(R/2) | | | A2MB@2(.2—p2) Ddudb=1. we (6) 
od! Sal (0) 


Since the wave functions are true solutions of the Schrédinger equation QO" and 
O* are identical. The superscripts may therefore be omitted. Using formula 
(3) (which is rather simpler than (4)) we see that in the case of o—7 transitions 


O(A-B|R)=7(R/2)! | i N22 — 1MBA, Apa i= (1—p2)¥2 M, My du 
: fs (A2—1)¥2A Agar les peCL — uw?) Mi My, ay | eae (7) 
and that in the case of 7-7 transitions 
O(A-B|R) =7(R/2)4 | i A Apar he uM Mp du 
e ie NASD ie w3M,Mp ay | me ted (8) 


These expressions may readily be evaluated, the integrations over A being carried 
out numerically, and those over »z being carried out analytically (cf. Bates, Opik and 
Poots 1953, the second of this series of papers). 

2.3. On the l.c.a.o. approximation (cf. Eyring, Walter and Kimball 1944) 


= 


X1so, — [exp ( = r1) + exp ( = ro) | / {27(1 site S) pe 
Xepa,= lexp (—71) — exp (—72)] / {2n(1 — S) 2? 
/ 


a 1/2 | 
Xam | T1€xP (—7/2) sin + reexp (—r4/2)sin 0 |g [forma +7) | 


Cos 


j 1/2 
X3an, = E exp (—7,/2) sin 8, —r, exp (—r,/2) sin a | ie d i {64x(1 = mM 


where 

S=(1+R+4R?)exp(—R), T =(1+4$R+ GR? + apR®) exp (- R/2), 
r, and r, are the distances of the electron from the two protons, 6, and @, are the 
_ corresponding polar angles (measured in the same sense from the molecular axis), 
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and ¢ is, as before, the azimuthal angle. Substituting in (3) and (4) we obtain 


Q'(1sc,—2p7,|R)=[ + 2] / (1+ Slt TP? 

OMOps es 3de. (2) =— NL SS) Pa a ee en Ry eee (10) 
Q'(2pm, — 3dz,| R) =[R/2]/ {1 — T?}? 

QY(1so,— 2pm, | R)=[J1+ Fo] / {1+ S)(1+ F)}? E(1sc,—2pm,|R) | 

OQ" (2po,,—3dz,| R) =[J, —Jo] /{(1 —S)(1— T) 2? E(2po,,—3d7,|R) | 

QV (2pm, —3dz,|R) =[K]/ {1 — 72}! E(2pm,,— 3dz74| R) | 


-. ee (11) 
with 
Th Sas RL I, =215? x 3-4 {3x+ 16(4+ 3R) y} exp (—3R/4), 
J Pap IONS 3-4 J = 212 x 3-8 {x + (16+ 12R— R?) y} exp (—3R/4), 


x =3 sinh (R/4) + cosh(R/4), y=2R {4sinh(R/4) — Rcosh(R/4)}, 
I= Jay (12+ 6R+ R2) exp (—R/2). 


The remarkable simplicity of the formula for Q'(2pz,,—3dz7, | R) arises from the 
fact that the transition concerned is of the so-called charge-transfer type (cf. 
Mulliken 1939). 


§ 3. RESULTS 


Figures 1, 2 and 3 show the calculated values of the 1so, — 2p7,,, 2po,, — 3d, and 
2p7,,—3dz, transition integrals, Q being obtained from the exact wave functions 
and Q" and OY from the l.c.a.o. approximation.t It will be observed that QO" and 
OY differ greatly from each other and from Q, the exact transition integral; that at 
small R, Q’ is the better, that at large R, QO" is the better, and that at intermediate R, 
the mean, }(Q"+ Q’), is generally rather better than either. Essentially the same 
behaviour was found in earlier work on the 1so,—2po, transition (Bates 1951). 
It is clear therefore that the l.c.a.o. approximation often yields results which are 
seriously in error. Owing to cancellation effects many transition integrals are of 
course much more sensitive to the detailed form of the wave functions than are 
the four transition integrals which have been investigated. 

The oscillator strengths are given in the table. ‘They were obtained by sub- 
stituting the values of Q derived from the exact wave functions in formula (1), 
taking 

G(1so,—2p7,) =G(2po,—3dza,)=2, G(2pr7,—3dr,)=1 ...... (12) 
(cf. Mulliken 1939). 

As would be expected of the oscillator strength of a charge-transfer transition, 
f (2pm, —3dz7,,| R) is large—when R is 5ap it is actually almost 1/3 which is the 
maximum permitted by the TThomas-Kuhn sum rule.{ Both f(1so,—2pz, | R) 
and f(2po,,—3dz,|R) are also large but the result is again as would be expected 
since the two transitions concerned are optically allowed, and indeed intense, in 
the united-atom limit and in the separated-atoms limit. It may be noted too that 


y+ In computing QY from formulae (11) the exact value of the photon energy E was 
used rather than an approximate value, 

{ It is of interest to note that the maximum is likewise almost reached in the case of 
1sog—2poy (Bates 1951) which is another transition of the charge-transfer type, 
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Transition Integral (atomic units) 
Transition Integral (atomic units) 


ISOg - 2pT1y 2poy- 3dtig 
0 CCR ar aay eee 0 2 es pie SURES 
Internuclear Separation (atomic units) Internuclear Separation (atomic units) 
Fig. 1. 1sog—2p7, transition integral : Fig. 2. 2po,—3d7¢ transition integral : 
QO calculated from exact wave O calculated from exact wave 
functions; QO! and OV from functions; Q» and QV from 
l.c.a.o. approximation using the l.c.a.o. approximation using the 
dipole length (3) and dipole velo- dipole length (3) and dipole velo- 
city (4) formulae respectively. city (4) formulae respectively. 
35;>—— 


re 
i=) 


25/- 


2-0 


Transition Integral (atomic units) 


1-0 
2pm, ~3dtig 
05 J 
0 ! 2 3 4 5 


Internuclear Separation (atomic units) 


Fig. 3. 2p7,-3d7g transition integral: Q calculated from exact wave functions ; Q4 and QV 


from l.c.a.o. approximation using the dipole length (3) and dipole velocity (4) 
formulae respectively. 


Photon Energies E and Oscillator Strengths f of some ‘Transitions of the 
Hydrogen Molecular Ion 


SoA San, 2po,-3d77g 2p7y-3d7rg 
R E iv E i E i 
0-0 30000 0°27, 0:5556 0-41, 0:5556 0:20, 
0-4 2:6116 0:31, 0:5767 0-40, 0-5450 Os Ri 
0:8 2:1446 0:37. 0-6393 0-36, 0:5182 O22 
Ib 1:7938 0-41, 0-7290 0°31, 0-4826 0-24, 
1:6 1-5376 0-44, 0-8165 0-28, 0-4435 0-255 
2-0 1:3477 0-465 0)-8817 0-26, 0-4041 OD 7e 
3-0 1-0489 0-47, 0:9435 0:28, 023135 0-30g 
4-0 0-8905 0-46; 0-9292 0:31, 0:2397 OF825 
5-0 0-8061 0-435 08944 0-33, 0-1825 02327 


The internuclear separation R is in units of a, the radius of the first Bohr orbit, and 


the photon energy £ is in rydbergs, 
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certain other transitions of the lso,—nlz, and 2po,—nl7, series must have 
considerable oscillator strengths to enable the sum for each series to be 2/3 as is 
required. Some further information is available on the series associated with the 
ground state. Bates, Opik and Poots (1953) have carried out calculations on the 
photo-ionization cross section. By extending these to higher energies the last 
named author has shown that the total oscillator strength of the (1so,—¢lz,) 
continua is 0-11 when the internuclear separation is 2a, (which is approximately 
the equilibrium value).t Hence 


©’ f(1so,—nbt,|2a,)=0-10" —a~ Ne ee (13) 
nd 


where »’,,, denotes a summation over all discrete states of the species indicated 
other than the 2pz,,, state. 

Finally we shall estimate «1 (1so,,|2a)) the polarizability of the normal ion in a 
direction at right angles to the molecular axis. The standard quantal formula 
relating this quantity to the oscillator strengths (cf. Mott and Sneddon 1948) may 
be written 

f (Ase, — 2pz, | 2a) , f(1sog— nbz, | 2a) 
Aes [ao 2pm, | 2a)?» “my E (1804 —nlm, | 2a)? 
f df (1s, _ elz,, | 2a) “ 
+ E | Blea nein [Bag aa | af (14) 

From the data given in the table and from the photo-ionization cross section curves 
it may be shown that the first and third terms equal 1-52)a)3 and 0-07, a,? respec- 
tively. Moreover from (13) it is apparent that the second term may be expressed 
as (0:60/E?)a,? where EF is some mean energy which must be greater than 
E(1so,—3pz7,,|2a)), the photon energy for the excitation of the first state of the 
series, and must be smaller than E (1so, — @ | 2a,) , the photon energy for ionization. 
Since E(1so,—3p7,,|2a)) is approximately 1:80 rydbergs (Gilbert 1933) and 
since E(1so,— @ | 2a) is 2:21 rydbergs (cf. Bates, Ledsham and Stewart 1953) we 
see that «+(1so, | 2a) lies between 1-71 a)? and 1-78 a), and is probably closer to the 
upper limit since the main contribution to the term causing the uncertainty 
presumably comes from the lower of the mlz, states. This is in harmony with the 
variational calculations of Rahman (1953) which give the value to be 1-758 a,°. 


REFERENCES 


Bates, D. R., 1951, #7. Chem. Phys., 19, 1122. 

Bates, D. R., LepsHaM, K., and Stewart, A. L., 1953, Phil. Trans. Roy. Soc. A, 246, 215. 

Bates, D. R., Opix, U., and Poots, G., 1953, Proc. Phys. Soc. A, 66, 1113. 

CHANDRASEKHAR, 5., 1945, Astrophys. F7., 102, 223. 

Eyrinc, H., Water, J., and Kimpati, G. E., 1944, Cuantum Chemistry (London : 
Chapman and Hall). 

GILBERT, G., 1933, Phil. Mag., 26, 929. 

Mott, N. F., and SNeppon, I. N., 1948, Wave Mechanics and Its Applications (Oxford : 
Clarendon Press). 

MULLIKEN, R. S., 1939, ¥. Chem. Phys., 7, 14, 20. 

RauMan, A., 1953, Physica, 19, 145. 


} We wish to thank Mr, G,. Poots for allowing us to quote this result. 


1129 


A Scalar Representation of Electromagnetic Fields 


By H. S. GREENT anp E. WOLF 
Department of Mathematical Physics, University of Edinburgh 


Communicated by Max Born; MS. received 16th fune 1953, and in amended form 
31st August 1953 


Abstract. It is shown that in a region which is free of currents and charges, any 
electromagnetic field may be rigorously derived from a single, generally complex, 
scalar wave function V(x,t). In terms of this function the momentum density 
g(x, 7) and the energy density w(x, t) of the field may be defined in such a way 
that they are represented by expressions analogous to the formulae for the 
probability current and the probability density in quantum mechanics; in a 
homogeneous isotropic medium 


1 3 2 
g(x, t) = > Brine uM alee? VV), 


w(x, t) = = E vis4 vy .wy* | : 
at We Ho 
‘The densities defined in this way differ from those given by the usual expressions, 
but the choice is justified since the differences disappear on integration over 
any arbitrary macroscopic domain. (The corresponding Lagrangian densities 
differ by a four divergence.) When V is of the form V)(x)e *”’, g is found to form 
a solenoidal field which is orthogonal to the co-phasal surfaces arg Vy = constant. 


$1. INTRODUCTION 


field is fully specified by the magnetic vector potential A. From it the 

electric and the magnetic field vectors may be derived by means of well- 
known relations. 

In a wide class of problems, particularly in those encountered in optics, the 
actual behaviour of the field vectors is of little interest. What one primarily 
wishes to know is the average energy or the average flux, and one is led to wonder 
whether for such purposes the derivation from a vector potential is really the 
most suitable one. Except in the so-called ‘rigorous’ diffraction theory, one 
does in fact often employ in optical considerations of energy a single, generally 
complex, scalar wave function (usually called the disturbance, or the complex 
amplitude), whose squared modulus is taken as the measure of the light intensity. 
This simple procedure has been employed in optics since about the time of 
Fresnel (the disturbance then being considered to be the displacement of a 
particle in an ‘elastic ether’) and has been the subject of much criticism, in spite 
of the fact that under fairly general conditions it gives results which are found 
to be in excellent agreement with experiment. ‘The validity of the scalar 


[' a region of space which is free of charges and currents an electromagnetic 
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theory has been justified, at least as an approximation or as a time average, for — 
a number of special cases only: (a) for certain two-dimensional problems and 
for monochromatic fields with rotational symmetry (cf. Braunbek 1951), (6) in 
applications to diffraction problems encountered in optical instruments of usual 
design and working with non-polarized and almost monochromatic light (Picht 
1931, Luneberg 1947-8, Theimer, Wassermann and Wolf 1952). 

Now it is well known that the energy density and the momentum density 
(and consequently the light intensity) are not uniquely defined by the electric 
and the magnetic field vectors. One may always add to the Lagrangian density 
a four divergence which gives no contribution to the field equations, though 
it may alter the local (unobservable) values of the densities of the energy and 
the momentum. Such alteration must of course lead to no observable changes 
in the total amount of energy and momentum contained in any extended 
(macroscopic) domain. The question is therefore open as to whether one 
could not define the energy and momentum densities in such a way that they 
would always be expressible in a simple manner in terms of a single complex 
scalar wave function, the field vectors remaining MUS an ae In the present 
paper it is shown that this in fact is possible. 

We find that in regions where no currents or charges are present the 
magnetic potential may be rigorously derived from a single, generally complex, 
scalar wave function V(x, t), which we call the complex potential. In terms of 
this function the momentum density g(x,t) and the energy density w(x, t) in 
a homogeneous isotropic medium may be defined by means of formulae analogous 
to the expressions for the probability current and the probability density in 
quantum mechanics: 


1 : ; ) 
ee Se ae * | 
g(x, Z) Bae VWV+VVV*], | 
and geen 1 5 NEE ee (1.1) 
w(x, t)= =-| 2VV*+ —VV.VV* |; | 
8a |_c? es j 
these quantities satisfy a conservation law of the usual form: 
1 dw 
sar, +Ngg= Oph c - yee’ Gi eee (1.2) 
The corresponding Lagrangian density L is 
Lisfiéy eee ea 
L(x 2) = nak: VV*— ode wel, Leetae (1.39 


here €9, 4 are the dielectric constant and the magnetic permeability and c is the 
vacuum velocity of light. 


An interesting consequence of the present analysis is the result that in the 
case when the time enters V only through the factor e-*”, i.e. when V is of the 


f 
ys V(x, t) = v(x) exp {i[koY(x)—wt]} (v and of real) ...... (1.4) 


(w=frequency, k=w/c), g and w become independent of time and (1.1) reduces 
to 


k2 
x)= 2V oF . 
| | g(x) arin RAE. (3) 
‘Lhe conservation law now becomes 
V SB) 0st s At ahi, day eeten een (1.6) 
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Equation (1.5) shows that the energy flow is orthogonal to the surfaces of constant 
phase of the complex potential and (1.6) expresses the fact that the vector field g 
is solenoidal. One is thus led rigorously to the concept of ‘electromagnetic rays’, 
and one obtains for a class of electromagnetic fields a simple model which may 
be regarded as a natural generalization of geometrical optics. 


§2. DEFINITION OF THE COMPLEX POTENTIAL 
We consider an electromagnetic field in a homogeneous, isotropic medium. 
In regions free of currents and charges the field quantities may be derived from 
a single vector potential A(x, t) which satisfies the homogeneous wave equation 
and also the divergence condition 
Aine i et Sa Pe oe on: (2) 
In general, currents and charges will, of course, be present in some parts 
of the x space. It will be convenient to imagine these enclosed in boxes and 
to consider in place of @ the function A defined by 
A(x, t) = A(x, t) outside and on the boxes 
=0 inside the boxes. 
A is formally defined over the whole x space and may be represented by a 
Fourier integral 
A(x, t) =| [a(k, t) cos (k.x) + b(k, f)sin(k.x)|dk, 2... (2.2) 
where, since A is real, the integration is carried over half of k space (e.g. k, >0). 
On account of (2.1) the (real) vectors a(k, ¢) and b(k, ¢) are orthogonal to k, 
ackK=aD ike UN a ooh) eee eee (23) 
With each k we associate two unit vectors 1,(k) and 1,(k) such that 1, 1, and k 
form a right-handed orthogonal triad. ‘This may be done for example by 


choosing a constant vector n and taking as 1, a unit vector perpendicular to the 
(k,n) plane and as 1, a unit vector perpendicular to k and 1: 
nak 
Bed int is 
kal, k?n—(n.k)k 
[kal] [n(n Kk] | 
Equations (2.3) show that a and b lie in the plane of 1, and 1, and may therefore 
be resolved along these vectors: 


1,(k) =e 


ied ele gls ° .* Te (2.5) 
b,=b.1L, b,=b.1,. J 


Next we form the complex combinations 
a(k, t)=a,(k, t)+ia,(k,t), | 
B(k, t) =by(k, t) +1b.(k, t), J 
and regard « and f as Fourier coefficients of a function V: 
V(x, t)= | [a(k, 2) cos(k.x) + B(k, #) sin(k.x)]dk. 2... (2.7) 


We call V(x, t) the complex potential of the field. 
We have now replaced the magnetic vector potential by a complex scalar 
function. Conversely it is easily seen that from the complex potential V, the 


75-2 
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magnetic vector potential A and consequently the field vectors may be uniquely | 
derived. For in the first place, from the knowledge of V the quantities « and B — 
may be obtained by applying the Fourier inversion formula. Then a, a3, b; and 
b, may be determined from (2.6). From them the Fourier components a and b> 
of the complex potential are obtained : | 
a=a,1,4+ a@l,, B= 078), aS eee (2.8) 
Finally, if one forms the combinations acos(k.x)+bsin(k.x) and integrates 
over all k, one obtains the vector potential A. Hence the scalar V(x, ¢) 
completely specifies the feld.* | 
It is easily seen that in a homogeneous isotropic medium of dielectric 
constant «, and magnetic permeability yy the complex potential satisfies the | 
wave equation 


Vi ae VSO bo ae (2.9) 
For, since the vector potential A satisfies the wave equation 
eps 
VA — <a A A | ae ee Po time Ree? (2.10) 
one must have, for each component, 
A, =a(k, t) cos(k.x)+b(k, ¢)sin(k.x) =... (2.15 
3 . 22 
oes FA Raea) Vent a MeN se es (2.12) 
€oMo 
It then follows from (2.12), (2.5) and (2.6) that the corresponding terms Vx of 
Vy Le. V,=a(k, t) cos(k.x) +f(k,2)sin(k.x), sees (2.13) 
must satisfy the scalar wave equation ° 
Ree 
Vict Sa ee 0 a ee (2.14) 
£90 


Consequently the complex potential satisfies the homogeneous wave equation (2.9). 


§3. ‘THE MoMENTUM DENSITY AND THE ENERGY DENSITY 


3.1. We now derive expressions for the momentum density and the energy 
density of the field in terms of the complex potential. We restrict our discussion 
to a homogeneous isotropic medium. 

In terms of the vector potential, the electric and the magnetic field vectors 
are given by 


if 
E=— A, otha VAR oe) Bg eee ee (3.1) 


and the total momentum G of the field is 


G(t) = | (EH) dx =— 


the integration being taken throughout the x space. 


4irpge | Axn(V aA) dx, *yrenereriens (Seas 


* Note addcd in proof. Since this paper was written our attention has been drawn to a 
paper by E. 'T’. Whittaker (Proc. Lond. Math. Soc., 1904, 1, 367), where it is shown that 
in vacuo at points not occupied by electrons a field produced by any number of electrons 
moving in any arbitrary manner may be derived from two real scalar wave functions. 

The connection between Whittaker’s analysis and that of the present section is being 
investigated and it is hoped to publish the results in a later communication. 
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‘To express G in terms of V we first substitute into (3.2) from (2.2). We have 


= | [cos (k.x) + bsin (k-x)]dk, | 


VaA= | kal —asin(k.x) +b cos (k.x)]dk. 


(i? spente pe: 
a 6G Tas | dx | | [a(k’, £) cos (k’ x) + b(k’, £) sin (k’ .x)] 


a[k a(—a(k, t) sin (k.x) + b(k, t)cos(k.x)Jdkdk’....... (3.4) 


This becomes, with the help of the Fourier integral theorem, 


G=- S | a(k, ¢) a[k a b(k, t)] —b(k, 2) A[kna(k, t)]dk, ...... (3.5) 
Hol. 
, using (2.8), wie ee 
meee?) = = [(@,b1 + @yby) — (ba, + byag) |k dk 
-=| [(a*3 +08*) —(a*B + a8*)]kdk 
te ae: ; 
sae Se (LSU) axa © Hae re (3.6) 


Hence the density g of the momentum may be defined as 
1 4 5 
ee se a ¥ 7 
g(x, t) mana Ae V Vas V NETO 6 Ae ae (352) 
The electric and the magnetic energy densities may also easily be defined 


in terms of the complex potential. ‘The total electric energy W, is 


So 


Wt) = 5 i E? dx 


'| {a(k, 2) cos (k. x) + (k, t) sin (k.x)} 
_{a(k’, t) cos (k’ .x) +(k’, t) sin (k’.x)} dk dk’ 


m6 0 


ma SRGD k 
aaa | (a+b) d 
2 p E 5 
= mE (a,? + ay? + by? + 5,7) dk 


= Tt | (&'* + BB*) dk 
=35 <0 | (VV) dx. ee (3.8) 


The total ee energy W,, is 


W,,(t) = = | rie dx, 


and one finds, by a similar calculation as above, 


1 - 
W,,(t) = om CVU Ux ea asks. (3.9) 
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Equations (3.8) and (3.9) show that one may define the electric and magnetic 
densities w, and w,, by the expressions 
0 yy saputloe * 
w,(x, t) = ae VV*, W,,(X, t) aa (VPM @ meee (3.10) 

It is easily verified, with the help of the wave equation (2.9), that the total 

energy density w=w,+w,, and the energy flux S =cg satisfy the conservation law 
dw 

a +VaS=Q) RNSN Pie eee GA 

3.2. V is in general a complex function. Let v denote its amplitude and 
¢ its phase: V(x, t)=0(x, t)exp {id(x, ft}. eee (3.12) 
If one substitutes from (3.12) into the wave equation (2.9) and separates real 
and imaginary parts, one obtains the following two equations: 


V2v —v(Vd)?— “i (b — vf?) =0, Pr: (3.13) 


2(Vv) .(Vb) +0V2b — “of (Zopsob\=0. ae (3.14) 


In terms of v and ¢ the momentum density g and the energy densities w, and 


Wy, are 1 ’ ae 
g(x, t) = — ae (vVv+v°V¢), 


1 .(X, t) = <; (08 +d"), ' SOs (3.15) 
1 
Wy, (X, £) = car {(Vv)? + v°(V¢)?}. 


_ Of particular interest is the case when the time enters only through a factorT 
—' Then v is independent of time and ¢ is of the form 


OX SR (x)— ae tS Ue ee ee (3.16) 
(k=a/c). The eqns. (3.13) and (3.14) reduce to 


€ 


1 
(Vo)? — Ry Vv=m, anh ath (3.17) 
VaeVer+40V7e =), | | ee aes (3.18) 
where nswegiyy 9 Asa She een ee (3.19) 


The expressions (3.7) and (3.10) for the momentum densities and the energy 
densities become 2 


ae 
g(x) = Toa weNan i * oy a rr (3.20) 
(x) = €k? 
w(x) Es pica ~ AACN ge ae oe (3.21) 
as 1 
to, (x) = 8 0? | (very (Vlog | ae mines (3.22) 


+ Note added in proof: A general monochromatic wave must be represented by a 
V function of the form 
. V(x, t)=V,(x)e?#t + V4(x)ett, 
where V, and V, are complex functions of positrons. It appears that the case here 
considered (V,=0) represents a monochromatic wave of arbitrary shape but circularly 
polarized, at least in the sense of a space average over a macroscopic domain. 
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Equation (3.20) shows that the energy flow is orthogonal to the surfaces 


or (x) =constant.” = 9 = tear. (3:23) 
Moreover, (3.18) may be written in the form 
Ve (Ve?) = OF AC Ben ee (3.24) 


this relation (which also follows from the conservation law (3.11)) shows that the 
vector field g is solenoidal. 

The two results which we have just established show a close analogy with 
the model presented by geometrical optics. The surfaces 0% =constant may be 
regarded as generalized wave fronts and the energy may be considered as being 
propagated along the curves (rays) orthogonal to these surfaces. 

To determine the wave fronts ce? =constant one must in general solve two 
equations (3.17) and (3.18). But we note that the second term in (3.17) contains 
as multiplicative factor the second power of the small quantity 1/k. Except in 
special regions this term will be very small in comparison with n?=e yu) and 
may therefore be neglected. ‘This implies that the geometrical wave fronts 
given by the solution of the eikonal equation 


(Vera 2 eee (3.25) 


are in general a very good approximation to the waves associated with the complex 
potential.t Better approximations may be obtained by the application of the 
W.K.B. method, or with the help of Huygens’ principle (or Kirchhoff’s integral 
formula). 

One can also easily write down an expression for the variation of the amplitude 
along each ‘electromagnetic ray’ (orthogonal trajectory to the ce” surfaces). For 
if 0/év denotes differentiation along a particular ray, 0/dr=Vo”.V, and (3.18) 
gives dv/d7 +43(V2e’)v=0; hence 


INP ee [ a i VP ar | aiew. hintae (3.26) 


§4. A COMPARISON WITH THE CLASSICAL ‘THEORY 
The energy and the momentum of the electromagnetic field may be derived 
by a variational principle from a Lagrangian density L’ which is Lorentz 


invariant: 1 
L’=>- { 
8a 


The variational principle leads to the vector wave equation (2.10) for the vector 
potential A. 

In the present theory we have, in place of (2.10), the scalar wave equation (2.9) 
for the complex potential V. This equation may also be derived from the 
variational principle by replacing L’ by the Lagrangian density { 


<0 Az ~(VAAy. Soe (4.1) 
Ho 


C2 


L= m3 VV*— WV.vvt Reet (4.2) 
87 |c Ho 

{ In this connection mention must be made of recent researches of Luneberg (cf. 1949, 
particularly pp. 55-56), which have shown that for small wavelengths geometrical optics, 
in its extended form, including also description of vectorial properties of the field, gives 
a very good first approximation to a steady state field. 

{It is of interest to note the analogy with the Lagrangian density for a scalar meson 
with zero rest mass. 


1136 H. S. Green and E. Wolf 


Since L’ and L lead to the same field equations, their difference must be of 
the form =, 
LOS P Hay OS. hb, ars reece (4.3) 
In consequence, the momentum density g and the energy density w of the present 
theory will differ from the usual expressions g’ and w’ associated with (4.1). In 
fact one has relations of the type 


g-g=erndP, wo =—div@aiiin tobe (4.4) 


where P= P and Q@=@ if P and @ do not involve the field variables. The effect 
of these differences will be negligible on integration over an arbitrary domain 
which is large compared with the wavelength. 

That the usual definition of energy flow, based on the Poynting vector, is not 
the only possible one is of course well known.* Our present definition has 
several advantages. We saw, for example, that in a field represented by a complex 
potential of the form V(x, t) =Vo(x)e-™ 


g, w. and w,, are independent of time and g is orthogonal to the surfaces of 
constant phase of the complex potential. But even in more complicated fields 
the densities as defined by the present theory seem to lead to simpler results. ~ 
To illustrate this point we consider an example (essentially due to Braunbek 
195 ie 

Suppose that the vector potential of a field 7m vacuo (€9 =p4y = 1) 1s 


A(x, t) = C{n, cos [A(n,.x —ct)]+ngcos[Rk(n,.x—ct)], ...... (4.6) 
where C is a constant and nj, Ng, ng is a right-handed orthogonal triad of unit 
vectors. A straightforward calculation gives for the time average 


(s') = /c(EaH)\ 
of the Poynting vector: Nog ee tt 
(S*\ ze oC (my +m) — nscos [A(m — i) 3 lo: Weare (4.7) 


This expression does not satisfy the relation <S’).curl <S’)=0 which would 
obtain if ¢S’) possessed orthogonal trajectories (cf. Weatherburn 1930, p. 217). 
On the other hand one easily finds that the average energy flux S =cg as defined 
by (3.7) possess orthogonal trajectories. For one has in this case (taking 
n=n,+N,) 


1 
Vix,H=C {50 —1) cos [R(n,.x—ct]+z2cos[A(n,.x— ct))} ose (4.8) 
From (4.8) and (3.7) one obtains, by a straightforward calculation, 
ck?C N 
(S)=(cg)= cae [n, + ng] E — 73 cos (A(n, — ng) .x) | re tas (4.9) 
and it follows from (4.9) that (S) satisfied the required condition for the existence 
of orthogonal trajectories: (S).curl (S) =0. 


It is seen that (S’) and S$) differ by a space-periodic function, to which clearly 
no physical meaning can be attached. For div {(S’) — (S)} =0, and consequently 
the (time-averaged) energy which crosses any closed surface in the field, will be 
the same whether S$ or S$’ is taken to define the energy flow. 


* cf. Stratton 1941, p. 134; also Hines 1952. 
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Finally we give a summary of our main formula and the corresponding 
formulae of the classical theory : 


Usual definition Present definition 
asic field quantity A V 
(e=— =A wv na) 
: : Valeo: 1 (lie | Recyeres 1 
Lagrangian density — < — A?— — (AAA)? —<«—VV*——VV.VV* 
shar | ee Ho 87 |e Ho 
Field equation VA — ae A=0 Wel ao V=0 
ee c 
: 1 1 : : 
Momentum density — (EAH) ~ (V*VV+VVV*) 
4a S796 
Electric energy density serps eee 
87 87rc? 
Magnetic energy density Po 1? ! VN ae 
877 Si7Lo 
ACKNOWLEDGMENT 


In conclusion we wish to thank Professor Max Born for his interest in this 
work and for stimulating discussions. 


REFERENCES 


BRAUNBEK, W., 1951, Z. Naturforsch., 6a, 12. 

Hines, C. O., 1952, Canad. F. Phys., 30, 123. 

LUNEBERG, R. K., 1947-8, Propagation of Electromagnetic Waves (mimeographed notes 
of lectures delivered at New York University); 1949, Asymptotic Development of 
Steady State Electromagnetic Fields, New York University, Mathematics Research 
Group, Report No. EM-14. 

Picut, J., 1931, Optische Abbildung (Braunschweig : Vieweg). 

STRATTON, J. A., 1941, Electromagnetic Theory (New York : McGraw-Hill). 

THEIMER, O., WASSERMANN, G. D., and Wo tr, E., 1952, Proc. Roy. Soc. A, 212, 426. 

WEATHERBURN, C. E., 1930, Differential Geometry of Three Dimensions, Vol. I1 (Cam- 
bridge : University Press). 


1138 


The Band Spectrum of Nitrogen: New Studies of the Triplet Systems 


By P. K. CARROL ann N.-D. SAYERS 
Physics Department, Queen’s University of Belfast 


Communicated by K. G. Emeléus; MS. received 21st Fuly 1953 


Abstract. Using three different sources the molecular spectrum of nitrogen has 
been investigated in the visible and near infra-red. A new infra-red system recently 
reported by Herman has been studied in greater detail and the vibrational analysis 
revised. It has been shown that the bands do not arise from the singlet transition 
v->q but that states of higher multiplicity are involved. Extensions of the 
second positive system and the Gaydon—Herman bands in the green are reported. 
Improved measurements for bands of the First Positive system are given and a new 
vibrational formula has been derived. A new unassigned band at 8311A is 
reported. 


§1. INTRODUCTION 


OR the purposes of interpreting auroral and night-sky observations it is 
f essential that the spectra of the atmospheric gases be investigated as 
thoroughly as possible in the laboratory. The present experiments were 
undertaken with a view to obtaining some further information about the molecular 
spectrum of nitrogen. ‘Three sources were investigated under moderate 
dispersion, and much improved plates were obtained of the new infra-red system 
reported by Herman (1951), as well as of the Av =0 sequence of the First Positive 
system. Some further information on the Gaydon—Herman Green bands and 
the Second Positive system was secured, while a complex band at 8310-64, the 
emitter of which is most probably Ng, was also discovered. 


§2. EXPERIMENTAL ARRANGEMENTS 


A conventional 7-shaped positive column tube, of radius 5mm and length 
20cm, containing nitrogen, was used. Purity of the gas was ensured by pre- 
liminary torching of the apparatus under vacuum and by the use of liquid air 
traps. In some instances the electrodes were degassed 7n situ by inductive heating. 
The nitrogen was prepared by exploding small charges of sodium azide. 
Pressures between 2 and 20 mm Hg were used. 

Three methods of excitation were employed. In the first the spectrum was 
excited by a Tesla oscillator, with a secondary of 120 turns of diameter 7 cm and 
length 17 cm, and a primary of ten turns of stout wire in series with a spark gap and 
condenser of capacity 0-12ur. The condenser was charged by a 25000 v trans- 
former with input adjustable by a Variac transformer. In the other sources the 
transformer voltage was applied directly to the discharge tube. With moderate 
pressures of nitrogen a rather feeble blue or pink discharge was obtained. This 
form of discharge will be referred to as subnormal as it had anomalous properties 
in that, as the voltage was raised, the current and light intensity decreased until a 
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sufficient voltage was applied to maintain a normal bright discharge, which set in 
discontinuously. ‘The latter discharge gave the third source. It was intensely 
yellow and its spectrum in the visible region consisted of the negative and the 
First Positive bands, while the Second Positive system was almost entirely 
absent. It appeared to be very similar to the ‘auroral’ discharge described by 
Kaplan (1932). 


§3. HERMAN’s INFRA-RED BANDS 


Herman (1951), using low current discharges through nitrogen in a tube 
cooled by liquid air, found eight new bands in the near infra-red which she 
attributed to the N, molecule. ‘These bands were first observed in this laboratory 
in the Tesla source. On the original plates the First Positive bands were strong, 
so that a satisfactory study of the new system was not possible. The subnormal 
discharge, however, although weaker than the Tesla source, gave the new bands 
with an intensity comparable with that of the adjacent First Positive bands. Plate 
I(a) shows the spectrum of the latter source recorded on Kodak IIN plates 
using a Hilger D 187 spectrograph, which gave a dispersion of 185Amm at 
8000 A. 

From the spectrograms at her disposal Herman concluded that the bands had a 
simple structure, and assigned them to the transition between the high energy 
singlet states v and q of Worley (1943). There are, however, objections to this 
assignment. In the first place, the agreement between the vibrational intervals is 
poor. In the second place, the levels v and gq are reached readily in absorption 
from the ground state x'X*+,. Consequently they are both of u symmetry, and 
the transition v-—>q is forbidden. In the present work the bands, although not 
readily excited, were obtained with greater ease and intensity than one would 
expect for a forbidden transition. 

At the dispersion of plate I (a) the bands appear to have a simple structure, but 
at greater dispersion six close heads are resolved. Plate 1(b) shows the system 
photographed on a glass Littrow spectrograph, with a dispersion of 50Amm™ at 
8000 A, using the subnormal discharge. It is evident from the complexity of the 
structure that the bands result from a triplet, or possibly a quintet, transition. 


Table 1. Wavelengths of New Infra-Red Bands (A) 


(0, 1) a (0,0) 8101-1 (1) (1,0) 7558-3 (1) (2,0) 7094-4 (1) 
om 8094-1 (2) 7550-0 (2) 7087-5 (2) 

Ze 8084-7 (3) 7541-4 (3) 7080-8 (3) 

Es 8077-6 (4) 7536°5 (4) 7076-3 (4) 

aes 8070-9 (5) 7530:7 (5) 7069-8 (5) 

8549 (6) 8057-6 (6) 7521-0 (6) 7061-7 (6) 

(1, 2) ak (2,2) 7868-5 (1) (2,1) 7471-8 (1) (3,1) 7033-3 (1) 
= 7862-0 (2) _ 7025-8 (2) 

7853°7 (3) = 7019°3 (3) 

ses 7846:7 (4) es 7014-6 (4) 

cae 7840-7 (5) = 7009-2 (5) 

8397 (6) 7828-5 (6) 7435-0 (6) 7001-2 (6) 


The heads of the bands were measured against A, Ne and Xe reference lines. 
‘Their wavelengths are shown in table 1. For convenience the heads of each band 
have been numbered 1 to 6 in order of decreasing wavelength. ‘The (0, 0), (2, 2), 
(2, 0) and (3, 1) bands could be measured accurately as they were strong and free 
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from overlapping. ‘The (1, 0) band was strong enough for its heads to be separated 
from First Positive structure, but heads 1 and 6 alone could be measured for the 
(2, 1) band. The (1, 2) band was very weak, while the (0, 1) band was heavily 
masked by First Positive bands, so that in both cases it was possible only to make an. 
estimate of the position of the strongest head. 


Table 2. Deslandres Scheme for the New Infra-Red System 


aN es 0) 1 2 
vu 


0 12407-2 Tio 11694-1 
(10) (2) 
885-4 
1 132926 11905-7 
(4) (1) 
864.°5 864-6 
2 14157-1 710°9 13446-2 665-9 12770-3 
(6) (5) (8) 
833 °2 
3 14279-4 


(4) 


The general appearance of the bands can be judged from the (2, 0) and (3, 1) 
bands in plate 1(b). The strongest heads are those of shortest wavelength. A 
tentative Deslandres scheme for the No. 6 heads, corresponding to the vw values. 
used above, is givenin table 2. The intensity estimates are visual and subject to 
all the usual limitations in such assessments. In particular the intensity figures. 
for the bands which overlap First Positive bands are subject to considerable error. 
The vibrational scheme differs from Herman’s in that the v’ values have been 
decreased by unity. This revision seems desirable, as on Herman’s scheme, which 
was drawn up on the assumption that the transition involved was v— q, the v’ =0 
progression is absent. From Herman’s analysis it follows that the heads of the 
(0, 0) band of the new system should lie in the region 8742-8692 A, but failure to- 
observe any new structure here is rather inconclusive as the (2, 1) First Positives§ 
band is very strong in this wavelength range. However, the new scheme has the 
advantage of identifying the strongest band of the entire system as the (0, 0) band, 
and is generally in better accord with the observed intensity distribution. The 
absence of the (1, 1) band could be due to an almost complete cancellation of the 
(1, 1) overlap integral. ‘This effect, i.e. strong (0, 0) and (2, 2) bands with the 
(1, 1) band weak, is not unusual and is observed in the case of the First Positive 
system ($7). ‘I'he absence of the (2, 1) band required by Herman’s analysis is not 
so readily explained. 

It was thought that the new system might have the same upper state as the 
Gaydon—Herman Green bands. This interpretation is attractive, since all the 
present work shows that the two systems are excited under identical conditions. 
Furthermore, in general appearance the bands are not unlike, while the vibrational 
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structure of the two systems is very similar. The relevant vibrational intervals are 
shown in table 3. The present measurements were used in both cases and the 
values in table 3 were obtained by averaging the differences between the wave 
numbers of corresponding heads. The discrepancies are individually outside the 
limit of experimental error and the AG values for the Green bands are all somewhat 
greater than those for the infra-red bands. It therefore seems that the two systems 
are unrelated. 


‘Table 3. Mean Vibrational Intervals for the Green and Infra-Red 
Systems (cm +) 


v ) 1 y) 
AG’(v+4) Green 896-0 872:0 8438 
Infra-red 888-1 864-3 833-7 


$4. THE GayDON—-HERMAN GREEN SYSTEM 


As very little is known about this system some time was spent in studying its 
excitation conditions. The bands were excited in the Tesla and subnormal 
discharges already described, and again the subnormal source, although the weaker 
of the two, was the more satisfactory for the production of the bands in relative 
isolation; it was difficult to control conditions in the Tesla discharge so that the 
First Positive bands were sufficiently suppressed to permit the observations of the 
Green system. In view of the possible relationship with the new infra-red system 
(§3) fresh measurements were made of the bands from plates taken with a Hilger 
D187 spectrograph, which gives a dispersion of 55Amm = at 5100A. ‘The 
complete measurements are not given, as they agree with Gaydon’s (1944) to better 
than1A. However, two further bands were measured, the (2, 0) band with heads at 
5090-2, 5084-2, 5080-2, 5077-7 and 5073-04 (for which Gaydon gives one head), 
and the (3, 1) band with heads at 5062-7, 5057-5, 5054-0, 5050-7, and 5046°8 A. 

Tentative vibrational analyses of the system were made by Gaydon (1944) and 
Herman (19454). Herman’s scheme was essentially the same as Gaydon’s, with 
v’ and v” interchanged on the grounds that at the temperature of liquid air the 
(0, 1) and (0, 2) bands on Gaydon’s assignment were suppressed. ‘The effect is not 
very marked in the reproduction of Herman’s spectrograms due to the strength of 
the First Positive bands in the same region. In this laboratory the system was also 
observed in a subnormal discharge in a tube immersed in liquid air with the First 
Positive bands almost completely absent from the region in question. Our 
spectrograms show that the effect of cooling on the relative intensities is slight 
and, if anything, such that the v’ = 0 progression is somewhat enhanced. It would 
therefore appear that whatever inference can be made about the vibrational 
structure from the effect of temperature favours Gaydon’s scheme. ‘This 
interpretation is supported by the fact that the bands degrade to shorter wave- 
lengths, so that one would expect to find w,’ >«,”, which follows from Gaydon’s 
scheme, whereas Herman’s requires that w,’ <w,". 

Both the Green system and the new infra-red system are always accompanied 
by strong Negative and Second Positive bands, while in the near ultra-violet the 
Fourth Positive system and the singlet bands of Herman and Gaydon are also 
observed. The First Positive bands, although sometimes strong enough to be 
troublesome in observing the Green and infra-red bands, are relatively weak. ‘The 
sources used therefore excite states of high rather than of low energy. Hence it 
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seems likely that the levels involved in the Green and infra-red systems lie at 
fairly high energies. 
§5. SecoND PosiITIVE BANDS 


In the course of the present work several bands were observed in the green, 
which although not recorded by Pearse and Gaydon (1950), or Kayser and Konen 
(1934) obviously belong to the Second Positive system. ‘To substantiate this the 
spectrum of a vigorous Tesla discharge through air was photographed, it being 
common knowledge that in discharges through oxygen—nitrogen mixtures, the 
Second Positive bands are strongly enhanced. Plate I (c) shows the spectrum of 
this discharge photographed with the Hilger D187 spectrograph. ‘The bands 
were measured from plates taken with the Littrow glass spectrograph. The 
wavelengths and vibrational numbering of the bands are as follows: (0, 6) 5031-5; 
(3, 10) 5066-0; (2,9) 5179-3; (1, 8) 5309-3; and (0, 7)5452-0A. ‘The wavelengths 
recorded refer to the strongest (i.e. short wavelength) head and are in good agree- 
ment with the values calculated from Birge’s formula (1929). It should be noted 
that the (1, 8) band lies exactly on top of the strongest head of the (1, 0) Green band 
and tends to give the latter an abnormally large intensity in the Tesla source. 

The strong development of the visible Second Positive bands does not 
involve any departure froma normal intensity distribution. Itis due simply to the 
strong excitation of the system as a whole under vigorous discharge conditions. 


$6. A New Inrra-ReED BanpD 


The infra-red spectrum of the transformer discharge was dominated by bands 
of the First Positive system. However, in the middle of the Av=1 sequence, 
where the intensity of the First Positive bands is not so great, a new band of moder- 
ate strength was observed. Plate I(d) shows the spectrum photographed on the 
Littrow glass spectrograph. ‘The band is degraded to longer wavelengths and its 
structure is complicated. It has at least four heads at 8265-5, 8283-8, 8293-3 and 
8310-6 A, of which the last is the strongest. No other band which could be corre- 
lated with this band was observed although the spectrum was investigated down 
to 106004. Nevertheless, some such bands could be present but escape detection 
due to overlapping First Positive bands. 

It was not possible to assign the band at 8310-64 to a transition between any of 
the known triplet levels of N,. In general appearance it is not unlike a First 
Positive band, so that the transition may be of the 3[[+°X type. There is no 
direct evidence that the emitter is N,, but this seems most probable as the source 
was remarkably free from impurity spectra. 


§7. THE First PostTIveE SYSTEM 


In the course of studying the band at 8310-6 A some plates of the First Positive 
system in the region 8900-10500 A were obtained. Plate I (e) shows the spectrum 
recorded on a Kodak I Q plate, using the glass Littrow spectrograph, which has 
a dispersion of 830Amm lat 100004. The bands were measured against Xe and A 
arc lines. 

Previous measurements of these bands were made by Poetker (1927), who 
worked at low resolution and gave the wavelengths of two intensity maxima for 
each band of the Av=0 sequence. ‘The wavelengths of neither set of maxima 
agree well with those calculated from Birge’s vibrational formula (Rosen 1951). 
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However, it is evident from our plates that the maxima recorded by Poetker lie 
near the P, and Q, heads in each band, whereas the vibrational formula refers to 
the P, heads. Table 4 gives the new measurements, together with the quantity 
termed p(w’, v”) by Jarmain and Nicholls (1952), which is approximately propor- 
tional to the transition probability. (For transition probabilities of bands of 
small v values see also Bates (1949).) The (1, 1) band should lie at about 10214 A, 
but was not recorded. The feeble band at 10133-3 A, which is presumably what 
Poetker assumed to be the (1,1) band, is undoubtedly the (6, 7) band. This is in 
agreement with Jarmain and Nicholls’ calculations, which show that the (1, 1) 
band should be very weak while the (6, 7) band should be one of the strongest of 
the \v = — 1 sequence in the spectral region under consideration. It is seen from 
plate I (e) that the intensities of the other bands in the region are in good qualitative 
agreement with what one would expect from the calculated p (v’, v") values. 


Table 4. Wavelengths of Infra-Red First Positive Bands (A) 


vv" (0, 0) (1, 1) (6, 7) (2, 2) (3, 3) (4, 4) (5, 5) 
X(A) 10508-3 — 10133:3* 9939-9 9680-4 9435-0 = 9201°9 
pr’, v”) 0-340 0-002 0-084 0-113 O61 e 70-118 0-044 


* This wavelength differs slightly from that previously given for the (6, 7) bands in a 
preliminary publication (Sayers and Carroll 1953). The present measurement, made from 
a more intense plate, is believed to be more accurate. 


It was mentioned in §2 that in the yellow transformer discharge the First 
Positive and Negative systems were strongly developed, while the Second 
Positive bands were almost entirely absent. It was therefore possible to photo- 
graph on the Littrow spectrograph the higher members of the Av =6 sequence of 
the First Positive systeminthe blue. ‘These bands have previously been observed 
only in an afterglow (Herman 1945 b) in which the higher vibrational levels were 
enhanced. ‘The wavelengths of the P, heads are given in table 5, as the new 
measurements, made from plates of larger dispersion, are probably more accurate 
than those given by Herman. 


Table 5. Wavelengths of the Blue Bands of the First Positive System 


INES) NA) ACA) 
(13, 7) 5008-9 (18,12) 4907-9 (23517) e4822 9 
(14, 8) 4987-4 (19,13) 4889-5 (24,18) 4808-4 
(15, 9) 4966-6 (20,14) 4872-0 (25,19) 4794-6 
(16,10) 4946-3 (21,15) 4854-9 (26,20) 4782-4 
(17,11) 4926-8 (22,16) 4838-4 


To represent the blue bands Herman added terms in v® and v* to Birge’s 
vibrational formula. Both Birge’s and Herman’s formulae showa small systematic 
error when applied to the infra-red bands, and in addition Herman’s formula does 
not give good agreement with the vibrational intervals for the higher v values. A 
recalculation of the vibrational constants therefore seemed worth while. For the 
blue bands and the Av =0 sequence the present measurements were used, while for 
the visible and infra-red bands the measurements of Birge (1914) and Birkenbeil 
(1934) respectively were used. ‘The formula obtained is 


y= 9514-8 + (1720-35 v' — 14-913 v2 + 0-048 423 v3 — 0-002 2079 v4) 
— (1446-26 0” — 13-846 v”? + 0-008 933 v”? — 0-002 2667 0”4), 
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Wavelengths calculated from this formula are in good agreement with all observa- 
tions of the system. The discrepancy between calculated and observed wave 
numbers is nowhere greater than 3 cm™! (except in the case of the (26,20) band, — 
whose measurement was doubtful due to overlapping structure of the Goldstein— 
Kaplan band at 4728 A) and for most bands is less ey lcm. The vibrational 
constants derived from the formula are 

we = 1735:30, °' wx, =14-989,  * wy, =0°032 839, « wz = 0-002 2078 

ws’ =1460-11. | w,x,"= 13-863, - wy,’ =0-013 466, 2," =0:-002 2067 


- $8. CONCLUSION 


The states involved in the Green system and the new infra-red system have 
notable features in common. ‘The w, values are all small and the 7, values 
correspondingly large for N,, while the energies are probably fairly high. The 
difficulty in observing the systems is undoubtedly due, at least in part, to the 
considerable increase in 7, required in exciting the upper states. Certainly the 
best excitation conditions of the systems are still obscure. It seems that consider- 
ably more work is required on the development of novel techniques which provide 
conditions not obtaining in the more conventional sources. 

It is worthy of note that there are now three sets of levels whose positions on the 
energy level diagram are not known, viz. the states involved in the Fifth Positive 
and related systems, and the states giving rise to the Green system and the new 
infra-red system. A thorough search of all spectral regions should yield some 
transitions between the Fifth Positive or associated levels and some of the many 
known singlet states. ‘Transition between states involved in the Green or infra- 
red systems and known triplet states are not so likely, due to the large discrepancy 
inv, values. Furthermore, if the states of the former systems are quintet states 
they will be metastable with respect to both the singlet and triplet levels, thus 
rendering the determination of their energy doubly difficult. 
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Abstract. An approximation is made which allows analytic integration of the 
‘overlap’, and other, integrals of vibrational wave functions in Morse potentials 
that arise in the study of the electronic spectra of diatomic molecules. The 
heavy and lengthy work that goes into numerical integration is thus avoided 
for many bands of many systems. The necessity for the type of approximation 
made is discussed from the point of view of the extensive cancellation that 
occurs in any method of evaluating these integrals. An indication is given of 
the validity and applicability of the approximation and the formulae thus derived. 
In this paper p-values (i.e. overlaps squared) calculated on this approximation 
are presented for the transitions N,, BII,~>a*X,+ (First Positive) and 
N,, C311; Bll, (Second Positive), and compared with values calculated with 
Morse wave functions by numerical methods. ‘The agreement is excellent. 


$1. INTRODUCTION 


N the well-known formulae for the intensities of diatomic molecular bands 
in emission or absorption occur squares of integrals of the form 


{ Dy MOR dre ga te, rea a ieee (1) 
0 


%(r) and #,'"(r) are respectively the vibrational wave functions in the v’ 
and wv” levels in the electronic states 1 and 2 between which the transition 
1+2 takes place; R,(r) is the matrix element of the appropriate multipole 
moment of the electrons (electronic transition integral); r is the internuclear 
separation. 

The dependence of R,(r) on ris generally unknown, and as a first approximation 


R.(r) is replaced by a mean value R, for the band system. Thus 


*H ei me 
ORs dra, | PYM dr a (2) 
J0 “0 


The so-called overlap integral 
: py ay?) (ae v") a eee (3) 
/ 0 


is thus of importance when considering relative intensities within a band system. 
We define p-values by p(v’, v”) =(v’, v”)?, these being a measure cf the vibrational 
transition probabilities. 
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Further, if the dependence of R,(7) on r is either known, or sought, ina — 
linear or quadratic form, then the integrals 


J bi rnb dr=(o',70")0 4st realithire paige (4) 
0 


i Ue ge Ae Cl cm a ea ts © (5) 
0 


become of interest. 

Many methods have been suggested in the literature for evaluating overlap 
integrals. Most suffer from being either inaccurate or long and tedious, or both. 
An approximate method is presented here that uses wave functions in Morse 
potentials, which are relatively both accurate and simple representations of the 
vibrational potential. ‘The method gives p-values rapidly, and the results are 
as reliable and useful, in view of the approximate nature of the Morse potential, 
as those derived by long and tedious numerical methods. ‘To show the validity 
of the method two tables of p-values calculated on this approximation are shown 
and the results are compared with those of numerical integration of Morse wave 
functions. The agreement is excellent. ‘Transitions for which tables are 
presented are: . 


Ns, Bell aez? © (First Positive) 
N,, Cll, Bll, (Second Positive). 


Similar tables for band systems mainly of astrophysical interest are available 
and are in process of publication (Jarmain, Fraser and Nicholls 1953). 


§ 2. "THE OVERLAP INTEGRAL 
When a Morse function, 
U(r) =DJ1—exp {~-a,(7—7re)t PP, ees (6) 
represents the potential of nuclear vibration in the electronic state 7, the 


vibrational wave function for level v is given by (Morse 1929), ignoring a phase 
factor, 


(®) — a(Ay— 20= 1) e ‘ Le» (Kj—20—- 1/2 (__1\v ¥ v 
i ee PURG= 2) tae); SES Alea , 


OSES) icc 
Sik oon 
=Nexp(=2)(2) eve an (alee alae, Gee (7) 
where Lee) is the associated Laguerre polynomial of degree v in g,, 
%,=K,exp{—a(r—7,,)}=A,exp(—a7),  — areeee (8) 
and K, and D are related to the constants in the expression for the vibrational 
She EX = (w,)(O+ 3) — (wee) (0+ 95 
bps (cw, di (we) 
es COAT GR Cra matic "4 
We note that 
Ve h 
(w.%.)s= remit | Milani ata Slin di 30 iy (10) 


where ju, is the reduced mass of the molecule in state 7. 
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_ The overlap integral is given by (3): 
(0, 0) =| Ya year. 
0 


Negligible error is introduced by integrating from — co to co (Morse 1929, 
ter Haar 1946). Then 


ico) 
(so) =] Aly ar 


= ( _ DO TPN ON CON Es Dik) Ba 2 : . (= Lert vy a” 
ve ; k=01=0 R I 
l I'(K,-—v') TP (K,-v”) 
i PANT Resa K peep 1) Pe ce (11) 


r OO 


where J(k, l= | dr exp{ — 3[A, exp (— 447) +A, exp (— Oy7)]} 


x exp [ —({$(K, —1)—Rh}oyr + {4(K,—1)—Dagr)]. 22... (12) 
The J(, /) cannot be evaluated exactly, in general, since ¢, 4a, and if it is desired 
to obtain a general formula for an overlap it is necessary to resort to a valid 
approximation. 

Because of the very large cancellation that occurs on performing the double 
sum in the expression for (v’, v”), an individual approximation to each J(k, /) 
would be difficult to make consistently. In fact, the number of figures lost on 
summing can be shown to be of the order of (v’ +v”)+m—n where (0,0)~10-” 
and |(v’,v”)|~10-”. This cancellation is, of course, an intrinsic property of the 
Laguerre polynomials. For v’+v" <2 or 3, approximation to cach J(k, /) 
would be adequate, but for greater v’+v” such a procedure would break down 
(e.g. Bouigue 1951, Wu 1952). Therefore, the approximation adopted here is 
one which covers consistently all vibrational levels of the two states and allows 
analytic integration of the J(k, /), and hence the (v’, v”). 

It was noted above that the J(k, /) are not integrable because ca. The 
approximation is to replace U,(r) and U,(r) by two new potentials, U,'(r) and 
U,'(r). The new potentials each have their «-values equal to some mean of the 
original x, and». It is easiest to take the arithmetic mean « = 3(%,+%), though 
it is sometimes convenient to choose another « that will make final computations 
easier and yet not affect the result.* Compensating adjustments are made in 
the constants of the two states that depend on the «-value for the state. ‘Thus 
normalization and closure properties are maintained. 

The adjusted molecular constants, adjusted to correspond to the new «, and 
indicated for the present by primes, are: 


Ky’ = K,(«4/«)?, Ko’ = Ko(%9/x)?, Ay’ = Ky’ exp a7, Ap’ = Ky! exp oreo, Nee aN 


Assuming «=4(«%,+a,) and writing #,=«%+6«, a4=%—da, it is readily seen 
that errors introduced by the approximation will be proportional to |d«/«|, and 
that the errors will be less the smaller the overlapping of the two potentials. 
Small values of |Sx/x|, ie. <5°%, imply slight change in the description of the 


* e.g. sometimes an a between a, and a, can be found that makes A,’=A,’ (A, and A,” 
are defined in (13)). 
i 76-2 


1148 P. A. Fraser and W. R. Farmain 


states (e.g. a small change in the second term in the energy), and one would expect _ 
that the wave functions in the new potentials would be quite adequate for the © 
calculation of such quantities as overlap integrals.* | 

The adjustment of state constants having been made, and dropping the 
primes on all the new quantities, (v’, v") takes on the same form as (11) with 
J(k, 1) now given by 


Sk, 1) = ‘— dr exp{—[A exp(—«r)]} exp{—[(K—1)—(k+ )]ar} 
=J(k+l) 
where ' Ki =F K,) 9 A= 4g) eee eee (14) 


J(k +1) can now be integrated exactly: 


i i (K—1)=(k+4+)) 
J(k+l)= =(5) 


It is natural to take the ratio of (v’, v”) to (0, 0), and also to introduce c=k +1. 
‘Then 


i(K=1-{k+ ie \igte pee (15) 


(v’, v") 8 aoe NON vy +e" <3 IP’ (K-— 1 a a) ; 77 
(0, 0) =(-1) NON O a —1) Pia eee ; 0) se eeee (16) y 
where 
ee Peo ae 5 STR rue 
Os -g)= Dd PS Rat) aaa es SBE a Ma Se ESPNS 
(Spiess) 2h) (." pes Pas RR aa ek, 1D) 
PeBAA TS SpA 4 ow Cate WT ae (18) 
e (0) (0) (K,—1)/2 (K,—1)/2 
ee ie yee (-) (~) T'(K -1) 
e Pi Pe 
1\ i= D2 / 1\ D2 Ue 
-G) G) wesorecoe 
It will be noticed that for o>1 
I (K-1-c) 1 


D(K—-1) (K—2)(K—3)....(K—1=a) ° 
Similar reduction is possible in the ratios of gamma functions appearing in 
C(v’, v"; a). A few of the (v’, v”)/(0, 0) are displayed explicitly in the Appendix. 


§ 3. THE OTHER INTEGRALS 


The integrals (v’, rv”), eqn. (4), and (v’, 72v"), eqn. (5), may be evaluated on 
the above approximation. Straightforward analysis leads to: 


(v’, rv") Ce ae N,™ NA) . a ue 6 a (K att i? a) Poo z 
O70). OY one 2, (oY! ema eo 
Rees (20) 

(v’, 0") page NO) Ngo to" Arla cge tine cs : 
(0, 720) () NON os C=} PRE 1) Civ’, v 0) K— Ta) 
ir vad, ul tous deat ot Mle, ahtiitheontibese ae a) eee aieiee ae (21) 
with (07 O)s=art(Os OM D> eal ai Tile epee (22) 
and (0;-770) =o-"(0; OFF (K — 1), 5 9 ee (23) 


* An improvement that gives excellent results when |da/a| =5°% is described elsewhere 
(Jarmain and Fraser 1953 b). 
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where f(K—1)=In\—¢(K—1), F(K—1)=/(K—1)+46'(K-1) 
fio ted 


ce ee ee ee eer. (24) 
KAT 0) = ee ee 
7g P(x) = 2 (Taig tenes ae sear (25) 


Expressions can be found for f, F, g and hf using the expansion and properties 
of the logarithmic derivative of the gamma function (e.g. Jahnke and Emde 1938) 
Details are given elsewhere (Fraser and Jarmain 1953). It will be noticed that 
g and h multiply terms in the o-sum that appear in the expression for the overlap 
integral and would thus be available. 

The expressions (20), (21) for (v’, rv”)/(0, 70) and (v’, r2v”)/(0, 720) are of 
course directly applicable to the calculation of intensities in pure vibration 


Table 1. Molecular Constants of Ng (Herzberg 1950) 


State a (A~1) K 70 (A) 
ool 26636 119-15 1-1482 
Bll, 2°4517 119-84 122s) 
Ay 2-4021 OSES 1-293 
‘Transition Chosen mean a(A~!) 
Bs A 2:4269 
Geos 2:5619 


spectra. ‘There is no approximation involved in this case, for «,;=c, and 
ee hg =a, py = po — 4 Lhe expressions.for (o5/770" )i(0; 720) atter 
obvious simplification arising from the above equalities and the orthogonality 
of the wave functions in this case, are perhaps in a form more suited for 
computation than those previously published for pure vibration spectra 
(Buckmaster 1952), though otherwise completely equivalent. 


§ 4. RESULTS 


To show the validity of the approximation two tables of p-values are presented, 
and compared with values obtained earlier by numerical integrations of Morse 
wave functions (Jarmain and Nicholls 1952). ‘Table 1 shows the basic molecular 
constants for the three states, c?I1,, B'II,, a?&,* of N, (Herzberg 1950), and the 
mean v-values chosen for the two transitions. p-values for the First and Second 
Positive systems of N, are shown in tables 2 and 3. 

For the First Positive system |éa/x| is small, and the agreement between the 
two methods of computation is excellent. ‘Table 1 shows that for the Second 
Positive system |5x/x| is somewhat larger and the agreement is satisfactory. 

The limitation of tables 2 and 3 is dictated only by the use of a ten-digit desk 
computing machine, and results from the extensive cancellation mentioned 
above. The limit is given approximately by v’+v" <6+2, where (0, 0)~10-”. 
Work is in progress on the performance of this cancellation algebraically. 
Results to the present time, important in themselves in that they allow calculation 
of overlaps for the first four progressions to high quantum numbers, are 
reported elsewhere (Jarmain and Fraser 1953 b). 
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Table 2. Nog, B'II,>a®X,+ (First Positive) 
Pw; wy=(0'5 A 
(Results from numerical integration (Jarmain and Nicholls 1952) 
are shown in parentheses) 


on 0 1 2 3 ‘ 5 6 
v AS =a 


0 0:33, 0:32, 0:19, 0:08, 0:03, 0-01, 0:00; 
(0-349) (0-323) (0-199) (0:08) (0:03,) (0-014) (0-005) 


1 0-40, 0-003 0:10, 0:17, 0-14; 0:08, 
(0-40.) (0-003) (0-105) (0:17,) (0-14.) (0-08) 
2 0-19, 0:20, 0-11; 0-00, 0-07, 
(0-209) (0-213) (0-113) (0-002) (0-074) 
3 0-05, 0:29, 0-03, 0-15, 
(0-05) (0-30,) (0-039) (0-16,) 
+ 0-00, 0-13, 0:27, 
(0-00,) (0-134) (0-273) 
5 0:00, 0-02, 
(0-009) (0-02,) 
6 0-005 


(0-005) 


Table 3. Ng, c3Il,> Bll, (Second Positive) 
pr’; v") se (v’, Oak 


(Results from numerical integration (Jarmain and Nicholls 1952) are shown in parentheses) 


ss 0) 1 2 3 4 5 6 
vy’ 


0 0:44, 0:32. 0:14, 0:05, O-O1s 0-00; 0:00, 
(0:44) (0-323) (0-144) (0-053) (0-014) (0-005) (0-00,) 


1 0:38, 0-01, 0-19, 0-19, 0-11, 0-05, 
(0:39s) = (0-014) = (0-203) (0-195) (0-115) ~~ (0-042) 


2 0-13, (0-315 0-04, 0-04, 0:15, 
(0-135) (0-323) (0-032) (0-062) (0-15) 


3 0:02. 0:25, 0-145 0°13, 
(0-02,) (0:25) (0163) (O-11¢) 


4 0-005 0-07, 0:29, 
(0-003) (0-075) (0-30s) 
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APPENDIX 


Explicit Formulae 


A few of the formulae resulting from (16) are shown below, and the ease of 
computation from them is clear. The formulae for (v’, rv”) and (v’, r2v") 
integrals are, of course, similar. 


(0,1) N,® {1 | 


(0,0) ~~ NOP K=O f 


(0,2) _ Ni? (Ks-3) | ,(Ka—3(Ko—4) 
(0,0) =F {!- *P.(K—2) +? RNR 

(1,1) _ N,N (Kae?) eee) (Kip?) 
0)" NON i [acer Pe Renny | wien RoR} 


SUS) a Bg (K,—4)  (Ke—4)(K,—5) 
(0,0) — io! 3p2 (KR —2) Dy +32" TR) K—3) 

3 (Ke —4)(Ke—5)(K, — 6) 
ue ee ea ; 


(1, 2) NON (Ki=2) 5, (Ka—3) 
(0, 0) — Svat RE esd) a) 


pect ay, Re) 
+ [Pours (K—2(K—3) *? es 
(Ky—2)(Ky—3)\(Ka—4) 

~ PiPa “(K —2)(K —3)(K—4) }. 


The ratios of normalizing constants, N;”, are best built up from the ratios 
of adjacent normalizing constants. From (7) it is observed that 


NO [K,-0 “Ky-20-1 ; 
Nature v K,—2v+1 ; 
and then, for example, 
Ni Ne Ne 
NO N®° NO? ae 


The formula for (m,n)/(0,0) is obtained from that for (n, m)/(0,0) by 
interchanging subscripts 1 and 2. 

A method of computation that avoids explicit writing down of the formulae 
for other than the v’=0, v”=0 progressions is based on the observation that 
(m, n)/(0,0) resembles closely the product of (m,0)/(0,0) and (0, )/(0, 0), 
differing only in the K denominators. Compensation with tabulated factors 
may then be made in individual terms of such a product while computing. ‘This 
is discussed more fully elsewhere (Jarmain and Fraser 1953 a). 
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Abstract. ‘Two improvements in the method of calculating vibrational overlap 
integrals presented in a previous paper are given here. 

The first improvement allows the treatment of cases whete |(«,—«2)/(a + %2)| 
is so large (=5%%) that the results using the technique of the previous paper are 
merely indicative of trends. «, and «» are the parameters in the Morse potentials 
whose adjustment is the basis of the approximation in the previous paper. 

The second improvement is a method of overcoming algebraically the heavy 
cancellation (intrinsic in the wave functions) that limits the extent of tables of 
p-values (i.e. overlaps squared). Formulae for the 0, 1, 2 and 3 progressions in 
either direction are given that allow the overlaps to be calculated for much higher 
quantum numbers than was previously possible. 


§ 1. INTRODUCTION 


N a previous paper (Fraser and Jarmain 1953, to be referred to as I) 

whose notation is used here, a rapid approximate method of calculating 

overlap, and other, integrals of vibrational wave functions in Morse potentials 
was presented. ‘I'wo difficulties with the application of the formulae of I were 
indicated: (i) the limited reliability of the results when | («, —%2)/(« + %g) | = |da/«| 
is large, say >5°%, where « is the arithmetic mean of «, and «., and (11) the limitation 
on the extent of a table of overlaps due to the large cancellation originating from the 
Laguerre polynomials in the wave functions. Methods of overcoming these 
difficulties are presented here. 


§2. THE ‘7,-SHIFT’ 

The formulae in I for the overlap integrals give results in excellent agreement 
with those derived by numerical integration of Morse wave functions when 
|du/z|<5%.* For larger | 60-/x | the results are satisfactory or, at worst, indicative 
of trends. ‘The improvement described below applies to such cases and raises the 
‘satisfactory’ class to the ‘excellent’ class, and the ‘indicative of trends’ class to 
either of the two higher classes. 

One of the distortions introduced by the approximation (the basis of which, 
one recalls, is the replacement of the ‘old’ Morse potentials by two ‘new’ ones, 
which allow analytic integration of the overlaps) is a displacement of the vibrational 
wave functions slightly to larger or smaller values of r, the internuclear distance, 
depending on the directions of change of x, and%,. ‘This displacement increases 


* This restriction on |da/a] covers most cases. When the difference between the 
equilibrium internuclear distances is less than ~0-05 A, the tolerance on | da/a| is less, and 
when the difference is larger, the tolerance is greater. 
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with the changes in «, and « . An improvement would be to shift the ‘new’ 


potentials either to the right or to the left, necessarily a different amount for each — 


band, by changing the 7, values, so that the ‘new’ wave functions are approximately 
in the position of the ‘old’. The best ‘r,-shift’ to make for each vibrational level 
has been found empirically by requiring the best over-all agreement with values 
calculated by numerical methods. This procedure led to the following very 
reasonable expression for the shift: 

S76 = — $F (F(87 4 fOF 87_ LM) + O76}, wee eee (1) 
where 57,” is the change in the 7 coordinate of the right-hand classical turning 
point caused by the approximation, for the vth level in the electronic state 2, 
5r_, is the similar change in the left-hand classical turning point, and 67), is the 
change in the r coordinate of the central node or maximum of the wave function #5”. 

Calculation using a formula given by Pillow (1951) for 67), gives 


30+2\ (da, 
(v) — peed owe ‘ene 
ord (“Se=) (3) C 


to first order in |dx,/«| and 1/K,, where « =7,—5a,, and where K, is the adjusted 


4 
| 


parameter. The required change in the difference (r,, — 7.2) for the [v’, v”] band 


isieinenahs Oa fal =O, or (3) 
In the case that « = 4(a, + %), da =4(x — %)) =a, = — dag, this reduces to 
a da\ (3v'+2 30+ a 
= (ls) So 
8(To1 — Ter) (=) { 2K, + IK aes (4) 


The quantities in the formulae that depend on (7,,—7 2) are p, and pg. 
However, it is not necessary to work out a set of p, and pg, a pair for each band, anda 
set of (0, 0) integrals with the consequent loss of the valuable multiplication tech- 
nique of computing (Appendix of I). The value of an overlap depends linearly to 
a high degree of approximation on any small change in the difference 7,4 —7;». 
Hence two tables of overlaps are computed using the multiplication technique: 
one table with no ‘r,-shift’, the other with the ‘7,-shift’ appropriate to some 
particular band, the (2, 2) band, say. Interpolation or extrapolation with these 
two tables, making use of the appropriate ‘r,-shift’ for the band given by (2) or (4), 
will lead to the improved values for the overlaps. 


§ 3. RESULTS OF APPLYING ‘7,-SHIFT’ 


The band system used to establish the amount of ‘7,-shift’ for each band was 
the violet system of CN, B22 +—»x?X+. The technique was then applied to the 
Second Positive system of N,, cll, BIl,, as a check. In I results were 
reported for the Second Positive system of N, (I, table 3) without this shift. 
Applying the ‘r,-shift’ gave even better agreement with the results of numerical 
integration. For example, the technique changed p(3, 2) to 0-163, and p(3, 3) to 
0-120, both in much better agreement with the results from numerical methods. 
A very few bands were slightly worsened, but there was an overall improvement 
throughout the table. 

Table 1 shows the basic constants of the two states B?=X+ and x2X+ of CN 
(Herzberg 1950), and the mean « chosen for the transition. ‘Table 2 presents 
p-values (overlaps squared) for this transition computed by three methods: (a) 
approximate method, no ‘r,-shift’, (6) approximate method with ‘r,-shift’, and 
(c) numerical integration of the ‘true’ wave functions. It is clear from the table 
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that the well-defined shift (1) will give results in excellent agreement with those of 
numerical integration. It should be noted that the property of p-values, 

~Xyp(v',v")=1 and &,-p(v',v")=1, is lost to a certain extent after applying 
*r-shift’. ‘The difference from unity is not serious. 


Table 1. Molecular Constants of CN (Herzberg 1950) 


State oA) K re (A) 
B ®t 2:7863 106-87 1-1506 
x 2 2:2448 157-39 1:1718 


Mean w=2:-5156 4-1 


Table 2. CN, B2X.+-> x2X+ (Violet) 
p(w’, v") — (ae ae 


Seed 0 1 2 3 


0-91, —~ ~0-08, 0-005 0-00, 
0 0-91, 0-07; 0-005 0-00, 
(0-925) (0-074) (0-005) (0-009) 
0-08, 0-75, 0-14, 0-01, 
1 0-07, 0:78; 0-12, 0-01, 
(0-074) (0-78) (0-12,) (0-014) 
0-005 0-16, 0-615 0-18, 
2 0-00, 0-13, 0-69, 0-15, 
(0-00,) (0-13,) (0-69,) (0:14,) 
0-00, 0-005 0-22, 0-49, 
3 0-00, 0-00, 0-17, 0-62, 
(0-005) (0-002) (0-185) (0-625) 


The three lines in each group indicate respectively : approximate method, no‘ r,-shift’; 
approximate method, with ‘ r,-shift’; numerical integration. 


§ 4. ‘ REMAINDER ’ FORMULAE 


The procedure presented in I for evaluating overlap integrals is very rapid 
compared with other available methods, with the exception of an approximation 
offered by Bates (1953). However, Bates’ method is limited by the small number 
of bands for which tables are given, apparently because of the dubious validity of 
the approximation for higher quantum numbers. As noted in I, there is a limit- 
ation due to the intrinsic cancellation in the Laguerre polynomials on the extent of a 
table of p(v’,v”) computed by the formulae of I. ‘The limit on the sum of the 
quantum numbers using a ten-digit desk calculating machine is given approxi- 
mately by v’ +v" <6+n where (0,0)~10-". This cancellation accounts for many 
more figures (the full capacity of the machine) having to be used in the computations 
than are apparently justified by the molecular data. One must assume the data 
exact for computation purposes. 

From the formulae resulting from the present approximation, this cancellation 
may be carried out algebraically, and a quantity 1s left which exhibits none of this 
large cancellation*, and which could be evaluated on a slide-rule if necessary, 
giving accuracy to two decimal places. 


* Any cancellation left would be due to the smallness of the integral being evaluated, and 
-would rarely amount to more than 2 or 3 figures. 
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Such ‘remainder’ formulae have been found for progressions in which one of | 
the quantum numbers is 0, 1, 2 or 3, the other not restricted. These are the 
progressions usually of greatest experimental interest. Work is continuing on this _ 
problem with the hope of finding a general result (there is a clear pattern in the — 
progressions so far treated) or of extending to higher progressions. 

It is convenient to define quantities AK and 6 by 

AK =}(K,— K,); Sais ee » eee (5) 
Pa Re 
Then expansion of the expression for (0,0) gives 


z (AKYP 1 1 (AKy! 1 
ae | - { DCR) aac = Aye |e ee 
+ 4(K —1)(82 + 484) + (AK)(8+ 19} | 25, ee (6) 
which holds if |AK|<10, |8| <;. Further terms are easily found for larger 


| AK| and |6]. 
For the v’ =0 progression the following are obtained: 


(0, 1) INGO? NK el 
(0,0). NOP {eo TOP ih (eae wel gage SO = ioe (7) 
(O72) see (AK) (AK +1) (AK+1) 
OO) = NOP RRS oR tt, og: (8) 
WS) me ea ee gs (AK + I(AK +2) 
(0,0) ~~ NOP? \(K=2(K—3)(K—4) °° (K=2(K-3)_ 
INGE) eee 
in em re a (9) 


The formulae for higher quantum numbers in this progression follow the 
same pattern. ‘The replacement of AK by —AK and 8 by —8 within the braces 
and the subscript 2 by 1 outside the braces gives the formulae for the v” =0 
progression. 

The method of obtaining formulae for the 1, 2 and 3 progressions follows from 
the relation : 


(v’, v") i (v’, 0) (0, v") A NY Na? ea ie iP, (K— t= o) 
0,0) ~ 0,0) 0,0) ~ Won® 2, RIT 
gi is I(K-—1—k)T(K—-1-—c+h) 
x (u,v; ok) | 1-—- 
Raha O 6 )| I(K-1)r(K=1 <0) Ree ie: (10) 
where 
z es us / uM a T(K —v’) (kK, —v") 
UO Moe ee ies ) a eee oer me Bate ESS el RS lk 
o mi) ( oR Phi Tove) hoe 
ice, mae yv’, vw”; o,k)=C(v',v"; o) — [eqn. (17) of I]. 


Manipulation of the indices of summation for the special cases v’ =1, v’ =2, 

v' =3 leads to considerable simplification of this expression. Let {(0, v”)/(0, 0) tx, 

stand for the part within the braces of the formula for (0, v”)/(0, 0), with K replaced 
by K—n, e.g. 

(0, 2) (AK)(AK+1) 28(AK+1) 


Ue” ROR tea 
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Then, for v” >w’, 
eee ee | os " 
ied) (ees), 


2" (w= 1)(K, = 3)(Ky = 4)(Ky- 1 -0")(K,-2- ") fe Eee) ] 
(K—2)(K—3)°(K — 4)"(K — 5) (0,0) Jay’ 


poetk Ai Kk. — 1 — 0") G ie ie aul. 


— 


(K —2)*(K — 3) (0, 0) (0,0). f xe 
30" (0" = 1K. 4)(Ky— 5)(Ky— 1-2" )(K,— 2-2") @ } {oe o” = 
(K—2)(K—3)?(K—4)(K—5) (0,0))x-al (0,0) Jaa 
pe No" aR Ay) (Bi O) Rl aa) (Kato) Kad Sol 
USS 2) K—3)(K 4) 4K —9) 4K — 6) K— 7 | 
((0, 0” —3) 
x { 70,0) eal ts (13) 


For the v” =1, 2, 3 progressions obvious exchanges are made in the formulae. 
‘These formulae, it must be emphasized again, exhibit none of the very large 
cancellation. Great simplification results if it is possible to choose the mean « 
that such A, =A, (see a footnote of I), and thus 6 =0, or such that 6 is so small that 
only 2 or 3 terms in the 0-progression braces need to be retained. Otherwise the 
work with these formulae is heavy, but still very much less than that required to 
do the calculation of the overlaps numerically. Elimination of the cancellation is 
accompanied by the loss of a convenient check on the correctness of computation. 
Using the formulae of I, one knows how much cancellation to expect and can 
immediately sense a mistake if there is not as much as there should be. If one 
is interested in a few bands of low quantum number, the formulae of I are easier 
to apply, with the cxception of that for (0,0). 
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The Magnetic Moments of Spin 5 Nuclei 
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MS. received 11th August 1953 


Abstract. It is shown that the deviations of the magnetic moments of all 
spin $ nuclei from the Schmidt limits can be adequately accounted for by simple 
interconfigurational mixing. 


§ 1. INTRODUCTION 


ANY attempts have been made to explain the deviations of the magnetic 
moments of odd A nuclei from the Schmidt limits obtained for the 
single particle model (SPM) of the nucleus.* In this paper the particular ~ 

case of spin $ nuclei is considered, and it is shown that for all such nuclei the value 
of the magnetic moment is adequately accounted for by simple interconfigurational 
mixing. 

It is convenient to describe such mixing for a nucleus of spin in terms of a 
wave function of the form ee Bi, ap)” (Pn eee (1) 


where x, corresponds to the SPM configuration and the ¢,,; represent admixed 
configurations, such configurations being characterized by the variable p. x; can 
be written as the product of a single particle wave function ’; and a wave function 
#, for acore with zero spin; thus y,;=¥,«) and both a, and ¢,, , can be expressed 
as a superposition of single particle functions (in jj-coupling). 

The magnetic moment of the nucleus (in nuclear magnetons) is obtained by 


calculating the expectation value of the operator & (g,”6”" +9,” L”) using the above 
n=1 
wave function, the summation being taken over all nucleons in the nucleus. 


g,” and g,” are the spin and orbital g-factors for the nth nucleon and 6” and L” are 
the appropriate spin and orbital angular momentum operators. Thus 


J m = Noe n n m 
fm ee ea eee) Ei: ee (2) 


where it is supposed that the nuclear wave function is constructed to represent a 
state in which the angular momentum j has a component m along the axis of 
quantization. 

If all the «, are zero then the SPM value is obtained for the magnetic moment. 
On the other hand a large deviation from this value is to be expected if terms linear 
in the «, are non-vanishing. ‘The condition for this is that x; and ¢,, ; must differ 
at most by one single particle state and that then the orbital state must be the same. 
For nuclei with spin greater than } there are many ways in which wave functions 


* A review of such attempts and detailed references are given, for instance, by Ross 


(1952). 
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satisfying this condition can be constructed, but if j =4 the exclusion principle and 
angular momentum considerations restrict such Ee uized wave functions to one 
type only, namely that in which a single nucleon in the core is excited from the 
state l’y_y 44/9 to l’y_y_yip. 

In the followitie calculations an estimate is made of the values of the «, for this 
type of interconfigurational mixing assuming a delta function interaction eeree 
nucleons. 

§ 2. CALCULATIONS 


The calculation is formulated in terms of three particles, two of which in the 
SP are in the same state coupled to give zero spin and one of which is excited to a 
different state in the admixed configuration.* Also for purposes of generality ; is 
not at present restricted to the value 3. Then symbolically, 

YA) Col, and b;>T) kl Cas 
where j’=/'+ 3,7” =/'—} and the admixed configuration is now characterized by 
the angular momentum J to which j’ and j” are coupled. 


Consider first the case in which the odd nucleon (1 say) differs from the core 
nucleons (2 and 3). Suitably antisymmetrized wave functions are then 


U1; 2, 3) = & com Swe (2)e- ie L eeeeeeeee (3) 
1 
She ee oe ie is Sant int Cn a (PF (2) 45 (3) BF 3) — HF (2))PF (D 
args et (4) 
where the c’s are Wigner coefficients and both wave functions are normalized to 


unity. 
Denoting the inter-nucleon interaction by 
avr tae VG re rs |) Vr Ps) 
the matrix element to be calculated is 
$8, = | xj" (1, 2, 3) Vby,"*(1, 2, 3) dry dry dry. 
Substituting for y/”(1,2,3) and $,"(1,2,3) and using various relations 
between Wigner and Racah coefficients, am , reduces to 


2(2J + 1) 1/2 
sil EN Neer) ae s 

(“| Hay 7 2 (2+ 1) WITT IDB: any (5) 
prpere Fis nv ={& i: 97(Bo QD VU tp — Fal Ei: i(Ps 9) tp Fe 


€;. ;(P,q) 1s a wave function representing nucleons p and gq in the single particle 

states ¥,(p) and %,(q) coupled to give a total spin 7 and similarly for €,. j(p, q). 

Rewriting these wave functions in an LS coupling scheme, using a delta function 

for the inter nucleon interaction and taking account of the singlet and triplet 

interactions in the manner set out by Pryce (1952) gives 

TRS ATAU YIN CERES 99 MRE LATS O GL Aba EGR) 
y=i-1,%,7% 

Sh as ee a RS ee (6) 
where the ¢jjz|zL.S) are jj-LS transformation coefficients for spin } particles 
(Blin-Stoyle 1953). «, and e, are singlet and triplet interaction energies, and these, 
together with the coefficients P(7; /l’), are defined and discussed by Pryce (1952). 


* Note added in proof. 'The results obtained are unchanged if one of the core particles 
is replaced by a ‘hole’. 
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If the nucleons 1, 2 and 3 are all of the same type, an expression identical with — 
(5) is obtained for M,, but now, because of the complete antisymmetrization of the _ 


functions, Dee oe eae Te 
NO Bs goin 24/2e,C ft (a0) Cy 10 POM) © ee (7) 
x, is then given in terms of fl, by %, = —S##,/AE, where AE (always positive) is 
the energy difference between the SPM and admixed configurations. 


§ 3. CONTRIBUTION TO THE MacGNeTic MOMENT 


Using (1), (2), (3) and (4), a straightforward calculation gives for the contribu- 
tion of the term linear in «, to the magnetic moment (i.e. the approximate deviation 
of the moment from the Schmidt limit) 


Ql’ 1/2 eee. : 
pe = 2a (81-85) Eretcesn Oba! Fie (8) 
and =0 for J/se1° 
Here g, and g, are the spin and orbital g-factors for the core nucleons. 


§ 4. APPLICATION TO SPIN $ NUCLEI 


For the particular case j =} only ##/, is non-vanishing, and in (5) the summation 
over 7 reduces to a single term, namely that for whichz=I’. 
Sy), odd-neutron nuclet. 

The first non-trivial spin $ nucleus is 7°Si. In this instance the only possible 
interconfigurational mixing of the type required is that in which either or both 
of a ds), proton or neutron is excited to the ds), state. By (5), (6), (7) and (8) it is 
found that for neutron excitation p’ = —2-9e,/AE and for proton excitation 
pe’ =1:2(e,—¢«,)/AE. Taking «,=1-5«, (Pryce 1952) and noting that ¢, is negative, 
it is seen that the deviation of the magnetic moment has the right sign in both 
cases (experimental deviation=1-4n.m.). Further, very roughly estimating 
AE = 3 mev and e, = — 1-0 Mev (for a light nucleus |e,| will be larger than the value 
0-85 Mev suggested by Pryce (1952) for nuclei in the region of lead) gives a total 
correction to the magnetic moment of 1-2n.m. which is of the required order of 
magnitude. 

Exactly similar arguments can be applied to the sy). nuclei 14Cd, "Cd, 1°Sn, 
17Sn, 18Sn, 8'Te,.1Te and.1°Xe, In every. case, there cans be news 
excitation from the d;,. to the ds). state, and this will give a deviation in the 
magnetic moment of the right sign (+) and magnitude (~1n.m.). 
$1). odd-proton nuclet. 

19F is particularly interesting. ‘There can be no proton interconfigurational 
mixing since the d;,. proton shell is empty. On the other hand Klinkenberg’s 
(1952) tables of nuclear shell structure would suggest that there are two neutrons in 
the d,). state, and this should cause the magnetic moment to deviate considerably 
from the SPM value. Experimentally there is found to be little deviation 
(~0:16n.m.). A likely explanation for this is that the two neutrons prefer to pair 
off in the neighbouring 2s,), state: this hypothesis is in fact supported by calcu- 
lations due to Hitchcock (1953) and ideas on ‘stabilization’ energy put forward by 
Goldhaber and de Shalit (1953). 

The deviation of the magnetic moment of *!P from the SPM value by 1:48 n.m. 
can be explained 1n exactly the same way as for 2°Si. 
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ST and ®°T'l are the only other two odd proton nuclei in an s,/. state whose 
magnetic moments are known. Here proton interconfigurational mixing is 
unlikely since the d;,. and ds). states are both filled. In this region, however, 
there can be neutron excitation from the py). to the pj) state, and calculation shows 
that the deviation of the magnetic moment from this cause should be 
we =+1-8(e,—-¢,)/AE. Taking «,=—0-85mev and estimating AE =0-6mev* 


gives ’ = — 1-2n.m., which is in good agreement with the experimentally observed 
deviations of —1:18n.m. and —1-17n.m. 
Prlg nuclei. 


Using (5), (6) and (7) it can be shown for p,/2 nuclei that f#l, is always identically 
zero for any value of /’ and for excitation of either a proton or a neutron from the 
core. ‘Thus, the magnetic moments of pj;/. nuclei should not deviate very much 
from the SPM values. This is confirmed by experiment, the maximum deviation 
of the magnetic moment of a p,/. nucleus from the SPM value being 0-19 n.m. (for 
“1Yb) compared with 1:48 n.m. (for *!P) for s,/. nuclei. 


ACKNOWLEDGMENT 


The author would like to express his thanks to the Pressed Steel Company 
Limited for a research fellowship during the tenure of which this work was 
completed. ! 

REFERENCES 
BLIN-STOYLE, R. J., 1953, Proc. Phys. Soc. A, 66, 729. 
GoLpuHaBER, M., and DE SuHa.iT, A., 1953, Phys. Rev., in the press. 
Hircucock, A. J. M., 1953, Phil. Mag., 44, 766. 
KLINKENBERG, P. F. A., 1952, Rev. Mod. Phys., 24, 63. 
Mayer, M. G., 1950, Phys. Rev., 78, 16. 
Pryce, M. H. L., 1952, Proc. Phys. Soc. A, 65, 773. 
Ross, M., 1952, Phys. Rev., 88, 935. 


* This value is obtained by assuming that AF ~(2/’+-1) and that in this region for 
ii —5, AE= 2mev (Mayer 1950). 


PROG. PHYS, SOC. LXVI, I12——A AT 


1162 


The Electronic Structure of some Body-Centred Cubic Metals 


BY. GG, BACE 


Department of Theoretical Chemistry, University of Cambridge 


MS. received 20th May 1953, and in amended form 4th August 1953 


Abstract. The electronic structure of a body-centred cubic metal is considered 
using the standard excited state extension of the equivalent orbital method. 
The form of the energy surfaces for both the standard excited state and the 


ground state is deduced in terms of a small number of parameters using the | 


transformation properties of a determinant wave function. The energy 
expressions thus found do not depend on any analytical approximation to the 
wave functions nor on any arbitrary simplification of the theory. Values of the 
parameters for lithium and sodium are found by fitting the theoretical energies 
to energies calculated by other methods. 


$1. INTRODUCTION 


HE orbital theory of the electronic structure of a crystal is founded on the 

| one basic postulate that a wave function in the form of a single determinant 

is an adequate approximation to the true eigenfunction of the electronic 

ground state. Each element of this determinant is an orbital multiplied by one 

of the two spin functions. ‘To give the most accurate wave function the orbitals 

must satisfy certain differential equations. ‘These equations can be interpreted 

in terms of a Hamiltonian operator for the motion of one electron in the field of 
the nuclei and the averaged field of the other electrons. 

The orbitals are not determined uniquely by these equations. An arbitrary 
unitary transformation of the orbitals leaves the determinant unaltered both in 
magnitude and in form and so leads to differential equations of exactly the same 
form. It is possible, therefore, to define different kinds of orbitals by adding 
different restrictions and to transform one kind to another by a unitary trans- 
formation. In most previous discussions of the orbital equations the solutions 
were made unique by restricting the orbitals so that their matrix elements with the 
effective Hamiltonian operator were zero except on the diagonal. Such orbitals 
have been called crystal orbitals by Lowdin (1951). For many purposes this 
choice of orbitals is not the most convenient and equivalent orbitals, which are 
defined as identical with each other except for their position and orientation, 
may be used instead with equal accuracy (Lennard-Jones 1949). It follows that 
the equations for a set of equivalent orbitals reduce to one equation when referred 
to suitable axes. ‘The utility of equivalent orbitals is, however, due to the locali- 
zation which they are found to possess. 

In an ionic crystal the equivalent orbitals can be localized around single atoms 
and so are modified atomic orbitals, The equivalent orbital method reduces 
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then to the Heitler-London method provided that in the latter the atomic orbitals 
are the best possible ones. Wannier (1937) has found it useful to define orthogonal 
orbitals for ionic crystals as transforms of the crystal orbitals of a single zone. 
These orbitals are equivalent under the translation subgroup of the crystal and 
so may sometimes coincide with the equivalent orbitals. Equivalent orbitals, 
however, are equivalent under the full symmetry group and so are, in general, 
transforms of the crystal orbitals of all the occupied zones. 

In a valence crystal not all the equivalent orbitals can be localized around 
single nuclei; some are localized around single nuclei and some around pairs of 
neighbouring nuclei. Diamond, for example, has electrons in inner shell orbitals 
around each carbon nucleus and in two-centre equivalent orbitals which are 
tetrahedrally oriented at each nucleus and form the C—C bonds. It has already 
been shown (Hall 1952 a) that because these can be transformed to crystal orbitals 
by a unitary transformation the energies of the crystal orbitals can be very simply 
expressed in terms of parameters which represent the energies of interaction 
of the equivalent orbitals. 

Equivalent orbitals which cannot be effectively localized around one or two 
nuclei, as for the conduction electrons of a metal, are more difficult to visualize 
and are so much more dependent on their environment that their practical value 
is small. ‘To meet these difficulties another method of studying mobile electrons 
in terms of equivalent orbitals has been developed (Hall 1952b). The object of 
this paper is to apply this method to metals and in particular to the body-centred 
alkali metals. 


$2. "THE STANDARD EXxcITED STATE METHOD 


The standard excited state method is a method of defining localized equivalent 
orbitals in terms of which the ground state and its properties can be discussed. 
The standard excited state is a highly excited state in which the conduction 
electrons are all in singly occupied orbitals with parallel spins and the inter- 
nuclear distances are kept the same as in the ground state. Although it cannot 
be realized experimentally it can be discussed theoretically using a single 
determinant wave function. ‘The standard equivalent orbitals are then defined 
as transforms of these singly occupied orbitals which are equivalent to one another. 
In the standard excited state of sodium, for example, the inner shell equivalent 
orbitals corresponding to the 1s, 2s and 2p atomic shells remain doubly occupied 


and so need not be considered further. ‘The singly occupied orbitals transform 


among themselves to give equivalent orbitals which permute under the various 
operations of the space group in the same way as the nuclei do. ‘This result 
depends on the fact that, in the standard excited state, there are as many singly 
occupied orbitals as unit cells in the lattice so that one Brillouin zone can be 
completely spanned with occupied orbitals. Equivalent orbitals can therefore 
be associated with each nucleus and, since the net coulomb attraction towards 
the nucleus is the principal term in the equation determining an equivalent 
orbital, they may be pictured as modified 3s orbitals. ‘The orbitals are, however, 
strictly orthonormal and are not necessarily spherically symmetrical, so that this 
picture is oversimplified. . 

The equivalence and localization of these orbitals make them a particularly 
suitable starting point in studying the electronic structure of the crystal. ‘The 


‘significant quantities are the matrix elements, with respect to these equivalent 
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orbitals, of the effective Hamiltonian operator for the standard excited state, viz. 


eam [ie{(—aVe—Balr +22 | ould 3 | zaxelredV) x 


-¥ | xasdredVax.—2 | aralriedV exe dViy sveees (2.1) 


where « refers to the nuclei, 7 to the inner shell equivalent orbitals and e to the 
standard equivalent orbitals. Since the orbitals are equivalent a large number of 
these matrix elements are equal and, since they are localized, the matrix elements 
of widely separated orbitals will be negligible. The matrix elements will therefore 
be taken as 


C np =A ] 


e,,=b for nearest neighbours, | (22) 


=c for second neighbours, 


=0(0 otherwise. 


It would be straightforward to allow for higher order interactions between 
orbitals and so obtain a more detailed account of the structure, but it is sufficient t 
for present purposes to include only the major terms. 

According to the theory of equivalent orbitals the crystal orbitals and their : 
energies are defined as the eigenvectors and eigenvalues of this matrix (Hall and 
Lennard-Jones 1950). The matrix 7,,, which reduces e,, to diagonal form and 
so transforms equivalent orbitals to crystal orbitals, is determined by the equations ; 


Sept 8 sly en ee ee (2.3) 


where £,, is an eigenvalue of the matrix. ‘This infinite set of equations is most 
easily solved by using the symmetry of the body-centred lattice. 

The unit cell of a body-centred cubic lattice is a parallelepiped of half the : 
volume of the cube. Its three basic vectors rj, r, r; have components, referred 
to the cubic axes, of (d, d, d), (d, —d, —d) and (—d, —d,d) respectively, where the 
shortest internuclear distance is d\/3. ‘The atoms may be placed at the corners 
of the cells so that the atom (/,m,n) is at the position r=/r,+mr,+nr, (/,m,n ! 
integers). 

The translational symmetry of the lattice suggests that there might be periodic : 7 
solutions to the eigenvalue equations of the form 


Ty pole Or ie ae Oe eee (24) 
where k is a vector in the reciprocal space 
k=/kj tek, +kky) 2.) )) solange (2.5) 
and the vectors k,; are determined by the equations 
Khe ee (2.6) 


Since there is only one orbital to each unit cell of the lattice, this substitution : 
reduces the set of equations to the single equation | 


{co H+ 4. cet 4 cot 9) 4 bef + bem "9 + be” 4+ bet 9th) 1 

= (a —E) + betf +. bel ath beth din bellf+ 9h) cellg+h) ae celf+h) a ceFt rT zd 0. | 

The eigenvalues are therefore determined as functions of k by the equation | 
E,=a+ 2b{cosf+cosg + cosh+cos(f+g+h)} 

+ 2c{cos(g+h)+cos(f+h)+cos(f+g)}.  ...... (2.7) 
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The corresponding crystal orbital , has the form 
Dies Layee air) s Bled Sao Ae 8 (2.8) 


where (r) is the equivalent orbital localized around the position r and Ty, is a 
normalization constant which need not be specified further. Since F,, is a triply 
periodic function of k, it is sufficient to consider its form inside a single Brillouin 
zone. ‘lhe form of this zone is shown as fig. 1 in the paper by Howarth and 
Jones (1952). 


§3. ‘THE ForM OF THE ENERGY CONTOURS 


The energy of the crystal orbitals can be plotted in reciprocal space as a func- 
tion of the wave vectork. ‘The result is most easily visualized by considering cross 
sections. ‘The cross section by the plane h= —g is particularly useful because 
there are two other cross sections exactly similar and because it intersects the 
Brillouin zone in a square. 

Over the plane h= —g, EF, takes the form 


Bea 2b tes: 2chgnery ofl) 1 lame seh ie: (3.1) 
where i=? COSI 7c. COS nat ene gee er (322) 
E,=1+cos(f—g)+cos(f+g), = se aeee (323) 


Since the energy is the sum of a number of terms each term can be discussed 
separately. ‘This has the advantage that the discussion is then applicable whatever 
values are subsequently assigned to the parameters. ‘I'he functions FE, and F, 
are shown in figs. 1 and 2. 


Fig.1. Cross section by the planeh=—g Fig. 2. Cross section by the plane h= —g 
of the energy contours for nearest of the energy contours for second 
neighbours. nearest neighbours. 


‘These two functions are of very similar form. ‘lhe inner contours are closely 
circular but there is a gradual change to the square contour at E,=0 or E,=1, 
followed by a return to circular contours but around different centres. ‘Thus, 
in the three-dimensional space, the inner contours are spherical and the outer 
contours are portions of spheres with transition contours, sometimes consisting 
of planes, between the extremes. For #,=0 the transition contour is a cube 
inscribed in the zone and having half the volume of the zone. 

Since the first and second neighbours are at comparable distances it is to be 
expected that the parameters b and c would be of similar magnitude but that 
| b|> |e]. It is also clear that both will be negative. Over the plane h= —g 

the inner contours of E, and £, are similar but the outer contours have opposing 
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maxima and minima, so that F& will have circular inner contours but its outer 
contours will be smoother than those either of £, or of E,. If b and c are approxi- 
mately equal the outer minima disappear and E£ rises steadily from the centre 
to the surface of the zone. In three dimensions the effect of combining E, and 
FE, is similar. The inner contours are more nearly spheres and the outer become 
smoother and flatter. These results would be reversed if it were possible to have 
b and c of opposite sign. The inner contours would cease to be spherical and 
instead become flat while the outer maxima would become more and more 
pronounced. 


§4. "THE GROUND STATE 


The crystal orbitals of the ground state and their energies can be deduced 
from those of the standard excited state. There are only half as many occupied 
crystal orbitals, since, at absolute zero, each is doubly occupied, but these may be 


taken as equal to the corresponding crystal orbitals of the ground state, for the _ 


equations which determine them are almost the same. Since the number of 
orbitals is proportional to the volume in reciprocal space the ground state orbitals 
will occupy half the volume of the Brillouin zone. The Fermi surface, which 


divides the occupied from the unoccupied orbitals, will be the energy contour 


whose volume is half that of the zone. 
For c=0 the Fermi surface is the inscribed cube for which E,=0. The shape 


of this contour is of some importance, for the ground state orbitals then occupy 


- an integral number of zones of a cubic lattice. It follows, using group theoretical 
arguments (cf. Hall 1950), that the ground state orbitals can be transformed into 
bond equivalent orbitals each localized mainly around two first neighbours and 
such that all the bonds are parallel. This is one of the structures considered by 
Pauling (1949), except that the bonds are equivalent orbitals rather than electron 
pair bonds. The transformation to equivalent orbitals is not unique, however, 
and the same crystal orbitals can be transformed into the equivalent orbitals of 
any one of the eight structures in which all the bonds are parallel. A similar 
result holds for the benzene molecule, where both Kekulé structures can be 
obtained by different transformations of the orbitals of the same determinantal 
wave function. If c40 the Fermi surface is more nearly a sphere than a cube 
and the ground state orbitals cease to have these simple transformation properties. 

As a first rough approximation the energies of the ground state crystal 
orbitals are equal to those of the standard excited state crystal orbitals. A more 
accurate approximation is obtained by adding corrections to allow for the difference 
between the effective Hamiltonians for the two states (Hall 1952b). Thus the 
energy of a ground state crystal orbital y, is 


B= | Du{(—AV? Balt + 23 | Fafa dV aM | DabalredV ota} d7 
ma. (4.1) 


where | denotes the crystal orbitals of the inner shells and the conduction electrons. 
If these crystal orbitals are equal to those of the standard excited state, this 
energy can be written in the form 


B= Bo + | Vuh | hobo 2ub)itinaV a} aP, 
+2] du(lba(2)rae Wu(lba(2) dVigy eee (4.2) 
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where £,,° is the energy of the orbital in the standard excited state, viz. 
E\o= | Ure {(- $V? —2z,/7,+ 25 | XiXiM124V 2+ | ZexelPa dV) Pr 
i a q ¥ e 


- = | Xx | 712 4V 2 x; — - | Xeb/T12dV 2 xe} GM ah Weiter 5 (4.3) 


and o refers to the crystal orbitals occupied in the ground state and wu to the 
unoccupied. With these two corrections the energy expression has the correct 
form but the orbitals are not exactly optimum. 

Before discussing the form of these energy corrections further it is convenient 
to extend to crystals the idea of alternants, introduced for molecules by Coulson 
and Rushbrooke (1940). A monatomic crystal will be called an alternant if it 
is possible to divide its atoms into two classes so that no two members of the same 
class are first neighbours. For a body-centred lattice these two classes are the 
two interpenetrating cubic lattices of which it is composed, so that these crystals 
will be alternants. If first neighbour interactions only are allowed, it can be 
proved that the electron density of the occupied orbitals of an alternant has the 
full symmetry of the lattice. This introduces many simplifications into the 
theory (Hall 1952b), and in particular the first correction to E, becomes very 
small. Whensecond neighbour interactions are allowed it can no longer be proved 
that the electron distribution is the same around each atom even though, on 
physical grounds, it may be expected to be still a good approximation. For body- 
centred metals these second neighbour interactions are of importance but it will 
be assumed that the distribution remain symmetrical. 

When the electron distribution is periodic, the energy of the ground state 
crystal orbitals becomes 


Ep= ES + E | Pa Dbu(2)raa val u2) Vp, vee (4.4) 


U 


The significance of this correction is more obvious when it is expressed in terms 
of integrals over the standard equivalent orbitals by using (2.8): 


1g 9 Pade aio > Gad A ad 2 (rn|G|ns)-}=2 O,,,(rm| Gn} 


rs mn 


Lae 1 Sy Tp Ae") 2 (rn | G'|ns) a Onn (rm | G|ns)| 2) Geroeos (4:5) 


a a 


wheres, 7, m,n refer to equivalent orbitals and Q,,,,, is the bonding matrix defined as 


Opogs = 2 x Pes caieles a Oe a a ae a (4.6) 


so that Q,,,=1. The values of Q,,,, for a body-centred lattice have been 
calculated by Léwdin (1951). If integrals involving equivalent orbitals further 
apart than second neighbours are neglected, except for the coulomb third neighbour 
interaction, then (4.5) becomes 


E,=E,o+A+2B{cosf+cosg+cosh+cos(f+gth)} 
+ 2C{cos(g+h)+cos(f+h) +cos(f+g)} 
+ 2D{ cos (2f—g—h) + cos (2g —h—f) + cos (2h—f—g) 
+cos(g—h)+cos(h—f)+cos(f—g)}, nw ee (4.7) 
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where 

A =4(11|G] 11) — 8Q,(11| G] 12) + 4(12| G] 21) — 6Q,(11] G| 13) — 120,(12| G| 23) 
— 240,(12| G] 31) + 3(13| G] 31), 

B= —}0,(12| G| 12) + (11] G|12)—140,(12| G] 13) —40,(12| 6]21) 
— 3Q,(12| G| 23) — 140,(12] G]32) +3(1 — Q,)(12| G] 31), 

C= —40,(13| G| 13) —20,(12| G| 13) + 2(12] G] 23) + (11] G] 13) —4Q,(12| G| 31) 
~ 30,(13| G|31), 

D=~40,(14| G| 14) 

or, using (2.7), 

E,=a+A+2(b+ B){cosf+cosg+cosh+cos(f+g+h)} 
+ 2(c+C){cos(g +h) +cos(f+h)+cos(f+g)} 
+ 2D{ cos (2f—g—h) + cos (2g —h—f) + cos (2h—f—g) + cos(g—h) 

+cos(h—jf)+cos(f=g)i) | > 6 eee iy eee (4.8) 


Thus the main effect of the correction is to change the values of the parameters 
in the energy expression without changing the dependence on reciprocal space. 
The final term implies some alteration in the shape of the energy contours. 


§5. COMPARISON WITH PREVIOUS RESULTS 


There is a strong superficial resemblance between the equivalent orbital 
method when applied to a metal and the Bloch tight-binding method, but they 
rest on quite different foundations and give different results. ‘he Bloch theory 
assumes that the crystal orbitals can be expressed asa linear combination of atomic 
orbitals and that their energies, and the coefficients of the atomic orbitals, can be 
found by minimizing the energy of a crystal orbital with respect to these 
coefficients. ‘This is assumed to lead to a determinantal equation for the crystal 
orbital energies very similar in form to the equivalent orbital one. ‘This equation 
is then simplified by using the crystal symmetry. ‘The overlap integrals between 
the atomic orbitals are usually ignored. Unfortunately the overlap integrals 
are frequently large and the equations for the coefficients, when derived 
rigorously by minimizing the total energy (Hall 1951), are not usually linear but 
cubic. It is therefore difficult to justify the simple Bloch method. It may be 
possible to modify the method to allow for overlapping and non-linearity by, for 
example, Roothaan’s self-consistent field procedure (1951), but its simplicity will 
thereby be lost. ‘The equivalent orbital method has the advantage that it is based 
on orthogonal orbitals and that its equations, though rigorously deduced, are of 
the simple linear form. 

It should be noted that the crystal orbital equations cannot be solved as one- 
electron equations by the usual variational method. For a fixed known potential 
it is possible to find an integral which is stationary (Kohn 1952), but here the 
orbitals themselves enter into the potential function and destroy the stationary 
property. ‘hus there is a fundamental theoretical objection to the usual 
derivation of the tight-binding equations and a restriction on the use of Kohn’s 
variational principle. 
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Lowdin (1951) has discussed sodium by a modification of the Bloch tight- 
binding method which takes the overlapping of the atomic orbitals and the non- 
linearity of the equations into account. His calculated cohesive energy and inter- 
nuclear distance are in very good agreement with experiment. He has not 
discussed the energies of the crystal orbitals, however, so that his results cannot 
be compared with the present ones, but his orthogonal atomic orbitals may be 
regarded as approximate standard equivalent orbitals. 

The Wigner—Seitz method is also concerned with finding approximate 
solutions of the crystal orbital equations. In it the potential in the one-electron 
Hamiltonian is replaced by an ion core potential and the resulting equation 
solved inside a suitable cell around each nucleus with appropriate boundary 
conditions. ‘The crystal orbitals obtained should be close to the true crystal 
orbitals but there are approximations involved in using the ionic potential and in 
applying the boundary conditions. 

Wigner and Seitz (1933) used sodium as an illustration of their cellular method, 
and its energy contours were discussed by Slater (1934) in his extension of their 
work. Millman (1935) has applied Slater’s method to lithium. More recently 
von der Lage and Bethe (1947) have shown that some of the main features of the 
energy surfaces of sodium can be investigated, with greater accuracy than Slater 
achieved, by considering only a few crystal orbitals of high symmetry. Howarth 
and Jones (1952) have extended this treatment by considering more orbitals and 
by investigating the cellular boundary conditions. 

A comparison of the energy contours predicted here with those obtained 
by these methods reveals some interesting features. There is an immediate 
contrast between the large number of unoccupied orbitals which other methods 
discuss and the small number mentioned above. The equivalent orbital method 
is restricted to occupied orbitals, since these alone appear in the determinantal 
wave function, so that, in the standard excited state, orbitals are defined for the 
whole of the conduction zone, while in the ground state only half of these orbitals 
can be defined. There are, of course, other solutions of the orbital equations 
and, although they correspond to the motion of a negative test charge in the field 
of the neutral crystal (Hall and Lennard-Jones 1950), they may be good approxi- 
mations to the optimum orbitals to be used in setting up wave functions for 
various excited states of the crystal. ‘The excitation energies are taken as the 
difference in energies of the orbitals occupied and vacated in the transition. 
It is not yet clear, however, that these unoccupied zones will retain their properties 
when the excitation is large. The crystal orbitals of the standard excited state 
which are unoccupied in the ground state should also be good approximations to 
the orbitals occupied on excitation, but their energies are not simply related to 
the excitation energies. It is not easy to decide whether the energies found 
by other methods should be compared with those of the standard excited state or 
the ground state, but it is simpler to use the standard excited state orbitals and 
their energies (2.7). 

The energy contours for sodium and lithium found by Slater and Millman 
are qualitatively similar and both have features in common with those predicted 
above for the first zone, notably the almost circular contours of low energy around 
the origin and the maxima at the corners of the zone. ‘This agreement seems 
to be largely accidental, however, for they have determined the energies by 
boundary conditions which imply fitting together the wave functions of nearest 
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neighbours only. Disagreement also appears when attempts are made to find 
values of a, b, c to fit their results. From their graphs the energies of five crystal 
orbitals were estimated and fitted to the expression (2.7) by a least squares 
method giving equal weight to each. ‘The values of the parameters are shown in 
table 1 with the standard deviation of each in parentheses. ‘The fit is not very 
good and the values of the parameters, especially c, are subject to large standard 
deviations. 


Table 1. Parameters Determined by Fitting Previous Calculations 
(atomic energy units) 


a b c 
Lithium (Millman) — —0-251 (0-016) —0-0076 (0-009) —()-0063 (0-008) 
Sodium (Slater) —()-222 (0-021) —(-0099 (0-011) —(-0032 (0-010) 
pom risow erst —0-125 (0-056) —0-0186 (0-008) —0-002 (0-013) 


and Jones) 


The energies of certain sodium orbitals, calculated by Howarth and Jones 
(1952), can also be fitted by finding suitable parameters. ‘The result is given in 
table 1. They have found the energy only at isolated points in the Brillouin 
zone, and interpolated the results with a free electron parabola. There is little 
reason for assuming this particular function and it would be better to use (2.7). 
The value of c is surprisingly small in view of the much greater accuracy of these 
calculations and their choice of boundary conditions which make allowance for 
second neighbour interactions. The fitting too is not very good, as table 2 shows. 


Table 2. Fitting of Calculated Energies (atomic energy units) 
Howarth and Jones Fitted from eqn. (2.7) 


F, —0-304 — 0-286 
Nz —0-158 —0-121 
Hp, —0-0068 0-012 
P. —0-055 —0-129 


It may be significant that a lower eigenvalue for the point P, (using their 
notation) would improve both the value of c and the fitting. The remaining error 
is probably due to the inherent inaccuracies of any cellular method. 


§6. LIMITATIONS OF THE EQUIVALENT ORBITAL METHOD 


In contrast to other methods of studying the electronic structure of crystals, 
the equivalent orbital method does not set out to find wave functions in an explicit 
analytical or numerical form but rather to deduce, from the known form of the 
crystal, as much as possible about its electronic structure. Although this makes 
the method more accurate and easier to apply it sets severe limits on the amount 
of quantitative results it can give. ‘Thus the form of the energy contours is 
determined qualitatively from the crystal structure, but the parameters which 
fix the energy uniquely must be found otherwise. Comparison with experiment 
or approximate calculation may give estimates of the parameters but, without 
these, the equivalent orbital method yields no quantitative result. It may be 
possible to find approximate solutions of the equivalent orbital equations directly 
and so estimate the parameters, but this would be another independent 
development of the theory. 
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A more serious limitation of the equivalent orbital method and its extension 
is that it requires the crystal to have at least as many electrons as there are orbitals 
occupied in the state being considered. This condition raises little difficulty for 
molecules, but there are many metals which cannot be discussed because their 
crystal orbitals occupy some zones so partially that many more electrons than are 
available would be required to span all the zones completely and so make possible 
a transformation to localized equivalent orbitals. 
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The Multiple Scattering of 7-5 Mev Deuterons in Metals 


By A. ASHMORE anp A. V. CREWE 


Nuclear Physics Research Laboratory, University of Liverpool 
Communicated by H. W. B. Skinner; MS. received 30th Fuly 1953 


Abstract. Measurements have been made of the multiple scattering of 7-5 Mev 
deuterons in a range of metallic elements from aluminium to gold. Satisfactory 
agreement was obtained between the experimental distributions and those cal- 
culated from Moliere’s theory. The heavy elements do not show discrepancies 
similar to those observed in the multiple scattering of electrons and y-mesons with 
relativistic velocities in lead. 


§ 1. INTRODUCTION 


HERE is some evidence that the mean angle of multiple scattering of 
| relativistic particles in heavy elements is less than the theoretical value. 
Thus experiments with lead scatterers by Sheppard and Fowler (1940), 
Kulchitsky and Latishev (1942), and Sinha (1945) have all shown this discrepancy. 
More recently Crewe (1951 a) has obtained a mean angle of scattering in lead for 
p-mesons of energy 184+ 12 Mev which is 65% of that calculated from Williams’ 
theory. A repetition of the experiment using a steel scatterer (Crewe 1951b) 
shows agreement with theory within the experimental error. The discrepancy is, 
however, absent from the measurements of Skyrme (1953) on the scattering of 
147 Mev protons in silver, platinum and photographic emulsion. 

For non-relativistic particles the available evidence is contradictory. _Measure- 
ments with «-particles by Geiger (1910) and Mayer (1913) both suggest a discre- 
pancy between experiment and theory for heavier elements but in opposite senses. 
The experiments of Gottstein et al. (1951) on the multiple scattering of protons in 
the energy range 9-35 Mev in nuclear emulsions show agreement with Moliere’s 
theory within the experimental error. In this case, however, silver is the heaviest 
nucleus involved. 

We have, therefore, investigated the multiple scattering of 7-5 Mev deuterons 
from the Liverpool 37 in. cyclotron in a range of metals from aluminium to gold 
and compared the results obtained with those calculated from Moliere’s theory. 


§ 2. EXPERIMENTAL METHOD 

A vertical section through the scattering camera is shown in fig. 1. The 
deuteron beam from the cyclotron was almost parallel in the vertical plane and 
about 1 cm in height, while in the horizontal plane it was brought to a focus on the 
entrance window W of the camera. Measurements were made of the scattering 
in the vertical plane, the beam being defined by passing between two brass blocks 
A and B, separated by shim steel 0-002 in. thick. The angular spread was thereby 
limited to +0-043°. Horizontally, in the direction perpendicular to the plane of 
the diagram, the hole between the blocks was }in. wide. The scattering foil F 
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was placed over the end of the collimator and the scattered particles detected by 
the blackening produced in the photographic plate P. A microphotometer was 
used to measure this blackening. 'T'o reduce the effect of scattering from the inside 
faces of the brass plates, serrations were cut in them. An exposure without a foil 
indicated a negligible ‘tail’ due to this on the expected geometrical width of the 
image. 

The relation between the microphotometer readings and the intensity of the 
scattered particles was determined by exposure of the plates in vacuo to a collimated 
beam of «-particles from polonium. These exposures ranged from 1 to 65 hours 
compared with values from 0-2 to 2 secusedintheexperiment. There is, however, 
ample evidence (Kinoshita 1910, Svedberg and Anderson 1921, Wilkins and Wolfe 
1933) that the reciprocity law is obeyed by «-particles and it seems safe to assume 
its validity for deuterons. 


y 


748) 


Fig. 1. Vertical section through scattering camera. 


In order to obtain convenient angles of scattering, foils have to be used in 
which the deuterons lose a considerable fraction of their energy. In making the 
theoretical calculations it is therefore necessary to use the average momentum of the 
particle in the foil. For this purpose the rate of loss of energy of the deuterons 
was either taken from the tables of Aron, Hoffman and Williams (1949) or 
calculated on the same basis as they employed. 


§ 3. EXPERIMENTAL RESULTS AND COMPARISON WITH ‘THEORY 


The experimental distributions were compared with that given by Moliere 


(1948) : 


1 
pg) 66 = | Sexp(— 8) + Bf @)+ pel) [4 


in which ¢ is a constant multiple of the projected angle of scattering. As the 
initial portion of this distribution is approximately gaussian, it is convenient to 
plot graphs of the logarithm of the equivalent exposure, obtained from the 
calibration curve, against the square of the scattering angle. Good agreement 
was obtained with all the foils up to the largest angles measured, which are limited 
by considerations of intensity to about three times the mean angle of the gaussian 
term. Asan example the theoretical curve for tantalum (115-4 mg em””) with the 
experimental points marked is shown in fig. 2. The maximum disagreement in 
this case is less than 5° in the intensity of the scattered particles. ‘T'o indicate 
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the extent of the agreement for all the foils, the table gives the theoretical and 
experimental values of the mean angle of the gaussian term. ‘The experimental 
value was calculated from the slope of the almost linear portion of the graphs up to 
twice the mean angle. A small correction has to be made since this slope is a few 
per cent higher than that of the gaussian term owing to the effect of f(¢) and f().. 


Log (Exposure) 


05 z 
0 100 200 300° 400 500 


(Projected Angle of Scattering)” (deg)” 
Fig. 2. Theoretical curve and experimental points for tantalum (115-4 mg cm~?). 
Note. Ordinates are log,) (exposure). 


The rather large discrepancy for aluminium may be associated with the value of 
y =Zz/137B (Z and z being the atomic numbers of the scattering and scattered 
nuclei). Moliere’s theory is most accurate for values of y very much less than or 
very much greater than 1 and least accurate (but sufficiently so) for y of the order 
of 1. It can in any case be concluded that there is satisfactory agreement 
between theory and experiment, both as regards the values of the mean scattering 
angles and the shape of the distribution, over the range of elements we have 
employed. 
Table of Results 


Thickness Mean angle of gaussian term Exptl. value 

Metal (mg cm-?) y Exptl. Theor. Theor. value 
Aluminium 51-4 1:18 2-41 2:63 0:92 
Steel 53e2 2:29 3-15 3-03 1-04 
Steel 43-4 2:26 2-45 PSS 0-98 
Nickel 41-2 2-43 2-40 IS 0-95 
Copper 70:3 2:64 4-50 4°31 1-04 
Niobium Toe9 3:68 4-65 4-66 1-00 
Tantalum 115-4 6:64 7°55 7:65 0-99 
Tantalum Sy/S7/ 6:26 3:95 3-90 1:01 
Gold 109°8 TA 7°30 We25 1-01 


Mean value 0-99 
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The Reaction ‘%C(an)'°O 


By G. A. JONES anp D. H. WILKINSON 
Cavendish Laboratory, Cambridge 


MS. received 7th April 1953, and in amended form 23rd Fuly 1953 


§ 1. INTRODUCTION 


OME time ago we reported our observation of the reaction C(«n)*O 

S (Jones and Wilkinson 1951); the neutrons from a thick target were 
detected at 0° to the alpha-particle beam of energy 1:05 Mev in an ionization 
chamber filled with deuterium at high pressure. Their energy of 2:68 + 0-15 Mev 
was in reasonable accord with that expected from the mass values (O =2-20 Mev; 


thin target neutron energy = 2:82 Mev) and their abundance increased as expected ~ 


on using a target of separated °C rather than one of the natural mixture of isotopes. 

The energy range of O accessible to this reaction (above 6-344 Mev) is 
perhaps more powerfully covered by the reactions O(nn)'*O, O(dp)*O and 
19F(da)!"O, while the excited states of 1*O may certainly be investigated more 
profitably by the reactions 19F(pa)!®O, 1#C(aa)#2C and #C(ay)'®O. The present 
reaction is, however, still of interest in that it permits the most accurate location 
of certain levels in 17O and may give information concerning alpha-particle and 
neutron penetrabilities. It is also a very great nuisance in that it takes place in 
the 1°C of the deposits formed on targets during bombardment, and its neutrons 
tend to obscure the gamma-rays from the less prolific («y) reactions if certain 
types of detectors are used. It is therefore of importance to have available a 
thin-target excitation function of this reaction in order that the sharp resonances 
that it displays may not be taken for genuine («y) resonances. We have pursued 
the excitation function as far as 2 Mev, and this Note presents the results. 


§ 2. THE TARGET AND NEUTRON DETECTOR 


The neutrons were detected in a Nal(T1) crystal (lin. cube) biased at 
0-8 Mev and placed at 0° to the alpha-particle beam almost in contact with a target 
of natural carbon, whose stopping power was about 10kev for alpha-particles of 
1 mev when the experiment began. During the course of the experiment the 
target became noticeably thicker owing to the familiar deposition of ill-identified 
carbonaceous materials; this effect was not of great importance and, in any case, 
we must interpret the general shape of the excitation function with some reserve 
since the neutron energy changes as a function of alpha-particle energy and hence 
the efficiency of the crystal detector must itself be presumed to be a function of 
alpha-particle energy. We did not examine the pulse-spectrum from the crystal 
with very great care; it rose more or less exponentially to low energies and was 
wholly different from that produced by monochromatic gamma-rays. The upper 
limit of the spectrum—which was fairly well defined—increased with increasing 
neutron energy and, indeed, agreed in energy with that of the neutrons to 
within a few per cent; it is probable that it derives from inelastic scattering of 
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neutrons in the room and apparatus and in the iodine and thallium of the crystal, 
followed by detection of the many and complex gamma-rays of de-excitation. 
This accounts both for the ‘exponential’ character of the pulse distribution and 
for the rough correspondence of the high-energy limit of that distribution with 
the energy of the neutrons. Such detection of fast neutrons by Nal(T) crystal 
has been remarked before (Grace, Lemmer and Halban 1952) and is certainly 
more of a nuisance than otherwise. 


§ 3. THE ExcITATION FUNCTION AND LEVELS oF 170 


In our earlier communication we reported that the neutron yield rose slowly 
and monotonically to 1-2mev in alpha-particle energy. That measurement 
was not well adapted to the detection of sharp resonances because a thick target 
was used and the alpha-particle beam had a large spread in energy (about 30 kev). 
The present excitation function, which is displayed in fig. 1, was made on the 
thin target described above and used alpha-particles whose energy spread was 
less than lkey. It is seen from fig. 1 that the main feature of the excitation 


COUNTS PER UNIT CHARGE 


5 


to i 12 13 14 15 16 17 18 19 20 
ALPHA PARTICLE ENERGY (MEV) 


Fig. 1. Thin target excitation function of the reaction *%C(awn)!®O taken with an Nal(T1) 
crystal as neutron detector. The neutron yield may not be taken as linear in the 
ordinate of this plot—see text. 


function as we reported it before is again observed and, indeed, persists to the 
highest energies we have used. In addition to the gradual rise there appear two 
well-defined resonances at alpha-particle energies of 1066+5 and 1344+ 10kev. 
These correspond to states of 7O at 7-158 + 0-009 and 7-372+0-011 Mev. (We 
arrive at the value 6-344 + 0-008 mev for the excitation produced in O on adding 
an alpha-particle to %C by using the Q-values of the reactions “O(dp)"0, 
16Q(da)4N, 8C(dp)4C, “C(B-)*N, D(yn)p and n(8-)p taken from the compilation 
of Li, Whaling, Fowler and Lauritsen (1951).) For the rest there appears to be 
little else than a yield that rises exponentially towards 2 Mev. 

That such sharp resonances should appear in a compound nucleus unstable 
by 3 Mev to neutron emission isinteresting, and we have studied the lower resonance 
more carefully (with a semi-thick target) in order to ascertain its true width. 
The result is shown in fig. 2, where it appears that the resonance shows a genuine 
width of about 3kev. So small a width demands that neutrons of high angular 
momentum be emitted; it appears from the usual expression for the neutron 
transmission coefiicient (see, for example, Blatt and Weisskopf 1952) that neutrons 
of 1=4 or more may be involved, since the broad levels found at about the same 
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energy by the elastic scattering of neutrons in *O have a width of 200-800 key | 
for neutrons of /=1 or 2 (Freier, Fulk, Lampi and Williams 1950, Baldinger, | 
Huber and Proctor 1952). This, in turn, implies that the alpha-particles that 
form the level should have /=3 or more and would therefore be expected to show _ 
a width considerably less than 1 kev. We have not been able to make an estimate 
of the absolute cross section in the present work because of the nature of the 
detector but if such a measurement were made and the character of the resonance 
established by angular distribution measurements on the emitted neutrons the 
resulting information on the width for alpha-particles of high angular momentum 
would be of considerable interest. | 

The sharpness of these levels shows that they may indeed simulate (ay) | 
resonances as was mentioned above and that for («y) studies in which scintillation — 
detection is used a clean target is essential. 

That there exist levels of width 10kev or less in this region of excitation is 
known from the work of Watson and Buechner (1952) on the reaction F(d«)O. 
These authors were prevented from discovering the level at 7-16Mev by an 
obscuring group of alpha-particles from the reaction 1*O(da«)4N ; they observed, 
however, an alpha-particle group that they tentatively assigned to the reaction 
19F(d«)!"O of an energy that implied a level of 7O at 7-371 + 0-015 Mev which 
agrees very well with our higher resonance. 


2 


COUNTS 


re) 4 8 12 16 20 
INCREMENT IN ENERGY (KEV) 


Fig. 2. Detailed semi-thick target excitation function near the 1066 kev resonance. 


Burrows, Powell and Rotblat (1952) have reported a state in 1”O at | 
7:53 + 0-05 Mev from the reaction O(dp)!7O and at 7:-51+0-03 Mev from the | 
reaction }*F(d«)'7O0; these measurements may refer to the same state as ours of © 
7:37 Mev, but appear to be incompatible with them. These workers did not | 
observe the state at 7-16 Mev in either reaction. ‘The inverse reaction ®O(n«)¥8C | 
has not revealed any narrow levels in the range of excitation studied by us (Wil- | 
helmy 1937). ‘The broad levels at 7-28 and 7-72 mev in 1’O of width 220 and 800 | 
respectively found by fast neutron scattering in 1%O (Freier, Fulk, Lampi and 
Williams 1950, Baldinger, Huber and Proctor 1952) should, in the absence of © 
the coulomb barrier, be centred at alpha-particle energies of 1:23 and 1-81 Mey 
respectively, but the alpha-particle width changes so rapidly across them that it is 
not unreasonable that they should not appear in the present excitation function. 


§4. THE REACTION !2C(«y)!®O 


Throughout the present work the pulse distribution from the NaI(T1) crystal 
was that appropriate to fast neutrons and not to gamma-rays; this has been _ 
particularly carefully checked at the two sharp resonances. We must now ask | 
what are the chances that we should have detected a level in 16O by radiative | 
capture had it existed in the range of excitation (7-88 to 8-70 Mev) under investi- | 
gation. | 
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If we neglect statistical factors then the expected counting rate under our 
experimental conditions is of the order 20[' sec, where I’ is the smaller of [, 
and I’, measured in ev. This corresponds to an increment of 2000 counts per 
unit charge in fig. 1. We must note that only those states whose characteristics 
may be represented as n(—)” can be excited by our method. M1 transitions 
would be available from hypothetical (2+) or (3—) states to those of the same 
characteristics at 6 and 7 Mev as would E2 transitions to the ground state of 6O 
from a hypothetical (2 +) state (these characteristics are taken from the compila- 
tion of Ajzenberg and Lauritsen 1952). E1 transitions from hypothetical states 
of suitable properties would be discouraged by a large factor by the isotopic 
spin rule (Radicati 1952, 1953, Wilkinson and Jones 1953). The single particle 
estimates of the radiative widths (Weisskopf 1951) are probably reliable to an 
order of magnitude (Wilkinson 1953), and it appears from them that we can make 
no firm statement about the possible existence of states of #*O in the range of 
excitation covered here. It is clear that a target depleted in 1°C is needed for a 
study of radiative capture. 
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The Production of a Short-Lived Activity by Irradiation of Pb 
with X-Rays 


By J. M. REID anp K. G. McNEILL 
Department of Natural Philosophy, University of Glasgow 


Communicated by P. I. Dee; MS. received 28th September 1953 


been produced by neutron irradiation of lead (Campbell and Goodrich 


HERE is a well-established isomer of ?°’Pb, of half-life 0-8 sec, which has 
I 1950), and by the radioactive decay of a bismuth isotope (Grace and 


Prescott 1951). Pryce (1952) has assigned spins to energy levels of ?°’Pb on a 
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shell model basis. We find evidence of a 0-8 sec half-life on irradiation of lead _ 


by bremsstrahlung x-rays from a 23 Mev synchrotron. 


The Pb target was }in. thick and 6in. long, and lay at a small angle to the 
x-ray beam. One inch below the target was placed a lin. cube of Nal(TI)_ 


crystal, mounted on an E.M.I. photomultiplier. By means of a rotary switch, 


based on cold cathode discharge tubes and short suppressor base pentodes (more | 


fully described*elsewhere by Reid and Telfer (1953)), the following sequence 
was cyclically repeated: Irradiation for t, seconds, followed by counting in three 
scalers during three successive periods of t, seconds each. Experiments were 
performed with various values of t, and t, to minimize systematic errors. ‘The 
combined results gave a half-life of 0:8 + 0-1 second. 


A further experiment was carried out to determine the integrated cross _ 
section for the formation of the 2°’Pb* relative to the cross section for the well-_ 
known ®Cu(yn)®2Cu process. In this experiment the Pb target and a Cu target — 
of similar dimensions were irradiated in turn. The rotary switch was used to — 


measure the intensity of the short-lived Pb activity, but in order to increase the 
counting efficiency only two counting channels, of lengths 1-2 seconds each, were 
used. The yield of °Cu was measured using the same detector and amplifier, 
but the pulses were fed directly to a scaler. Allowance was made for the fact 
that the Nal crystal had a comparatively long-lived background (of half-life 
approximately 30 minutes), an effect which is being further investigated. 

It was found that the integrated cross section for the formation of 7°’Pb* 
was of the order of 0-07 Mev barn, accepting the value for the ®Cu(y, n)®Cu 
reaction to be 0-7 Mev barn (Johns, Katz, Douglas and Haslam 1950). 

There are two possible modes of production of ?°7Pb* by the irradiation of 
natural lead with x-rays, viz. ?°8Pb(y,n)?°’Pb* and °Pb(y, y’)?°*Pb*, and 
accepting the spin values assigned by Pryce, the overall spin changes are 0 to 13/2 
for the former reaction and 1/2 to 13/2 for the latter. These results may be 


compared with those of Goldemberg and Katz (1953) on 4°In. They find | 


that the probability of a (y, y’) reaction is one-twentieth of that of a (y, n) reaction 
in which there is a similar overall spin change. It therefore appears likely that 
the Pb isomer is formed by a (y,n) process. 


A comparison with other (y, n) cross sections is useful only if the spin changes | 
involved are known. In the case of 1°In(y,n)!"In, where the total spin change | 


is 9/2->1, the integrated cross section is 0-5 Mev barn. 
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The Effect of Variation of the Dipole Moment with Internuclear 
Separation on the Relative Intensities of the Second 
Negative Band System of Oxygen 


BY GarOOrs 
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Communicated by D. R. Bates; MS. received 8th July 1953 


$1. INTRODUCTION 


of a diatomic molecule it is generally assumed for the sake of simplicity 

that D, the transition dipole moment, is independent of R, the internuclear 
separation; for in this case the Einstein spontaneous emission coefficients 
connecting the vibrational levels v’ and v” can be taken proportional to the easily 
evaluated expression 


[’ calculations on the relative intensities of the members of a band system 


WUC.) pve) Le NR Beers (1) 


in which v is the frequency of the emitted radiation and 
Reed) = | POIRYPOR AR, ees (2) 


P(v'|R) and P(v’|R) being the vibrational wave functions of the electronic 
states concerned. However, the transition dipole moment is in fact a function 
of R, and it may indeed be quite a rapidly varying function (cf. Bates 1951, 
Bates, Darling, Haweand Stewart 1953). Itis therefore of importance to investigate 
the errors likely to be introduced by the usual treatment. Bates (1949) has shown 
that they are actually quite small in the case of a compact band system but the 
position regarding diffuse band systems has not yet been examined. It is the 
purpose of the present paper to provide information on the subject by presenting 
the results of some calculations on the Second Negative system of oxygen. 
Wu (1952) has recently developed a procedure for evaluating nuclear overlap 
integrals and has applied it to the same system. In addition to their main use, 
the new results enable an assessment to be made of the accuracy he achieves. 


§2. CALCULATIONS 


The best simple representation of vibration wave functions is that of Morse 


(1929): 


P(v| R) = N(v)S(v | R) exp | = [(1 —«,)d + exp (—6)1| See (3) 
A kk | eek js 1) 1/2 
‘ Deh E D ea | 


wire 2 (i 1)%e* 
S(v|R)=v! ( FS mea er (hoon 9) 
8=a(R—R,), k=1/x,, the standard spectroscopic notation (cf. Herzberg 1950) 
being used. This representation was therefore adopted. ‘The values of the 
molecular constants involved were taken from a recent paper by Feast (1950). 
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Unfortunately integrals such as (2) cannot be determined analytically so that 
resort must be had to numerical methods. The labour incurred is considerable, 
Thus in the case of the Second Negative system the range of the dimensionless 
independent variable 5 that is of importance is from —0-660 to +0-990; and 
throughout this range it is necessary to tabulate the wave functions at intervals of 
0-015 to enable them to be adequately checked by differencing.* Again, owing 
to cancellation effects, the individual terms in the expression for S(v|R) have 
in some cases to be computed to 9 figures to be certain of P(v| R) to 5 figures. 

Having determined the wave functions for the seven lower vibrational levels, 
the nuclear overlap integrals, p(v’, v”), and the auxiliary integrals 


Lia | ‘i POARPOORER, ~~ ee (4) 


were evaluated using the quadrature formulae of Newton-Cotes. ‘The results 
were shown to be free from error by differencing the ratios of the successive 
members of the various progressions. 


Table 1. Franck—Condon Factors for O,*(a? II, — x? II,) | 
Sieh 0 1 2 3 4 5 67m 
v 


0 D4 Omcgmn choo Ome eon Oa LO)ee 1:9X10-% 74x 10-* eK 10-* 4 SOs 
(3°03<10=*) © G-8ixil0=*)) (G45 x 10>)" 12225c10-*) (8:0 X10) (1-6 x 105-8 ce 


1 | 1-9x10-5 2-9x10-4 2-1x10-* ~ 9-3x10-* 2:8x10-2 61x10 9-5x104 
(28x 10-5) (3-9x 10-4) (2-5x10-%) (9:8x10-%) (2:8x10-%) (2:7 107) (<3 
2 | 81x10-— 1110-8 65x10-* 2-3x10-2 5-4x10-2 8-3x10-2 8-0x108 
(1-2X 10-4) (2:3x10-%) (7310-8) (2-4 10-2) (3-2 x 10-2) (—) = 
3. | 2-5x10-4 28x10-? 14x10 41x10 71x10-2 70x10 2-9x10— 
(3-5x 10-4) (3-5x10-%) (1-4x 10-2) (48x 10-2) (7-0x 10-2) a (— 
4 | 5-9x10-4 58x10 2:4x10-? 5:5x10-? 6-7x10-2 36x10-2 9-0x104 
(8:1 10-4) (7-:0x10-%) (1-9X10-2) (13-5 x 10-2) Cc) (= (4 
5 | 1-2x10-> 1:0x10-* 35x10 61x10-2. 48x10-2 8x10 86x103 
(1:°6x 107%) (1:2 x 107?) =) Ge) (==) =) (—) 
6 | 24x10 1:55x10-2 44x10-2 5-7x10-2 25x10 2x10-8 2-9x 10-2 
C2 xl0=*) (——) C=) CC) a=) (=) a 


The upper figure is that obtained in the present investigation ; the lower figure (in parentheses) 
is that obtained by Wu. 


"Table 1 gives the derived values of p(v’,v”)? the so-called Franck—Condon 
tactors + (cf. Bates 1952), together with the corresponding values found by Wu. 
‘These latter are also based on the Morse approximation, but were got by an 
approximate analytical method. It will be observed that Wu’s results, while 
in general satisfactory, are occasionally wrong by a factor 2 or more. 

An indication of the errors that might be caused by the assumption that the 
transition dipole moment D is independent of the internuclear distance (and is 
equal to, say, unity) may be obtained by supposing that 


D=E(QtoR\atbR,) > (Ti ae (5) 
* The check provided by verifying that | f P(v|R)? dR is unity, though useful, is not 
sufficiently exacting. 3 


+ Wu actually tabulates what appears to be 10° times the Franck—Condon factors. 
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in which a and 6 are constants, and R, is the mean of the equilibrium internuclear 
separations. With this linear dependence it is apparent that the relative transition 
probabilities, instead of being controlled by the quantity p(v’, v")?, are controlled 
by the quantity p(v’, v”)?¢(v’, v”)®, where 


t(v',o")={at+D(q/p)}/(atbR). nase (6) 


For any chosen a and b the quantity ¢(v’, v’)?, which may be termed the correction 
factor, can be got from table 2 which gives the computed values of g/p for the 
various transitions. The possibilities can best be seen from the variation of 
t(v’, v")? with the parameter 


1 dD b ? 
— nH In ae. RTA) eeeeee Wf 
: Gras Pas (7) 


Table 2. Calculated Values of g(v’, v’)/p(v', v”) in units of A-4 


if 0 1 D 3 4 5 6 
aN 


0 1525 1-26 1-28 129) iS 1533 1-34 
1 1-24 1-25 127, 1-28 1:30 1-32 1:33 
2 1-23 125 1:26 1:28 29) iheshil 1-33 
3 123 124 a2 127, E29) 1:30 tesa 
4 22 123 125) 1:26 1:28 129 pe) 
5 itera! 1-23 1-24 1:26 ihey27) iL Cee e3 i 
6 icra 122 124 iB) 1:26 fost lest 


* Cancellation is here severe in both p and q. 


Table 3. Dependence of Correction Factor ¢(v’, v’)? on « (eqn. 6), 
for O,*(a* II, —x?II,) 
Transition « (in units of A~) 


vw 2:0 1-6 12 —038 —0-4 0-0 0-4 0-8 hop 1-6 2-0 


0 (Se | tks) Nei) 1°14 1:10 1:05 OURS 0:95 e091 0:37 SeOe oa 0 
1 Sp || ales les 1-13 1:10 1:06 1:03 Oy OR OR OCT 0-88 0-85 
4 11-09 1:07 1-05 1:03 1:02 OG, — OES, EME Sy EE OA 
See 99 ee 9 O09. 1-00 1-00 1-00 1-00 1-01 1-01 1-01 1-01 
2 10:90 092 0:94 0:96 0-98 1-00 1:02 1-04 1-06 1-09 sherk 
1 0-81 0:34 0-88 0-92 0:96 1-00 1:04 1-08 sls 7, han) 


Dn nN F&F WH 


0 | 0:71 O70 82 0:53 0-94 1-00 1-06 iets 1:20 20 1-34 


that is, with the fractional change in D per unit change in R at the mean 
equilibrium internuclear separation. ‘Table 3 shows this variation for some 
representative bands. It is apparent from the entries that in general gross errors 
should not be caused by the customary procedure of taking D to be constant: 
thus the correction factor lies between 0-77 and 1-27 even if the modulus of « is 
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as much as 1-6 A-1 (which corresponds to a very rapidly varying transition dipole — 
moment).* For some individual bands p(v’,v”) may be almost zero due to — 
cancellation so that g(v’,v")/p(v’,v”), and hence the correction factor, may be 
abnormally large; but such bands are of course very feeble, and it is usually — 
not a serious matter if their relative intensities are not known reliably. 
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LE PTERSe TOSPHEeEDITLOR: 


Predissociations and CO Dissociation Energy 


In his book on dissociation energies Gaydon (1953) deals in some detail 
with the predissociation observations and CO dissociation energy scheme of 
Schmid and Gerd. We want here neither to enter into a criticism of the 
foundations of the ‘ non-crossing rule’ (see Valatin 1946 a), which is Gaydon’s 
leading principle for the determination of dissociation energies, nor to discuss 
our different appreciation of the available experimental material on which our 
views have been expressed on several occasions. We think that in the present 
state of the discussion on CO additional experimental information is needed 
in order to make the discussion fruitful. We feel confident as to the outcome 
of future experiments from the point of view of the scheme of Schmid and 
Gero, including the graphite sublimation heat measurements, where a better 
knowledge of the secondary processes involved will probably clarify the different 
observations on the vapour pressure of carbon. 

It seems, however, desirable to rectify a few of the statements in Gaydon’s 
book on the occasion of its revised second edition. According to the CO 
dissociation scheme of Schmid and Geré (1936, 1937 a, b, 1938), which is based 
on spectroscopic observations (and is attributed to Gero in the rather misleading 
Table 14 of the book), the energy distance of the CO(x!X) ground level from 
the C(?P)+O(#P) atomic term combination is 6:90 ev. ‘The scheme leads to 
a value L,=169-735 kcal mole? for the heat of sublimation of carbon into 
®S atoms (Gero 1948, Valatin 1948). Contrary to the statement on p. 180 
of Gaydon’s book, the levels of the x1X ground state of the divalent CO 
molecule are not believed to tend to the C(°S) + O(?P) atomic term combination, 
but to the C(##D)+O(D) combination at 10-13 ev, with a more reasonable 
bond energy. 

The observed predissociation limit at 89620+47 cm-}~11-11 ev is identi- 
fied with the position of the atomic term combination C(°S,)+O(°P)), the 
predissociation limit at 77497 +44 cm™-!}~9-61 ev with that of C(*S) + O(P). 
According to Gaydon, this identification does not give a good numerical 
agreement between the difference of the predissociation limits and_ the 
difference of the energies of the atomic products. His opinion is based 
probably on the estimated value of the C(°S) energy given in Table 15 of 
the first edition of the book. Actually, on adding the 21648 cm excitation 
energy of the C(!S) state to the difference of the two predissociation 
energies, the obtained 33771+91 cm! value is in excellent agreement with 
the measured 33735-2 cm! excitation energy of the °S state given by 
Shenstone (1947), and is the best value proposed for the °S state before 
Shenstone’s direct observation (Long and Norrish 1946, Valatin 1946 b, 
Edlén 1947, Goudsmit 1947). 

Schmid and Gero (1938) reported the observation of a predissociation at 
the alll final level of the angstrém bands at about 71500 cm™!~8-87 ev 
(and not at 8-42 ev as given in Gaydon’s book). The coordination of this 
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new observation resulted in a slight shift of the atomic term combinations 
with respect to their position previously supposed, with the value of 
approximately 220 cm™! of the O(*P,)—O(*P,) energy difference. (This is 
partly the reason for the slightly different value 6:90 ev of the dissociation 
energy with respect to the 6:92 ev value quoted by Gaydon.) Gaydon writes 
that he is “‘ quite unable to see how predissociation in the final levels of 
an emission band could cause a sudden falling off in intensity”. For the 
benefit of the reader, however, it might be remarked that according to the 
quantum theory of radiation (Heitler 1936, p. 114) the breadth of a spectral 
line depends on the lifetime of both the initial and the final state, and the 
mixing of the wave functions of the initial or final states with those of a third 
state affects equally the transition probabilities. In the case when the 
predissociation takes place in the initial state of an emission band, the 
weakening of the intensity of the emission lines might be partly due to the 
decrease in the number of molecules in the initial state, and this is often the 
main effect. The effect of predissociation on the mixing of wave functions 
and the broadening of energy levels might, however, become equally important, 
and a sufficiently strong predissociation in the final levels might even lead to 
a complete missing of the corresponding lines. For more details the paper by 
Schmid and Gero (1938) and that of Holst (1934) should be consulted, the 
latter dealing with the breaking off of emission lines in AIH through 
predissociation in the final levels. 

According to the comments by Schmid and Gero (1938), the low pressure 
part of the absorption spectrogram of Hopfield and Birge, reproduced in the 
book of Bonhoeffer and Harteck (1933, p. 132), also shows a definite intensity 
minimum of the alll< x! absorption bands near the 8-87 ev energy height 
of the a'll levels. Herman and Herman (1948) have reported independently 
a predissociation of the d*II initial levels of the triplet bands at this energy 
height. ‘The levels of the d?II state were previously observed only up to the 
supposed predissociation limit at 8-87 ev. Gaydon’s remark on ‘wishful 
thinking’ obviously does not apply to this later observation. 
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Proton Magnetic Resonance Evidence for the Planar Structure 
of the Urea Molecule 


It is well known from x-ray analysis that the four heavy atoms of the urea 
molecule, OC(NH,),, lie in a plane (Hendricks 1928, Wyckoff 1930, 1932, 
Wyckoff and Corey 1934, Vaughan and Donohue 1952). In carrying out an 
analysis of the vibrations of the molecule Kellner (1941) assumed that the 
hydrogen atoms do not lie in this plane, but lie symmetrically above and below 
the plane as indicated in figure 1 (a). On the other hand, analyses of infra-red 
spectroscopic measurements on monocrystalline urea (Keller 1948, Waldron 
and Badger 1950) have suggested that the whole molecule is planar, the 
hydrogen atoms lying in the positions shown in figure 1 (6). This note shows 
that a study of the anisotropy of the second moment (mean square width) of 
the proton magnetic resonance spectrum for a single crystal of urea yields 
strong support for the planar structure. 
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Figure 1, Experimental values of second moment, and theoretical curves, A for 
non-planar model (a) and B for planar model (6). 


Measurements were made at room temperature on a single crystal of mass 
about 1 g, using apparatus similar to that of Bloembergen, Purcell and Pound 
(1948). The crystal was first mounted with its tetrad [001] axis perpendicular 
to the steady magnetic field; the azimuth angle ¢, of the field (measured from 
the [100] direction) was varied by rotation of the crystal about this axis. ‘The 
experimental values of second moment for one quadrant of the fourfold 
symmetrical pattern are shown as closed circles in figure 1 (c). The crystal 
was then mounted with its [110] axis perpendicular to the field, and the polar 
angle ys, of the field (measured from the [001] direction) was varied by rotation 
of the crystal about this axis. Experimental values for half of the twofold 
symmetrical pattern are shown in figure 1 (d). 

Theoretical values of the second moment have been calculated for both 
planar and non-planar structures using the formula of Van Vleck (1948); the 
expected behaviour of the theoretical second moment is shown in the figure 
(curves A for the non-planar structure, curves B for the planar structure). 
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The calculation made use of the accurate determination by Vaughan and 
Donohue (1952) of the positions in the unit cell of the O, C and N atoms. The 
length of the N—H bond was taken as 1:00 A, and the C—N—H angle as 120°. 
These values, which are unlikely to be far wrong, suffice to determine the 
planar model. For the non-planar model it was further assumed that the 
plane defined by each NH, group also included the carbon atom of the molecule. 
Any incorrectness in this last assumption leads only to small changes 1n curves A 
since, for both structures, the form of variation of the second moment is mainly 
determined by the contribution of the proton pairs of the NH, groups. 

It is seen from the figure that the experimental points are in good accord 
with the theoretical curves for the planar model, while there is no agreement 
with the markedly different curves for the non-planar model; indeed, for 
rotation about the [110] axis even the qualitative form of variation is quite 
different. When we have obtained experimental values of the second moment 
more accurate than the preliminary values shown in the figure, it should be 
possible to-improve upon the assumed parameters of the planar model. ‘The 
fairly good quantitative agreement of the experimental values with curves A 
does however suggest that they are not much in error. 
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14th September 1953. 
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Antiferromagnetism in Metals* 


The qualitative success of the Heitler-London—Heisenberg theory of 
ferromagnetism as applied to the metals Fe, Co and Ni, has led to the suggestion 
(Néel 1936, Zener 1951) that the remaining 3d transition metals can be treated 
as antiferromagnetics. On this basis we would expect each to possess a critical, 
or Curie, temperature 7’, below which the atomic moments would be arranged 
alternately parallel and antiparallel, but above which they would be oriented at 
random. Such an antiferromagnetic order should be detectable by neutron 
diffraction experiments, and the order—disorder transition at the Curie point 
should be marked by clearly defined maxima in the magnetic susceptibility and 
specific heat. However, recent measurements of specific heats and susceptibilities 
of a number of metals have failed to provide any conclusive evidence for the 
existence of such transitions (see, for example, Kriessman 1953, McGuire and 
Kriessman 1952 and Armstrong and Grayson-Smith 1950). On the other hand 


* "This research has been supported in part by the U.S. Office of Naval Research. 
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the neutron diffraction studies of Shull and Wilkinson (1953) have clearly 
demonstrated the occurrence of antiferromagnetic order in both chromium 
(T, =475°K) and o-manganese (T,=100°K). A notable feature of their results 
is the very small magnetic moments (about half a Bohr magneton) which are 
located on the atoms. These small moments and the absence of any recognizable 
anomalies in the susceptibility and specific heat present considerable difficulties 
for the Néel—Zener theory. 

These difficulties may be resolved by abandoning the Heitler-London theory 
and using instead the collective electron approach in a way recently suggested 
by Slater (1951). In the usual way let us divide the atomic lattice into two 
interlocking sub-lattices (A, B) such that in the ordered state A sites have positive 
spins and B sites have negative spins. Then Slater showed how the non-localized 
solutions of the Hartree-Fock equations for such a system will divide into two 
groups, those that are mainly concentrated about the A atoms and those that 
are mainly around the B atoms. The stable arrangement is obtained by assigning 
positive spins to the electrons in A orbitals and negative spins to the electrons 
in the B orbitals. However, it is not necessary for all the electrons in the A (B) 
orbitals to have +(—) spin. The actual proportion is determined so as to strike 
a balance between the exchange energy, which favours all +(—) in A (B), and 
the Fermi energy which favours equal numbers and thus no antiferromagnetism. 
Such a situation is familier from the band theory of ferromagnetism (Stoner 
1938 a), so that the occurrence of small non-integral moments in the anti- 
ferromagnetic metals Cr and Mn should occasion no surprise. As to the 
absence of anomalies in the specific heats and susceptibilities, we have now 
obtained a semi-quantitative formulation of Slater’s ideas which enables us to 
correlate this absence with the small moments. 

Let us denote by N the total number of 3d (‘antiferromagnetic’) electrons 
and let us also define relative magnetizations €, and ¢, such that NC,/2 is the 
total spin moment of the A sub-system in the positive direction and N¢,/2 is 
the total moment of the B sub-system in the negative direction. Our principal 
assumption is that the total energy of the whole system contains, in addition 
to the Fermi energy (energy of motion in the periodic electrostatic field of the 
ions and the other electrons), an exchange term 


—4NRG(Cx*+Cp)—SNRG babe, ss st (1) 


where 6, and 6, are constants. ‘The first part of (1) represents a ferromagnetic 
interaction between electrons in like orbitals (AA or BB), while the second part 
describes the tendency for the moments of the A and B sub-systems to be 
antiparallel. In the presence of an external magnetic field H there will be a 
third term in the total energy, namely —BHN(€,—¢,)/2. Application of 
Fermi—Dirac statistics to this system now leads to implicit equations for 
¢, and ¢, as functions of temperature and applied field strength. Let us assume 
that.the 3d band is parabolic, i.e. m(¢) =3.Ne"?/8e9*”, where n(e) is the density of 
states of one spin and one kind (A or B) and « is a constant. In the absence 
of H the equations for €,=¢,=¢ then become formally identical with those 
obtained by Stoner (1938 a) in his theory of ferromagnetism. In particular 
the system is not antiferromanetic unless R0’/<)=R(, + 912)/e9>3; the relative 
moment (, at 7'=0 lies between 0 and 1 if 3<R(O,+0,)/eg<2>'.  Further- 
more, the excess specific heat will be exactly as calculated by Stoner (1939) 
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in his second paper. The formula for the magnetic panes anu ee x(T) is 
different however. We find that 


BN [s(t ae] + [2(C2) (tae) 
RO, 1) 


€9 


where f is the Bohr magneton and 7 and € are given by 


RT\32__ /n t ROL 
29=3(=)" F(a). 


The function (2) in general has an angular minimum at the Curie point where ¢ 
vanishes. Above 7, the system is paramagnetic (Stoner 1938b). The 
susceptibility at T=0 is zero if ()=1, but for 0<)<1 it is non-zero and less 
than x(7.). In fact, 


Xx(9) px: R(9, + O12) /€o —R(A1 — %19)/€o (3) 

X(T) (TF Cy OP FEL Coy RO — Oa) eg ee 
As (+0, x(0)/x(T.) +1; the Heitler-London model gives  (0)/x(7T.) =% 
(Van Vleck 1941). y 

For chromium Shull and Wilkinson’s data give (,=0-08 and 7T,,=475°K. 

Hence from Stoner’s (1938 a) equation (5.13) we get «,~20000°k. The measured 
susceptibility at the Curie point (McGuire and Kriessman 1952) gives, on the 
assumption of five 3d electrons per atom, R@,./e9 ~0-25 and hence k6,/e)9 ~ 0-42. 
Substitution of these values into (3) shows that the difference between x(0) and 
x(T..) amounts to only 0-1% of x(7,). | Stoner’s (1938 a) equation (4-9) predicts 
that the height of the specific heat peak is only 0-0016 caldeg-t mole. Both 
‘anomalies’ are therefore too small to be observable. 
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OBITUARY NOTICES 


WILLIAM DAMPIER 


By the death of Sir William Dampier (formerly William Cecil Dampier 
Whetham) on 11th December 1952 the Physical Society has lost a senior Fellow 
and Cambridge one of its oldest and best loved sons, who was recently described 
by Sir Lionel Whitby as ‘“‘a most distinguished scientist, agriculturalist and 
sociologist” (Cambridge University Reporter, October 1953). Dampier, son of 
the late C. L. Whetham, was born in London in 1867, and one of his grandfathers 
was Lord Mayor of London in 1878. He was educated at ‘l'rinity College, 
Cambridge, and took his B.A. degree in 1889. He held both the Coutts Trotter 
Studentship and the Clerk Maxwell Scholarship, and in 1891 was elected to a 
Fellowship which he retained throughout his long life. For many years he held 
a College lectureship, and gave courses in Heat and Electricity for students 
working for Part I of the Natural Sciences Tripos. In the earlier years these 
lectures were delivered in Trinity, but were later transferred to the Cavendish 
Laboratory, where more accommodation and better facilities for lecture 
experiments were available. Many of those who attended his lectures in the 
days before the First World War must still have vivid memories of his habit of 
pacing slowly backwards and forwards behind the lecture table, his deliberate 
but admirably clear delivery, the charm and lucidity of his exposition, and his 
gift for arousing interest in physics as an exciting and rapidly advancing subject. 
His elegant treatment of the basic principles of thermodynamics is preserved 
for us in the first chapter of his Theory of Solution, published in 1902. In more 
popular vein was his Recent Development of Physical Science (1904), which gave 
him full scope for the display of his considerable literary gifts, and revealed a 
sense of humour that prompted him to preface a chapter on Atoms and Aether 
with the quotation: ‘Oh, dear! What can the matter be?—Old Song.” His 
characteristic pleasing style is to be found even in his textbooks, such as Theory 
of Experimental Electricity (1905), a work that was deservedly popular in its day, 
but which may have resulted in some loss of freshness and spontaneity in the 
lectures on which it was based, and so caused some of the later students to 
complain that what they listened to was “‘all in the book”’. 

From 1889 onwards Dampier worked in the Cavendish Laboratory under 
J. J. Thomson, and between 1890 and 1905 he produced a long series of important 
papers published in the Philosophical Transactions, the Proceedings of the Royal 
Society and the Philosophical Magazine. Some of his earlier experimental work 
was concerned with the flow of liquids through tubes, but most of his researches 
were directed towards the elucidation of the properties of electrolytic ions in 
solution, a subject which he made his own and on which he wrote authoritatively 
in his Theory of Solution. Part of this work was done in collaboration with 
E. H. Griffiths. Dampier’s eminence in his chosen field led to his election in 
1901 to the Fellowship of the Royal Society. After he became Tutor and, later, 
Senior Tutor of Trinity, an office which he held until 1917, he found that the 
heavy burden of administrative duties left him little time for original research, 
but though his experimental work ceased his interest remained, and he began 
gradually to collect material for his History of Science, which was not published 
until 1929. 
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Though a Londoner by birth, Dampier was always greatly interested in 
country life, and this led him to purchase an estate in Devonshire, and to turn 
his attention to problems of agriculture. Later (1917) he inherited a family | 
estate. During the First World War he worked in the Food Production 
Department of the Ministry of Agriculture, and from that time onwards he 
began to be recognized as an authority on agricultural matters and was frequently 
consulted by the Government. He played a leading part in preparing the ground 
for the setting up of the Agricultural Research Council, of which he became 
first secretary, and to which was entrusted the administration of public funds 
devoted to agricultural research. In 1927 he published his book Politics and 
the Land. In 1931 he was knighted in recognition of his public services, and in 
the same year he was awarded the Gold Medal of the Royal Agricultural Society, 
of which he became Vice-President in 1945. He was also a member of the 
Argicultural Wages Board, and was a Fellow of Winchester College from 1917-47. 

In 1897 Dampier married Catherine Holt, daughter of the late R. D. Holt 
of Liverpool, and they had five daughters. He was a man of quiet charm, kindly 
nature and friendly disposition, and his success both as College Tutor and also 
in his public relations was due in no small measure to his deep understanding of 
human nature. It was characteristic of him that when he had to ask a junior to ~ 
give a lecture for him he would never offer detailed instructions. ‘Treat the 
subject in your own way” he would say “‘and you will make a success of it”’. 
He will be much missed by all who knew him. 

G. STEAD. 


ROBERT DONALDSON 


By the sudden death, on 5th November 1953, of Robert Donaldson, Head 
of the Colorimetry Section of the Light Division of the National Physical 
Laboratory since 1933, his many friends and colleagues suffered a great personal 
loss, and the branch of science which he had made his own was deprived of 
one of its leading exponents in the fullness of his career. 

Donaldson was born on 8th June 1904, in the fishing village of Port-Seton 
on the Firth of Forth, and was the oldest of three brothers, all of whom were 
later to gain distinction as students at the University of Edinburgh. His 
principal studies were Physics and Mathematics—under Professor C. G. Darwin, 
who was later to become Director of the National Physical Laboratory. After 
graduation he remained at the University for two years as Demonstrator in the 
Department of Natural Philosophy. 

He joined the staff of N.P.L. on 3rd July 1928, and was first employed as 
an assistant in the work which culminated in the adoption by the Commission 
Internationale de L’Eclairage, in 1931, of the first internationally agreed system 
of colorimetric standardization. It is a curious coincidence that the quantitative 
basis of that system, having stood the tests of twenty years, is only now being 
rechecked and extended with the greatly improved resources of modern equip- 
ment and technique, and that Donaldson, in collaboration with Dr. W. S. Stiles, 
was engaged on this work at the time of his death : so in one sense his first job 
was also his last. But much happened in the intervening years. When he 
joined us at N.P.L, his interest was more in the mathematical aspects of physics 
than the experimental; and though, as events showed, he had a natural flair 
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for experiment he had no special leaning to any particular field. However, he 
quickly mastered the apparent complexities of colorimetry and heterochromatic 
photometry and became fascinated by the interesting problems, physical, 
physiological, and mathematical, which he could foresee would arise in the 
course of their development to meet the ever-increasing requirements of 
industry. Just when useful investigation in any field of this kind ends depends 
on the imagination and foresight of those working in it. ‘To Donaldson colori- 
metry had no end, and except during the war, when he participated in the 
general optical work of the Light Division, he has been primarily occupied, by 
his own choice, with this subject and its ramifications, gaining for himself an 
international reputation. 

But he avoided the narrowness often found in the expert. He always 
retained his interest in mathematics and was a keen follower of all significant 
developments in relativity and quantum physics, bringing a balanced philo- 
sophical judgment to discussions of these matters or others of fundamental 
scientific import. This width of interest helped his work as a specialist by 
keeping his feet on the ground and his eyes on essentials. Like most of us he 
may sometimes have failed to see the most direct solution of some problem of 
theory or design, but if so the writer knows of no instance. 

His many contributions to his subject are too well known to all workers in 
the field to need recapitulation, especially here where we are more concerned 
with what we have lost of future promise than with what we have had from him. 

He enjoyed the respect and esteem not only of his colleagues in N.P.L., but 
also of the many with whom he was associated on committees of other organiza- 
tions. Normally of a cheerful—and cheering—disposition, which was often 
a source of help and encouragement to others, he nevertheless suffered from 
shyness which showed itself as a dislike, sometimes amounting to a dread, of 
personal prominence. For example, he could not be induced to accept 
nomination for Chairmanship of the Society’s Colour Group, of which he has 
been an enthusiastic member from its inception, though strongly pressed to do 
so on several occasions. He was loath to give lectures, or to participate in 
discussions among unfamiliar groups, if he could possibly avoid doing so; but 
if it could not be avoided, when he had forgotten his audience in the interest 
of his subject there could be no clearer exponent of whatever he had to say, 

He had little interest in outdoor sports of the more intense varieties, such 
as football or tennis, but was an enthusiastic golfer. He was fond of music, 
being an efficient pianist and a fair violinist. ‘The writer has memories of many 
pleasant musical evenings in his home during the pre-war years. 

In 1934, he married Miss Kathleen Edwards, who was at that time a 
colleague on the Laboratory staff. ‘They had one son, Ian, now 12 years of age. 

J. GUILD. 


LEONARD BELLINGHAM 


We record with regret the death of Leonard Bellingham who had been a 
Member of the original Optical Society since 1918 and continued his Membership 
with the Physical Society and its Optical and Colour Groups. Mr. Bellingham 
was a founder of the firm Messrs. Bellingham and Stanley, Ltd., having 
gained his skill in the making of sensitive apparatus with Messrs. Adam 
Hilger, Ltd. 
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EDWARD FELIX HERROUN 


We record with regret the death of Edward Felix Herroun who had been a 
Member of the Physical Society since 1885. Herroun was born in 1862 and was — 
educated at Greenwich and King’s College, London. In 1881 he gained the 
Daniell Scholarship in chemistry. His main interest was in research on 
magnetites, and this work he continued for many years after his retirement. 


W. H. TOWNS 


We record with regret the death of W. H. ‘Towns who had been a member 
of the original Optical Society since 1918 and continued his Membership with 
the Physical Society and its Optical Group. He maintained his interest in 
optics throughout his very long life and died on 3rd September 1953 at the 
age of 92. 


LEWIS FRY RICHARDSON 


Lewis Fry Richardson was born in 1881, the youngest of the seven children of _ 
David Richardson, who was the owner of an old-established leather works in 
Newcastle-on-Tyne. All the children of this well-to-do Quaker family showed 
unusual ability, not least of them Lewis. 

He was educated at Bootham School, York, and at the Universities of Durham 
and Cambridge, where he gained a First Class in the Natural Sciences Tripos in 
1903. He was for a few years at the National Physical Laboratory, but his 
interests gradually changed to geophysics and meteorology: he was for a time 
Superintendent of Eskdalemuir Geophysical Observatory and was elected a 
Fellow of the Royal Society in 1926. The last twelve years of Richardson’s 
professional life were spent as Principal of Paisley ‘Technical College. 

Richardson had been a Fellow of the Physical Society since 1922, and from 
1921 to 1924 was Honorary Secretary of the Royal Meteorological! Society. 
During the First World War he served with the Friends’ Ambulance Unit in 
France. He was a man always popular with his students, and always gave an 
impression of youth despite his white hair. 
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REVIEWS OF BOOKS 


Logic for Mathematicians, by J. BARKLEY Rosser. Pp. xiv+530. (London: 
McGraw-Hill, 1953.) 85s. 


It is related of the late Professor Hardy that, when lecturing on the theory of 
divergent series, he came to a point in a proof where he said ‘“‘ Now, it is obvious 
that ...”. He stopped. There was a long, silent pause. Then he said 
“But is it obvious?”’. After another long pause he left the room. Ten 
minutes later he came back, said ‘‘ Yes, it 7s obvious’ and went on with the 
lecture. Another story, the characters in which must remain anonymous, 
because they are fortunately still with us, is told of the professors of the leading 
University of the United States of America. It is, that when Professor C says 
a thing is obvious, it means that the class already saw the point hours ago, and are 
impatiently waiting for the next step ; when Professor B says a thing is obvious, 
it is just obvious. When Professor SB says a thing is obvious, if you go away 
and think about it for a week, you will probably succeed in proving it. But 
when Professor L says a thing is obvious, you know it is false. 

Professor Rosser defines the object of his book as that of giving a formal 
definition of the word ‘ obvious ’, or, rather, of the phrase ‘ immediate conse- 
quence of ’, so that we can tell, by means of a mechanical checking procedure, 
whether one statement is, or is not, an ‘ obvious’ consequence of another. 
He claims no absolute or intrinsic justification for his definition, only that its 
results seem to coincide with those of the ‘judgement of careful mathematicians ’. 
His programme is thus the same as that of Russell and Whitehead, in Principia 
Mathematica, except perhaps that these latter laid claim to an absolute validity 
which Rosser explicitly disclaims. ‘The present volume is considerably shorter 
than the three volumes of Principia Mathematica, partly because some topics, 
no longer of great mathematical interest, are omitted, but mainly because 
Professor Rosser makes use of the powerful results that have been obtained in 
symbolic logic since 1912 when Principia was first published. In fact the present 
work goes further than did Principia Mathematica, in that a detailed discussion 
is given of the various forms of the axiom of choice, and its modern equivalent, 
Zorn’s lemma. And illustrations of the various forms of argument used are 
drawn from current mathematical texts, ranging from textbooks of elementary 
geometry to advanced works on the theory of functions. 

In course of his development, from the calculus of statements, through the 
restricted predicate calculus, to the theory of classes, relations and functions, 
and finally to the theories of cardinal and of ordinal numbers, Professor Rosser 
has many illuminating remarks to make about mathematicians’ use of symbols. 
One of the most valuable distinctions to which he calls attention is 
that between a function f and a function value f(x). The equation (or 
‘identity ’) «2—2x+1=(«—1)? is a statement that two functions are equal, 
while the equation x2—2x+1=0 is a statement that two numbers, one of 
which is a function value, are equal. Current mathematical notation is unable 
to distinguish between the function x? and the function value x2, and Rosser 
shows how Church’s notation can be used to overcome this difficulty. Church 
would write Ax . x? for the function, reserving «? for the function value. The 
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x in Ax, x2 is a ‘ bound variable’, like the x in | 4x, and it can be changed 
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to another letter y, for example, without altering the meaning. So that, for 
example, we have, for all values of x, (Ay. y?)(x)=«?. There is no doubt 
in the reviewer’s mind that attention to this point of notation alone would save 
many a student great difficulty in the understanding of the theory of partial 
differentiation, of Laplace transforms, and especially thermodynamics. Church’s 
notation has long deserved to be better known, and Professor Rosser’s book 
would be worth while if it did no more than bring this about. 

But besides helping to do this, and helping to clarify many similar points of 
difficulty for the aspiring mathematician, Professor Rosser has much to say of 
mathematical interest to the mature mathematician, aside from his main logical 
thesis. In particular, his treatment of the theory of sets, cardinals, ordinals and 
the axiom of choice supersedes the accounts in current books, which are either 
too old-fashioned, or too brief (as, for example, the modern account given by 
M. Bourbaki). 

The one point of criticism which occurs to the reviewer is that too little 
attention is given to the outstanding results in metamathematics associated mainly 
with the name of Gédel. Gédel’s theorem about the impossibility of a consis- 
tency proof for a formal system of mathematics is mentioned briefly only once, — 
and his main theorem, of which this is a corollary, on the existence of undecidable — 
arithmetical propositions, is not mentioned explicitly at all. Nor is his result 
about the completeness of the predicate calculus mentioned. ‘T'arski’s work on 
the concept of truth in formal systems is also not mentioned, nor is the Skolem— 
Lowenheim theorem and its associated paradox concerning the real numbers. 

But the author could well answer this criticism by saying that his book does 
not purport to be a book on metamathematics. A book on this latter subject 
has just been published by the author’s former colleague, S. C. Kleene. And 
it is certainly true that in his method of presenting symbolic logic, Professor 
Rosser takes full.account of these metamathematical results by explicitly dis- 
claiming finality and completeness for his system. He says : 

“Our symbolic logic is not intended as a model for how mathematicians 
should think but only as a model of how at the present time they do indeed 
think. Indeed it is desirable that new and more potent and flexible principles 
of reasoning be devised and generally accepted, so that distant portions of the 
mathematical edifice will become more readily accessible. One advantage of a 
symbolic logic is that it can be made very precise, but an even greater advantage 
is that it can be changed to fit the circumstances.” 

Such a forward-looking attitude, welcoming the possibility of change in our 
modes of thinking, is most refreshing at a time when so many people still cling 
to the discredited notion that the principles of mathematical thinking are absolute, 
and that the ‘inductive’ and other modes of thinking used in physics and 
elsewhere are in some sense ‘inferior’ to mathematical deduction in its 
‘immutable glory ’. 

This book should be read by everyone concerned with the teaching of 
mathematics, and by every mathematics undergraduate at some stage in his 
career. It ought also to be in the library of any grammar school, where it can be 
read by the mathematics master and dipped into by the mathematics scholarship 
candidates. Anyone who does read it, with some knowledge of first-year University 
mathematics, can be guaranteed a feast of entertainment as well as instruction. 


G, A, BARNARD, 
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The Mathematical Theory of Non-Uniform Gases, 2nd Edn., by S. CHAPMAN 


and ‘Tl’. G. CowLinc. Pp. xxiii+431. (Cambridge: University Press, 
1952.) 60s. 


The first edition of this book appeared in 1939 and was out of print for some 
time. ‘The new edition, with some alterations and corrections and a number of 
additional notes, will be greatly welcomed. ‘The notes are also obtainable 
separately in the form of a booklet, costing 5s., which will be appreciated by the 
owners of the first edition. 

Although the book is entirely devoted to a comparatively narrow subject it is 
of fundamental importance because it is the only treatise in which the theory of 
non-uniform gases is developed from its basic principles, as laid down by Maxwell, 
Boltzmann, Hilbert, Chapman and Enskog, in all its intricacies and to all its 
consequences, including its application to electromagnetic phenomena in ionized 
gases and electron gases in metals. It is not an easy book to read, but the more 
experimentally minded physicists working in this field, who are either not able 
or not willing to follow the mathematical argument in detail, can in most instances 
find the answers to their queries in the form of formulae which can be understood 
out of their context because each symbol used has a unique meaning. Another 
feature of the book which makes it valuable to both theorist and experimenter 
is the elaborate and clear comparison of theory with experiment. 

The first of the new additional notes deals with the great improvement 
introduced by the assumption of an inter-molecular force law, representing 
attractive and repelling forces by inverse powers of the mutual distance; many 
inconsistencies, previously unaccountable, have thus been cleared up. Other 
notes deal with the so-called ‘ volume viscosity ’, self diffusion, and higher 
approximations for the velocity distribution which may be significant in highly 
non-uniform gases, e.g. in the presence of shock waves. New theoretical and 
experimental work on thermal diffusion and the more recently discovered 
diffusion thermo effect is presented in some further notes, and a sketch is given 
of the main principles of the new theories of Kirkwood and Born and Green, who 
approach the problem of the kinetic theory of liquids from the direction of dense 
gases. It is to be regretted that these and some other recent developments in the 
theory of fluids could not be elaborated in more detail and notes added on other 
related subjects, for example the theory of the ionic ‘ plasma’ and the transfer 
phenomena in semiconductors, R. FURTH. 


Vorlesungen uber theoretische Physik, Band V, Thermodynanuk und Statistik, by 
A. SOMMERFELD. Pp. xiv+374. (Wiesbaden: Dieterich’sche Verlags- 
buchhandlung, 1952.) 24.80 DM. (gbd.). 


This book completes the series of six volumes containing the lectures which 
Sommerfeld used to give to his students. The present volume deals with thermo- 
dynamics, kinetic theory and statistical mechanics. As the number of satis- 
factory textbooks on thermodynamics or on statistical mechanics is extremely 
small, the publication of this volume must have been awaited with great expecta- 
tions in view of the excellence of the earlier volumes. Unfortunately, before 
Sommerfeld could finish the manuscript of this last part he was killed in an 
accident and, in accordance with his own wish, I’. Bopp and J. Meixner have 
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finished and edited it. Sommerfeld had finished parts I to III, dealing respec- 
tively with thermodynamics, its applications, and kinetic theory, and also most 
of part IV, dealing with statistical mechanics. The concluding sections of 


part IV and part V, which deals with irreversible processes and the transport | 


equation, have been contributed by Bopp and Meixner. It would have been in 
any case an extremely difficult and nearly impossible task to complete a book 
started by Sommerfeld, but the character of the subject matter made it even more 
impossible, and parts IV and V are as a result rather disappointing. ‘The first 
three parts can be used as lecture notes as they stand, and it is surprising how 
teachable they are, but I would hesitate before using all the methods of parts IV 
and V in a lecture course. 

In parts I and II Sommerfeld stresses especially the technical aspects of 
thermodynamics, and wherever possible the historical development is discussed. 
The second law is discussed in the way introduced by Clausius, but Caratheo- 
dory’s method is discussed and it is stated that the main content of the second law 
is the statement that the ‘ entropy’ exists and under certain well-defined condi- 
tions never decreases. The introduction of the four thermodynamic potentials 
is extremely clear and beautiful. 


The classical statistical mechanics in part IV is still Sommerfeld’s, and he 


uses in his discussion Boltzmann’s enumeration method and only obliquely 
mentions Gibbs’ ensemble theory. The treatment of the quantum statistics 
is to my mind the least satisfactory part of the volume. Apparently Sommerfeld 
had not yet decided how to introduce the Bose-Einstein and Fermi—Dirac 
statistics before he died, and Bopp and Meixner do this by using the Darwin— 
Fowler method instead of Boltzmann’s enumeration method (what Kramers 
called the elementary method) or, even better, Gibbs’ ensembles. 

In part V the moments method of solving the transport equation is discussed 
in detail, but Lorentz’s assumptions leading to the elementary electron theory of 
metals are nowhere clearly stated. 

Apart from a few minor infelicities—which as far as can be seen are mainly 
due to Sommerfeld’s untimely death—this volume can be highly recommended, 
and with the five other volumes of the same series will for a long time to come be 
a handbook for the teaching of classical theoretical physics. D. TER HAAR. 


The Annual Review of Nuclear Science, Vol. 11, 1953. Pp. ix+429. (Stanford : 
Annual Reviews Inc.; London: H. K. Lewis (agent).) $6.00. 


The first volume of The Annual Review of Nuclear Science was published 
last year (see Proc. Phys. Soc. A, 1952, 65, 1068) and covered a very wide range 
of subjects, including those aspects of Physics, Chemistry, Metallurgy and the 
Biological and Medical Sciences which either contribute towards or receive 
benefits from research into Atomic Energy. ‘The form and quality of the articles 
in the second volume are much the same as in the first, but it happens, apparently 
by chance, that all are on physical subjects, and that there is even a movement 
away from laboratory science towards cosmology and similar grand themes. 
Judging from the table of contents announced for Volume III, this is only a 
temporary departure from catholicity. 

In the present volume articles on the Origin and Abundance of the Elements 
by Alpher and Herman, on Energy Production in Stars by Salpeter, and on the 
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Origin and Propagation of Cosmic Rays by Biermann, apart from their intrinsic 
interest, contain much material which is important for nuclear physicists. 
For instance, the first discusses possible thermodynamical equilibria between 
the nuclides at temperatures and pressures much higher than can be 
contemplated on earth, and also the systematic behaviour of neutron cross 
sections in relation to the possible formation of the elements in a primitive 
neutron-rich universe. ‘The second article contains a discussion not only of the 
well-known carbon cycle, the separate stages of which can be reproduced in the 
laboratory, but also of the proton—proton reaction (p+p=2H+e+¥) which 
has not been observed on earth. An article on the Production and Distribution 
of Radio-Carbon, by E. C. Anderson, touches upon nearly all the facets of this 
exciting subject, including cosmic-ray neutrons, counting techniques, geophysics 
and isotope effects in chemical reactions, but omits the results of archeological 
dating, which is a most interesting application of the technique. 

The article on Subnuclear Particles by Blair and Chew deals briefly with the 
heavy mesons discovered in the cosmic radiation but concentrates mostly on 
the properties of 7-mesons as studied in the laboratory. Other branches of 
physics which depend on large machines are served by articles on Recent 
Progress in Accelerators by Chu and Schiff, on Nuclear Reactions Induced by 
High Energy Particles by Templeton, on Recent Studies of Photonuclear 
Reactions by Strauch, and on Advances in Nucleon-Nucleon Scattering 
Experiments and their Theoretical Consequences by Breit and Gluckstern. 

Angular Correlation of Nuclear Radiation is reported upon by Frauenfelder, 
who both summarizes the theory and gives very practical advice on experimental 
procedures. There are articles on Nuclear Moments by Feld, on The 
Experimental Clarification of the Theory of B-Decay by Konopinski and Langer, 
and on f-Decay Energetics by Coryell. Feld and Coryell both make use of the 
nuclear shell model as an aid towards classification. 

Radiation Effects in Solids by Dienes summarizes a subject which contributes 
both to the theoretical understanding of the solid state and to the practical design 
of power reactors. Bigeleisen writes on Isotopes, and, besides dealing very 
briefly with measurements of isotopic masses and abundances, has written the 
only few pages of chemistry to be found in the volume, when he describes the 
isotope effects on phase equilibria and on chemical kinetics. ‘The volume ends 
with an article on High Energy Fission by Spence and Ford. 

From such authors the reader will expect contributions of consistently high 
quality, and will not often be disappointed. He should, however, be warned 
that the articles are short, ranging from ten to forty pages, and that in this space 
it has seldom been possible to do much more than provide a guide to the 
literature. Those who are accustomed to longer reviews, in which there is room 
for some recapitulation of older knowledge and for some explanations of 
principles, may find these articles more difficult to read and may be more often 
driven to the original sources. W. J. WHITEHOUSE. 
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